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Jupiter  and  Saturn  must  have  presented  to  the  earliest  observers  of  the  celestial 
motions  less  difficulties  than  the  interior  planets.  The  first  things  noted,  undoubtedly, 
were,  that  the  first  made  a  circuit  of  the  heavens  in  about  twelve  and  the  second  in 
about  thirty  years.  Then  the  retrograde  motion,  at  the  time  of  opposition,  and  its 
extent  would  be  perceived.  The  slowness  and  steadiness  of  the  motion  would  natur- 
ally suggest  the  hypothesis  of  circular  motion,  but  it  was  certainly  reserved  for  a  later 
and  more  philosophic  age  to  explain  the  later-observed  phenomenon  by  means  of  an 
epicycle. 

The  earliest  tables  of  the  motions  of  Jupiter  and  Saturn,  as  well  as  those  of  the 
other  large  planets  which  have  come  down  to  us,  are  those  contained  in  the  Syntaxis 
of  Claudius  Ptolemy.  The  annual  parallax  is  there  taken  into  account  by  one  epi- 
cycle and  the  proper  eccentricity  of  the  orbit  by  a  second.  This,  in  the  main,  is  the 
character  of  all  the  tables  of  the  planets  until  the  publication  of  Keplee's  Tdbulce 
BudolphincB  in  1627,  where,  for  the  first  time,  the  equation  of  the  center  is  derived 
&om  an  elliptic  formula,  and  we  pass  from  heliocentric  to  geocentric  positions  in  the 
modern  way.  From  Keplee  onwards  the  fact  of  the  deviation  of  Jupiter  and  Saturn 
from  a  purely  elliptic  theory  was  recognized.  Many  attempts  were  made  to  better 
the  theory;  but  it  was  foimd  that  no  observations,  embracing  a  long  period  of  time, 
could  be  satisfied  by  elliptic  elements  varying  proportionally  to  the  time.  Haxlet 
seems  to  have  been  the  most  successful  in  his  tables ;  he  adopted  terms  in  the  mean 
longitudes  varying  as  the  square  of  the  time. 

It  was  not  until  1 748  that  any  computation  of  the  perturbations  of  Jupiter  and 
Saturn,  in  accordance  with  the  theory  of  gravitation,  was  undertaken.  This  was  by 
EuLEB.  He  appears  to  have  limited  himself  to  the  terms  which  have  the  mean  elonga- 
tion of  the  planets  from  each  other  as  their  argument.  Later  the  terms  factored  by 
the  simple  power  of  the  eccentricities  were  added  by  himself,  Lalande,  Lageange, 
Baillt,  and  Lambeet.  But  these  terms  not  bringing  about  a  reconciliation  between 
observation  and  theory,  Lageange  and  Laplace  were  led  to  make  their  notable 
researches  on  the  possibility  of  secular  equations  in  the  mean  motions  of  the  planets. 
At  length  the  whole  difficulty  with  Jupiter  and  Saturn  was  removed  by  Laplace's 
discovery  of  the  great  inequalities  in  1 786. 

Delambee  almost  immediately  constructed  tables  for  these  planets  which  far  ex- 
ceeded in  accuracy  any  previously  possessed.  They  are  those  which  appear  in  the 
third  edition  of  Lalande's  Astronomie.     This  great  success  seems  to  have  stirred  up 
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Laplace  and  his  colaborers  to  pushing  the  approximations  still  further.  On  the  pub- 
lication of  the  third  volume  of  the  Mecanique  Celeste,  terms  of  the  fifth  order  with 
respect  to  the  eccentricities  and  mutual  inclination,  as  well  as  some  of  two  dimensions 
with  respect  to  disturbing  forces,  had  been  added  to  the  coefficients  of  the  great 
inequaUties.  That  these  advances  might  be  utilized  Bouvaed  constructed  tables  of 
the  planets  founded  on  observed  oppositions  from  1747  to  1803.  The  formulae  used 
are  very  nearly  those  given  in  the  M4canique  Celeste,  Tom.  III.  These  tables  were 
published  by  the  Bureau  des  Longitudes  in  1 808.  It  was  discovered,  however,  that  the 
terms  of  the  fifth  order,  mentioned  above,  had  been  taken  with  the  wrong  sign.  This 
led  Bouvaed  to  prepare  a  new  edition  of  his  tables,  which  appeared  in  1821,  and  in 
which  this  error  was  rectified,  and  the  observations  employed  in  the  discussion  ex- 
tended to  1814.*  Although  Bouvaed  himself  speaks  in  admiration  of  the  small 
residuals  shown  by  the  comparison  of  his  theory  with  the  observations,  yet  a  glance 
shows  their  tendency  to  a  systematic  character,  and  this,  too,  with  observations  rather 
rudely  reduced. 

Plana  undertook,  shortly  after,  to  compute  the  portions  of  the  great  inequaKties 
which  arise  from  considering  the  square  of  the  disturbing  force.f  The  results  he 
obtained  failed  to  satisfy  an  equation  of  condition  which  Laplace  had  employed  in 
his  investigation.  After  some  discussion  Laplace  abandoned  his  equation  and  sub- 
stituted for  it  another,  which  Plana's  results  were  as  far  from  satisfying  as  before. 
PoNT^couLANT  then,  taking  up  the  subject,  discovered  that  Laplace's  results  had  been 
taken  with  the  wrong  sign,  and  that  Plana  had  made  errors  of  some  importance  in  his 
investigation.  When  these  oversights  had  been  corrected  the  diflferent  results  were 
brought  into  tolerable  agreement. 

However,  the  failure  of  Bouvaed's  tables  to  better  represent  observations,  and 
his  getting  for  the  mass  of  Jupiter  a  value  so  much  smaller  than  was  shortly  after 
obtained  from  the  action  of  this  planet  on  the  asteroids  and  on  its  own  satellites,  can 
not  be  explained  by  this  error  of  sign.  It  is  somewhat  singular  that  no  one  has  yet 
pointed  out  the  real  cause,  which,  it  seems,  must  be  either  some  error  in  the  coeffi- 
cients of  his  formulae  or  some  error  in  putting  his  equations  in  tables. 

Neither  Laplace's,  Plana's,  nor  Pont^coulant's  determination  of  these  second- 
order  terms  can  be  regarded  as  anything  else  than  a  very  rude  and  inadequate 
approximation. 

Hansen  had,  a  short  time  previous,  imagined  a  new  method  of  treating  perturba- 
tions. In  the  Mecanique  Celeste  Laplace  had  determined  all  long-period  inequalities 
as  if  they  were  to  be  applied  to  the  mean  longitude,  and  had  so  directed  they  should, 
while  the  short-period  ones  were  derived  as  if  they  were  to  be  added  to  the  true 
longitude.  There  is,  therefore,  a  want  of  congruity,  and  even  of  rigor,  in  this  way  of 
proceeding.  For  Laplace  has  nowhere  shown  how  these  two  modes  of  application 
can  be  employed  in  unison.  It  is  plain  there  would  be  as  many  methods  of  perturba- 
tions as  there  were  opinions  as  to  the  dividing  line  separating  long  from  short-period 

•  Comparisons  extending  to  1819  are  given  in  the  preface  to  the  tables ;  but  it  appears  those  of  the  last  five  years 
were  added  after  the  discnsslon  was  completed.  See,  on  this  point,  Laflacb,  Th4oHe  Analytiqne  dea  Probabilitdi,  Sup- 
plement I,  p.  21. 

f  Memoirs  Boy.  Ast.  Soc,  Vol.  II. 
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inequalities.  These  imperfections  no  doubt  attracted  the  attention  of  Hansen,  whose 
thought  must  have  been :  Since  it  is  advantageous  to  apply  the  long-period  terms  to 
the  mean  longitude,  and  indifferent  whether  the  short-period  ones  are  applied  to  the 
mean  or  true,  why  not  apply  all  to  the  mean,  and,  moreover,  compute  the  radius- vector 
and  latitude  with  this  equated  quantity  ?  Then  the  additional  quantities  necessary  to 
complete  the  values  of  the  latter  co-ordinates  would  be,  for  the  first,  a  function  of 
three  variations  of  the  elements,  and  for  the  second,  a  function  of  two  only.  This, 
undoubtedly,  was  the  origin  of  Hansen's  new  method. 

He  determined  to  apply  it  to  Jupiter  and  Saturn,  and  his  memoir,  crowned  by 
the  Berlin  Academy,  must  be  regarded  as  the  earliest  example  of  an  adequate  treat- 
ment of  perturbations  of  the  second  order  with  respect  to  disturbing  forces.  In  all 
previous  investigations  it  is  impossible  to  form  a  conception  of  the  probable  magnitude 
of  the  terms  passed  over  on  account  of  the  habit  of  the  investigator  of  selecting  here 
and  there  a  term  to  be  computed.  But  in  Hansen  the  continuity  in  the  computed 
terms  enables  one  to  form  a  fair  judgment  as  to  the  importance  of  those  neglected. 
However,  Saturn  alone  is  treated  with  a  fair  degree  of  completeness.  The  expressions 
for  Jupiter  are  limited  to  the  terms  arising  from  the  first  power  of  the  disturbing  force. 
Had  this  theory  of  Saturn  been  completed  by  the  addition  of  the  terms  due  to  the 
action  of  Uranus  and  the  whole  compared  with  the  observations  more  carefully  reduced, 
as  they  then  could  have  been  by  the  aid  of  Bessel's  Tabulce  Begiomontance,  very  excel- 
lent tables  would  have  been  obtained.  But  Hansen  seems  to  have  been  carried  away 
with  the  ambition  of  applying  his  peculiar  method  of  treatment  to  the  lunar  theory. 

A  long  period  of  over  forty  years  now  elapsed  without  anything  being  contributed 
to  the  theories  of  Jupiter  and  Saturn,  for  the  expressions  of  the  perturbations  given 
in  Pontecoulant's  Theorie  Analytique  du  Systeme  du  Monde,  beyond  the  correction  of 
the  error  of  sign  in  the  second-order  terms  of  the  great  inequalities,  do  not  seem  to 
be  in  anything  more  perfect  than  those  found  in  the  Mecanique  Celeste. 

In  1868  Mr.  Hugh  Bbeen  published  a  memoir  containing  equations  of  condition 
for  the  whole  series  of  observations  of  the  two  planets  made  at  Greenwich  from  1 750 
to  1865,  and,  dividing  them  into  four  groups,  obtained  solutions  for  each.  But  as  the 
equations  contained  no  terms  for  the  corrections  of  the  acting  masses,  and  no  investi- 
gation was  made  of  the  errors  of  the  formulae  actually  employed  in  the  construction 
of  Bouvaed's  tables,  the  corrections  obtained,  when  applied  to  Bouvakd's  elements,  do 
not  give  anything  like  a  fair  approximation  to  the  actual  elements. 

Hansen,  in  1875,  published  a  memoir  on  Jupiter.  But  here,  deserting  his  earlier 
notions  on  the  lack  of  convergence  in  algebraical  developments,  he  confines  himself 
to  calculating  the  easier  terms  of  the  co-ordinates.  Hence  this  memoir  can  not  be 
regarded  as  advancing  much  our  knowledge  of  the  subject. 

In  the  years  1874  to  1876  appeared  Levereiee's  investigation,  concluding  with  the 
tables  which  are  at  present  employed  for  all  the  European  ephemerides.  The  method 
followed  is  that  of  attributing  the  perturbations  to  the  six  elements  of  the  Keplerian 
ellipse ;  and,  contrary  to  the  mode  followed  in  his  earlier  planetary  theories,  these 
are  also  the  quantities  tabulated.  Leveeeiee's  labor  is  very  much  increased  by  his 
undertaking  to  exhibit,  in  the  first  instance,  all  his  developments  in  a  form  where  all 
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the  elements,  save  the  mean  distances,  appear  as  indeterminatea.  This  he  does  on  the 
plea  that,  however  far  in  the  future  the  observations  may  be  prolonged,  they  ought 
to  be  represented  by  one  and  the  same  theory.  This  notion  must  be  approved  by  all, 
but  it  must  be  pointed  out  that  it  is  not  completely  attained  by  substituting,  in  a  set 
of  formulae  belonging  to  an  old  epoch,  the  values  the  varying  elements  have  arrived 
at,  at  the  new  epoch.  It  is  true  the  two  sets  of  formulae  may  be  in  perfect  consonance, 
but  they  can  not  be  considered  as  one  and  the  same.  At  best,  this  is  but  a  distant 
imitation  of  the  method  of  obtaining  integrals  by  mechanical  quadratures.  If  we  wish 
to  have  theories  good  for  all  time  we  shall  find  ourselves  driven  to  making  the  coeflB- 
cients  of  our  periodic  terms  perfectly  constant,  and  to  admitting  about  three  elementary 
constituents  into  the  arguments  for  every  planet  that  acts.  Leveeeiee's  hope  that  his 
work  would  serve  as  a  foundation  for  future  investigations  is  not  warranted  by  past 
experience.  For  if  at  any  time  it  is  found  not  adequate  to  present  wants  the  suspi- 
cion is  sure  to  arise  that  this  is  due,  in  part  at  least,  to  not  carefully  enough  performed 
calculations.  Besides,  we  can  not  expect  that  work  of  this  difficult  nature  will  ever 
be  undertaken  except  by  well-trained  experts,  who  will  feel  that  they  ought  to  be 
permitted  to  choose  methods  satisfactory  to  themselves.  Thus  every  investigator  of 
the  planetary  theories  sets  out  ab  origine. 

In  consequence  of  this  adoption  of  indeterminate  elements  in  the  formulae  Levee- 
eiee's values  of  the  coefficients  are  less  precise  than  if  the  latter  had  been  treated  as 
wholes.  In  the  case  of  Saturn,  however,  he  made  an  additional  development  by 
mechanical  quadratures.  There  is  not  a  very  close  agreement  between  the  results  of 
this  and  the  algebraically  derived  formulae.  The  diflference,  for  instance,  in  the  case 
of  the  coefficient  of  the  great  inequality  exceeds  40".  With  the  exception  of  the  terms 
constituting  the  great  inequality  and  a  term  denoting  a  secular  acceleration  of  the 
mean  longitude  Leveeeiee  employed,  in  the  construction  of  his  tables,  formulae  result- 
ing from  this  process  of  mechanical  quadratures.  The  way  in  which  the  observations 
of  Saturn  were  represented  by  this  theory  was  not  satisfactory,  the  residuals  being 
larger  at  times  than  could  be  accepted  as  errors  of  the  observers ;  and  the  comparisons 
made  with  observation  since  the  publication  of  the  tables  have  shown  residuals  some- 
what larger.  With  Jupiter  Leveeeiee  was  more  successful,  but  his  discussion  led  him 
to  assign  to  Saturn  a  mass  which  astronomers  at  present  regard  as  too  small.  However, 
I  have  not  been  able  to  discover  any  oversight  in  Leveeeiee's  theories  which  would 
account  for  these  discrepancies.  A  few  trifling  errors,  having  plainly  no  effect  on  the 
representation  of  observation,  were  all  that  were  found. 

The  desirableness  of  a  new  investigation  of  the  subject  has  been  generally  ad- 
mitted, and  fault  has  been  found  with  the  amount  of  labor  required  to  deduce  positions 
of  the  planets  from  Leveeeiee's  tables.  But  I  had  not  these  inducements  to  take 
up  the  subject  when  I  began  work,  for  these  tables  were  then  unpubHshed.  The 
long  interval  which  occurred  between  the  publication  of  Leveeeiee's  theory  of  Mars 
and  the  appearance  of  anything  from  him  on  Jupiter  and  Saturn  was  the  occasion  of 
leading  me  to  consider  the  undertaking.  On  making  known  to  the  Superintendent 
of  the  American  Ephemeris  my  desire  to  take  up  the  problem  I  was  relieved  from  all 
other  routine  work,  and  supplied  with  the  assistance  necessary  to  duplicate  all  my 
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computations  which  required  this  safeguard  against  error.  It  was  desired  to  abandon 
the  use  of  the  antiquated  tables  of  Bouvaed,  and  it  appeared  uncertain  when  Levee- 
RIER  would  publish  his. 

The  plan,  therefore,  was  t^form  theories  of  Jupiter  and  Saturn  which  would  be 
practically  serviceable  for  a  space  of  three  hundred  years  on  each  side  of  a  central 
epoch  taken  near  the  center  of  gravity  of  all  the  times  of  observation ;  theories  whose 
errors  in  this  interval  would  simply  result  not  from  neglected  terms  in  the  develop- 
ments, but  from  the  unavoidable  imperfections  in  the  values  of  the  arbitrary  constants 
and  masses  adopted  from  the  indications  of  observation. 

Such  were  the  considerations  which  influenced  the  adoption  of  the  course  to  be 
followed.  As  there  was  no  desire  to  lose  time  by  forming  a  special  method  of  treat- 
ment for  the  problem  in  hand  it  was  decided  to  employ  the  method  of  Hansen,  with 
such  slight  modifications  as  the  exigencies  of  the  case  might  suggest.  On  account  of 
the  presence  of  the  great  inequalities  this  method  seemed  to  me  to  give  expressions 
best  suited  to  tabulation.  The  latest  form  of  this  method  appears  in  Hansen's  memoir 
entitled  Auseinandersetzung,  etc.  The  employment  of  the  eccentric  anomaly  of  the 
planet  whose  co-ordinates  are  sought  as  the  independent  variable  undoubtedly  aug- 
ments the  convergence  of  the  series ;  but  the  adoption  of  this  mode  of  proceeding 
would  bring  about  the  use  of  two  independent  variables,  one  for  the  co-ordinates  of 
Jupiter,  another  for  those  of  Saturn.  As  the  developments  have  to  be  pushed  to  terms 
of  three  dimensions  with  respect  to  disturbing  forces  the  heaviest  part  of  the  labor 
consists  in  forming  products  of  periodic  series,  one  of  which  belongs  to  Jupiter,  the 
other  to  Saturn ;  and  as  integration  can  not  be  performed  unless  these  products  are 
transformed  so  as  to  involve  but  one  variable  we  should  have  an  endless  series  of 
transformations  to  make.  It  therefore  seems  a  necessity  to  have  a  single  independent 
variable  for  the  whole  work.  In  consequence  the  final  form  adopted  for  all  the  periodic 
series  is  in  terms  of  the  mean  anomalies,  so  that  the  time  is  always  the  independent 
variable.  Fortunately  very  slight  and  readily  perceived  changes  only  are  necessary 
in  the  formulaa  of  the  Auseinandersetzung  to  render  them  applicable  to  the  modified 
mode  of  proceeding. 

Hansen's  method  makes  two  transformations  of  the  series  representing  the  odd 
powers  of  the  distance  between  the  acting  planets  in  which  Besselian  functions  are 
employed  as  multipliers ;  and  he  has  thus  no  less  than  three  different  forms  for  these 
series,  the  first  being  that  in  which  the  eccentric  anomalies  of  both  planets  appear, 
the  second  that  in  which  one  of  the  eccentric  anomalies  is  replaced  by  a  mean  anomaly, 
and  the  third  in  which  the  expression  is  so  transformed  that  it  may  be  integrated  by 
treating  the  first  eccentric  anomaly  as  the  independent  variable.  One  of  these  trans- 
formations and  forms  for  the  series  can  be  avoided.  By  making  the  division  of  the 
circumference  with  reference  to  the  mean  anomaly  instead  of  the  eccentric,  and  com- 
puting all  the  auxilliary  quantities  to  be  employed  so  that  they  correspond  to  the  points 
of  this  division,  we  obtain  at  once,  and  without  any  need  of  a  transformation,  the  series 
in  Hansen's  second  form.  The  additional  labor  required  to  make  the  auxilliary  quan- 
tities correspond  to  given  values  of  the  mean  anomaly  instead  of  the  eccentric  is  very 
trifling.     Consequently  I  have  adopted  this  way  of  proceeding. 
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On  arriving  at  the  treatment  of  terms  of  the  second  and  third  orders  with  respect 
to  disturbing  forces,  another,  and  as  it  seems  to  me  quite  advantageous,  modification 
was  made  in  Hansen's  method,  by  which  the  more  important  terms  of  the  third  order 
were  included  in  the  computation  of  those  of  the  second  order;  and  again,  on  making 
the  computation  of  the  third-order  terms  the  more  important  terms  of  the  fourth  order 
were  included.  Past  experience  has  shown  that  in  the  second-order  terms,  and  pre- 
sumably in  all  higher  orders,  the  secular  terms  of  lower  orders  cause  larger  modifications 
than  the  periodic  terms.  Thus  the  great  inequalities,  in  their  modification  by  the 
consideration  of  second-order  terms,  are  afi'ected  about  six  times  more  by  the  secular 
than  the  periodic  terms.  Again,  it  is  known  that  the  second-order  terms  contribute 
very  important  portions  to  the  secular  terms.  Hence,  if  on  commencing  the  calcula- 
tion of  the  second-order  terms  one  could  attribute  to  the  secular  terms,  not  their  first- 
order  values,  but  these  augmented  by  an  approximate  estimate  of  the  corrections  which 
in  the  obvious  course  of  proceeding  would  be  found  for  them,  it  is  evident  that  the 
third-order  terms,  to  be  computed  afterwards,  would  be  much  reduced  in  magnitude 
And  in  computing  the  third-order  terms  a  like  method  of  treatment  could  be  used  with 
like  benefit,  and  thus  the  fourth-order  terms  be  rendered  more  easily  negligible.  This 
way  of  proceeding,  of  course,  requires  that  the  computation  of  every  succeeding  order 
of  terms  should  be  modified;  but  this  is  not  difficult 

Thus  the  method  I  have  followed  is  this :  On  arriving  at  the  treatment  of  second- 
order  terms  ascertain  first  the  two  terms  of  ST,  which  are  rigorously  proportional  to 
sin  y  and  cos  y,  and  apply  the  corresponding  secular  terms  to  the  secular  terms  of  the 
first  order,  and  with  these  terms  so  corrected  proceed  to  the  general  determination  of 
<5T;  and  in  third-order  terms  proceed  in  like  manner.  The  terms  of  ST  having  the 
argument  y  constitute  a  very  fair  approximation  to  the  second-order  portion  of  the 
secular  terms,  as  the  supplementary  quantities  added  after  the  integration  of  T  con- 
tribute in  comparison  quite  insignificant  corrections. 

For  the  sake  of  brevity  in  the  tables  I  have  ventured,  at  the  end,  to  make  an 
alteration  in  the  signification  of  the  fundamental  argument.  In  the  Atiseinandersetsung 
Hansen  defines  this  so  that,  on  entering  a  table,  constructed  from  a  purely  elliptic 
theory,  we  obtain  the  exact  angle  described  by  the  radius-vector  between  any  given 
times.  To  flatten  this  out  into  a  plane  he  is  obliged  to  compute  the  expression  of  a 
fourth  co-ordinate,  F.  Hansen's  only  apparent  reason  for  adopting  such  a  significa- 
tion for  his  2  is  that  the  differential  equation  determining  it  is  thereby  slightly  sim- 
plified. But  astronomers  care  nothing  for  the  description  of  angle  by  the  radius ;  all 
they  wish  to  know  is  whereabouts  is  the  planet.  In  the  Tables  du  Soleil  Hansen  has 
modified  his  2  in  such  a  way  that  it  gives  directly,  by  the  employment  of  a  purely 
elUptic  table,  the  apparent  tropical  longitude  of  the  Sun.  But  by  making  his  2  thus 
include  the  eff"ect  of  precession  he  was  led  into  a  difficulty.  By  stopping  with  terms 
multiplied  by  the  square  of  the  time  his  tables,  at  remote  epochs,  failed  to  give 
sufficiently  approximate  longitudes  of  the  Sun.  Hence  he  published  a  supplement 
containing  the  terms  involving  the  next  two  higher  powers  of  the  time.  Should  we 
adopt  a  similar  mode  of  treating  Jupiter  and  Saturn  our  difficulties  would  be  greater, 
as  the  eccentricities  of  these  planets  are  three  or  four  times  greater  than  that  of  the 
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Earth.  However  all  embarassment  is  escaped  if  we  agree  to  apply  the  principal  term 
of  precession,  viz,  that  which  is  proportional  to  the  time,  outside  of  the  table  in  which 
the  argument  is  z.  , 

Therefore  I  have  equated  z  in  such  a  way  that  it  takes  account  of  all  the  inequali- 
ties of  the  reduction  to  the  ecliptic,  secular  and  periodic,  and  also  of  all  that  part  of 
precession  which  involves  the  square  and  higher  powers  of  the  time.  This  modification 
of  z  in  no  respect  complicates  its  expression,  which  has  the  same  form  as  before, 
only  with  numerical  coefficients  changed  by  amounts  generally  very  small.  In  this 
way  we  escape  the  necessity  of  giving  separate  tables  for  the  reduction  to  the  ecliptic 
and  for  its  periodic  and  secular  perturbations.  This  method  of  treatment  resembles 
that  of  Plana  and  Delaunay  in  the  lunar  theory,  for  they  pay  no  attention  to  the 
orbit  longitude  of  the  Moon,  but  proceed  immediately  to  the  ecliptic  longitude. 

As  the  formulae  which  have  been  given  for  the  motion  of  the  plane  of  the  ecliptic 
and  for  precession  appear  to  me  to  be  lacking  in  the  precision  sufficient  for  these  late 
times,  on  account  of  their  being  limited  to  terms  involving  the  time  and  its  square,  I 
have  devoted  a  chapter  to  this  subject,  in  which  the  expressions  are  prolonged  so  as 
to  include  the  cubes  of  the  time.  These  expressions  are  not,  however,  the  definitive 
ones  to  be  employed  in  the  construction  of  the  tables.  The  determination  of  the 
motions  of  the  equator  and  ecliptic  belongs  to  the  theory  of  the  four  inner  planets, 
and  when  this  theory  is  completed  the  necessary  modifications  in  the  final  formulae 
of  the  present  work  can  readily  be  made. 

I  have  everywhere  employed  the  notation  of  Hansen  without  explanation,  as  it 
must  now  be  very  familiar  to  all  who  work  in  the  planetary  theories.  Also,  no 
demonstrations  of  the  formulae  used  are  given  whenever  it  is  possible  to  make  a  refer- 
ence to  places  where  they  may  be  found,  generally  the  memoirs  of  Hansen.  But  in 
all  important  cases  the  formulae  actually  used  are  set  down  in  the  interest  of  the 
detection  of  any  errors ;  and  it  seems  to  me  that  it  would  be  possible  for  one  to  repeat 
all  the  computations  of  this  investigation  without  hindrance  from  obscurity  in  the 
explanations. 

The  arrangement  of  the  work  will  be  easily  seen  from  a  glance  at  the  table  of 
contents.  The  terms  arising  from  the  first  power  of  the  disturbing  force  are  consid- 
ered by  themselves.  This  occupies  Chapters  I  to  VII.  The  second-order  terms  in  the 
fundamental  arguments  and  the  radii  vectores,  due  to  the  interaction  of  Jupiter  and 
Saturn,  follow.  This  investigation  is  comprised  in  Chapters  VIII  to  XV.  The  similar 
terms  of  the  third  order  are  next  treated,  and  fill  up  Chapters  XVI  to  XX.  The  per- 
turbations of  the  two  planets  which  are  of  the  second  order  and  have  the  mass  of 
Uranus  as  factor  follow.  They  are  contained  in  Chapters  XXI  to  XXIII.  The 
second-order  terms  of  the  latitudes  are  then  derived  in  Chapters  XXIV  and  XXV. 
The  motions  of  the  ecliptic  and  precession  are  treated  in  Chapter  XXVI.  The  longi- 
tudes and  latitudes  are  referred  to  the  mean  equinox  and  ecliptic  in  Chapter  XXVII. 
Corrections  for  the  provisionally  adopted  elements  are,  in  the  next  place,  found  by  a 
comparison  of  the  previously  obtained  theory  with  observation.  This  fills  Chapter 
XXVIII.  The  formulae  for  the  perturbations  are  rectified  on  account  of  these  correc- 
tions in  Chapter  XXIX.  In  fine,  the  summed  expressions  for  the  co-ordinates  of 
Jupiter  and  Saturn  are  given  in  Chapter  XXX. 
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In  the  long  period  of  seven  and  a  half  years  in  which  the  computations  of  this 
investigation  were  carried  on  some  modifications  of  the  ideas  entertained  as  to  the 
proper  values  to  be  attributed  to  the  planetary  masses  could  scarcely  fail  to  occur, 
and  one  will  notice  some  incongruity  in  this  respect ;  but  the  final  results,  given  in 
Chapter  XXX,  are  reduced  to  perfect  uniformity  in  this  respect.  The  values  to 
which  they  correspond  are  those  stated  at  the  beginning  of  Chapter  XXVI. 

A  careful  comparison  of  the  expressions  obtained  for  the  co-ordinates  by  Lever- 
EiER  with  those  obtained  in  this  investigation  would  undoubtedly  have  much  interest, 
and  might  lead  to  the  detection  of  the  causes  of  disagreement.  But  the  very  great 
labor  involved  in  carrying  it  out  must  be  my  excuse  for  not  undertaking  it.  In  the 
case  of  Saturn,  too,  whether  Leveerieb's  elaboration  by  the  algebraical  process  or 
that  by  mechanical  quadratures  should  be  taken  for  comparison  would  be  an  embar- 
rassing question.  The  latter  is  very  incomplete,  yet  Leverrier  very  nearly,  as  far 
as  he  could,  used  it  for  his  tables.  In  the  circumstances  I  must  limit  myself  to 
pointing  out,  in  a  rude  way,  the  more  striking  discrepancies.  I  have  made  a  reduc- 
tion of  Leverriee's  algebraically-determined  coefficient  of  the  great  inequality  of 
Saturn  to  Hansen's  form  of  the  perturbations  and  to  Bessel's  value  of  the  mass  of 
Jupiter,  and  it  comes  out  2944".8o.  The  value  assigned  in  Chapter  XXX  is  2907". 85. 
Leverriee's  is  therefore  the  larger  by  36". 95.  Had  we  taken  for  reduction  the  value 
given  by  Leverrier's  other  process  the  diiference  would  have  been  smaller.  The 
motions  assigned  to  the  eccentricity  and  perihelion  of  Saturn  in  Leverriee's  tables 
are  considerably  greater  than  those  given  by  my  theory.  In  the  case  of  Jupiter 
Leveeeiee's  values  of  the  coefficients  of  the  large  terms  are  quite  as  large  as  mine, 

although  they  profess  to  correspond  to  the  value -7  of  the  mass  of  Saturn,  while 

mine  have  been  computed  with  the  mass 7.    This,  perhaps,  explains  why  Levee- 

eiee's  discussion  led  him  to  the  too  small  mass  of  Saturn. 

In  performing  the  very  large  mass  of  computations  demanded  by  this  investiga- 
tion, by  direction  of  the  Superintendent,  I  have  been  assisted  by  various  gentlemen 
connected  with  this  office;  all,  however,  to  small  amounts,  with  the  exception  of 
Mr.  W.  F.  McK.  Hitter,  who,  with  the  greatest  efficiency,  has  made  a  duplicate  of 
about  two-thirds  of  the  computations.  Without  help  such  as  he  has  rendered  it 
would  have  been  impossible  for  me  to  have  brought  this  undertaking  to  a  conclusion. 
But  all  the  original  computations  have  been  peiformed  by  myself. 
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CHAPTER  I. 


MUTUAL  ACTION  OF  JUPITER  AND  SATURN.— DEVELOPMENT  OF  THE  RECIPROCAL  OF  THE  DISTANCE 
BETWEEN  THE  PLANETS  AND  ITS  ODD  POWERS  IN  PERIODIC  SERIES,  WHEN  ELLIPTIC  VALUES 
ARE  SUBSTITUTED  FOR  THE  CO-ORDINATES. 

The  first  step  in  determining  the  absolute  perturbations  of  the  eUiptic  motions 
arising  from  the  mutual  action  of  two  planets  is  to  obtain  the  expansion  of  the  recip- 
rocal of  their  distance  and  its  odd  powers  in  periodic  series.  The  first  and  third  powers 
alone  are  necessary  in  treating  the  perturbations  due  to  the  first  power  of  the  disturbing 
force ;  the  fifth,  in  addition,  is  required  when  the  second  and  the  seventh  when  the 
third  power  of  this  force  is  taken  into  consideration.  In  this  chapter  we  shall  be 
engaged  in  developing  these  four  powers  of  the  reciprocal  of  the  distance  between 
Jupiter  and  Saturn,  it  being  understood  that  elliptic  values  are  attributed  to  the  co- 
ordinates. The  method  pursued  demands  that  these  developments  in  their  final  form 
should  appear  as  functions  of  the  mean  anomalies  of  the  two  planets,  or  in  other 
words  as  functions  of  the  time. 

The  elements  adopted  for  the  two  planets  are : 

Elements  of  Jupiter  and  Saturn. 
Epoch,  1850,  Jan.  0.0'',  Greenwich  M.  T. 


L=iS9°  56'  26".6o 

L'=    i4°49'34."o4 

;r=    II"  56'    9".33 

7t'  =    90°     6'  46".22 

(f=    98°  56'  i9".79 

6"=  112°  2o'49-"oS 

i=     i°i8'42."io 

i'  =     2°  29'  4o".i9 

e  =  0.04824277 

e'  =  0.05605688 

n=  io9256".ss563 

n'  =  43996".07844 

m-         • 

m'-      ' 

1047.879  350I-6 

It  is  scarcely  necessary  to  go  into  details  as  to  the  derivation  of  these  elements. 
They  are  supposed  to  be  mean  elements  derived  in  such  a  way  that  the  perturbations 
of  the  fundamental  argument  and  the  latitude  have  no  terms  whose  period  is  the  same 
as  that  of  the  mean  anomaly,  and  the  former  no  constant  term  or  term  proportional  to 
the  time.  The  elements  of  Saturn  have  been  obtained  from  a  previous  investigation, 
and  are  supposed  to  be  quite  approximate.    Those  of  Jupiter  have  been  got  by  apply- 

19 


30 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


ing  to  Botjvard's  values  the  corrections  found  by  Mr.  Breen.*  On  account  of  the 
errors  of  Bouvard's  formulai  for  the  perturbations  these  values  will  probably  be  found 
to  need  quite  large  corrections.  But  they  are  sufficiently  accurate  to  serve  our  pur- 
pose, as  it  is  proposed  at  the  end  of  this  investigation  to  ascertain  rudely  their  errors 
and  correct  the  expressions  for  the  perturbations  by  the  diflFerential  method  where  the 
squares  and  products  of  these  errors  may  be  neglected. 

In  computing  the  mutual  perturbations  of  two  planets  we  need  consider  only  the 
ratio  of  the  mean  distances.     This  is  given  by  the  equation 

o'      Li  +  Wj    \nj 
whence,  on  substitution  of  the  numerical  values, 

log  a  =  9.7367410563 

But  a  considerable  portion  of  the  perturbations  of  the  second  order  will  be  included 
in  the  computation  of  the  terms  of  the  first  order  if  we  apply  severally  to  log  a  and 
log  a'  the  constant  parts  of  the  perturbations  of  log  r  and  log  r'.  For  the  action  of 
all  the  planets  excepting  Jupiter  and  Saturn  these  parts  can  be,  with  sufficient  accuracy, 
obtained  from  the  following  formulae: 

For  the  action  of  an  outer  on  an  inner  planet 

I  d6"" 

6  log  a  =  —  -T  Mm'or'  — i 

^  6  da 

for  the  action  of  an  inner  on  an  outer  planet 

6  log  a' 


lMm'(bT  +  a%) 


where  M  is  the  modulus  of  common  logarithms.     For  the  action  of  Jupiter  and  Saturn 
the  values  are  obtained  from  Hansen.! 

6  log  a  6  log  a' 

-\-  .00000003   +  .00000003 


Action  of  Mercury,  mass 
Action  of  Venus,  mass 


5000000 

425000 
I 


4-  .00000035     +  .00000034 


Action  of  the  Earth,  mass         g         +  .00000046    +  .00000045 
Action  of  Mars,  mass  -(-.0000000  c     4-. 0000000 1; 

3095000  J  1  0 


Action  of  Jupiter, 
Action  of  Saturn, 

Action  of  Uranus,  mass 
Action  of  Neptune,  mass 

Sums, 


-1-  .00018522 


—  .00000502 


21000 

I 
19700 


—  .00000007     —  .00000058 


.00000002        — .00000013 


.00000423    4-  .00018538 


•  Correction  of  BotrvAKD's  Elements  of  Jnpiter  and  Saturn.    Appendix  I  to  Greenwich  Observations,  1868. 
•f  Untersnchnng  Qber  die  gegenseitigen  Storungen  des  Jnpiter  and  Satnm.    Berlin,  1831. 


SERIES  FOR  NEGATIVE  ODD  POWERS  OF  THE  DISTANCE.  2  I 

To  avoid  confusion  we  will  designate  a  and  a',  after  their  correction  by  these 
quantities,  as  a  and  a',  but  a  will  be  employed  as  the  equivalent  of  -,.     When  we 

come  to  the  treatment  of  the  |5erturbations  of  the  second  order  it  will  be  necessary  to 
remember  that  this  modification  has  been  made. 

The  quantities  which  define  the  relative  position  of  the  planes  of  the  orbits  can 
be  obtained  from  the  equations 

cos  J  =  COS  i  cos  i'  +  sin  i  sin  i'  cos  {6'  —  8) 

sin  J  cos  ^  =  sin  i  cos  i'  —  cos  i  sin  i'  cos  (6'  —  6) 

sin  J  sin  ^  =  sin  i'  sin  (d'  —  0) 

sin  J  cos  W  =  cos  i  sin  i'  —  sin  i  cos  i'  cos  {ff  —  0) 

sin  J  sin  !P^  =  sin  i  sin  (6'  —  6) 

n  =  7t-d-<P  n'  =  7T'-e'  -w 

Here  J  denotes  the  inclination  of  the  planes  of  the  orbits,  and  11  and  II',  severally, 
the  angular  distances  of  the  perihelia  of  Jupiter  and  Saturn  from  the  ascending  node 
of  Saturn's  orbit  on  that  of  Jupiter. 

The  coefficients  of  the  terms  of  the  developments  of  the  reciprocal  of  the  distance 

between  the  planets  ^  and  its  odd  powers  (  ^)  ,  (%)  i  ^t^.,  as  periodic  functions  of 
the  two  anomalies,  are  then  functions  of  the  following  six  elements : 

O  '  *' 

log  ar  =9.73655145  J    =       I    15   21.31 

e  =  0.04824277  n  =  245  34  48.81 

e'  =  0.05605688  77'  =  323  45     1.87 

We  must  now  consider  the  degree  of  accuracy  with  which  these  coefficients  must 

be  computed  in  order  that  a  proposed  degree  of  accuracy  may  be  obtained  in  the 

coefficients  of  the  perturbations.     Let  it  be  demanded  that  the  latter  shall  be  got  correct 

a' 
to  o".ooi  in  the  longitude  and  latitude.     The  coefficients  of  the  terms  in  — ,  whose 

argument  is  5^'  —  2g,  will  be  multiplied  by  the  factor 

'5  7^'  (5^/  -  3n  -  82")^  ><  2o6264".8,  (log  =  6.4738) 

in  order  to  obtain  the  coefficients  of  the  perturbation  of  the  mean  anomaly  of  Saturn. 
It  is  thus  seen  that  o".ooi  in  the  latter  is  equivalent  to  0.00000000034  in  the  former. 
Consequently  ten-place  logarithms  will  have  to  be  used  until  we  get  the  coefficients 

of  the  terms  in  ^,  which  have  the  argument  sg'  —  2g.     Recourse  has  been  had  to 

Vega's  Thesaurus  Logarithmorum  for  the  logarithms. 

In  the  case  of  ( ^  )  a  far  less  degree  of  accuracy  will  suffice ;  nevertheless,  for 

those  terms  on  which  depend  the  secular  perturbations  a  degree  of  accuracy  has  been 
adopted  which  is  equivalent  to  the  employment  of  eight-place  logarithms.     For 

(—^^  and  (—)  ,  respectively,  seven  and  five-place  logarithms  suffice. 
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In  developiag  these  quantities  after  the  manner  of  Hansen,*  it  is  preferable  to 
take  Saturn  as  the  disturbed  planet,  for  the  reason  that  in  this  way  the  quantity  ho 
has  denoted  by  y^  is  less  than  one-fifteenth  of  what  it  is  when  Jupiter  is  so  taken. 

We  have  the  well-known  equations 

H  =  cos  (/-t-  77)  cos  (/'  +  W)  +  cos  J  sin  (/+  H)  sin  (/'  +  71') 
^2  _  ^2  _  jrr'  H  -(-  »^ 

If  the  constants  h,  K,  h^,  Ki  are  obtained  from  the  equations 

fc  cos  (71'  -  K)  =  cos  77  fci  cos  (77'  -  K,)  =  cos  J  cos  77 

fc  sin  (77'  -  K)  =  cos  J  sin  77  fci  sin  (77'  -  Ki)  =  sin  71 

we  have 

H  =  fc  cos  (/'  -I-  K)  C08/-I-  h  sin  (/'  -|-  Ki)  sin/ 

The  numerical  substitutions  give 

log  A;  =9.9999134935  K  =  78  10  31.71660 

log  fci  =  9.9999821696  Ki  =  78     954.40637 

The  square  of  the  distance  between  the  planets  is  reduced  to  the  form 

(^^  =  ya  ~f  cos  (f  -  F)  -I-  yt  cos«  e 

by  computing  p,  P,  v,  V,  w,  W,  w^,  Wi  from  the  equations  {<p  and  q)'  denoting  the  anglei 
of  the  eccentricities) 


|>  sin  P    =  2a  (a  p  —  fc  cos  K)  j)  cos  P    =  2  afci  cos  9)  sin  K, 

«  sin  V    =  2afc  cos  9/  sin  K  v  cos  V    =  2  aki  cos  (p  cos  ip'  cos  Ki 

w  sin  W  =p  —  2a^-j  sin  P  w  cos  W  =  -»  cos  (V  -  P) 

vox  sin  Wi  =  1)  sin  (V  -  P)  tci  cos  W,  =  20^-  cos  P 

E    =  I  +  «2  -  20^&  Yi  =  o?^ 

After  which 

/  sin  (F  —  P)  =  M)  sin  (e'  +  W  )  —  e'i> 
/cos  (F  -  P)  =  wi  cos  \e  -J-  W,) 

;Ko  =  E  —  ze*  cos  t'  +  ef^  cos*  f'  -J-  e/  cob  F 

The  numerical  substitutions  give 

log  p  =0.0430483461  P    =  15     7  49.25766 

log  ■»    =  0.0368088942  V    =  78  10  37.64429 

logic  =0.0369667932  W  =  63     3  26.51160 

log  wi  =  0.0369024323  Wi  =  63     I   21.06684 

e'j)       =  0.0618980929  log  Yi  =  ^•^3996737 

Xo  =  1.2958534630  -  [9.0496589179]  cos  f'  +  [7.4972578444]  cos*  e 

■\-  [8.6834322362]  f  cos  F 

*  Aasemandersetzang  einer  zweckmassigen  Metbode  zar  Bereclmang  der  absolaten  Stdmngen  dei  kleinen  Planeten. 
Abhandlnng  I,  a.  138. 
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In  the  last  equation  the  brackets  denote  that  the  common  logarithms  are  given 
instead  of  the  numbers  corresponding. 

It  will  suffice  to  divide  the  circumference  with  respect  to  the  mean  anomaly  of 
Saturn  (for  the  reasons  stated  in  the  Introduction  we  adopt  the  mean  anomaly  instead 
of  the  eccentric,  which  Hansen  uses)  into  sixteen  parts.  In  this  way  the  errors  com- 
mitted in  the  coefficients  belonging  to  the  great  inequality  are  of  the  16  —  3  —  thir- 
teenth order  with  respect  to  the  eccentricities  and  inclination  of  the  orbits.  The  errors 
relative  to  double  the  argument  of  this  inequality  are  of  the  16  — 6=:  tenth  order. 
This  is  certainly  a  sufficient  degree  of  exactitude. 

We  compute  by  trial  from  the  equation 

flT  =  f*  —  e'  sin  e* 


where  log  (e'  in  seconds  of  arc) 
seven  following  values  of  g' : 


:  4.0630540554,  the  values  of  c'  coiTeaponding  to  th« 


9' 

I 

J 

22".S 

23° 

47' 

45" 

.26135 

45 

47 

21 

46 

.08482 

67.S 

70 

31 

41 

•24336 

90 

93 

12 

24 

•45612 

112.5 

115 

24 

4 

•75552 

'35 

137 

10 

58 

.60666 

'57-5 

158 

40 

6 

.06463 

The  values  for  the  remaining  points  of  division  of  the  circumference  are  either 
known  or  readily  ded^ucible  from  these.  By  substituting  them  in  the  preceding  equa- 
tions which  give  the  values  of  yo>  /  and  F,  we  get  the  following  table: 


?' 

n 

log/ 

F 

-9' 

0 

0 

/ 

!/ 

0 

1. 1984385810 

0.0146441389 

76 

36 

30.  05448 

22.5 

1.1858045730 

0. 01 16067484 

79 

•5 

27. 87825 

45 

1. 1916240568 

0.0131809243 

81 

42 

56.61757 

67.  s 

1.2147457246 

0. 0188912301 

83 

32 

2-  35338 

90 

1.2509960366 

0. 0273706837 

84 

26 

6.  62580 

112.  5 

1.2942528243 

0. 0369329790 

84 

20 

48.21352 

«35 

1-3377252007 

0. 0460462355 

83 

21 

48.  24421 

157.  5 

I- 3750575 '9 « 

0. 0535462990 

81 

41 

8.  79693 

180 

1.4011119502 

0.0586511882 

79 

34 

7.  28496 

202.  s 

1.4124496841 

0. 0608956692 

77 

17 

«9- 95693 

22s 

1.4075886817 

0. 0600677450 

75 

7 

38. 21369 

247-5 

1.3871073227 

0. 0561863167 

73 

21 

27.02105 

270 

1.3536269388 

0. 0495348409 

72 

«3 

53-72792 

292.5 

1.3116584293 

0. 0407480405 

71 

57 

17.  20268 

31S 

1.2672436572 

0.0309155839 

72 

38 

35-  73266 

337-5 

1.2272790242 

0.0216041043 

74 

16 

5- 05534 

24 
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These  quantities  can  be  subjected  to  the  following  important  test :  The  sum  of  the 
values  which  correspond  to  o°,  45°,  90°  .  .  .315°  ought  to  be  nearly  equal  to  the 
sum  of  the  values  which  correspond  to  22°. 5,  67''. 5,   112°. 5  .  .  337°. 5.     It  is 

known  that  the  difference  is  of  the  eighth  order  with  respect  to  the  eccentricities  and 
mutual  inclination.     Calling  these  sums  S  and  S'  the  result  here  is : 


ro 

log/ 

F-g- 

s 

S' 

10.4083551030 
10.4083551013 

0.  30041 13404 
0. 3004113872 

0   /    // 
625  41  36.50129 
625  41  36. 47808 

This  test  is  applicable  to  many  of  the  following  computations,  and  the  result  of  its 
application  will  always  be  given. 

Following  Hansen's  procedure,  we  separate  the  square  of  the  distance  into  two 
factors,  such  that 

which  gives,  for  determining  C,  q,  and  Q,  the  equations 

G=ro+  Vi  sin'  Q 
/  ainF  =  (^q  -  >^\  aiii  Q 

/  cos  F  =  (^g  +  ^\  cos  Q 

By  eliminating  C  and  q  we  get 

from  which,  by  trial,  Q  may  readily  be  obtained.     In  like  manner  q  may  be  got  from 
the  equation 

q  =f  cos  (Q  -  F)  -  2^  COS  2Q 

By  development  from  these  may  be  obtained  series,  proceeding  according  to  ascending 
powers  of  yz,  which  give  the  values  of  Q  —  F  and  log  |.     They  have  been  derived  by 

Hansen.*     In  our  case  we  have  preferred  the  method  by  trial.     The  numerical  results 
obtained  are 


"  AoseinandersetzQDg,  Abhandlnng  I,  8. 146,  Gl.  (120). 
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9' 

C 

logg 

Q- 

-9' 

0 

0 

/ 

// 

O 

I. 1990933606 

0.0149445349 

76 

37 

41.97691 

22.  5 

I. 1864677121 

0.0119163222 

79 

14 

23.98190 

45 

1. 1920690737 

0.0132773656 

81 

40 

23. 28806 

67.5 

1.2149083561 

0.0187137572 

83 

29 

47-  52405 

90 

1.2510025615 

0. 0270452279 

84 

25 

36. 18120 

112.5 

I. 29431 10889 

0. 0366599027 

84 

22 

14.  80626 

135 

1-3379921669 

0.0459719049 

83 

24 

18.63371 

'57- S 

1.3755681686 

0.0536999596 

81 

43 

23. 61467 

180 

1.4017811164 

0.0589513080 

79 

35 

1.54460 

202.  5 

1.4131215236 

0.0611975819 

77 

16 

29.02016 

22s 

I. 4081065680 

0. 0602270953 

75 

5 

26.  06779 

247-5 

1-3873834732 

0.0561213072 

73 

18 

57- 30456 

270 

I- 3536915381 

0.0492712795 

72 

12 

24. 19588 

292.5 

1.3116626153 

0. 0404249841 

7> 

57 

41.28342 

3«5 

1.2673929280 

0. 0307276532 

72 

40 

44. 82897 

337-5 

1.2277063745 

0. 0216826028 

74 

18 

39- 15769 

S 

10. 4111293132 

0. 3004163693 

625 

41 

36.71712 

S' 

10.4111293123 

0.3004164177 

62s 

41 

36. 69271 

It  seems  desirable  to  make  one  more  transformation  in  the  form  of  A* ;  we  put 


Q  =  sin  ;jf 


n 


=  sin  Xi 


a  =  tan  -  r 
2^ 


b  =  tan  -Xi 


N  = 


sec  -  ;if  sec  -  Xi 
2  2 


WW 


In  this  way 

^  -  nT  I  -  2a  cos  (f  -  Q1+  a*!    *  r  I  -  2b  008  (e  +  Q)  +  b'l 


i-*i 


-* 
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The  computations  being  performed,  we  have 


9' 

logN 

log  a 

logb 

0 

0 

0.0223304134 

9- 7585753170 

6.  5239929 

22.5 

0. 0254063724 

9. 7616990221 

6.5270211 

45 

0. 0240423963 

9.7603321138 

6. 5256601 

67,5 

0.0185553673 

9- 7547944485 

6. 5202237 

90 

0.0101630309 

9- 7463412483 

6.  5118922 

112.  5 

0.0005153668 

9. 7366605966 

6.  5022775 

'35 

9.9912124592 

9. 7273667855 

6.  4929655 

■57-5 

9,9835260741 

9. 7197220711 

6.  4852375 

180 

9.9783269754 

9.7145752236 

6.4799861 

202.  5 

9.9761202182 

9.7124079836 

6.  4777398 

225 

9.  977 10065 14 

9-7133983631 

6.4787103 

247-5 

9.9811817483 

9- 7174547678 

6.4828161 

270 

9.9879825162 

9. 7242062749 

6.  4896661 

292.5 

9- 9967796223 

9-  7329541897 

6.4985124 

31S 

0.0064581878 

9. 7426139882 

6. 5082098 

337-5 

0. 0155318861 

9-75I7I63322 

6.5172548 

S 

9. 9976166306 

7. 8874093144 

72.0110830 

S' 

9. 9976166555 

7.8874094116 

72.0110829 

The  next  step  is  the  calculation  of  the  values  of  Laplace's  coefficients  6f ,  corre- 
sponding to  each  of  the  sixteen  values  of  a  just  given.     We  proceed  as  follows : 
Deriving  9  from  the  equation 

sin  ^  =  a 


we  get 


b  =  009  9 


a"  =  tan*  -9 

2 


b'>  = 


Vh 


cos? -9 

2 


P  = 


0-)' 


b° 


P  =  Mif 


loga<"'  =  logi>-P 


lo?b~---P 


where  M  is  the  modulus  of  common  logarithms.     Then 


=7 


bofa" 


2^b"' 


] 


and 


2K 


.;"=f  [i-a'H] 


6;"'=aK(i  +H) 
6l"=6;'"-2K(i+H) 


^(1)^  Bin  X 


On  account  of  the  importance  of  6|^'  and  b^*^  and  as  a  check  their  values  have  also 
been  computed  from  the  following  series  given  by  LEVEERiEHf  (the  coefficients  are 
replaced  by  their  logarithms)  : 

•  For  the  proof  of  these  formnlsB  consult  Legendre,  Traits  des  Fonctiona  Elliptiqnes,  Tome  U,  pp.  6  and  548, 
t  Amutles  de  I'Observatoiie  de  Paris,  Mimoires,  Tome  II,  Additions,  p.  2. 
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*i'=      9-87S°6i2634 

«' 

^r=      9-7378880703 

a* 

-|-  9.4948500216 

a* 

+  9.391 1005840 

a° 

+  9.3119193380 

«» 

+  9.2283732866 

a' 

+  9.1869806015 

a  ' 

"         +9.117007357 

«>" 

+  9.0912000935 

a"> 

+  9.030986686 

a" 

+  9.0132579195 

„12 

+  8.960405612 

«'« 

+  8.947440635 

a" 

+  8.90034066 

a" 

+  8.89043237 

a'« 

+  8.84795259 

a" 

+  8.84012725 

a" 

+  8.80144046 

a^ 

+  8.79510028 

a^ 

+  8-759583S 

a^ 

+  8.7543405 

a" 

+  8.7215129 

a" 

+  8.7171038 

«" 

+  8.6865862 

^26 

+  8.682826 

0^ 

+  8.654315 

a^ 

+  8.651069 

0^ 

+  8.624316 

a* 

+  8.62149 

«*> 

+  8.59629 

0^ 

The  remainders  of  these  series  can  be  summed  as  geometrical  progressions.  In 
this  way  have  been  obtained  the  following  values,  corresponding  to  intervals  of  0.005 
in  log  a.  From  these,  by  interpolation,  it  is  easy  to  get  the  values  corresponding  to 
the  sixteen  values  of  log  a  : 


log  a 

log*i" 

logi<" 

9.710 

9.  3493888435 

8. 63682053s 

9-715 

9. 3608488808 

8.  65841 1500 

9.720 

9. 3723541687 

8. 680052169 

9.725 

9. 3839064789 

8. 701744508 

9- 730 

9- 3955076774 

8. 72349059' 

9-735 

9.4071597303 

8. 745292605 

9.740 

9. 4188647109 

8.  767152856 

9-745 

9. 4306248085 

8. 789073783 

9.750 

9- 4424423364 

8. 811057961 

9-755 

9-45431974" 

8.833108118 

9.760 

9.4662596138 

8.855227147 

9.765 

9. 4782647015 

8. 877418108 

Th«  remaining  coefficients  fe'"  can  be  got  from  the  formula 


(.('-» 


1-: 


I   sin  X      2^  —  '    * 


21- 


taking  care,  however,  to  use  one  more  decimal  in  calculating  than  we  wish  to  retain. 
But  for  large  values  of  ♦  it  will  be  more  convenient  to  compute  the  continued  fraction 


K  - 

21  —  1 

2i         -^ 

a' 

'      4i(i+  i) 

{^i+^r      a' 

'-    4(i+i)(i+2)* 

38 
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The  remaining  coefficients  fc'   are  got  from  the  equation 


I         *  a  ' 


When  i  is  large  one  can  readily  deduce  the  ratio  between  the  quantities  for  two  suc- 
cessive values  of  i  by  induction  from  the  differences  of  the  preceding  logarithms. 


The  values  of  the  fel"  are  obtained  from  the  formulae 


b[°>+  -b 


1 1.(1) 


6',°'-  -  &'J 


6-+6i"=- 


'  '  (l 


ay 


The  formulae  used  for  obtaining  the  fc  *  are 


6-=  6-"- 


2  (i  • 


3« 


jOj(i-i) 


•  *  ( I  —  oi) 


b'"=  6''-"- '(^ -')&''-" 
4  4  Sa         » 


The  following  table  contains  all  of  these  quantities  it  has  been  deemed  necessary 
to  compute.  For  convenience  the  points  of  division  of  the  circumference  relative  to 
g'  are  designated  as  (o),  (i),    •     .     •     ■    (15)  : 


iog|.;«' 

logfcj 

■1     tI^) 

logftj 

log*;" 

logfcj 

1   iC) 
logtj 

log*i" 

(0) 

0.0422349759 

9. 82I90I9233 

9. 4628509859 

9. 1460177531 

8.848917435 

8.56330651 

8. 2852309 

(>) 

0.0429700812 

9 

8261268967 

9 

4703315379 

9, 1566921194 

8 

862759506 

8 

58030264 

8. 3053729 

(2) 

0. 0426465422 

9 

8242752976 

9 

4670549712 

9. 1520177694 

8 

856698867 

8 

57286172 

8. 2965554 

(3) 

0. 0413651511 

9 

8168178994 

9 

4538302440 

9-  i33'333789 

8 

832200292 

8 

54277272 

8. 2608899 

(4) 

0.0394960133 

9 

8055641686 

9 

4337891208 

9. 1044619178 

8 

794964713 

8 

49700758 

8. 2066157 

(5) 

0. 0374762256 

9 

7928569388 

9 

4110412050 

9.0718430303 

8 

752546239 

8 

44482671 

8. 1446944 

(6) 

0.0356497314 

9 

7808259144 

9 

3893917767 

9. 0407286674 

8 

712031341 

8 

39494475 

8.0854651 

(7) 

0. 0342243503 

9 

7710449263 

9 

3717134206 

9. 0152727021 

8 

678847918 

8 

35405988 

8. 0368941 

(8) 

0. 0333016727 

9 

7645 1 5 1480 

9 

3598735555 

8. 9982002666 

8 

656575328 

8 

32660393 

8.  0042646 

(9) 

0. 0329217162 ',  9 

7617784029 

9 

3549024197 

8.9910266600 

8 

647212588 

8 

31505899 

7.9905416 

(10) 

0. 0330947278 

9 

7630281054 

9 

3571730733 

8. 9943037308 

8 

651490004 

8 

32033359 

7.9968115 

(") 

0. 0338143165 

9 

7681630622 

9 

3664916805 

9.0077455337 

8 

669029733 

8 

34195815 

8.0225132 

(12) 

0.0350522873 

9 

7767700094 

9 

3820693919 

9.0301900000 

8 

698297424 

8 

37802650 

8.0653689 

(■3) 

0. 0367350622 

9 

7880398438 

9 

4023858750 

9.0594117420 

8 

736365143 

8 

42490941 

8.  1 210489 

(«4) 

0. 0387035953 

9 

8006495388 

9 

4250058437 

9.0918765767 

8 

778605336 

8 

47688877 

8.  1827461 

('5) 

0. 0406726683 

9 

8127022707 

9 

4465125737 

9. 1226718514 

8 

818619460 

8 

52608541 

8. 2411037 

S 

0. 3001795459 

8 

3375301055 

5 

2772087190 

2.5577966818 

89 

997580448 

87 

52997335 

85. 1230582 

S' 

0. 3001795714 

8. 3375302408 

5. 2772089564 

2. 5577970178 

89 

997580879 

87 

52997391 

85. 1230587 
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log*;" 

log*<" 

logi-r 

1    i(10) 

log  h\ 

logC 

log*;- 

iogi*;°> 

(°) 

8.012484 

7- 7437« 

• 
7.4780 

7.2147 

6-  9535 

6.  6939 

0.3815770471 

(») 

8.035767 

7.77013 

7-  5076 

7-  2474 

6-  9893 

6.  7329 

0. 3882685965 

(2) 

8. 02S57S 

7.  75856 

7-  4946 

7-233« 

6-9736 

6.7158 

0.3853231659 

(3) 

7.  984342 

7-71177 

7-4423 

7.1752 

6.  9102 

6. 6468 

0- 3736623431 

(4) 

7.921572 

7.64051 

7-  3625 

7. 0870 

6.8135 

6.  5416 

0. 3566660681 

(S) 

7. 849925 

7-55915 

7.2715 

6. 9862 

6.  7030 

6.4215 

0-  3383167742 

(6) 

7.781360 

7.48126 

7-  1843 

6.  8897 

6.5972 

6.  3064 

0.3217379468 

(7) 

7-725113 

7-41734 

7.  1127 

6.  8105 

6.5103 

6.2118 

0. 3088090996 

(8) 

7.687316 

7- 37438 

7.0645 

6.7572 

6.4518 

6.  1482 

0. 3004441223 

(9) 

7. 671418 

7-35631 

7- 0443 

6-  7348 

6.  4273 

6.  1215 

0. 2970003660 

(10) 

7. 678682 

7- 36457 

7-0536 

6-  7450 

6-  4385 

6-  1337 

0. 2985684015 

(") 

7.708455 

7- 39841 

7.0915 

6.  7870 

6-  4845 

6-  1837 

0-3050913479 

(12) 

7.  758090 

7-  45482 

7- 1546 

6. 8569 

6.  5612 

6.  2672 

0.3163179042 

(13) 

7.822556 

7. 52806 

7-  2366 

6.  9477 

6.6608 

6.  3755 

0.3315877222 

(14) 

7-  893957 

7. 60916 

7-  3274 

7.  0482 

6.7709 

6-  4953 

0-  3494650909 

(15) 

7.961462 

7.  68580 

7-4132 

7- J43« 

6.  8749 

6.6085 

0- 36736373«7 

S 

82.  759036 

80.  42696 

78.1195 

75.8318 

73-  5602 

71.3021 

2. 7100997468 

S' 

82. 759039 

80.  42697 

78.1197 

75- 8319 

73-  5603 

71.  3022 

2. 7100999812 

log^" 

log  6^'' 

log*;" 

log  4" 

log*;" 

1   1(6) 
log*, 

log  *;" 

(0) 

0.563 1 1 18888 

0. 3981406377 

0. 21280182 

0.0157694 

9. 81 11 164 

9. 601092 

9- 387073 

0) 

0. 5721300721 

0. 4099407726 

0.  22753282 

0-  0334998 

9. 8318830 

9.624918 

9-413973 

(2) 

0.5681679947 

0.4047621302 

0.  22107214 

0.0257271 

9. 8227817 

9.614478 

9. 402188 

(3) 

0.5523652504 

0.  3840182539 

0.  19512648 

9. 9944604 

9.7861294 

9.  572400 

9.  354660 

(4) 

0. 5289763121 

0-  3530493494 

0. 15619400 

9-  9473895 

9. 7308256 

9.  508806 

9. 282738 

(S) 

0. 5032062005 

0. 3185462420 

0.  11253865 

9. 8943923 

9. 6683838 

9-  436858 

9.201243 

(6) 

0. 4794072587 

0. 286313995 1 

0. 07148990 

9- 8443547 

9. 6092648 

9. 368601 

9- 123813 

(7) 

0.4604721309 

0. 2604079767 

0.03831122 

9.  8037684 

9.  561 1982 

9-313011 

g.  060671 

(8) 

0.4480304051 

0. 2432566373 

0.01625366 

9.7767170 

9. 5291062 

9- 275850 

9.018424 

(9) 

0. 4428622608 

0. 2361015454 

0. 00703035 

9. 7653894 

9.5156546 

9. 260264 

9. 000693 

(10) 

0.4452188662 

0. 2393664182 

0.01124053 

9.7705612 

9.5217972 

9.267382 

9.  008791 

(") 

0.  4549614963 

0.  2528244432 

0. 02856678 

9.7918252 

9- 5470335 

9. 296615 

9.  042030 

(12) 

0. 4715112882 

0. 2755397030 

0.05771104 

9-8275149 

9- 5893332 

9- 345560 

9.097650 

(13) 

0. 4936087427 

0-305591 1562 

0. 09607087 

9.  8743422 

9.6447152 

9- 409545 

9-  '70277 

(14) 

0.5189305295 

0. 3396476025 

0. 13927240 

9.  9268738 

9.  7066745 

9- 480997 

9.251252 

(IS) 

0. 5437484961 

0. 3726464779 

0. 18085806 

9- 9772307 

9- 7659032 

9-549156 

9-  328384 

S 

4. 0233545433 

2.  5400764734 

0. 88603549 

9- 1349076 

7. 3208996 

5.462766 

3-571929 

S' 

4. 0233546498 

2. 5400768679 

0.  88603525 

9.1349084 

7. 3209009 

5-  462767 

3- 571931 

30 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


log*;" 

log*;" 

log*;'"' 

log*;"' 

log*;"' 

logl*i°' 

log*;" 

(0) 

9.  16997 

8. 95040 

8.  7288 

8.  5056 

8.  2810 

0- 93743«5 

1.2004172 

(t) 

9.  1999s 

8 

98348 

8.  7650 

8.5449 

8. 3234 

0.  9525706 

1.2165967 

(2) 

9. 18682 

8 

96898 

8.  7491 

8.  5276 

8. 3047 

0. 9459100 

1. 2094831 

(3) 

9-  13382 

8 

9105 1 

8.6852 

8.4582 

8.  2298 

0.9194893  ' 

1. 181 1967 

(4) 

9- 05354 

8 

82186 

8,  5882 

8. 3528 

8.  1 160 

0.8808271 

..1395928 

(5) 

8.  96247 

8 

72119 

8.  4779 

8.  2329 

7. 9865 

0.8388731 

1.0941309 

(6) 

8. 87584 

8 

62534 

8.  3728 

8. 1 185 

7.  8629 

0.8007651 

1.0525155 

(7) 

8.80513 

8 

54706 

8.  2869 

8.0251 

7.7619 

0. 7709072 

1.0196702 

(8) 

8-75779 

8 

49461 

8. 2294 

7.9624 

7. 6940 

0.  7515206 

0. 9982205 

(9) 

8.73791 

8 

47257 

8.  2052 

7.9360 

7-  6655 

0. 7435236 

0. 9893423 

(lo) 

8.  74699 

8 

48263 

8.2162 

7. 9481 

7.6785 

0.  747 1 66 1 

0. 9933884 

(•■) 

8.  78425 

8 

52391 

8.  2615 

7-  9974 

7- 7319 

0. 762297s 

1.0101569 

(.2) 

8.  84655 

8 

59293 

8.3373 

8. 0799 

7.8211 

0.  7882634 

1.0387900 

('3) 

8. 92784 

8 

68290 

8.4359 

8.  1873 

7-9372 

0. 8234295 

1.0773050 

(H) 

9.01837 

8 

78299 

8.  5456 

8.  3065 

8.0660 

0. 8643897 

1. 1218225 

('5) 

9. 10450 

8 

87814 

8.  6498 

8.4197 

8. 1883 

0.9051830 

1. 1658323 

S 

1.65587 

89.71974 

87.  7674 

85. 8014 

83.  8242 

6. 7162735 

8.  7542300 

S' 

1.65587 

89.71975 

87.  7674 

85.8015 

83-  8245 

6. 7162738 

8.  75423>o 

log  *;" 

log*;- 

log*;*' 

log*;'' 

log*;^' 

log*;- 

log*;" 

(°) 

1. 1161428 

I. 0021564 

0.  8677099 

0.  7183764 

0. 5577605 

0. 38831 

0.21173 

(0 

1. 1342473 

I. 0226184 

0.  8907638 

0. 7441686 

0. 5863792 

0. 41981 

0. 24618 

(2) 

I. 1262929 

I. 0136345 

0. 8806463 

0. 7328547 

0. 5738282 

0. 40598 

0. 23108 

(3) 

1.0945691 

0.9777147 

9. 8401 145 

0. 6874605 

0. 5234092 

0. 35043 

0. 17031 

(4) 

1 .  0476238 

0. 9242889 

0. 7795902 

0.6194680 

0.4477105 

0. 26688 

0.0787s 

(5) 

0. 9959088 

0. 8650458 

0,7121354 

0. 5433964 

0. 3627626 

0. 17288 

9-97558 

(6) 

0.9481583 

0. 8099664 

0.  6490945 

0.4720231 

0. 2828182 

0. 08420 

9-  87807 

(7) 

0. 9101740 

0. 7658824 

0.  5984099 

0.4144423 

0. 2181537 

0. 01233 

9. 79890 

(8) 

0.8852179 

0. 736785s 

0. 5648423 

0.  3762126 

0. 1751457 

9. 96446 

9- 74613 

(9) 

0. 8748524 

0. 7246685 

0.  550S369 

0.  3602400 

0.  i57>56i 

9.94441 

9. 72401 

(10) 

0.8795790 

0. 7301962 

0.5572280 

0. 3675309 

0.  1653688 

9-95357 

9-73410 

(■0 

0.8991204 

0. 7530082 

u.  5835689 

o-  3975494 

0. 1991628 

9. 99120 

9.77561 

(12) 

0.9323184 

0. 7916123 

0.  6280176 

0. 4480994 

0.  2559730 

0. 05439 

9-  84523 

('3) 

0. 9766515 

0. 8428772 

0. 6868009 

0.5147454 

0. 3306976 

0- 13735 

9-93651 

(>4) 

1.0274626 

0.9012426 

0.7533918 

0.  5899603 

0.4147915 

0.  23048 

0. 03884 

(■5) 

1.0772728 

0. 9580689 

0. 8I789I9 

0. 6625245 

0. 4956722 

0.31983 

0. 13681 

S 

7. 9627957 

6. 9098828 

5.6805206 

4- 3245254 

2.  8733964 

1-34827 

9-  76393 

S' 

7. 9627963 

6. 9098841 

5. 6805222 

4-3245271 

2- 8733934 

1.34824 

9-  76391 
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lOf 

',^r 

log^r' 

log.- 

log  6^"' 

log  J  6^°'      log 

9 

log.<" 

(0) 

0. 0293 

9.  8420 

• 
9. 6506 

9-4556 

1.57609          I 

85858 

I. 80816 

(«) 

3.0667 

9. 8824 

9. 6940 

9.5021 

i. 59982          I 

88283 

'- 83370 

(2) 

0. 0503 

9-  8647 

9-  6750 

9-4817 

I-  58938        I 

87216 

1.82247 

(3) 

3-  9843 

9-  7934 

9-  5983 

9-  3996 

■  -54794      I 

82978 

1.77778 

(4) 

g.  8847 

9.6856 

9-  4824 

9-2755 

I. 48718      I 

76753 

i.7ii9> 

(5) 

9-  7723 

9-  5639 

9-3512 

9-  1349 

1. 42105      I 

69961 

1.63971 

(6) 

9.  6658 

9.4484 

9.  2268 

9.0014 

1.36082      I 

63758 

■-57342 

(7) 

9-  S793 

9-  3545 

9. 1254 

8. 8926 

'-  31349      I 

58869 

1.  52093 

(8) 

35215 

9.  2918 

9-  0576 

8.8198 

1.28270      I 

55683 

1.48659 

(9) 

3-4973 

9-  2654 

9. 0292 

8.  7892 

1.26999      I 

54365 

1.47236 

(10) 

3.  5084 

9.2775 

9. 0422 

8.  8032 

1.27578      1 

54965 

1.47884 

(") 

3-5538 

9.  3268 

9-  0955 

8.8604 

1.29982      I 

57455 

1.  50570 

(12) 

3-6300 

9-  4095 

9-  '847 

8-  9563 

I. 34102      1 

61714 

I- 55150 

(13) 

3-  7297 

9-5177 

9-  30'4 

9.0815 

1.39666      1 

67452 

I.  61293 

('4) 

9.8412 

9-  6385 

9-43«7 

9.  2212 

1.46129      I 

74097 

1.68372 

(«S) 

9-  9478 

9-  7540 

9-5559 

9-  3543 

1-52547      I 

80678 

1-75348 

S 

8.  1312 

6. 4580 

4.7510 

3.0146 

11.37426     13 

60044 

13. 11661 

S' 

8. 1312 

6.  4581 

4-  7509 

3.0146 

11.37424      13 

60041 

13.11659 

log 

6^' 

log  6l" 

log'-r 

log^r 

log  6j"       loj 

log^r 

(0)      I 

73225 

I.  63615 

1.52389 

1-39853 

I.  2624 

1. 1171 

0. 9644 

(I) 

75959 

1.66565 

•-55573 

1-43295 

1-2993 

1.1572 

1.0067 

(2) 

74758 

1.  65267 

I- 54175 

1.41781 

I.  2832 

J-I39S 

0. 9885 

(3) 

69964 

I.  60097 

1.48566 

I- 35740 

1.2178 

1.0694 

0. 9120 

(4)      1 

62881 

I.  52421 

1.40258 

1.26723 

I.  1207 

0. 9646 

0.801 1 

(S) 

SS073 

1-43925 

I.  31004 

1. 16667 

1.0116 

0.  8472 

0. 6742 

(6) 

47868 

1.36047 

I. 22392 

1.07276 

0.  9098 

0.  7370 

0-5559 

(7)      ' 

42134 

I.  29751 

I- 15483 

0.99721 

0.  8274 

0.  6478 

0. 4595 

(8) 

38369 

I.  25603 

I. 10920 

0. 94720 

0.  7730 

0.  5885 

0-  3959 

(9) 

36806 

1.23878 

I. 09021 

0. 92635 

0.  7502 

0-  5639 

0.3715 

(10)      I 

375>8 

I.  24664 

1.09886 

0.93585 

0.  7606 

0- 5746 

0.3808 

(II) 

40466 

i. 27914 

1. 13464 

0. 97507 

0.  8031 

0.  6216 

0.4306 

(12) 

45477 

•-33424 

I. 19518 

I -04135 

0.8756 

0.  6999 

0.5180 

(13) 

52168 

1-40753 

I. 27541 

1. 12896 

0. 9707 

0.8032 

0. 6268 

(14) 

59838 

1. 491 14 

1.  36661 

1. 22819 

1.0784 

0.9192 

0.  7520 

CS) 

67357 

1-57273 

1.45524 

I- 32431 

1.1822 

1.0311 

0.8719 

S      12 

39934 

11.50155 

10.46199 

9-  30892 

8.0637 

6.  7404 

5-  3566 

S'        12 

39927 

II.  50156 

10.46176 

9- 30892 

8. 0623 

6.  7414 

S-  3532 
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Putting 

[i  -  2b  COS  (e  +  Q)  +  b']  "'  =  -Bl"'  +  Bl"  cos  (f  +  Q)  +  Bl"  cos  a  («  +  Q)  + 
it  wai  suffice  to  compute  the  b1"  by  the  following  formulae : 

2 

log  (xO = i^^    »°g  G^rO = ^Mb'     log  Qb-') = o 

B;"=3b  B^"=sb 


iogGBr)=' 


B;"=b 


B'"  =  7b 


B;"=|b' 


Bl"  =  i^b' 


Then,  if  we  put  9  for  Q  —  e,  and 


C  =  -N"BL"  sin  2tQ 


and,  for  convenience,  omit  everywhere  the  subscript  "  from  the  quantities  b  and  c, 

a' 
according  as  i  or  3  or  5  or  7  is  substituted  for  n,  we  have  the  development  of  -^  or 

0'°^  (S'°^  (z^)' given  by  the  following  series,  the  law  of  which  is  easily  recog- 


nized : 


+  [6"'c'°'  +  (6'°'  +  6'^')  c' 

+  [b'^r  +  (6'"  +  ft'")  c' 

+  [6"V°'  +  (6'"  +  6'")  c' 


+  [ 
+    • 


»  +  (6"'  +  b'")  c'"]  cos  e 
"  +  (ft<"  _  b'")  «"']  sin  5 

"  +  (r  +  Oc'"]c08  2^ 
"  +  (b<°'  _  6'*')  s'"]  siD   2^ 

"  +  (&'"  +  6'")  c'"]  cos  3^ 
(6'"  _  ft"')  «"'+(«>"'- on  sin  3^ 


If  we  put 


,  -rr         ,W  (0) 

kj  cos  S^  =  b  c 
fe,  sin  Kj  = 


((+i)\  (1) 


)c"'  +  (6"-"  +  fe"+")c'" 


(6"-''_6"+")«'"  +  (6"-"_6<'+")«'" 


fci  will  not  differ  much  from  &*",  and  K^  will  be  a  small  positive  or  negative  angle. 
The  terms  having  c*^*  and  c'^'  as  factors  are  much  smaller  than  b^'c*"*,  and  the  union 
of  the  terms  can  be  made  with  addition  and  subtraction  logarithms:  when  these  do 
not  give  sufficiently  accurate  results,  as  in  the  cases  where  log  ki  must  have  more  than 
seven  decimals,  the  following  approximate  formulae  can  be  used  with  advantage:  x 
being  very  small,  we  have  nearly 


Mj; 
log(x  +  x)=^^== 


log  (i—x)  =  — 


Mx 
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Our  series  now  takes  the  form 

2Jc,  COS  {id  -  K,) 
or,  restoring  for  9  its  value  Q  —  c, 

2,{k, cos  [i(Q  -  g')  -  K,]  cos  i{g'  -s)  +  lc,  sin  [i(Q  -  g')  -  K,]  sin  i{g'  -  b) \ 
Let  us  put 

A\°>  =  |fc,  cos  [i(Q  -  g')  -  K,]  A<"  =  -  |fc,  sin  [i(Q  -  g')  -  K,] 

This  division  by  8  is  made  in  order  to  save  the  constant  division  by  these  integers 
which  occurs  in  the  quadratures  to  follow.  For  this  purpose  log  8  has  been  subtracted 
from  log  N". 

The  form  of  our  series  is  now 

2lA[''  cos  i(g'  -  s)  +  A<"  sin  iig'  -  «)] 

The  values  of 

d  log  it,  =  log  fc,  -  log  (6'"c"") 

and  Kj  follow.  In  the  case  of  the  former  the  numbers  given  are  units  of  the  last 
decimal  place  employed ;  the  small  figure  at  the  top  of  the  column  indicates  the  order. 
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a' 


The  values  for  the  development  of  -^  are 


5  log  fco 

S  log  i, 

Slog  fej 

S 

logfca 

S  log  TCi 

S  log  fe 

Slogte 

(Slogfcr 

51ogA« 

10 

10 

10 

9 

9 

8 

7 

6 

6 

(0) 

— 390'83 

—2436623 

—1793306 

— 

167087 

— 161998 

—  15924 

—1576 

-156 

—  16 

(0 

406799 

2504487 

1845594 

172035 

166830 

1 640 1 

1623 

161 

16 

(2) 

— 126309 

—  781866 

-  577338 

— 

53765 

—  52127 

—  5124 

—  506 

—  50 

-  5 

(3) 

+227251 

+  14437 1 3 

+  1060737 

+  98785 

+  95753 

+  941  I 

+  931 

+  92 

+  9 

(4) 

404078 

2666780 

1955126 

181809 

176117 

17302 

1711 

170 

17 

(5) 

326817 

2254312 

1645886 

152880 

148005 

1453s 

1437 

143 

14 

(6) 

+  85703 

+  617318 

+  447659 

+  41573 

+  40231 

+  3950 

+  391 

+  39 

+  4 

(7) 

—172497 

— 1285014 

—  932793 

— 

86452 

—  83607 

—  8206 

—  811 

—  80 

—  8 

(8) 

330048 

2518043 

1821824 

168818 

163226 

16017 

1583 

157 

16 

(9) 

329268 

2536963 

1834082 

169912 

164263 

I61I7 

«593 

157 

16 

(10) 

—174598 

-1338582 

—  969398 

— 

89782 

-  86795 

—  8516 

—  841 

-83 

-  8 

(") 

+  72156 

+  543770 

+  392696 

+  36431 

+  35235 

+  3458 

+  342 

+  34 

+  3 

(12) 

300855 

2196182 

+  1595893 

148012 

143183 

14054 

1389 

138 

«4 

(13) 

381342 

2674751 

1950814 

181099 

175282 

17211 

1701 

169 

17 

(14) 

+229910 

+  1543874 

+  1128914 

+  104963 

+  101659 

+  9986 

+  988 

+  98 

+  10 

('5) 

—  99593 

—  641048 

—  471966 

— 

43894 

—  42530 

—  4179 

—  413 

—  41 

—  4 

K, 

Ks, 

K3 

K 

4 

K« 

K« 

K, 

Ke 

// 

// 

// 

II 

/ 

f 

// 

// 

// 

(o) 

+  44-7526 

+27-93535 

+24.  3214 

+  22. 

6863 

+21 

■745 

+21.15 

+20.7 

+20 

(■) 

—  39.4886 

— 24.62136 

-21.4235 

—  19. 

9755 

— ig 

.142 

- 

-18.61 

—18.2 

—  18 

(2) 

95.0603 

59.  37668 

51-6595 

48- 

1724 

46 

,166 

44-88 

44.0 

44 

(3) 

84.6114 

53. 04022 

46-  1733 

43- 

0825 

4' 

■305 

40.  12 

39-3 

39 

(4) 

—  19.4464 

—12.  23565 

—10.6651 

—  9- 

9605 

—  9 

■556 

- 

-  9.28 

—  9-  ■ 

—  9 

(5) 

+  56.3853 

+35-57332 

+31.0614 

+29, 

0403 

+27 

.882 

+27.09 

+26.5 

+26 

(6) 

99.6608 

62. 96929 

55.0840 

51- 

5518 

49 

.528 

48.19 

47-2 

47 

(7) 

90. 5860 

57-  27495 

50.  1812 

47- 

0014 

45 

.180 

44-02 

43^2 

43 

(8) 

+  36.  7892 

+23.27107 

+20.  4096 

+  ■9- 

1262 

+  18 

-392 

+  17^93 

+  17.6 

+  17 

(9) 

—  34-  6673 

— 21.  94106 

—19.  2491 

—18. 

0423 

—  17 

-352 

- 

-16.92 

—  16.6 

—16 

(lo) 

89.7918 

56.  86664 

49. 8700 

46. 

7373 

44 

-945 

43.80 

430 

43 

(") 

101.0218 

64. 00032 

56. 0709 

52- 

5251 

5c 

•497 

49-18 

48.2 

48 

(.2) 

—  59.  6880 

-37-  79195 

—33-  0644 

—30. 

9519 

— 25 

-743 

- 

-28.  92 

-28.3 

—28 

('3) 

+  15- 7935 

+  9.97826 

+  8.7172 

+  8. 

1530 

+  7 

.830 

+  7-61 

+  7^5 

+  7 

(14) 

83-  °739 

52.  28706 

45.6163 

42. 

6220 

4C 

-903 

39-75 

390 

39 

CS) 

+  97-3145 

+  60.  96963 

+53-  '300 

+49- 

5953 

+47 

-563 

+46.  24 

+45-3 

+45 

f  • 
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The  values  for  the  development  oi  (^)  are : 


Slogfco 

6  log  k, 

d  log  ki 

S 

logfca 

S 

log  A-4 

S  log  ie 

d  log  h 

S  log  ^t,^ 

S  log  fe 

(0) 

8 

-29535 

B 
-38906 

8 
41121 

8 
-42146 

7 

-4275 

—4314 

6 

—435 

6 

—437 

5 
—44 

(0 

30710 

40185 

42429 

43472 

4408 

4450 

448 

45° 

45 

(2) 

-  9551 

—1 2534 

—  13247 

-13577 

-1377 

-1389 

— 140 

—  141 

-14 

(3) 

+17248 

+22904 

+  24234 

+24851 

f2520 

+2545 

+256 

+257 

+26 

(4) 

30886 

41784 

44347 

45527 

4621 

4666 

470 

472 

47 

(5) 

25169 

34807 

37061 

38085 

3868 

3908 

394 

396 

40 

(6) 

+  6642 

+  9388 

+  10016 

+  10304 

f  1047 

+  1058 

+  107 

+  108 

+  " 

(7) 

-'3455 

— «9372 

—20737 

-21361 

—2172 

— 2196 

— 221 

— 222 

—22 

(8) 

25831 

37661 

40367 

41603 

4233 

4278 

431 

433 

43 

(9) 

25807 

37829 

40575 

41828 

4254 

4301 

433 

435 

44 

(lo) 

-13677 

—19999 

-21451 

-221 13 

-2249 

—2275 

—229 

-230 

-23 

(») 

+  5631 

+  8151 

+  8722 

+  8984 

+  914 

+  923 

+  93 

+  93 

+  9 

(12) 

23382 

33296 

35586 

36634 

3724 

3764 

379 

381 

38 

(«3) 

29450 

41079 

43786 

45027 

4575 

4621 

465 

467 

47 

(14) 

+  17623 

+24043 

+25541 

+26226 

■f2664 

+2690 

+271 

+272 

+27 

es) 

-7586 

— IOI43 

-10751 

-11031 

—II 20 

—1130 

—114 

-115 

—12 

K, 

Ka 

Ko 

K4 

K5 

Ke 

K, 

Ks 

// 

// 

// 

// 

// 

1/ 

ri 

ti 

(0) 

+29. 449 

+37.646 

+  41-712 

+  44- 17 

+  45-  82 

+  47-1 

f  48-0 

+  48 

(0 

-25.  781 

-32-  995 

-  36-  580 

-  38-  75 

—  40.  22 

— 

41.  3 

-  42.1 

-  43 

(2) 

62.  288 

79-715 

88.358 

93-58 

97.10 

99-7 

101.6 

103 

(3) 

56.210 

71.845 

79- 563 

84.22 

87-34 

89-7 

91-4 

93 

(4) 

-13.178 

—16.802 

-  18-579 

-  19-65 

—  20.  36 

— 

20.9 

-  21.3 

—  21 

(5) 

+39-  025 

+49. 603 

+  54-760 

+  57-84 

+  59-90 

+ 

61.5 

■t-  62.7 

+  63 

(6) 

70.  295 

89. 066 

98.  166 

103-59 

107. 20 

10.  0 

112. 0 

"3 

(7) 

64.  837 

81.928 

90. 186 

95.06 

98-35 

00.  9 

102.7 

104 

(8) 

+26.  582 

+33-  530 

+  36.880 

+  38-87 

+  40-  19 

+ 

41.2 

-(-  42.0 

+  42 

(9) 

—25.  147 

-31.701 

-  34-  858 

—  36-  73 

-  37-98 

— 

39° 

-39-8 

-  40 

(10) 

65.022 

82. 022 

90.  208 

95-04 

98.28 

00.8 

102.7 

104 

(") 

72.  622 

91-755 

100.  984 

106. 46 

no.  12 

12.9 

114-9 

116 

(12) 

—42.  367 

-53-  654 

—  59-114 

—  62.  36 

—  64. 52 

— 

66.2 

-  67.4 

—  68 

('3) 

+  11. 016 

+13-  988 

+  15-433 

+  16.30 

+  16.87 

+ 

17-3 

+  17-6 

+  18 

(>4) 

56.760 

72.  260 

79-  850 

84.42 

87-48 

89-7 

91-4 

92 

(«s) 

+65.114 

+83.088 

+  91-954 

+  97-32 

+  100.88 

+  103.5 

+  105.4 

+  107 
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6  log  ho 

S  log  ki 

Slogfe, 

S 

logfe 

5  log  kt 

6  log  h 

Slogk, 

(o) 

7 

—5939 

7 
6209 

7 
—6444 

7 
-6593 

7 
—6717 

7 
-6812 

7 
—6887 

(0 

6158 

6425 

6648 

681 1 

6936 

7032 

7108 

(2) 

-1919 

2003 

-2074 

—2126 

—2164 

—2194 

—2219 

(3) 

+3479 

+3644 

+3776 

+3880 

+3953 

+4010 

+4057 

(4) 

6280 

66IS 

6882 

7076 

7221 

7331 

7421 

(5) 

5164 

5477 

5718 

5895 

6023 

6123 

6200 

(6) 

+  1374 

+  1467 

+  1538 

+1588 

+  1626 

+  1654 

+  1677 

(7) 

—2805 

—3014 

-3'7J 

—3282 

-3363 

—3424 

—3463 

(8) 

5409 

5837 

6194 

6379 

6540 

6662 

6758 

(9) 

5415 

5855 

6177 

6407 

6573 

6695 

6792 

(10) 

—2868 

-3098 

-3268 

-3388 

—3474 

—3540 

— 359« 

(") 

+  1176 

+  1264 

+  '332 

+1379 

+  '413 

+  1439 

+  1460 

(12) 

4852 

5194 

5453 

5637 

5772 

587s 

5954 

('3) 

6064 

6449 

6744 

6957 

7116 

7235 

7326 

(14) 

+3599 

+3796 

+3955 

+4073 

+4157 

+4223 

+4275 

(15) 

-1536 

—1613 

-1674 

—1720 

— «754 

—1780 

—1800 

Ki 

K. 

Ko 

K, 

K. 

K, 

// 

// 

// 

// 

// 

// 

(0) 

+20.74 

+34-52 

+  43.90 

+  50.70 

+  55-79 

+  59.76 

(I) 

—18.07 

— 30. 1 1 

-38.36 

-  44.33 

—  48. 83 

-  52.  35 

(2) 

43.78 

72.85 

92.80 

107.  27 

117.97 

126.44 

(3) 

39- 98 

66.38 

84.  10 

96.98 

106.63 

114. 13 

(4) 

—  95' 

-15.65 

—  19.81 

—  22.80 

—  25.03 

—  26.7s 

(5) 

+28.  58 

+46.  79 

+  59.03 

+  67.72 

+  74-  20 

+  79- 18 

(6) 

52.14 

85.00 

106.88 

122.34 

133.78 

142.60 

(7) 

48.58 

78.92 

98.97 

"3- OS 

J23.5I 

«3>.49 

(8) 

+20. 04 

+32.  49 

-\-  40.  66 

+  46.41 

+  50.64 

+  53- 90 

(9) 

—19.02 

—30.  79 

-  38.  53 

—  43-  94 

-  47-  93 

—  50.99 

(10) 

49.13 

79.56 

99.56 

113.61 

123.94 

131.82 

(") 

54.64 

88.58 

III. 02 

126.80 

138.42 

147. 30 

(.2) 

— 31.61 

-5J.38 

-  64.  53 

-  73.82 

—  80.70 

-  85. 96 

(13) 

+  8.  12 

+  13.25 

+  16.70 

+  »9.'5 

+  20.96 

+  22.  36 

('4) 

41.18 

67.66 

85.56 

98.30 

117.82 

115.21 

('5) 

+46.  45 

+76. 88 

+  97.57 

+112.40 

+  123.54 

+  132.  12 
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The  values  for  the  development  of  (-^  )  are : 


(°) 
(I) 
(2) 

(3) 
(4) 

(5) 

(6) 
(7) 
(8) 
(9) 

(lO) 

(") 

(12) 

(13) 
('4) 
(IS) 


S  log  ko 


-89 

—93 
—29 

+94 
+78 
+20 
—42 
—81 
—81 
—43 
+  «8 
+73 
+91 
+54 
— 22 


S  log  «i 


—77 
—80 

—25 
+46 
+82 
+69 
+  18 
-37 
-73 
—74 
-38 
+  16 
+65 
+80 

+47 
— 20 


S  log  ki 


—80 
-84 
—26 

+47 
+86 

+71 
+  19 
—40 

—77 
—77 
—41 
+16 
+68 
+84 
+50 
—21 


S  log  ks 


-83 
-87 
—26 

+47 
+87 
+72 
+20 
—41 
—80 
—80 
—42 
+  16 
+70 
+86 

+51 
— 21 


S  log  ki 


-84 
—88 
—26 
+48 
+90 

+74 
+20 
—41 
—81 
—81 
—43 
+  17 
+72 

+89 
+52 
— 21 


S  log  kt 


-85 
-89 
—26 
+48 
+91 
+75 
+21 
—42 
-83 
-83 
—44 

+n 

+73 
-t90 

-f-53 


*log*« 


—86 
—90 

—27 

+49 
+92 
+76 
+21 
—42 
-84 
-84 
—45 
+  17 
+74 
+92 

+53 
— 21 


K, 

K. 

K3 

K4 

Ka 

K« 

// 

n 

// 

// 

n 

// 

(0) 

+  16 

+  41 

+  44 

+  58 

+  67 

+  72 

(I) 

—16 

—  35 

-38 

—  50 

-58 

—  62 

(2) 

-39 

-87 

-  93 

— 122 

— 140 

-151 

(3) 

-38 

—  77 

-84 

— Ill 

—128 

-138 

(4) 

-  7 

—  18 

—  20 

-  26 

—  30 

-33 

(5) 

+25 

+  55 

+  59 

+  78 

+  90 

+  97 

(6) 

+41 

+  102 

+  107 

+  139 

+i6<> 

+  171 

(7) 

+40 

+  92 

+  99 

+  130 

+  150 

+  161 

(8) 

+  16 

+  39 

+  41 

+  53 

+  61 

+  65 

(9) 

-J5 

-36 

-  39 

-  5> 

-  59 

-64 

(10) 

—39 

-  95 

—100 

-130 

—148 

-158 

(") 

—44 

—104 

—III 

-145 

-167 

-180 

(12) 

-25 

—  6i 

-65 

-84 

—  97 

—103 

(13) 

+  6 

+  15 

+  17 

+  23 

+  26 

+  28 

(H) 

+33 

+  80 

+  86 

+  112 

+131 

+138 

(IS) 

+37 

+  90 

+  97 

+  128 

+  148 

+159 
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a' 


Then  in  the  expansion  of  -^  we  have 


A„ 

^,c, 

A</> 

<• 

Ai" 

A<°' 

10 

10 

10 

11 

11 

10 

(o) 

1450228368 

+  202026552 

—  849063514 

—  3409958446 

—  1718843096 

—1 18646864 

(■) 

1463004962 

'65534743 

871976671 

3640004664 

1434802629 

101473601 

(2) 

1457425396 

127235650 

872119792 

3710027586 

1108633113 

79'25332 

(3) 

14350045 1 8 

96594253 

850441063 

3615257970 

834129533 

59175347 

(4) 

1401552842 

79393961 

814422998 

3410294766 

671741875 

46834975 

(5) 

•364376712 

76442920 

7733865 1 1 

3163570196 

630325000 

4293'597 

(6) 

1329783024 

85298720 

734687422 

2923596837 

686107798 

45577632 

(7) 

1302096579 

102538880 

702712207 

2714169129 

807553772 

52363664 

(8) 

1283824520 

125058969 

679625103 

2544173764 

968420038 

61418720 

(9) 

1276200852 

150383334 

666455050 

2417898623 

1150402242 

71594188 

(lo) 

1279640398 

176449375 

663868971 

2341401552 

1341099104 

82325461 

{") 

1293937512 

201197979 

672502830 

2325293606 

1530361315 

93402992 

(.2) 

1318180590 

222136767 

692842956 

23844913' 3 

1705621583 

104636227 

(>3) 

1350401285 

236036572 

724598535 

2533891037 

'846379573 

115315760 

(14) 

1387058565 

239080805 

765531034 

2777564222 

1920143086 

1 235 1 9532 

(»5) 

142267 1462 

+  227952301 

—  810089284 

—  3091426682 

—  1886658091 

-12582791S 

S 

1.0907693703 

+  1256680799 

—6072161790 

—23501508486 

— 10120609693 

— 662084743 

S' 

I. 0907693882 

+  1256680982 

— 6072162151 

—23501511907 

—1012061215s 

—662085064 

K" 

K" 

Al" 

a'" 

K' 

K" 

10 

n 

11 

10 

10 

9 

(0) 

+140789048 

+  552656433 

+  746681339 

+  44256400 

-  '8909459 

—  430248 

(0 

160676350 

705980548 

659132055 

40670344 

29771961 

1149843 

(2) 

169946161 

793843408 

521340176 

32814529 

36931974 

1682626 

(3) 

167128543 

796919804 

388716382 

24469122 

38400170 

1848808 

(4) 

155942105 

738727075 

302828944 

18789498 

35541528 

1719023 

(5) 

141337426 

654118754 

271278616 

16451022 

30740457 

1451923 

(6) 

126598317 

565439767 

280608214 

16560520 

25512780 

1 149523 

(7) 

113095826 

481059746 

313840044 

17979990 

20396865 

847724 

(8) 

loi 197466 

402679958 

358400034 

19894049 

15494742 

554261 

(9) 

91076536 

331071140 

407325962 

21886552 

10854325 

273'5» 

(10) 

83150239 

268703826 

458447644 

23891442 

6610129 

—  11412 

(") 

78272599 

220785424 

513193884 

26133786 

3020832 

+  220900 

(12) 

77792910 

196036282 

574685970 

29039408 

—  528111 

407502 

('3) 

83419434 

207275019 

643902015 

33019360 

+  112284 

S13211 

(14) 

96589768 

269480117 

712983914 

37983836 

—  2246167 

465530 

('5) 

+  116999681 

+  390360914 

+  758591663 

+  42620115 

—  8703060 

+  163229 

S 

+952006014 

+3787566866 

+3955976235 

+223229682 

-141774890 

—4674061 

S' 

+952006395 

+3787571349 

+3955980619 

+223230291 

-141775386 

—4674109 
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K-' 

A^ 

A^ 

K' 

A^" 

<' 

9 

a> 

8 

8 

8 

7 

(°) 

—  25CX321I 

-135116 

-   8518 

— 2I29I 

+  69732 

+  3413 

(') 

2416648 

«39«55 

+  36468 

+  5342 

77852 

4235 

(=«) 

2001634 

H9178 

73675 

30086 

69535 

3985 

(3) 

1497651 

89792 

88198 

4«353 

52961 

3080 

(4) 

1135085 

67264 

83033 

39845 

39269 

2264 

(5) 

97«348 

56259 

68462 

3205s 

32100 

1808 

(6) 

950371 

53425 

51274 

22448 

29543 

1611 

(7) 

998643 

54156 

33907 

1 268 1 

28787 

1503 

(8) 

1064833 

55310 

16996 

+  3267 

27958 

1377 

(9) 

1124512 

55492 

+    899 

—  5493 

26296 

1 192 

(lO) 

1 1 76841 

54807 

-  14025 

13417 

23944 

961 

(") 

1241277 

54617 

27559 

20607 

21746 

735 

(12) 

•353841 

57396 

395 '4 

27439 

21178 

590 

(13) 

1557889 

66507 

48804 

34008 

24428 

649 

(14) 

1876019 

84979 

S1581 

38690 

34138 

IIOI 

CS) 

—  2250948 

— 111506 

—  40225 

-36511 

+  5"40 

+  2101 

S 

—12058835 

—627475 

+  11 1340 

—  5191 

+315297 

+  15302 

S' 

— 12058916 

— 627484 

+U1346 

—  5188 

+315310 

+  15303 

<' 

.(0 

■^10 

A"' 

■^11 

a"' 

A-' 

7 

7 

7 

7 

1 

7 

7 

(°) 

+  1999 

+1491 

-1559 

642 

—  9 

92 

-613 

+  217 

(I) 

+  507 

+  708 

2233 

1138 

6 

14 

452 

556 

(2) 

—1073 

—  265 

2244 

1243 

— 

34 

-  118 

677 

(3) 

1S87 

825 

1770 

1006 

+  3 

36 

+  120 

566 

(4) 

1889 

880 

1292 

73' 

4 

00 

175 

410 

(5) 

1482 

673 

1009 

557 

2 

97 

126 

305 

(6) 

954 

387 

868 

462 

+  I 

44 

+  47 

244 

(7) 

—  417 

-  98 

772 

390 

— 

7 

-  32 

'93 

(8) 

+  90 

+  166 

659 

306 

I 

40 

96 

137 

(9) 

544 

389 

5" 

204 

2 

42 

'39 

72 

(10) 

935 

565 

339 

— 

90 

3 

13 

161 

+   3 

(") 

1282 

7«4 

167 

+ 

22 

3 

65 

171 

-  63 

(12) 

1632 

874 

-  32 

120 

A 

26 

188 

124 

(13) 

2039 

IIOO 

+  12 

180 

5 

39 

237 

'75 

(14) 

2462 

1408 

-  167 

+ 

137 

7 

36 

351 

186 

(•s) 

+2615 

+  1656 

-  707 

J  25 

—  S 

63 

-  523 

-  76 

S 

+3202 

+2972 

—7160 

3217 

— 2C 

>97 

—1305 

+'378 

S' 

+3201 

+2971 

-7157 

3218 

— 2C 

>97 

-1308 

+'378 
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In  the  expansion  of  T^  j  we  have : 
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Ao 

A- 

A'," 

<' 

a;-' 

<' 

A," 

8 

8 

8 

8 

8 

8 

8 

(°) 

35089976 

+  I233IO06 

—   51840998 

-  32542992 

—  16405728 

—  15328172 

+ 

I8185642 

(0 

36399108 

10368258 

54596399 

35586989 

14025867 

13418173 

21250198 

(2) 

35831498 

7888818 

54012776 

35901058 

IO724I24 

10356352 

22253821 

(3) 

33605553 

5730867 

50394167 

33541581 

7735653 

7433543 

21005313 

(4) 

30505218 

4403645 

45158364 

29691228 

5847739 

SS3'S46 

18420444 

(S) 

27354241 

3930701 

39801819 

25639731 

5110397 

4730376 

15566695 

(6) 

24680381 

4087409 

35249120 

22146607 

5200308 

4701661 

'3050975 

(7) 

22707163 

4644416 

31856614 

19464988 

5794001 

5118886 

1 1050226 

(8) 

2I482IO5 

54581 13 

29670020 

17593578 

6697861 

5791861 

9541327 

(9) 

20990030 

6463806 

28639546 

16468922 

7834727 

6650155 

8461126 

(lo) 

2I2I5032 

7640861 

28733896 

16061400 

9196986 

7699370 

7779549 

(") 

22161697 

8974548 

29982329 

16415743 

10800639 

8985035 

7532876 

(12) 

23845661 

10412474 

32467052 

17662465 

12631871 

10552267 

7847264 

(•3) 

262501 14 

11809186 

36255364 

19988913 

14565988 

12370479 

8948193 

(14) 

29236542 

12872141 

41234772 

23514502 

16259050 

14199125 

1 1099630 

(15) 

32418555 

+  i3«72728 

46840846 

—  28007090 

—  17096490 

-15453849 

+ 

14364166 

S 

2.  218864I3 

+65094467 

—3.  18366998 

-1.95113830 

—82963667 

—74160354 

+ 

1.08178652 

S' 

2. 21886461 

+65094510 

—3.  18367084 

-1.95113957 

—82963762 

—74160496 

+ 

1.08178793 

Al" 

Al" 

.(0 

K" 

K°' 

<' 

A^ 

A^ 

8 

8 

8 

8 

7 

7 

7 

7 

(°) 

+  8987554 

+  12145522 

+  8673540 

—  3704752 

- 

98548 

-  573100 

—  354546 

22400 

(0 

II75I9I9 

10970062 

8153752 

5970082 

' 

.69656 

566582 

373435 

+  979II 

(^) 

13086548 

8590198 

6514222 

7335251 

(90879 

464736 

316759 

•95941 

(3) 

I26I781I 

6151518 

4667605 

7328629 

I 

M28I9 

334245 

229471 

225476 

(4) 

IIOO37I5 

4510084 

3375280 

6385368 

561504 

238674 

162012 

200018 

(5) 

9093835 

3772919 

2761546 

5I583J2 

285325 

190954 

126732 

154166 

(6) 

7364525 

3657075 

2606588 

4013196 

2II855 

175258 

"2934 

108319 

(7) 

5942540 

3878846 

2685155 

3044511 

148300 

174800 

108717 

68008 

(8) 

4802403 

4275141 

2868451 

2233644 

93667 

180000 

107227 

32935 

(9) 

3891580 

4787033 

3109732 

1542615 

45528 

187345 

106040 

+  1729 

(lO) 

3I8II33 

542456 I 

34I77OI 

946538 

— 

1968 

•97398 

105446 

—  26951 

(") 

2688125 

6243783 

3843124 

445356 

+ 

38016 

214001 

107992 

54448 

(12) 

2500012 

7325205 

4471921 

—   82081 

73496 

244336 

1 18769 

81732 

(13) 

2807451 

8722558 

5400372 

+   18601 

9833s 

298456 

146025 

107167 

(14) 

3905202 

10338624 

6644708 

—  391428 

95436 

384195 

"99357 

12107s 

CS) 

+  6037771 

+  11739930 

+  7951480 

—  1621558 

+ 

35769 

—  491360 

—  278717 

— 100637 

S 

4-54831092 

+  56266410 

-t-38572411 

—25092258 

— 

989489 

—2457697 

-1477050 

+285055 

S' 

+  54831032 

+  56266649 

+  38572766 

—25092462 

— 

989508 

-2457743 

—1477129 

+285038 
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<> 

Ar 

Ai" 

A^*' 

4(0 

■'*-10 

All 

a'"' 

All 

a'°' 

An 

6 

6 

<i   , 

6 

6 

6 

8 

6 

6, 

6 

(0) 

—  6296 

+20609 

+  11218 

+6569 

+5392 

—  5640 

—  2537 

-3918 

— 2623 

+  930 

(I) 

+  I6I7 

23513 

14225 

+  1703 

+2619 

8256 

4593 

2478 

I981 

2437 

(2) 

9014 

20816 

13263 

-3575 

—  971 

8222 

4969 

-  137 

-  512 

2931 

(3) 

II9I2 

15247 

9866 

6045 

2909 

6243 

3874 

+1295 

+  SOI 

2361 

(4) 

IO815 

10658 

6838 

5707 

2928 

4298 

2654 

1452 

688 

I6I3 

(5) 

8136 

8I5I 

5112 

4187 

2095 

3140 

1894 

lOIO 

465 

II25 

(6) 

5346 

7041 

4274 

2529 

1131 

2535 

•475 

+  463 

+  162 

843 

(7) 

2868 

6516 

3787 

—1049 

—  271 

2I4I 

ii8i 

—   22 

—  105 

636 

(8) 

+   714 

61 14 

3351 

+  220 

+  446 

1768 

897 

410 

305 

435 

(9) 

—  H83 

5669 

2860 

'304 

1028 

1352 

584 

696 

436 

225 

(10) 

2910 

5«97 

2325 

2257 

1505 

902 

-  261 

910 

509 

+  10 

(") 

4593 

4851 

1827 

3181 

1957 

457 

+   67 

1090 

556 

—  204 

(12) 

6401 

4942 

1534 

4241 

2502 

—   90 

375 

1332 

636 

421 

(13) 

8418 

6046 

1788 

5619 

3339 

+   36 

596 

1787 

852 

629 

('4) 

10233 

9024 

3238 

7244 

4561 

-  543 

+  485 

2604 

1346 

712 

CS) 

— 10287 

+14400 

+  6580 

+8193 

+5714 

—  2437 

—  47« 

—3627 

— 2124 

-  309 

S 

+   49 

+84401 

+46041 

+8720 

+9376 

—23998 

-"933 

-7396 

—5081 

+5629 

S' 

+    52 

+84393 

+46045 

+8719 

+9382 

—23990 

—  "934 

-7395 

—5088 

+5642 

In  the  expansion  of  (  ^  j  we  have : 


Ao 

Ar' 

Ai" 

K- 

A^' 

A3 

A^" 

7 

6 

ij 

6 

6 

6 

6 

(0) 

1.3976550 

+   592456 

— 2.491221 

—  1.883176 

—   949320 

—  1.045379 

+  1.240231 

(0 

1-4993293 

5 13843 

2.  705203 

2. II9180 

835265 

940458 

I. 489421 

(2) 

1.4549244 

386015 

2.  641289 

2.  IU756 

630886 

717393 

1.  541628 

(3) 

1.2868392 

265827 

2. 335899 

1.876627 

432856 

490916 

I.  387302 

(4) 

I  0694995 

188399 

1.931629 

1.540895 

30349' 

340026 

I-  132334 

(5) 

8687136 

153604 

I.  556182 

1.  223261 

243792 

268332 

8S2959 

(6) 

7142908 

146793 

I . 266890 

976410 

229253 

247320 

686426 

(7) 

6097718 

155897 

1.069910 

805313 

239699 

253352 

546854 

(8) 

5489399 

175228 

952703 

697844 

265665 

275293 

4S3490 

(9) 

5254040 

203732 

902561 

641865 

305357 

310798 

395449 

(10) 

5361580 

242957 

913370 

631077 

361373 

362639 

366449 

(") 

5824171 

295627 

987320 

666748 

438698 

436873 

366302 

(12) 

6692240 

363961 

1.  134661 

75854s 

542510 

541254 

402529 

(13) 

8032381 

446366 

1-370453 

923946 

673277 

680769 

492428 

(H) 

9861677 

531488 

1.703027 

1.  180903 

816494 

845868 

661188 

(IS) 

1. 2011551 

+  592412 

—  2.  107287 

—  1.523724 

—   930071 

-   993712 

+  923593 

S 

7-  3768593 

+2.  627297 

—13.034790 

— 9. 780606 

—4.  098992 

-4-375172 

+6. 484275 

S' 

7. 3768682 

+2. 627308 

-13.034815 

—9.  780664 

—4. 0990 1 5 

—4-  375210 

+6.484308 
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K" 

Ai" 

K" 

a"' 

Ai" 

a'" 

A^" 

A^ 

6 

6 

6 

6 

6 

6 

4 

4 

(0) 

+   707914 

+   956717 

+ 

776027 

— 

331422 

-  98757 

-   574528 

-  3938 

—  249 

(I) 

950482 

887199 

748488 

548082 

277250 

582456 

4252 

+  1115 

(2) 

1.046573 

686886 

59I4I3 

666088 

397615 

472620 

3568 

2208 

(3) 

963619 

469716 

405153 

636264 

401857 

325291 

2476 

2434 

(4) 

784005 

321333 

273852 

518II4 

329325 

2I74I6 

1638 

2022 

(5) 

599415 

248724 

207718 

387933 

241255 

I6I47I 

1191 

1448 

(6) 

45II78 

224097 

182558 

280994 

166988 

I38186 

990 

949 

(7) 

343 "80 

224045 

177502 

201208 

1 10443 

I3O2I6 

901 

564 

(8) 

266662 

237420 

182468 

142072 

67180 

I29I2O 

856 

263 

(9) 

212618 

261523 

194670 

96580 

32157 

132289 

834 

+   '4 

(10) 

175144 

298598 

215540 

59723 

—  1421 

I4O4II 

835 

—  213 

{") 

152653 

354476 

249809 

28917 

+  27831 

I56817 

881 

444 

(12) 

«495i5 

438010 

305799 

- 

5637 

56588 

I88189 

1018 

700 

(>3) 

179707 

558365 

394707 

+ 

1368 

80858 

245389 

'335 

979 

(■4) 

269867 

7'459' 

523400 

- 

30781 

84488 

339942 

1958 

1 190 

(•5) 

+  449238 

+  873662 

+ 

673097 

- 

-   I37189 

+  34028 

466563 

—  2935 

—  1060 

S 

+3.  850858 

+3-877652 

+3-051057 

- 

-2.034831 

—920210 

— 2.  200412 

—  1. 4801 

+3090 

S' 

+3.850912 

+3.877710 

+3.051044 

— 

-2.  034805 

—920245 

— 2.  200492 

—  1.4805 

+3092 

A^' 

K-' 

A^" 

a'" 

^10 

4(0 

»lc) 
-^12 

4 

< 

4 

4 

4 

« 

4 

4 

4 

4 

(0) 

—  768 

+2513 

+  1490 

+  873 

+  775 

—  811 

—  392 

—  606 

—434 

+  154 

(■) 

+  202 

2940 

'936 

+  231 

+  385 

1216 

727 

392 

335 

412 

(2) 

U15 

2574 

1786 

—  482 

—  142 

1 198 

779 

—  21 

—  86 

492 

(3) 

1412 

1807 

1274 

781 

407 

872 

582 

+  '95 

+  81 

380 

(4) 

1202 

1 184 

829 

692 

384 

564 

375 

205 

104 

244 

(5) 

841 

843 

577 

472 

256 

384 

249 

'33 

66 

159 

(6) 

516 

680 

45' 

266 

129 

290 

182 

+  57 

+  21 

II I 

(7) 

262 

595 

378 

-  105 

—  29 

232 

■38 

—   3 

—  13 

80 

(8) 

+  63 

538 

323 

+   21 

+  47 

.85 

lOI 

46 

37 

53 

(9) 

-  103 

492 

271 

124 

1 06 

'39 

65 

78 

52 

27 

(10) 

254 

454 

222 

215 

156 

93 

—  29 

102 

61 

+   I 

(") 

4«3 

436 

180 

312 

208 

49 

+   8 

125 

69 

-  25 

(12) 

604 

467 

158 

437 

280 

—  10 

45 

161 

82 

54 

(>3) 

847 

608 

196 

617 

397 

+   3 

76 

229 

117 

86 

('4) 

1 106 

975 

381 

854 

582 

-  69 

+  67 

358 

198 

105 

(J5) 

— 1190 

+  1666 

+  829 

+  1034 

+  780 

—  332 

-  69 

-  533 

—334 

—  49 

S 

+  164 

+9385 

+5640 

+  960 

+  "85 

—3220 

—1746 

— 1032 

-773 

+  896 

S' 

+  164 

+9387 

+5641 

+  960 

+  1184 

—3221 

—  1746 

— 1032 

-773 

+  898 
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In  the  expansion  of  i'^J  we  have ; 
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\ 

A<" 

A<"  * 

A^" 

a'" 

a'" 

A^ 

A 

Al" 

(°) 

6-  7363 

+  2.9876 

—12.5626 

— 10. 2662 

—  5-1752 

—  6.  2209 

+  7-3804 

+   4 

.6006 

+ 

6.2189 

(I) 

7.4755 

2. 6776 

14. 0955 

11.9195 

4. 6978 

5.7671 

9-  1336 

6 

.3606 

5- 9367 

(==) 

7- 1499 

1.9830 

13.  5684 

11.7182 

3-5007 

4-  3425 

9-3319 

6 

.9158 

4-  5389 

(3) 

5. 9601 

1.2895 

11-3305 

9.8582 

2-  2733 

2.8192 

7.9670 

6 

.0529 

2.9500 

(4) 

4-  5307 

838s 

8.  5968 

7.4569 

1.4687 

1.  8052 

6.0115 

4 

5650 

I. 8710 

(5) 

3-  3293 

6208 

6.  2910 

5.4011 

1.0766 

1-3047 

4-  2932 

3 

.2061 

I- 3305 

(6) 

2.  4913 

5423 

4. 6801 

3-  9569 

9290 

I.  1077 

3-  0745 

2 

.2294 

1. 1073 

(7) 

1.9708 

5354 

3-6757 

3-  0456 

9067 

1.0621 

2. 2925 

1 

-59°7 

1.0386 

(8) 

1.6869 

5737 

3- "95 

^-5213 

9599 

1 .  1046 

1.8196 

1 

.1849 

1-0549 

(9) 

1.5810 

6539 

2. 8964 

2.  2753 

1.0823 

1.2245 

'-5581 

9283 

1. 1417 

(.0) 

I.  6291 

7869 

2. 9582 

2.  2566 

I.  2922 

1.4407 

1.4558 

7708 

1.3140 

(") 

I.  8415 

9945 

3. 3208 

2.4714 

1.6259 

I-  7963 

1.  5062 

6946 

1.6126 

(12) 

2.  2622 

i-3°47 

4. 0674 

^.9871 

2. 1364 

2.  3586 

1.7541 

7195 

2. 1078 

(13) 

2.9644 

1.7402 

5-  3430 

3- 9414 

2.  8722 

3.  2026 

2.3166 

9310 

2. 8929 

(H) 

4.0174 

2.  2785 

7-  3010 

5- 5143 

3.8127 

4-3397 

3-  3922 

1 

-5203 

4. 0256 

(15) 

5- 3812 

+  2.  7831 

-  9-  9015 

—  7-  7644 

—  4-  7401 

-  5-  5435 

+  5-  '524 

+  2 

-7439 

+  5-3358 

S 

30. 5038 

+  11.2952 

—56. 8540 

—46. 6775 

—19.2748 

—22.7199 

+34.2200 

+22 

-5063 

+ 

22.  2384 

S' 

30.  5038 

-)-n.29So 

—56.  8544 

—46. 6769 

—19.  2749 

— 22.  7200 

+34-  2196 

+22 

.5081 

+ 

22. 2388 

Ar' 

A<" 

Ar' 

<•' 

A^ 

A<" 

a"' 

A^-' 

A^'' 

A^*' 

(0) 

+  5-4939 

-  2.  3463 

-  7583 

—  4-4113 

—  3-271 

—  206 

-  684 

+2 

244 

+  1.424 

3 
+834 

(') 

5.4500 

3.9912 

2. 1885 

4-  5973 

3.627 

+  950 

^ 

-  .85 

2 

697 

1.898 

+227 

(2) 

4-  2543 

4-  7914 

3. 1009 

3-  6857 

3.007 

1.858 

1.008 

2 

331 

1-732 

—466 

(3) 

2.7729 

4-3556 

2-  9873 

2.4176 

1.986 

1.950 

1.217 

I 

559 

1.174 

719 

(4) 

1.7424 

3-  2964 

2.  2785 

1.5042 

I.  224 

I.  510 

966 

953 

715 

597 

(5) 

I.  2171 

2.  2725 

1-5399 

I.  0310 

822 

1. 000 

626 

627 

460 

377 

(6) 

9903 

•■  5243 

9888 

8182 

636 

611 

358 

471 

336 

"99 

(7) 

9050 

1.0256 

6153 

7257 

546 

342 

172 

390 

266 

—  74 

(8) 

892U 

6950 

3596 

6911 

500 

154 

4 

-   40 

339 

219 

+  "4 

(9) 

9362 

4646 

1693 

6964 

478 

+   8 

- 

-   64 

305 

182 

83 

(lO) 

1.0446 

2895 

-   75 

7447 

482 

—  124 

•59 

283 

149 

145 

(") 

1.2505 

1452 

+  1522 

8584 

524 

264 

266 

280 

124 

216 

(.2) 

I.  6167 

—    298 

3267 

1.0866 

637 

439 

409 

3'5 

"5 

3'9 

(13) 

2.  2419 

+    78 

5008 

1.5198 

895 

656 

613 

440 

152 

479 

(14) 

3.2248 

-   1897 

5665 

2.  2794 

1.420 

862 

865 

731 

320 

71S 

(IS) 

+  4-  4857 

—   9142 

+  2464 

—  3-3774 

—  2.  298 

-  828 

- 

-1. 001 

+  1 

404 

+  749 

+931 

S 

+19. 2596 

—13. 1624 

— 6.6004 

—15.2212 

—11.177 

+2.  502 

-f 

-  257 

+7.667 

+5.010 

+765 

S' 

+«9-  2593 

— 13.  1611 

— 6.6009 

—15.  2236 

—11.  176 

+2.  502 

-f 

-  256 

+7.  702 

+5-005 

+766 
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The  next  step  is  to  apply  the  process  of  mechanical  quadratures  to  the  preceding 
values.  Let  us  denote  any  one  of  the  coefficients  Af,  Af'  by  Y;  and  the  sixteen  spe- 
cial values  of  Y  by  Yo,  Yi,  Y2  .  .  .  .  Y15.  If  Y  is  developed  in  a  periodic  series 
as  a  function  of  g\  we  have 

Y  =  Co  +  Ci  cos  g'  ■\-<h  cos  2g'  +  C3  cos  3(7'  +    ■    •    . 
+  «i  sin  g'  +  82  sin  2g'  +  S3  sin  3^'  +    .     .     . 

and  the  following  formulae  determine  Cq,  Cj,  Si,  etc.,  from  the  special  values  of  Y.*     Let 

{o.8)  =  Y„-|-Ya  Qj)  =  Yo-Ye 


Then, 


(i.9)=Y,  +  Y,  (l^  =  Y,-Y, 

(2.io)=.Y2  +  Y,o  (l-\=Y^-Y,, 

(7.t5)=Y,  +  Y,5  (^-7j)=Y,-Y,5 


(0.4)=    (0.8) +  (4.12)  (0.2)  =(0.4) +  (2.6) 

(i-5)=   (i-9)  +  (5-i3)  ('•3)  =  (i-S)  +  (3-7) 

(2.6)  =  (2.10) +(6.14) 

{3-7)  =  (3-ii)  +  (7-iS) 


8  (Co  +  Cs)  =  (0.2) 
8  (Co  — C8)  =  (i.3) 
4  (Cu  +  Ce)  =  (0.8)  -  (4.12) 

4  (C2  -Cs)  =  i[(i.9)  -  (5.13)]  -  [(3-II)  -  (7-is)]i  cos  45" 
8C4  =  (0.4)  -  (2.6) 

4  («2-|-«6)  =  U(i-9)-(5-i3)]-|-[(3-ii)-(7-i5)]ic08  45° 
4  (82  — «6)  =  (2.io)  —  (6.14) 

8«4   =(1.5) -(3-7) 
4  (c,  +  c)  =  (y  +  {  (^)  -  (74)  !  ^°^  4S° 

4  (C:  -  C)  =  {  Q)  -  (^)  ■}  COS  23°.5  +  {  (^)  -  rf3)  }  CO.  6^.5 
4  (C3  +  c.)  =  (§)-{  (^)  -  (^)  }  cos  45° 
4  (C3  -  c.)  =  {  Q)  -  {£)  }  sin  22^s  -  {  (AJ  _  (_i J  j  3i^  67».5 
4  («.  +  «,)  =  {  Q)  +  (^  J  }  sin  22°.s  +  {  (^J  +  (^  J  }  sin  670.5 
4  («i  -  *^)  =  !  (^)  +  {£)  }  «^«8  45"  +  (^) 
4  («3  +  «5)  =  {  (y  +  r^)  }  cos  22^5  -  {  (Aj)  +  (^)  }  CO.  67-.S 
4(.3-.)  =  {(^)+Q}cos45-r^J 


•AoseiDandersetzung,  Abh.  I,  se.  160,  161. 
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As  the  values  of  the  Y  have  already  been  divided  by  8  we  have  no  need  to  make 
this  division  in  obtaining  the  values  of  c^  and  s^. 
If  we  suppose  that 


a;."'  =  C:,  „  +  O;, ,  cos  g'  +  o;, ,  cos  2g'  + 
+  C",8infif'+c;,,8in  2g' + 

AS"  =  S:,„  +  S:,,  cos  g'  +  SI,  cos  2g'  ■ 
+  S;,,8in  flf'+S',8in  2g' ■ 


+  .    .    . 
29'+  •    .    . 

the  terms  in  the  developed  function,  which  belong  to  each  value  of  v,  are* 

^  (  C;, ,  ±  s; .)  cos  \ji  T  y)9'  -  ie]  T  ^  ( O; .  T  s: .)  Sin  [(i  =f  y)g'  -  «] 

except  for  f  =  o,  when  we  have 

C(,o  cos  (ig'  —  is)  +  S\'l  sin  {ig'  —  it) 

It  may  be  observed  that  in  all  the  following  expansions  the  constant  terms  are 
not  doubled  as  is  generally  done. 

It  is  supposed  that  it  will  be  sufficiently  accurate  to  stop  with  the  terms  whose 
argument  involves  the  twelfth  multiple  of  the  motion  of  either  planet ;  but  as  the 
coefficients  below  this  limit  will  be  modified  through  corrections  arising  from  terms 
involving  higher  multiplies,  it  has  been  deemed  advisable  to  prolong  the  series  con- 
siderably beyond  this  limit.  Thus,  some  coefficients  are  needed  which  are  not  given 
by  the  division  of  the  circumference  into  sixteen  parts.  However,  it  is  possible  to 
derive  these  with  sufficient  accuracy  for  our  purpose  by  induction  from  the  rest.  For, 
when  the  terms  involving  the  argument  {i  +  y)ff'  —  if  are  put  in  the  form 

k  cos  [(i  +  v)g'  —  ie  +/3] 

it  is  found  that  when  i  is  tolerably  large  and  v  not  too  large  with  reference  to  i,  log  k 
and  j3,  for  the  same  value  of  v,  will  difference,  and  thus  may  be  considered  as  con- 
tinuous functions  of  *.  These  differences  may  be  conjecturally  prolonged,  and  values 
of  k  and  ^,  for  larger  values  of  i,  be  obtained. 

"Aiueinandersetzung,  Abb.  I,  s.  165,  gL  (136). 
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I  erive  here  three  specimens  of  this  method  of  induction,  taken  from  the  develop- 


a' 


ment  ot  — .     All  the  quantities  below  the  line  have  been  inferred  from  the  corre- 
sponding quantities  above  it : 


Arg. 

logfc 

/3 

g'        « 

0 

'    0 

/ 

8-  9 

6.5752 

160 

16 

-2412 

+  79 

5 

9  —  lo 

63340    ^  - 

-■;2 

239 

21 

2464 

79 

8 

lO—  II 

6.  0876 

40 

318 

29 

2504 

79 

4 

II  —  12 

5-  8372 

30 

37 

33 

0  0   2534 

—   79 

6 

12—13 

5-  5838 

20 

116 

39 

0   2554 

79 

6 

13  —  14 

5-3284    ,  - 

-13 

195 

45  , 

-  2567 

+  79 

6 

14—15 

5.0717 

274 

51 

9—9 

7- 1941 

348 

II 

—  3048 

+  79 

16 

10—  10 

6.  8893 

07 

27 

+  11 

II  —  II 

6.5844  'Z 

146 

79 
54 

''       12 

12  —  12 

6.2784  ^°'° 

226 

79 

33 

39 

II 

3°57 

—   79 

SO 

13—13 

5- 9727 

306 

23   0 

II 

14—14 

5.6670   3°" 

26 

80 

24  ,  0 

I 
+  11 

.     —  3057 

,  +  80 

12 

IS- IS 

53613 

106 

36^ 

10 —  9 

7-  1213 

327 

39 

^   o£   -2516 

+  78 

43 

II  —  10 

6.  8697 

-33 

46 

22 

ceo      2549 

78 

49 

12  —  II 

6.  6148 

17 

125 

II 

^     .e    ^566 

78 

49 

13-12 

6.  3582 

-. ;  2576 

10 

204 

0 

47 

1° 

14—  13 

6.  1006 

5 

282 

47 

»  ,   2581 

78 

47 

IS—  14 

5-8425    _  - 

-  4 

I 

34  ,   0 

0   —  2585 

+  78 

47 

16—  15 

5.5840 

80 

21 

All  the  coefficients  in  the  following  expressions,  which  belong  to  arguments  having 
a  multiple  of  c  higher  than  the  twelfth,  have  been  derived  in  this  way. 

These  series  are  the  developments  of  the  first  four  odd  powers  of  the  reciprocal 

of  the  distance  between  the  planets  in  terms  of  the  mean  anomaly  of  Saturn  and 

the  eccentric  anomaly  of  Jupiter,  having  the  general  form,  which  may  be  denoted 

thus: 

2,,^  fC,.,,  cos  {i'g'  +  is)  +  S,,,  sin  {i'g'  +  w)J 


Arg. 

a' 
A 

iW 

liT 

COS. 

BID. 

COS. 

sin. 

cos. 

sin. 

t'   i 
0   0 

0— I 
0 —  2 
0-3 
0  —  4 
0-5 

1.090769379 
—0.00961 1762 
— 0.000029218 
-1-0.000014879 
— 0. 000000353 

— 0.  OOOOOOOII 

— 0. 005222181 
-1-0. 000403992 
— 0. 000003042 

— 0.  000000516 

-1-0. 000000024 

2.  21886437 

—0. 13073646 
— 0. 01248822 

-1-0.00:22596 
— 0.  00002614 

— 0. 00000220 

—0.  32233309 
+0.01678057 
-1-0.000 1 26 14 
— 0. 00006522 
-|-o.  00000309 

7-  376863 
—0. 919969 
— 0.  228893 
-1-0. 026086 
—0. 000377 
— 0. 0001 10 

—2.  722383 
+0.  216600 
+0. 008834 
— 0.002112 
+0.000069 
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Are, 

a' 
A 

{^' 

i 

a 

r 

•-"-'fe' 

COS. 

• 

sin. 

COS. 

sin. 

COS. 

sin. 

1+4 

— 0. 000000055 

+0. 000000028 

—0. 00000641 

+0. 00000630 

— 0.000173 

+  0.  000218 

1+3 

+0.000001213 

+0. 000000886 

+0.00013146 

+0. 00005714 

+0. 003737 

+  0. 000801 

1+2 

+0. 000010986 

—0. 000037004 

— 0.00025189 

— 0. 00244367 

— 0. 012724 

—  0.045109 

i  +  i 

— 0. 001021715 

+0.000073316 

— 0. 03290290 

+0. 02458293 

—0. 369508 

+  0. 328868 

I   o 

+0. 066523370 

+0.033717067 

+0. 54330098 

+0.  27546502 

+3-  381297 

+  1-715381 

I  —  I 

+0. 125668089 

—0.  607216197 

+0. 65094488 

— 3. 18367041 

+z.  627302 

—13. 034802 

I  —2 

+0. 003405534 

+0.006381882 

— 0. 1 642 1 930 

+0. 06482696 

-1-913345 

+  0.  395249 

«  — 3 

+0.000131740 

+0.000061991 

+0. 00847042 

+0.00620331 

+0.  121067 

+  0. 146816 

1—4 

— 0. 000000988 

— 0.000006126 

+0. 00006848 

— 0. 00060403 

+0.005713 

—  0. 014632 

i-S 

—0. 000000225 

+0.000000147 

— 0.00003190 

+0.00001265 

— 0.001207 

+  0.000159 

I  -6 

+0.000000012 

+0.000000005 

+0.0000014 

+0.0000013 

+0.  000046 

+  0. 000059 

2  +  4 

— 0.000000002 

0.000000000 

—0.00000215 

+0. 00000020 

—0.  000043 

+  0.  OOOOIl 

2+3 

+0. 000000066 

+0.000000130 

+0.  00000996 

+0. 00001301 

+0.  000381 

+  0.000345 

2+2 

+0. 000002326 

— 0. 000002868 

+0.00011554 

— 0.00026211 

+0.001659 

—  0. 006430 

2+1 

— u. 000088053 

—0. 000038336 

— 0.  00479184 

+0.00053154 

—0. 074745 

+  0.016074 

2   O 

+0. 002864107 

+0. 004044874 

+0.04443816 

+0. 06259484 

+0.416081 

+  0.581322 

2 —  I 

+0. 039793422 

—0. 062478629 

+0. 39593654 

-0.  56323564 

+2.  500797 

—  3-415191 

2 —  2 

— 0.  235015102 

—0. 101206109 

-1.95113893 

—0.82963714 

—9.  780635 

—  4-  099003 

2—3 

+0.  005066355 

—0. 003542935 

+0.  04056762 

+0. 07642442 

+0.  134383 

+  1.226405 

2  —  4 

+0. 000069656 

— 0.000000812 

+0.00313416 

— 0.0041 232 1 

+0.  089266 

—  0.065707 

2-5 

— 0.  OC0003104 

+0. 000000692 

— 0. 00029492 

— 0. 00003828 

— 0. 008006 

—  0.003483 

2  —  6 

+0. 000000061 

+0. 000000099 

+0. 0000056 

+0.0000158 

+0.  000072 

+  0.000634 

2  —  7 

+0.0000007 

— 0.000001 1 

3  +  3 

+0. 000000001 

+0.000000008 

+0. 00000030 

+0.00000182 

+0.  000021 

+  0.  000064 

3+2 

+0.000000312 

— 0. 000000155 

+0. 00002632 

—0.00001996 

+0.  000645 

—  0.000645 

3+1 

—0. 000005984 

—0. 000006925 

— 0.0005I58I 

— 0.  00022369 

—0.010596 

—  0.003290 

3   o 

+0.000040251 

+0. 000369645 

+0.  00111299 

+0.00916223 

+0.  015511 

+  0. 115941 

3-' 

+0.  006132504 

—0.004211786 

+0.09235900 

—0,05316203 

+0.  8001 1 7 

—  0.427144 

3-2 

—0.03801 1415 

—0. 035554695 

—0. 43469458 

—0.  43697708 

—2.  840628 

—  2.  974234 

3-3 

—0.  066208490 

+0. 095200620 

—0.  74160425 

+  1.08178722 

-4- 375 '91 

+  6.484291 

3-4 

—0.002210673 

—0. 003847996 

+0. 03442962 

— 0.03119988 

+0.  740468 

—  0.038081 

3-5 

+0. 000053949 

—0.000051903 

—0. 00180789 

— 0. 00160898 

—0. 034747 

—  0.052383 

3-6 

+0. 000000564 

+0.000002257 

—0.0000211 

+0. 0001442 

— 0. 002090 

+  0.004311 

3-7 

+0.00000003 

—0. 00000002 

+0.0000091 

— 0.0000039 

+0.0002 

0.0000 

4  +  3 

+0.000000008 

—0.000000001 

+0. 00000022 

+0. 00000016 

+0.000002 

+  0.000009 

4  +  2 

+0. 000000024 

— 0.000000004 

+0. 00000359 

— 0.00000060 

+0.  oooioS 

—  0. 000026 

4+1 

—0. 000000225 

—0. 000000835 

— 0.  00003936 

—0.00005157 

— 0. 00 1 06 1 

—  0.001118 

4   o 

— 0. 000012106 

+0. 000027374 

— 0. 00040493 

+0.  00100525 

— 0. 006223 

+  0.  016502 

4—1 

+0. 000689461 

— 0.000117837 

+0.01440813 

—0.  00096355 

+0.  161572 

—  0.004719 

4  —  2 

—0.003158672 

—0. 006601681 

—0. 04321484 

—0.  10925388 

— 0.335176 

-  0-954530 

4-3 

—0.027082107 

+0.  019492364 

— 0.40318669 

+0.  27357050 

— 3. 022802 

+  1-973497 

4-4 

+0.037875691 

+0. 039559784 

+0.  54831062 

+0.  56266530 

+3.  850885 

+  3-  877681 

4-5 

— 0. 002708439 

+0. 001068270 

—0. 02530938 

— 0. 01666339 

— 0.017672 

—  0.434243 

4-6 

—0.000027431 

—0. 000066585 

— 0.0007872 

+0. 0006010 

—0. 029824 

+  O.OI77SS 

4—7 

+0. 00000199 

—0. 00000026 

+0. 0000743 

+0. 0000150 

+0. 0023 

+  0. 0011 

4-8 

— 0. 000010 

— 0.000003 

1   0.0000 

—  0. 0001 
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a 

/a' 

\3 

/a 

\5 

^ 

(a 

) 

(a 

) 

Arg 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

5  + 

i 

2 

+0.  OOOOOOOOI 

— 0.  OOOOOOOII 

+0. 00000046 

— 0.00000008 

+0.  000013 

0.000012 

5  + 

I 

+0.000000006 

— 0.  000000070 

— 0. 00000120 

— 0. 00000730 

— 0,  000051 

— 0. 000201 

0 

— 0.  000002061 

+0.  000001483 

— 0. 00009749 

+0.00007917 

—0, 001905 

+0.001651 

5  — 

I 

-|-o.  000061 1541 

+0.  0000183402 

+0.  00167590 

-|-o.  00071761 

+0. 023387 

+0. 011072 

s  — 

2 

— 0. 00004405 1 1 

—0.  0008744402 

+0. 00088227 

— 0.  01843048 

+0. 019972 

-0. 198533 

5  — 

3 

— 0. 005850270 

+0.001589795 

—0.  I09I90I5 

+0. 02304507 

—0. 999876 

+0.  172078 

5  — 

4 

+0.008451522 

+0.  OI86I785I 

+0. 14044483 

+0. 32787286 

+1.  II8180 

+  2.  719583 

5  — 

5 

+0. 022322999 

-0.014177514 

+0. 38572588 

—0.  25092360 

+3.051100 

— 2.034818 

s  — 

6 

+0. 000374093 

+0.001776944 

—0.0098351 

+0. 0197303 

—0.255592 

+0. 020664 

5  — 

7 

—0. 00005898 

+0. 00000758 

+0. 0000239 

+0.0003108 

+0. 0087 

+0. 0163 

5  — 

8 

+0.00000010 

— 0.00000178 

0.000000 

— 0.  000043 

+0.0007 

— 0. 001 1 

6  + 

I 

+0. 000000023 

—0.000000008 

— 0.  OOOOOOOI 

+0.00000015 

+0.000004 

— 0. 000028 

6 

o 

— 0.  000000216 

+0. 000000033 

— 0.  00001412 

+0. 00000270 

—0. 000337 

+0.  000076 

6  — 

I 

+0. 000004134 

+0. 000004042 

+0.00013941 

+0.00017120 

+0. 002336 

+0. 003077 

6  — 

2 

+0. 000034393 

— 0. 000089303 

+0.00121750 

—0. 00228942 

+0. 018026 

— 0.029410 

6  — 

3 

— 0. 000882242 

—0. 000098703 

— O.OI98430I 

— 0. 00393200 

-0, 215399 

— 0. 054884 

6  — 

4 

+0. 000343775 

+0.004551938 

+0. 00267385 

+0. 09583348 

—0. 005696 

+0-  935477 

6  — 

5 

+0.01 1872674 

— 0. 002749242 

+0.24231846 

—0.05190099 

42.218561 

—0.  448374 

6  — 

6 

— 0. 004674085 

— 0.012058875 

—0. 0989498 

—0. 2457720 

—0.  920227 

— 2.  200452 

6  — 

7 

+0. 00109630 

—0.00003131 

+0.  0143572 

+0.0071733 

+0. 0245 

+o-  '557 

6  — 

8 

— 0. 00000448 

+0. 00004450 

+0. 000027 

+0.000189 

+0. 0085 

—0. 0037 

6  — 

9 

—0.0000017 

— 0. 0000004 

— 0. 000023 

— 0.  000009 

—0,0006 

— 0.0004 

o 

— 0. 000000020 

+0,000000005 

— 0.00000164 

— 0. 00000032 

— 0.000043 

— 0,000009 

7  — 

I 

+0.  000000163 

+0,  000000500 

+0.00000510 

+0. 00002562 

+0.000090 

+0. 000543 

7  — 

2 

+0.000007141 

— 0. 000006S50 

+0.  00027509 

— 0.00019927 

+0. 004637 

—0. 002897 

7  — 

3 

— 0. 000100096 

—0.  000055409 

—0. 00260484 

—0,00183584 

—0, 032469 

—0. 026305 

7  — 

4 

— 0. 000226657 

+0.000759906 

—0.  00701279 

+0.01854593 

—0. 090968 

+0.  208031 

7  — 

5 

+0.003210470 

+0. 000382706 

+0.07571960 

+0.01209625 

+0. 792862 

+0.  151209 

7  — 

6 

— 0. 000205770 

—u.  007123398 

— 0. 0026960 

—0. 1657167 

—0.012445 

—  1.666873 

7  — 

7 

— 0. 00627479 

+0.  OOIII343 

—0. 1477090 

+0. 0285046 

—1,4803 

+0.  3091 

7  — 

8 

+0.00010073 

— 0.  00063987 

+0. 005769 

— 0.009714 

+0. 1000 

— 0. 0236 

7  — 

9 

+0. 0000304 

+0. 0000097 

+0.000232 

+0.000114 

—0.0015 

— 0.0039 

7  — 

lO 

— 0.0000005 

+0.0000007 

—0.000003 

+0.000007 

—0.0003 

+0.0003 

8  — 

I 

+0. 000000034 

+0. 000000062 

—0.  00000069 

+0,  00000209 

—0. 000022 

+0. 000072 

8  — 

2 

+0.  000000944 

— 0. 000000307 

+0,  00004193 

—0. 00000687 

+0.000801 

— 0.000064 

8  — 

3 

— 0. 000008249 

— 0. 000010756 

—0,00022931 

—0.00039576 

— 0. 003068 

— 0. 006384 

8- 

4 

— 0.  000073320 

+0. 000092680 

— 0.  00241109 

+0.00252016 

—0. 034289 

+0.031420 

8- 

5 

+0. 000578366 

+0.  000298475 

+0.01535549 

+0.00915939 

+0. 180088 

+0. 11913s 

8- 

6 

+0.000679098 

— 0. 002086163 

+0, 0198473 

— 0.  0546519 

+0.  241701 

— 0. 614590 

8- 

7 

—0. 0040493 1 

— 0.  00069304 

—0. 1059393 

— 0. 0191499 

— 1. 1646 

— 0.  2181 

8- 

8 

— 0.00005190 

+0.00315303 

+0. 000050 

+0. 084397 

+0. 0164 

+0. 9386 

8  — 

9 

—0.0003539 

— 0.0001270 

— 0.006098 

— 0. 004642 

—0.0187 

— 0.0676 

8  — 

lo 

+0.0000105 

—0. 0000189 

+0.000169 

—0.  000200 

— 0.0014 

+0.0002 

8- 

II 

+0.0000007 

+0.0000005 

+0,  000007 

+0.000009 

+0.0002 

+0.  OOOl 
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Arg 

a' 
A 

(z) 

' 

(1) 

B 

COS. 

sin.  • 

008. 

sin. 

COB. 

sin. 

i' 
9  — 

t 
2 

+0. 000000105 

-fo.  OOOOOOOI I 

4-0. 00000506 

4-0.00000147 

-fo.  000102 

4-0. 000028 

9  — 

3 

— 0. 000000347 

— 0. 000001478 

— 0. 00000497 

—0.00006134 

4-0.000003 

—0. 001 1 14 

9  — 

4 

— 0. 000013864 

-f-o.  000007724 

—0. 00050777 

-fo.  00021 178 

— 0. 008041 

4-0. 002627 

9  — 

5 

4-0.000073128 

-fo.  000082574 

-fo.  00209163 

-fo.  00279303 

4-0. 026442 

4-0.040181 

9  — 

6 

-fo.  00031 II  S3 

— 0. 000394850 

4-0. 0099776 

— 0. 01 1 3624 

4-0. 133724 

-o-  "39955 

9  — 

7 

— 0.00125724 

— 0. 00070623 

—0. 0362737 

—0. 0217643 

— o-  4374 

—0.  2763 

9  — 

8 

— 0.00084109 

-fo.  00218541 

— 0.  024950 

4-0.063599 

—0.  3017 

4-0  7604 

9  — 

9 

4-0.0015302 

4-0. 0003202 

4-0. 046043 

-fo.  008720 

-fo.  5640 

4-0.0960 

9  — 

lO 

— 0. 0001 100 

-f  0.0001856 

— 0. 003582 

4-0. 003558 

— 0. 0472 

4-0. 0123 

9  — 

II 

— 0. 0000106 

— 0.0000092 

—0.000125 

— 0. 000I8I 

0.  0000 

0.0000 

9  — 

12 

+0.0000006 

— 0.0000006 

-fo.  OOOOIl 

—0.000002 

-fo.  0001 

— 0. 0001 

lo  — 

3 

4-0.000000031 

— 0.000000166 

-f  0.00000281 

— 0. 00000752 

-f  0. 000073 

—0. 000149 

lO  — 

4 

— 0. 0000019688 

4-0. 0000002034 

— 0.00008126 

—0. 00000258 

— O.OOI4I4 

— 0. 000171 

lO  — 

5 

4-0.000005589 

4-0. 000015625 

4-0. 00014437 

-f 0. 00058416 

4-0.001554 

4-0. 009252 

lO  — 

6 

4-0. 000081939 

— 0. 000049204 

-f  0. 0028987 

— 0.  OOI468I 

4-0. 042790 

— 0.018728 

lO  — 

7 

—0.00024173 

— 0.00028135 

— 0. 0074859 

-0.0095793 

— 0. 0968 

— o-  «339 

lo  — 

8 

—0. 00060228 

4-0.00070156 

— 0. 019938 

4-0.022108 

—0.  2676 

4-0.2851 

lO  — 

9 

4-0.0011171 

4-0. 0007077 

4-0. 035851 

-fo. 022907 

4-0. 4639 

4-0.  2976 

10  — 

lO 

4-0. 0002972 

—0.0007158 

4-0.009379 

—0. 023994 

4-0. 1 184 

—  0.  3220 

lO  — 

II 

4-0. 0000916 

4-0.000081 1 

-f  0.001899 

4-0.002612 

4-0.0068 

4-0.  0329 

lO  — 

12 

— 0.0000072 

-fo.  0000052 

—0.000158 

-f  0. 000073 

— 0.0004 

0.0000 

lo  — 

'3 

0.0000005 

— 0.0000006 

4-0.000002 

— 0.000009 

II  — 

4 

— 0. 000000226 

—0. 000000072 

— 0.00000981 

—0.00000619 

— 0.000176 

— 0.000117 

II  — 

5 

— 0.  OOOOOOI 1 1 

4-0. 000002286 

— 0.00001586 

4-0. 00009324 

—0.000444 

-fo.  001645 

II  — 

6 

4-0. 0000157 19 

— 0. 000002670 

4-0. 0006086 

—0.0000475 

-f  0. 009827 

— 0.000089 

II  — 

7 

— 0. 00002700 

—0. 00007344 

— 0.0008149 

—0. 0027374 

— 0.  OIOI 

— 0.  0418 

8 

— 0. 00022986 

4-0.00012997 

—0. 008343 

4-0. 004277 

— 0. 1224 

4-0. 0575 

II  — 

9 

4-0.0003583 

4-0. 0004580 

4-0.012228 

4-0. 016330 

4-0. 1680 

4-0.  2325 

lO 

4-0. 0005112 

— 0. 0005361 

-fo.  018019 

—0. 018847 

-fo.  2512 

—0.  2628 

II 

— 0.0003217 

— 0. 0002097 

—0. 01 1933 

—0. 007396 

—0.  1746 

—0.  1032 

II  — 

12 

4-0. 0000545 

—0. 0000419 

4-0. 001804 

— 0.000910 

4-0. 0227 

— 0.0027 

II  — 

13 

4-0.0000021 

-f  0.0000051 

4-0. 000034 

4-0.000127 

II  — 

14 

— 0.0000006 

4-0.0000003 

— 0.000006 

— 0.000003 

12  — 

5 

—0.  OOOOOOI  29 

-f  0. 000000269 

— 0. 00000787 

-fo.  00001157 

— 0.000143 

-fo.  000232 

12  — 

6 

4-0. 000002358 

4-0.000000512 

4-0.0000984 

4-0. 0000327 

4-0. 001721 

4-0. 000738 

12  — 

7 

4-0.  00000022 

0. 00001435 

4-0.0000533 

—0.0005819 

4-0.0015 

— 0.0094 

12  — 

8 

—0. 00006043 

4-0.00000978 

—0. 002375 

-f  0. 000248 

—0.0378 

4-0. 0020 

12  — 

9 

4-0.0000572 

4-0.0001738 

-fo.  001950 

4-0. 006724 

-f  0. 0267 

4-0. 1039 

12  — 

lO 

4-0.0003212 

— 0. 0001616 

4-0.012315 

— 0.005919 

+0.  1859 

—0. 0860 

12  — 

II 

—0. 0002373 

—0. 0003367 

— 0.009085 

—0.012877 

— 0.  1362 

—0.  I92I 

12  — 

12 

— 0.0001306 

4-0.0001378 

—0. 005084 

4-0. 005635 

—0. 0773 

4-0. 0897 

12  — 

13 

— 0.0000172 

—0. 0000343 

—0.  OOC333 

— 0. 001 179 

0.0000 

—0.0154 

12  — 

14 

4-0. 0000034 

— 0.0000004 

4-0.000095 

—0.000008 

12  — 

15 

4-0.0000001 

4-0.0000005 

— 0.000004 

4-0.000004 

.1 

9K 
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(^ 

0^ 

(z 

Y 

At-.^ 

•'"6 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

i' 
'3- 

i 
6 

+0.  000000279 

+0.  000000194 

+0.  0000122 

+0.0000107 

+0.000213 

+0. 000241 

"3  — 

7 

+0. 00000089 

— 0.  00000218 

+0.0000515 

— 0.0000945 

+0.  OOII 

— 0.  0016 

13- 

8 

— 0.00001200 

— 0. 00000243 

— 0. 000499 

— 0.000140 

— 0.0085 

— 0.  0029 

'3  — 

9 

— 0.0000014 

+0. 0000463 

— 0.  000159 

+0.001925 

— 0.0040 

+0.0318 

'3- 

lO 

4-0.0001225 

-0.0000152 

+0. 005049 

— 0. 000456 

+0. 0820 

— 0. 005 1 

•3- 

II 

— 0. 0000582 

—0.00021 14 

—0. 002249 

—0. 008688 

—0.0341 

— 0. 1389 

'3- 

12 

— 0. 0002084 

+0. 0000928 

— 0. 008593 

+0. 003852 

—0. 1368 

+0. 0619 

'3- 

'3 

+0. 0000557 

+0.0000756 

+0. 002503 

+0.003219 

+0-  0433 

+0. 0530 

'3- 

14 

— 0. 0000205 

+0. 0000058 

— 0.000731 

+0. 000039 

— 0.  OIOI 

—0.0015 

•3  — 

'5 

-|-o.  0000003 

— 0. 0000017 

+0.000006 

— 0.000067 

14  — 

7 

-|-o.  00000024 

— 0.00000026 

+0. 0000I4I 

— 0. 0000112 

+0.0003 

— 0.0002 

14- 

8 

— 0.00000184 

— 0.  OOOOOII  8 

— 0.000075 

— 0.000057 

—0.0015 

— 0.0014 

14  — 

9 

— 0.0000039 

+0.0000092 

— 0.  000198 

+0. 000408 

— 0.0039 

+0.0073 

14  — 

lO 

+0.0000322 

+0.  0000076 

+0.  OOI44I 

+0. 000403 

+0.  0251 

+0.0080 

14  — 

II 

-|-o.  0000061 

— 0.0000815 

+0.000375 

-0,  003575 

+0,  0078 

— 0.0609 

14  — 

12 

— 0. 0001319 

+0.  0000094 

—0.005794 

+0, 000338 

—0. 0979 

+0. 0046 

14  — 

■3 

+0. 0000279 

+0.0001229 

+0.001267 

+0,005432 

+0,  02l8 

+0.0919 

14  — 

>4 

+0.  0000416 

—0.  0000207 

+0.  001927 

—0,001021 

+0-  0343 

— 0. 0191 

14  — 

■5 

-l-o.oooooio 

+0.00001 18 

— 0. 000049 

+0. 000427 

— 0.002 1 

+0. 0064 

'4  — 

i6 

— 0.  OOOOOII 

— 0. 0000005 

— 0.000044 

— 0,000012 

■5- 

8 

— 0.00000021 

— 0.  00000028 

— 0.000006 

— 0,000008 

— 0,  0002 

— 0.0003 

'5- 

9 

— 0. 0000014 

+0.  0000015 

—0,000068 

+0, 000064 

— 0. 0014 

+0.0012 

>s- 

lo 

+0. 0000065 

+0.  0000045 

+0.  000299 

+0, 000234 

+0, 0055 

+0. 0045 

•5- 

II 

+0.0000099 

— 0.  00002 1 9 

+0. 000507 

— 0, 001018 

+0,  0100 

— 0. 0184 

■5- 

12 

—0.0000513 

—0.0000143 

— 0. 002384 

—0,  000732 

— 0. 0426 

— 0.0142 

'5  - 

■3 

—0. 0000099 

+0.  0000784 

— 0.000506 

+0,003669 

—0.0097 

+0. 0654 

15- 

>4 

-1-0.  0000695 

— 0.0000019 

-1-0.003279 

— 0, 000122 

+0. 0586 

— 0.0024 

'5- 

'5 

—0.0000066 

— 0.  0000220 

— 0.000360 

— 0,001105 

—0.0073 

— 0.0211 

'5- 

i6 

+0,  0000065 

+0.0000007 

+0. 000236 

+0,  000077 

+0, 0038 

+0.0021 

'5- 

17 

—0.0000005 

+0.  0000006 

—0.  000013 

+0. 000027 

i6  — 

9 

— 0.0000003 

+0.  0000002 

— 0,000014 

+0,000007 

— 0.0003 

+0.0001 

i6  — 

10 

+0,0000010 

+0.  0000016 

+0, 000048 

+0, 000076 

+0.0008 

+0. 0014 

i6  — 

II 

+0.  0000042 

— 0.0000044 

+0, 000227 

— 0,000209 

+0. 0045 

—0. 0039 

i6  — 

12 

— 0.0000138 

— 0.0000097 

— 0,000672 

— 0, 0005 1 7 

— 0.0125 

— 0. 0102 

i6  — 

'3 

— 0.0000155 

+0. 0000305 

— 0,000779 

+0. 001493 

+0.0158 

+0.0281 

i6  — 

14 

+0.0000444 

+0. 0000149 

+0,002210 

+0. 000762 

+0.0414 

+0.0147 

i6  — 

>5 

+0.  0000064 

— 0. 0000378 

+0, 000289 

— 0. 001897 

+0. 0054 

-«•  0357 

i6  — 

It 

—0.  0000113 

+0. 0000014 

—0.00061 1 

— 0.000089 

+0.0125 

+0.0020 

l6- 

17 

+0.0000010 

— 0.  0000034 

+0.000071 

— 0.000124 

+0. 0019 

—0.0022 

i6  — 

i8 

+0,  0000002 

+0.0000004 

+0.  000015 

+0.  oooou 
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(1)' 

Arg. 

COS. 

sia. 

Arg. 

COS. 

ein. 

Arg. 

COS. 

sin. 

»'  i 
o   o 

3°-  504 

3-1 

+  5-  965 

-  3-  074 

6—  6 

—  6.600 

-15.  225 

O —  I 

-  5.  696 

-17.950 

3-2 

—  16.682 

-17-875 

6-  7 

—  0.  726 

+  I.  821 

O —  2 

—  2.405 

+  1-974 

3  —  3 

—22.  720 

+34.  220 

6—  8 

+  0.215 

—  0.018 

0-3 

+  o-  335 

+  0.  164 

3  —  4 

+  7-243 

+  0.818 

o  — 4 

—  0. 001 

—  0.  038 

3-5 

-  0.  332 

—  0.  820 

7  —  2 

+  0.057 

—  0. 033 

0-5 

—  0.005 

+  0.002 

3-6 

—  0.  056 

+  0. 069   1 

7—  3 

—  0. 321 

—  0.  283 

3-7 

+  0.008 

+  0.002 

7—  4 

—  0. 878 

+  1-827 

»  +  4 

—  0.004 

+  0.006 

7—  5 

+  6-  396 

+  1-367 

1  +  3 

+  0.062 

+  0.005 

4-I-1 

—  0.014 

—  0. 020 

7—  6 

—  0.023 

—12.  726 

1+2 

—  0.  201 

-  0.  538 

4   0 

—  0.072 

+  0.  196 

7—  7 

—"-•73 

+  2.  503 

I  +  I 

—  3-  129 

+  2.978 

4—  • 

+  1.480 

—  0. 024 

7—  8 

+  I- 135 

+  0.483 

I    O 

+20. 066 

+  10.186 

4  —  2 

—  2.  295 

—  7-035 

7—  9 

+  0.003 

—  0. 112 

I  I 

+  11.295 

-56.  854 

4-3 

— 19.  060 

+  12.142 

I  —  2 

— '4-393 

+  2.  242 

4  —  4 

+22.  507 

+22.  239 

8—  2 

+  O.OIO 

—  0. 001 

>-3 

+  1-158 

+  ..786 

4-5 

+  I.  061 

-  4.  708 

8-  3 

—  0.038 

—  0.078 

1  —4 

+  0.  121 

—  0.  206 

4-6 

—  0.521 

4  0. 163 

8-  4 

-  0.  365 

+  0-  305 

1-5 

—  0.  029 

—  0.002 

4-7 

+  0.  037 

+  0.039 

8-  5 

+  I-6I7 

+  i-«5o 

1  —  6 

+  0. 001 

+  0.004 

8-  6 

+  2.  166 

—  5.  200 

5   0 

—  0.026 

+  0.023 

8-  7 

—  9-  498 

—  I. 819 

2  +  3 

+  0.003 

—  0.006 

5-1 

+  0.256 

+  0. 126 

8-  8 

+  0.  264 

+  7-678 

2+2 

+  0.016 

—  0.  096 

5-2 

4  0.227 

-  1-746 

8-  9 

+  0.  295 

—  0.  656 

2+1 

—  0.812 

+  0.  207 

5-3 

—  7-484 

+  1.  lOI 

8—10 

+  0.058 

—  0.008 

2    O 

+  3-266 

+  4-  542 

5-4 

+  7.  280 

+18.200 

2  —  1 

+  14.  662 

— 19.  650 

5-5 

+  19-255 

—13. 169 

9—  3 

+  0. 001 

—  0.016 

2  —  2 

-46.  677 

-19.275 

5-6 

—  2.953 

—  0.  945 

9—  4 

—  0.096 

+  0.025 

2-3 

+  0.  141 

+  10.570 

5-7 

+  0.007 

+  0.33' 

9—  5 

+  0.  261 

+  0.  429 

2  —  4 

+  1-240 

—  0.  638 

5-8 

+  0.037 

—  0.  002 

9-  6 

+  1-317 

—  I.  292 

2-S 

—  0.  121 

—  0.086 

9-  7 

-  3-  845 

-  2.557 

2  —  6 

—  0.002 

+  0.  014 

6—1 

+  0.028 

+  0.  036 

9    8 

-  2.657 

+  6.605 

6-2 

+  0. 199 

—  0.  302 

9—  9 

+  5.006 

+  0.  763 

3  +  2 

+  O.OIO 

—  0.012 

6-3 

-  1-879 

-  0.  547 

9  —  10 

-  0-  379 

—  0. 180 

3  +  ' 

—  0.  142 

—  0.  036 

6-4 

—  0.217 

+  7-233 

9-11 

—  0.007 

+  0. 029 

3   o 

+  0.  159 

+  '-'35 

6-5 

+15-843 

-  3-076 

In  order  to  be  serviceable  in  the  method  of  treating  the  problem  we  intend  to 
follow  it  is  necessary  to  transform  the  preceding  series  into  others,  the  arguments  of 
whose  terms  are  of  the  general  form  iy  -|-  ig.  This  is  done  by  means  of  the  Bes- 
SELiAN  functions  Jf  (we  use  Hansen's  notation  for  these  quantities).  The  following 
formulae  serve  for  their  computation :  * 

Derive  p^  from 


P 


=  '"*-.P»+i 


'Auseinandersetzang,  Abh.  I,  b.  173. 
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in  which  equations  we  must  begin  with  so  large  an  integer  for  A;  that,  for  the  first 
apphcation,  we  can  put  p^  i  =^  o-  This  integer,  in  the  present  case,  may  be  assumed 
as  about  8  or  9.     The  value  of  J|'*  is  then 


j'r=Ji\p,p, 


p. 


where 


jr'  =  i-7.+ 


,+ 


For  the  present  purpose  it  suffices  to  suppose  in  these  formulae  I  equal  in  succession 
to  -,  e,  -e,  26,  etc. ;  but  as  we  shall  hereafter  need  these  functions  corresponding  to  the 
eccentricity  e'  of  Saturn,  the  following  tables  contain  the  latter  quantities  also : 


i 

iog(jL°'-.) 

3 

iog|j:!' 
2 

log  }<'' 

3 

logjjL" 

1 

log  {  Jr 

3 

I 

6. 76464K 

8.  3822758 

6.4636901 

4.3689921 

2. 1493469 

2 

7 

36661 1 8k 

8.3818968 

6 

7644675 

4.  9708626 

3 

0522853 

3 

7 

7184785K 

8.3812646 

6 

9401375 

5.3227293 

3 

5803065 

1.7409358 

4 

7 

9679134" 

8.  3803790 

0644861 

5.5721642 

3 

9547687 

2.  2403957 

5 

8 

l6ii649« 

8-  3792397 

1606373 

5-  7654153 

4 

2450436 

2.  6276565 

6 

8 

3188323K 

8. 3778459 

2388909 

5.9230826 

4 

4820315 

2- 9439185 

7 

8 

45i8964« 

8.3761967 

3047404 

6.0561538 

4 

6822141 

3.  2III575 

8 

8 

5669394^ 

8.  3742908 

3614652 

6. 1711884 

4 

8554309 

3.  4424930 

9 

8 

668i692« 

8.3721278 

4111809 

6.2724174 

5 

0080283 

3.  6463866 

10 

8 

7584745" 

8. 3697058 

4553308 

6.3627288 

5 

1443388 

3.  8286154 

II 

8 

8398K 

8.  36701 

4949 

6.4441 

5 

267 

3-994 

12 

8 

9138" 

8.  36404 

5307 

6.  5181 

5 

380 

4- 145 

'3 

8 

9814K 

8.  36078 

5632 

6.  5858 

5 

484 

4.284 

i' 

iog(j;°,i-) 

3 

log  j;.'; 
3 

logj;:! 

3 

10.  j::! 

3 

'ogj;*i 

3 

logj;-,: 

3 

logJi'j 

> 

I 

6. 895113OK 

8. 4474282 

6.  5940540 

4.  5645600 

2.4101160 

0. 1587563 

2 

7.  4969158" 

8. 7479463 

7.  1957728 

5. 4673942 

3.6140313 

•■6637357 

3 

7.8486718" 

8.  9231839 

7.  5473865 

5.9952414 

4-3180552 

2. 5439078 

4 

8.  0979528" 

9.  0469266 

7.  7964672 

6.  3694592 

4-8173311 

3. 1682020 

5 

8. 2910046"  j 

9. 1422972 

7. 9892624 

6.  6594221 

5. 2043580 

3.6522414 

2.0209 

6 

8.  4484286" 

9.  2195944 

8.  1463714 

6.  8960265 

5- 5203318 

4-  0475219 

2.4944 

7 

8. 5812122"  ! 

1 

9. 28431 10 

8. 2787822 

7-0957559 

5.  7872306 

4-3815156 

2.  8961 
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The   transformation  we   seek   to  accomplish   is  arrived  at   by  the  aid  of  the 
equations 


COB  (/S  —  k£)  =  2 


r«-*) 


<=  +  « 


COS  {/3  —  ig) 


sin  {/3 -he)  =  2 


=_.* 


>  sin  (/3  —  ig) 


where  /3  denotes  any  arbitrary  angle.     In  employing  these  equations  it  must  be 
remembered  that 

and  when  i  =:  o  and  kz=  i  or  —  i  we  must  suppose  that  the  multiplier 

but  when  k  has,  in  the  same  case,  values  different  from  i  or  —  i  this  multiplier 
vanishes. 

The  developments  found  for  the  four  odd  powers  of  the  reciprocal  of  the  distance 
of  the  planets,  when  the  terms  are  made  to  take  the  form 

0""  cos  {i'g'  +  ig)  +  C"  sin  (i'g'  +  ig) 
are  as  follows : 


• 

\ 

(! 

r 

(z 

T 

Arg. 

COS. 

gin. 

COS. 

sin. 

COS. 

sin. 

t'   i 
o   o 

1.09099923 

2. 22201791 

7- 39905 

O —  I 

— 0. 00960195 

— 0.00524015 

— 0. 13001896 

— 0. 32304848 

—0.  908103 

—  3.732029 

O —  2 

— 0.00026172 

+0. 00027740 

— 0.  01569650 

+0.00896318 

—0.  25240 

+  0.  14988 

o  — 3 

+0. 00000505 

+0.00001192 

+0.00050731 

+0.00065823 

+0.  01419 

+  0.01703 

o  — 4 

+0. 00000029 

+0.00000001 

+0.00002881 

— 0.  00002901 

+0. 00094 

—  0.00106 

0-5 

0.00000000 

0.00000000 

— 0.00000104 

— 0.00000126 

—0.00007 

—  0.00006 

1+4 

+0.00000002 

+0. 00000001 

+0.000001 3 1 

+0. 00000566 

1  +  3 

+0. 00000080 

— 0.00000060 

+0.  00009035 

— 0. 00003872 

+0.  00281 

—  0.  001 10 

1  +  2 

— 0.  00001498 

— 0.00002952 

— 0.  00105960 

— 0.00182006 

—0.02186 

—  o- 03715 

l  +  i 

—0. 00105822 

+0.00025165 

— 0.  03306005 

+0.02561226 

—0.  36944 

+  0.  33465 

I   o 

+0.063516727 

+0.048362194 

+0.  52839296 

+0.35166657 

+3-  326835 

+  2.021865 

I  —  I 

+0.  I2543II7 

—0.60717079 

+0. 65850333 

—3.  18494695 

+2.718265 

— 13.046252 

I  —2 

+0. 00641586 

—0.00826731 

—0. 14876566 

—0.  01247904 

—I-  854333 

+  0.069633 

•  —  3 

+0. 00040449 

— 0. 00015969 

+0.00108483 

+0.  00657454 

+0.03012 

+  0. 15512 

1—4 

+0.000021 13 

— 0. 00000945 

+0. 00032505 

— 0.00012160 

+0. 01018 

—  0.00351 

'— s 

+0. 00000088 

— 0. 00000046 

— 0. 00000609 

— 0.00001649 

— 0.00036 

—  0.00060 

1—6 

+0.00000004 

— 0.00000001 

— 0.00000075 

+0. 00000029 

+0.00004 

—  0.00004 

2  +  4 

+0.00000001 

0.00000000 

— 0.00000133 

+0.  00000056 

»  +  3 

+0.00000008 

— 0.00000002 

+0.00001 138 

+0.00000099 

+0. 00040 

+  0.00004 

2  +  2 

0.00000012 

—0. 00000319 

— 0. 00000416 

— 0.00024417 

—0. 00017 

—  0.00605 

2+1 

— 0. 00009858 

— 0. 00001954 

— 0. 00490064 

+0.00071159 

—0. 07545 

+  0.01738 
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a 

a 

)' 

a 

r 

Arg. 

COS. 

sin. 

COS. 

sin. 

COS. 

Bio. 

t'    i 
2    o 

+0.00190636 

+0.00555286 

+0. 03500321 

+0.07616804 

+0.  35756" 

+0. 663313 

2  —  I 

-I-0.05II092I 

—0.  05756433 

+0. 48984397 

— 0. 52282903 

+2.97II90 

—3. 214450 

2  —  2 

— o-  23387573 

—0. 10221994 

—I.  93998606 

— 0. 84681 1 16 

-9.707139 

—4. 260549 

2-  3 

— 0. 00624030 

— 0. 00844844 

-0. 05348459 

+0.03601136 

—0-  343378 

+1.026094 

2—  4 

— 0.00010949 

—0.00049321 

+0.00155033 

— 0.00052144 

+0. 07647 

+0.  OI40I 

2-  5 

— 0.00000172 

— 0. 00002670 

—0.00004175 

— 0. 00020075 

+0.00010 

— 0. 00496 

2—  6 

-f-O.  OOOOOOOI 

— 0.00000134 

— 0.00000972 

— 0.00000341 

— 0. 00032 

+0.00006 

2—  7 

0.00000000 

— 0.00000006 

— 0.00000012 

—0.  00000027 

3+  3 

-|-0.  OOOOOOOI 

0.00000000 

+0. 00000108 

+0.  00000068 

3+  2 

-|-o.  00000012 

— 0.00000027 

+0.00001305 

— 0. 00002483 

+0. 00038 

— 0.00072 

3+  ' 

— 0.00000760 

— 0.00000551 

— 0.00054159 

— 0.00020514 

— 0. 01084 

—0.00313 

3   o 

— 0.00010753 

+0.  00047141 

— 0. 001 10240 

+0.  01044997 

— o-  00353 

+0. 12632 

3—  ' 

+0.  00790442 

— 0. 00241 147 

+0.  II262276 

— 0.031 1 1 197 

+0. 932828 

-0.  277793 

3-  2 

— 0. 03299484 

— 0.  0424635 1 

—0-  37777494 

—0.  51550556 

—2.496781 

—3. 446378 

3—  3 

--0.  06747291 

+0. 09335838 

—0.  76188256 

+  1.05805306 

—4. 55970 

+6.31032 

3—  4 

—0. 00705343 

+0.  00296843 

— 0. 02009453 

+0. 04618699 

+0. 41605 

+0. 42870 

3-  5 

— 0.00045060 

— 0.  00001077 

—0.00175 1 77 

+0.00005193 

+0.01765 

—0. 02808 

3-  6 

— 0.00002521 

—0.  00000696 

—0.00018823 

+0.  00000271 

— 0.00219 

—0.00066 

3-  7 

— 0. 00000133 

— 0.00000061 

—0. 00000757 

+0. 00000181 

— 0.0003 

+0.0002 

3-  8 

— 0.00000007 

— 0.00000005 

4+  2 

-)-0.  OOOOOOOI 

— 0.00000002 

+0. 0000025 ' 

—0. 00000183 

4+  I 

— 0.00000042 

—0. 00000078 

— 0. 00004348 

— 0.  00005072 

— 0.  OOII 

— O.OOII 

4    o 

— 0. 00002873 

+0.  00003023 

—0.00075153 

+0. 00102973 

— 0. 01009 

+0.01664 

4—  I 

+0.00081742 

+0.00021726 

+0. 01612695 

+0. 00453965 

+0.  174970 

+0. 043006 

4—  2 

— 0. OOI089OIO 

— 0.007906123 

—0.01234856 

—0.  12748736 

— 0.  1 0306 1 

— 1.086030 

4—  3 

—0.  03074857 

+0.01527037 

— 0. 45602074 

+0.  21266233 

-3-  393635 

+1.542189 

4—  4 

+0. 03589089 

+0.  04045233 

+0.  51711042 

+0.57889510 

+3-  59852 

+4-  03385 

4—  5 

+0. 00084473 

+0.  00493552 

+0.02593559 

+0. 03856237 

+o-  3427 

— 0. 0505 

4-  6 

— 0.  00009466 

+0.00034150 

— 0. 00010393 

+0.00256650 

— 0.0058 

—0.0072 

4—  7 

— 0.  CXXX1I245 

+0.  00<X5I929 

—0. 00004875 

+0.00019287 

— 0.0005 

+0. 0010 

4-  8 

— 0.  OOOOOIOO 

+0.00000097 

— 0. OOOOIO 

+0.000012 

+0.0001 

+0.0001 

4—  9 

— 0.  00000006 

+0.00000005 

5+  2 

+0.00000041 

— 0.00000027 

5+  I 

— 0. 00000171 

— 0. 00000741 

5   o 

— 0. 00000354 

+0. 00000104 

— 0.00013788 

+0. 00006204 

—0.0025 

+0. 0014 

5  -  " 

+0. 00005805 

+0.00006172 

+0.00153582 

+0.00162309 

+0.02154 

+0. 02075 

5-  2 

-fo. 0003989933 

— 0.0009429136 

+0. 00912144 

— 0. 01926179 

+0. 09521 

— 0. 20382 

5-  3 

—0. 006537862 

— 0. 0003I42I6 

— 0. 12040911 

— 0. 01060942 

—1.08796 

—0.  10894 

5-  4 

+0.00527436 

+0.02027174 

+0. 08490433 

+0.  35670452 

+0.  66777 

+2.  95066 

5-  5 

+0. 02272923 

— O.OI2437I4 

+0. 39452729 

—0.21861518 

+3-  '465 

—  1.7469 

5-  6 

+0. 00309749 

+0.  00017604 

+0. 0373479 

—0.0084018 

+0.  1198 

— 0.  2063 

5—  7 

+0. 00022496 

+0.00012675 

+0. 0025727 

+0. 0007449 

+0. 0033 

— 0.0004 

5-  8 

+0.00001228 

+0. 00001409 

+0.000158 

+0.000106 

+0.0009 

+0.0005 

5—  9 

+0. 00000052 

+O.0OOOOIOI 

+0.  000009 

+0.000007 
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Atk. 

a' 
A 

i- 

r 

(1 

r 

"**©• 

COS. 

Bin.* 

008. 

sin. 

COB. 

sin. 

i'       i 
6   o 

— 0.00000032 

— 0.00000007 

—0.000017s 

—0.0000014 

6—  I 

-f  0.00000170 

+0. 00000822 

+0. 0000633 

+0. 0002772 

+0.  0012 

+0. 0045 

6-  2 

+0. 0000984225 

— 0. 0000711576 

+0.002647 10 

— 0.00177064 

+0.03351 

— 0.02311 

6-  3 

—0. 0008567s 

— 0. 00055099 

—0.0188698 

— 0.0134388 

— 0.  20307 

—0.  14769 

6-  4 

— 0. 001 18097 

+0. 00474846 

— 0. 0285594 

+0.0991728 

—0. 2938 

+0.9612 

6-  5 

+0.01241237 

—0.00054155 

+0.  2533389 

— 0.0066021 

+2.3174 

—0. 0348 

6—  6 

-0. 00334080 

—0.01209833 

—0.0703527 

— o-  2473777 

—0. 6403 

— 2.  2278 

6-  7 

-fo.  0005 191 1 

— 0. 00178506 

+0.0022716 

—0.02861 14 

—0.0867 

— 0. 1660 

6—  8 

-|-o.  00012209 

— 0.00013046 

+0. 0012304 

—0. 0020526 

+0.0013 

— 0.0083 

6-  9 

+0.00001267 

— 0.00000623 

+0. 0001426 

— 0.0001228 

+0.0005 

—0.0008 

6— lo 

+0. 00000076 

— 0.00000013 

+0.0000182 

— 0.0000040 

6— II 

+0.00000005 

+0.00000002 

7   o 

— 0.0000017 

— 0.0000009 

7  —  • 

— 0. 00000027 

+0.00000078 

— 0. 0000104 

+0.  U000334 

— 0.0001 

+0.0006 

7—2 

+0.00001367 

— 0. 00000107 

+0.0004431 

—0.0000231 

+0.0067 

— 0.0005 

7-  3 

0. 00006343 

— 0. 00012601 

—0.0015734 

— 0. 0035468 

— 0.0198 

—0. 0454 

7—  4 

— 0.00061694 

+0. 00065304 

— 0.0162048 

+0.0156279 

— 0. 1874 

+0.  1744 

7-  S 

+0. 00310773 

+0. 00148474 

+0. 0728272 

+0.0377925 

+0.  7594 

+0.41 14 

7—  6 

+0.00122992 

— 0.007  II 895 

+0. 0335344 

-0.  1655894 

+0.  3306 

— 1.6647 

7—  7 

—0.0061133s 

+0.00019169 

—0. 1442453 

+0. 0060336 

-1.4512 

+0. 0688 

7—  8 

— 0. 00094401 

—0.00053174 

— 0. 0189536 

— 0. 0069320 

— 0.  1484 

+0. 0048 

7—  9 

— 0. 00006403 

—0. 00009925 

—0.0013549 

—0.0013939 

—0.0093 

— 0.0048 

7  —  lo 

— 0. 00000770 

— 0. 00001066 

— 0.0000604 

— 0.0001589 

—0.0007 

+0.0010 

7  —  " 

— 0.00000051 

— 0.00000099 

— 0.0000005 

-  0.0000141 

7—12 

—0.00000002 

—0.00000008 

8—  I 

— 0. 0000029 

+0. 0000021 

8—  2 

+0.0000013 

+0.0000007 

+0.0000521 

+0.0000272 

+0.0009 

+0.0005 

8-  3 

+0. 0000OI3I 

— 0. 00001807 

+0. 0000700 

—0.  0005898 

+0.  0010 

—0.0088 

8-  4 

—0.0001368 

+0. 0000409 

— 0. 0040826 

+0. 0009939 

—0. 0538 

+0. 01 20 

8-  5 

+0. 0004244 

+0.0005943 

+0.0I097S9 

+0.0168853 

+0. 1277 

+0.  2061 

8—  6 

+0. 0014097 

— 0. 0018469 

+0. 0389561 

— 0. 0480294 

+0.4528 

— o-  5379 

8-  7 

—0. 0038285 

— 0.0015701 

— 0.  I0007S4 

— 0. 0424509 

—1.0987 

—0. 4782 

8-  8 

— 0. 0006357 

+0.0029199 

— 0. 015920 

+0. 078347 

—0.  1698 

+0.  8739 

8-  9 

— 0. 0004220 

+0. 0004628 

—0. 007732 

+0.011120 

-0.0351 

+0.  1078 

8  — lo 

— 0. 0000725 

+0. 0000260 

— 0.001296 

+0.000721 

— 0.0067 

+0. 0070 

8— II 

—0. 0000075 

—0.  0000006 

— 0.000139 

+0.000012 

— 0.0008 

+0.0003 

8—12 

— 0.0000004 

—0.0000004 

— 0.  OOOOII 

— 0.000004 
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a' 

A 

(z 

r 

(iT 

Arg. 

COS. 

elD. 

COS. 

sin. 

COS. 

sin. 

i'    » 
9—  2 

+0.0000042 

+0.0000063 

9—  3 

+0.0000013 

— 0.0000018 

+0.0000518 

—0.  0000678 

+0.0009 

—  0.  OOI2 

9—  4 

— 0.  00002004 

— 0. 00000492 

— 0. 0006759 

— 0. 0002028 

—  0,  OIOI 

— 0.0032 

9-  S 

+0.  0000137 

+0.  0001308 

+0. 0002240 

+0.0041555 

+0.0017 

+0.  0568 

9-  6 

+0.0005105 

— 0. 0002285 

+0. 0156959 

—0. 0062787 

+0. 2025 

-0.  0757 

9—  7 

— 0. 0009886 

— 0.  OOII5I8 

— 0.0282181 

—0.  0346847 

—0. 3379 

— 0. 4310 

9-  8 

— 0.0013426 

+0. 0019186 

— 0-  039794 

+0.055715 

—0.  4826 

+0. 6645 

9—  9 

+0. 0013036 

+0. 0006601 

+0. 039393 

+0.019050 

+0. 4842 

+0.  2267 

9 —  10 

+0.  0002004 

+0. 0002937 

+0.005737 

+0.  006654 

+0. 0668 

+C.0488 

9— II 

+0. 0000052 

4  0. 0000486 

+0. 000282 

+0.  001044 

+0. 0041 

+0.0073 

9—12 

— 0.0000015 

+0. 0000047 

— 0.  000012 

+0.0001 1 1 

+0.0001 

+0.0007 

lo-  3 

+0. 000000234 

— 0. OOOOOOIII 

+0.0000108 

— 0.0000046 

lo-  4 

— 0. 0000019808 

— 0.0000019503 

— u.  0000755 

— 0.  0000807 

—0.0013 

— 0.0014 

lo—  5 

—0. 00000860 

+0.00001932 

— 0. 0003480 

+0.  0006794 

—0.0055 

+0. 0104 

lo —  6 

-fO.  0001 121 

+0.0000099 

+0. 003803 

+0.000523 

+0. 0543 

+0.0090 

10—  7 

— 0.  0000885 

—0. 0003999 

— 0.  002426 

— 0.013274 

—0. 0288 

-  -0.  I8I2 

lo—  8 

— 0.  0008504 

+0. 0004610 

— 0. 027830 

+0.  014248 

—0.  3692 

+0. 1812 

lo —  9 

+0.  0008799 

+0.0009726 

+0.  028136 

+0.031559 

+0.  3625 

+0.  4118 

lo —  lo 

+0. 0004779 

— 0.  0005308 

+0. 015439 

—0.017969 

+0.  2014 

— 0.  2430 

lO  —  II 

+0. 0001866 

— 0.0000712 

+0. 004959 

— 0.  002484 

-f  0. 0463 

—0. 0354 

lO —  12 

+0. 0000302 

+0. 0000035 

+0.000757 

— 0. 000008 

+0.0066 

— 0.0015 

lo—  13 

+0. 0000026 

+0.  0000032 

+0.000080 

+0.  000029 

II—  4 

— 0. 000000096 

— 0.000000344 

— 0.000004 

— 0.000016 

II-  5 

—0. 0000026 

+0.0000019 

— 0. 000108 

+0.000069 

—0.0018 

+0.0012 

II—  6 

+0.0000164 

+0.  0000II5 

+0.000606 

+0.  000468 

+0.0095 

+0. 0077 

II—  7 

+0. 0000256 

—0. 0000875 

+0.  001082 

—0.  003163 

+0.0176 

—0. 0470 

II—  8 

— 0. 0002897 

+0. 0000035 

— 0. 010335 

— 0.  000236 

— 0.  1492 

— 0.0068 

II-  9 

+0.0001682 

+0.0005804 

+0. 005485 

+0.  020559 

+0.0727 

+0. 2907 

II  —  10 

+0. 0006370 

—0.0003533 

+0. 022510 

^5.012355 

+0.3' 52 

— 0.  I7I0 

II  —  II 

— 0.0001860 

— 0. 0002949 

—0.  007090 

— 0. 010545 

—0.  1059 

—0. 1499 

11  —  12 

— 0. 0000139 

— 0.  0001 lOI 

—0. 000743 

— o- 003345 

—0.0146 

— 0.  0369 

II  — 13 

+0.0000062 

— 0.0000175 

+0.000122 

— 0. 000502 

II  —  14 

+0.  0000013 

— 0.0000015 

+0. 000037 

— 0.000052 

12—  5 

—0.00000047 

+0.  00000005 

— 0.  000020 

+0.000001 

12—  6 

+0.0000016 

+0. 0000029 

+0.  000052 

+0.000128 

+0.0008 

+0. 0021 

12—  7 

+0.0000126 

— 0.0000123 

+0. 000539 

— 0.000480 

+0.0093 

— 0.007s 

12—  8 

— 0.0000626 

— 0. 0000332 

—0. 002394 

— 0.  001405 

—0. 0375 

—0. 0234 

12—  9 

— 0.0000390 

+0. 0001956 

— 0.001737 

+0.  007464 

— 0. 0291 

+0.  U40 

12  —  ID 

+0. 0003701 

— 0.0000240 

+0.014134 

-  0.  000643 

+0.  2124 

—0.0066 

12  —  II 

— 0. 0001088 

— 0.  0003860 

— 0. 004134 

— 0.  014787 

— 0.  0613 

— 0.  2210 

12—  12 

— 0.0001638 

+0.  0000463 

— 0. 00645 1 

+0.  002072 

— 0.0991 

+0. 0308 

12-13 

— 0.0000609 

—0.0000071 

— 0.  00205 1 

— 0.  <xxx>5o 

12  —  14 

— 0.0000094 

— 0.0000059 

— 0. 000295 

— 0.  000159 

12  —  15 

— 0.0000006 

— 0.0000009 

—0.000031 

— 0.  000034 

SERIES  FOR  NEGATIVE  ODD  POWERS  OF  THE  DISTANCE. 
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a 

(!) 

' 

iir 

Arg. 

COB. 

sin.* 

COS. 

sin. 

COS. 

Bin. 

i'         t 

13-   6 

0.0000000 

+0.0000006 

— 0.  OOOOI 

+0.00003 

13-   7 

+0.0000031 

— 0.0000008 

+0.00014 

—0.00003 

13-   8 

—0.0000083 

— 0.  0000126 

—0. 00032 

— 0.00056 

13—   9 

— 0.  0000336 

+0.  0000410 

— 0.  00147 

+0.00165 

13—10 

-|-o.  0001226 

+0. 0000529 

+0. 00500 

+0.00233 

i3-«> 

+0. 0000349 

— 0.  0002218 

+0.00159 

— 0.00910 

13-12 

— 0.0002197 

+0.  0000086 

— 0.00907 

+0. 00034 

>3— '3 

— 0.0000022 

+0.  0000835 

+0.00006 

+0. 00360 

«3— «4 

— 0.  0000119 

+0.  0000315 

— 0. 00033 

+0.001 15 

13— IS 

— 0.000004s 

+0. 0000050 

— 0.00013 

+0.00015 

14-   7 

+0.0000004 

+0.0000001 

+0.  00002 

+0.00001 

14—8 

— 0.0000002 

— 0.0000029 

0.00000 

— 0.00013 

14—9 

— 0. 0000114 

+0.0000044 

—0. 00052 

+0. 00018 

14 —  10 

+0. 0000234 

+0. 0000300 

+0. 00102 

+0.00137 

14 —  II 

+0. 0000509 

—0.0000713 

+0. 00233 

— 0.00309 

14—12 

—0.0001248 

— 0. 0000499 

—0. 00545 

—0. 00227 

«4— 13 

— 0. 0000241 

+0.0001177 

— 0. 00105 

+0. 00521 

14—14 

+0. 0000387 

+0.0000139 

+0. 00185 

+0.00055 

14—15 

+0.0000152 

+0.  0000107 

+0.00062 

+0. 00036 

14 —  16 

+0.0000021 

+0.  0000032 

+0.00008 

+0.  OOOI I 

15-   8 

+0.0000002 

— 0.0000005 

+0.00001 

— 0.  OOOOI 

IS-   9 

— 0.0000024 

— 0. 0000004 

— 0.00012 

— 0.00002    • 

15-10 

+0. 0000014 

+0.0000094 

+0.00006 

+0. 00045 

iS-ii 

+0.0000251 

— 0.0000122 

+0.00119 

-0. 00055 

IS -12 

— 0.0000441 

— 0. 0000421 

—0.0017s 

—0. 00202 

'S-I3 

— 0. 0000474 

+0.  0000655 

— 0.00217 

+0.00306 

IS— 14 

+0. 0000650 

+0. 0000283 

+0. 00280 

+0.  00132 

15 -'S 

+0. 0000141 

— 0.0000159 

+0.00061 

— 0.00083 

15  —  16 

+0.0000081 

— 0.0000066 

+0. 00030 

— 0.00029 

15-17 

+0. 0000020 

— 0.0000006 

+0.00008 

— 0.00002 

16—9 

— 0.0000004 

— 0. 0000003 

— 0.00001 

— 0.00002 

16 — 10 

— 0.0000008 

+0. 0000022 

— 0.00003 

+0.  OOOI  I 

16—  II 

+0. 0000072 

+0.0000001 

+0. 00037 

+0.00002 

16—12 

— 0. 0000048 

— 0.  0000182 

— 0.00022 

— 0.00093 

16—13 

— 0. 0000314 

+0.0000178 

— 0. 00158 

+0. 00085 

16—14 

+0.0000314 

+0. 0000347 

+0.00156 

+0.00173 

16—15 

+0. 0000230 

— 0. 0000274 

+0.001 14 

—0.00132 

16—16 

— 0. 0000052 

— 0.0000092 

— 0.00032 

—0.00061 

16—  17 

— 0.0000025 

— 0.0000051 

— 0.00013 

—0. 00025 

16—18 

— 0.0000002 

—0.0000013 

— 0.  OOOOI 

— 0.00007 

-. 
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(!)' 

Arg. 

COS. 

sin. 

Arg. 

008. 

sin. 

Arg. 

COS. 

sin. 

i'      i 

i'      i 

i'        i 

o      o 

30. 641 

3-J 

+  6. 746 

—  2.180 

6—    6 

—  4-  450 

-15-528 

O—  I 

-  5-S7S 

—18.040 

3-2 

—  14.840 

-20.  378 

6-    7 

—  1.528 

—  0.427 

O—  2 

—  2.560 

+  '525 

3  —  3 

—24. 097 

+33- 095 

6-    8 

+  0.008 

+  0.082 

0-3 

+  0.212 

+  0-247 

3  —  4 

+  5- 541 

+  3-332 

7  —    2 

+  0.078 

—  0.009 

o  — 4 

+  0.017 

-^  0.021 

3-5 

+  0.  274 

—  0.593 

7-    3 

—  0.  204 

—  0. 452 

o-s 

—  0.004 

—  0.001 

3-6 

—  0. 054 

—  0.015 

7—   4 

—  1.658 

+  1-537 

1+4 

0.000 

+  0.005 

3  —  7 

0.000 

+  0.004 

7-   5 

+  6.  108 

+  3-375 

»  +  3 

+  0049 

—  0.018 

4+i 

—  0.014 

—  0. 020 

7-    6 

+  2.618 

—  12.697 

1  +  2 

—  0.  280 

—  0. 465 

4      0 

—  0. 107 

+  0.  197 

7—  7 

— 11.012 

+  0.  537 

i  +  i 

—  3. 120 

+  3-019 

4—1 

+  '-573 

+  0.  326 

7—    8 

-  0.  754 

+  0.  729 

]        o 

+  19.869 

+11.485 

4  —  2 

—  0. 826 

-  7-  847 

7-   9 

+  0.016 

+  0.017 

I  —  I 

+  11.984 

—56. 928 

4  —  3 

— 21.  229 

+  9-580 

8—   2 

+  0.012 

+  0.006 

I  —  2 

—14.  172 

+  0.  738 

4  —  4 

+20.  788 

+23.456 

8-   3 

+  0.004 

—  0.  102 

«— 3 

+  0-457 

+  1-856 

4-5 

+  3-  '94 

—  2.481 

8-   4 

—  0.  541 

+  0,  121 

1  —  4 

+  0-  174 

—  0.072 

4-6 

—  0.  238 

—  0.  250 

8-   5 

+    '-'52 

+  1.887 

>-s 

—  0.015 

—  0.014 

4  —  7 

—  0.017 

+  0.023 

8-   6 

+  3-901 

-  4-  542 

1—6 

—  0.002 

+  0.003 

5       0 

—  0.032 

+  0. 020 

8-   7 

—  8.949 

—  3-97' 

2+3 

+  0003 

—  0. 01 1 

5  —  1 

+  0.  239 

+  0. 211 

8—   8 

-  '■352 

+  7-  163 

2+2 

—  0.004 

—  0.091 

5-2 

+  0.  789 

-  '-775 

8-    9 

+  0. 162 

+  0.  783 

2+1 

—  0.817 

+  0.218 

5-3 

—  8. 050 

—  0.  798 

8—10 

+  0.  Ill 

+  0.026 

2        O 

+  2.932 

+  5011 

5—4 

+  4-  342 

+  19.680 

9—    3 

+  0.  oil 

—  0.016 

a  —  I 

+  16.904 

—18.700 

5-5 

+20.065 

—  U.090 

9—    4 

—  0. 117 

—  0.  03s 

2  — 2 

— 46.  222 

—20. 468 

5-6 

—  0.  547 

—  2. 426 

9—    5 

+  0.021 

+  0.  582 

2-3 

—    2.212 

+  9-632 

5-7 

—  0.  223 

+  0.062 

9-   6 

+  I-9I9 

—  0.  696 

2  —  4 

+   '145 

+  0.093 

5-8 

+  0. 010 

+  0,031 

9—    7 

—  2.949 

—  3-907 

a-5 

—  0.004 

—  0.  104 

6—  I 

+  0.016 

+  0. 050 

9-    8 

-  4-  245 

+  5-757 

2—6 

—  0.006 

+  0.003 

6—^ 

+  0.  334 

—  0.  243 

9—    9 

+  4-  205 

+  '-925 

3  +  2 

+  0.007 

—  0.013 

6-3 

—  1.768 

—  1 .  265 

9—10 

+  0.  610 

+  0.  128 

3  +  1 

-  0.  144 

—  0.034 

6-4 

—  2.298 

+  7-387 

9-11 

-+   0.  128 

+  0.065 

3      o 

+  0,018 

+  1.210 

6-5 

+  16.525 

-  0.  135 

CHAPTER  II. 

PEKTUBBATIONS  OF  JUPITER  AND  SATURN  ARISING  FROM  THEIR  MUTUAL  ACTION  AND  OF  THE 
FIRST  ORDER  WITH  RESPECT  TO  DISTURBING  FORCES. 

The  next  step  in  arriving  at  the  proper  expressions  for  the  forces  which  the 
planets  exert  on  each  other  is  to  multiply  the  function  f  —  j  in  its  final  form,  given  in 
the  preceding  chapter,  severally  by  each  of  the  four  factors 

""(i)'  (0'  ^;8in(/'  +  JT')  -^8in(/+ IT) 

We  have* 

(^i:Y=i+3e._4jWco8(7-lji"co8  2f?-lji"co8  3«/-.    .    . 
Vay  2        1,-  4  9   i« 

with  a  similar  equation  for  (^j- 
In  addition  f 

^8in(/'  +  77')=  -fe'sinil' 


+  pr  +  Ji-""]  C08  q/  cos  W  sin  g'  +  Vj'.V  -  J^'H  sin  77'  cos  g' 
+ 1  Tj'l'  +  J[Vl  cos  <p'  cos  77'  sin  zg'  +  ij^Ji"  -  3[V~\  sin  77'  cos  2g' 
+  -    Ji'J  +  31"     cos  «i/  cos  77'  sin  30'  +  -    ^a ,  ~  ^3','     sin  77'  cos  30' 


with  a  similar  expression  for  -  sin  (/+  H). 

The  numerical  expressions  for  these  four  factors  are  (the  logarithms  of  the 
coefl&cients  are  given) 

"•Qj  =    [9.4746164J  {jjj  =    [0.0020422] 

—  2f8.i 564087]  cos   g  —  2[8.7484s82]  cos  y* 

—  «[6.237S704]  cos  ig  —  2[6.8947428J  cos  2jf' 

—  2[4.6i974io]  cos  2g  —  2[5.3420289]  cos  3^' 

—  2[3.i2684i6]  COS  4y  —  2[3.9i424ii]  0084^ 

-  «[2-55533i4]  cos  sp* 


'AaseinandeTsetzong,  Abh.  I,  s.  175. 
t  Aoaeinandenetzung,  Abb.  I,  i.  176. 
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J  Sin  (/' +  77')  =  +    [8.6965298] 

+  2[9. 6046934]  sin  g'  —  2[9. 4702676]  cos  g' 
+  2[8.o52oo7g]  sin  2g'  —  2[7. 91 74682]  cos  2^' 
+  2[6.67S3852]  sin  2,9'  -  2[o.5407886]  cos  zg' 
+  2[5-3725363]  sin  ^9'  -  2[5-2379°SS]  cos  ^g> 
+  2[4. 1 105366]  sin  5(/'-2[3.97s8829jcos  5^' 


--sin(/+7T)  = 


—  (8.8188230] 
+  2[9.3i47278]8in  gr  +  2[9.6578903]  cos  g 
+  2[7. 696919s]  sin  2fir  +  2[8.o399977]  cos  2g 
+  216.2551813]  sin  3fif  +  2[6.5982i73]  cos  3^ 
+  2(4.8872207]  sin  45f  +  2[5. 2302313]  cos  4</ 
+  2[3.56oio85]  sin  ^g  +  2[3.903io23]  cos  5^ 


The  required  products  are  : 


«1i)^  (D^ 

ar  iw 

(~Y^,^inif+n') 

-{^Ylsiu(f+ID 

Arg. 

COS. 

eiu. 

COS. 

SID. 

sin. 

COS. 

sin. 

COS. 

i'       i 
0       0 

-fo.  6646384 

+  2.  20285566 

+0. 096539 

— 0. 139090 

0  —  I 

— 0. 10224078 

— u.  09654157 

—0.  1 6606 1 48 

—0. 14425645 

+0.  652427 

—1.472529 

— 0.  890963 

+  2.  021227 

0  —  2 

—0.00359271 

+0.00729372 

—0.00584431 

+u.  01027942 

+0. 092267 

+0.  044090 

— 0.  142260 

— 0.  075960 

0-3 

+0. 00037990 

+0.  00012406 

+0.00050293 

+0.  00024342 

— 0, 002049 

+0. 003890 

+0.003572 

— 0.  006580 

0-4 

4-0. 00000398 

—0.00001827 

+0.  00000947 

—0.  00002311 

—0.000137 

— 0.  000129 

+  0.000233 

+0.  000204 

0-5 

— 0.  00000072 

—0.00000007 

—0.  00000066 

— 0.0000002  ! 

'  +4 

— 0. 00000066 

+0.  00000240 

— 0.  00000051 

+0.  00000398 

I  T   3 

+0.00004553 

+0.00001192 

+0.  00006269 

+0.  00000476 

+0. 000439 

+0.000255 

— 0. 000732 

—0.000421 

■  +  2 

+  u.  00006254 

—0,  00095698 

—0.00002512 

—0.  00134143 

—0. 006697 

+  0.  009449 

+0.  010197 

-O.OI5371 

■  +  ' 

—0.01753370 

+0.00317476 

—0,  02618290 

-^0.  00508023 

-0. 163541 

— 0. 133286 

+0.  235056 

+0.  192100 

I   0 

+0.  14866616 

+0.  15018589 

+0.  27948671 

+0. 34932553 

+  1.778166 

—  I.  266003 

— 1.318411 

+u.  910778 

I  —  1 

-u.  I909783I 

— u- 95485704 

+0.64138181 

-3.15251634 

— 0.  159202 

— 0. 154638 

+0.  224895 

+0.  204201 

I  -  2 

~  0. 05391969 

+0.  04178008 

-u.  03958295 

+0.  03481677 

+  1.029740 

+0.  222978 

-1.579388 

—0.341385 

I  -3 

+0.00233553 

+0.  00269350 

+0. 00466646 

+0.00371574 

+0.011210 

+0. 048408 

-0.013547 

— 0,  078501 

'  -  4 

4-0,00010439 

— 0.00011490 

+0. 00024243 

— 0.  00014058 

— 0.  001063 

+0.  000140 

+0.  001990 

— 0. 000163 

>  -5 

—0.00000614 

— 0. 00000384 

—0. 00000325 

— 0.  00000596 

+0. 000065 

—0.000057 

—0.  000087 

+0.  000093 

i  -6 

— 0. 00000017 

+0.  00000035 

—0.  00000009 

+0.  00000044 

2  +  4 

—0.  00000054 

+0.00000019 

— 0.  00000144 

+0. 00000022 

2^3 

+0.00000410 

+0.  00000342 

+0.  00000596 

+0. 00000385 

— 0. 000097 

+0.000001 

^  -4-  z 

+0.00006102 

— 0. 00009392 

+0.  00007165 

— 0. 00013682 

—0.  000139 

+0. 001320 

+0.000186 

—0.002105 

2  -j-  I 

— 0. 00204003 

—0.  00078227 

—0.00295369 

—0.  00103270 

-0. 025483 

— 0. 005037 

•f  0.037735 

+0.  007827 

2   0 

+0. 00382420 

+0.  03034997 

+0.00212295 

+0. 05624290 

+u.  160407 

—0. 328034 

-0. 15933s 

+0.  309261 

2  —  I 

+0. 17342674 

—0.  14490556 

+0.44903301 

—0.34483157 

f  1-144372 

+  1.070503 

-0.  723589 

—0.  709105 

2  —  2 

—0.  58491034 

—0.  24561672 

—1.  91960384 

—0.  82II2372 

+0.  206918 

— 0. I447I9 

—0.277128 

+0.21 1746 

2  —  3 

+0.01175029 

+0.02297816 

—0. 01074537 

—0.  02364232 

—0.002108 

+0.65 1 35 1 

+0. 004800 

—  I.  050101 

2  —  4 

+0.00156295 

— 0. 00052038 

+0,  00225773 

-0.00356737 

—0.016195 

+0.026941 

+0. 027428 

—0. 042361 

2  —  5 

— 0.00001728 

—0.  00005498 

+0. 00002732 

— 0.  00022913 

-0. 000033 

+0.  000521 

+0.0001 13 

— 0.  000727 

2  —  6 

— 0.00000209 

+0.  00000191 

+0.  OOOOOOIO 

— 0.  00000522 

+0.  000044 

+0. 000065 

— 0.  000071 

— 0.  OOOIOO 

2  —  7 

+0. 00000011 

0. 00000000 

+0.  00000029 

— 0.00000052 
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Arg. 


i'  i 

3+  3 

3+  2 

3+  I 

3  o 
3—  I 
3—  2 
3—  3 
3-  4 
3—  5 
3-  6 

3—  7 
4+  2 
4+  I 

4  o 

4—  I 
4—  2 
4—  3 
4—  4 
4—  5 
4-  6 

4—    7 

4-  8 

5+    I 

5  o 

5—  I 
5—  2 
5-  3 
5—  4 
5—  5 
5-  6 

5—  7 

5-  8 

5—  9 

6  o 

6—  I 
6—    2 

6-  3 

6-  4 

6-  5 

6—  6 

6-  7 

6-  8 

6-  9 

6 —  lo 


«^(^)^  (l)  = 


-|-0.  OCXXXX320 

-|-o.  00001141 
— o. 00016372 
— o. 00186708 

+0.03915569 

— o. 10336968 
— o.  22156586 
-|-o.  00501813 
— o. 00009853 
— o. 00002422 
-fo.  00000092 

-|-o.  00000143 
— o.  00000491 
— o. 00045076 
-f-o.  00507472 

+0. 00253344 

— o.  14326266 

-fo.  16040847 
+0.00040331 

— o. 00048955 
— o. 00001948 
— o.  00000244 

+0.  00000118 
— o. 00006421 

+0. 00034972 

+0. 00440850 

—0.03733148 

—  o.  0213S719 

+0.11594525 

-rO.  00543316 
+0.  00016122 
+0.00000202 
— o.  00000024 

— o.  0000065 
— o.  0000154 
+0. 001063053 
— o.  0053004 
— o.  0118680 
+0. 0769855 
— o.  0246439 
+0. 0016248 
+0. 0003435 
+0. 0000245 
+0. 0000032 


(5)^  (1)^ 


+0.  00000056 
— o. 00000609 
— o. 00020324 
-+-0. 00365057 
— o.  00222274 
— o. 16849363 

+0. 32232369 

— o.  00130270 
— 0.00082735 
— o.  00001228 
+0.  00000016 

o. 00000000 
— o. 00003014 
+0.  00026387 

+0.00312773 

— o. 041 24030 

+0. 05695325 

+0.  16908990 

+0.00313047 

+0.  00010905 
+0.00001147 
+0.  0000001 1 

— o. 00000330 
—  o.  00000133 
+0.  00075972 
— o.  00567722 
— o. 00796436 
+0.  10968672 
— o. 07019864 

+0.00055559 

+0. 00037740 
+0.  00002314 
+0.  00000050 

— o. 0000040 

+  0.  OOOIIOO 

—0.000356538 

— o. 0054027 
+0. 02991  n 
+  0.  0001624 
— o. 0732984 
— o.  0049578 
— 0.0001575 
— o. 0000012 

+0.  OOOOGI  I 


+0.  00000037 
+0.00001456 
— o.  00023885 
— o.  00353956 
+0. 08428652 
— o. 27004696 
— o. 73682965 
— o.  04931858 
— o.  00352623 
—0.00021055 
— o. 00000682 

+0.  00000182 
— o. 00000857 
—0.00072831 
+0.  00940728 

+0. 00977433 

— o.  40867444 

+0.51593778 
+0. 00384834 

— o.  00213220 
— 0.00019125 
— o.  000020 

+0.  00000128 
— o. 00009593 
+0.  00053616 
+0.  01004694 
— o. 09376594 

+0.05795719 

+0.  38068179 
+0.  0414448 
+0.  0025756 
+0.  000106 
+0.  000002 

— o. 0000092 
— o.  0000375 
+  0.  00214318 
— 0.0117489 
— o.  0329458 
+0.  2283160 
— o. 0746870 
+0.0103000 
+0. 0023028 
+0. 0002239 
+0.  0000226 


-f-o.  00000066 
— 0.00000958 
— o.  00027297 

+0.00589773 

+0. 00028893 
—0.46331603 
+1.04910933 
+0.  OI37I360 
—0.00192573 

— o.  00012873 
— o.  00000892 

— o. 00000021 
— o.  00004059 
+0. 00037805 
-|-o.  00669380 
-o.  09745652 

+0.  I549536I 
^0.55897005 

+0. 05099580 
+0. 00324705 

+0.  00017428 
-|-o.  000008 

— o.  00000449 
— o.  00000545 

+0.00139932 
— o.  on  68643 
— o. 02265121 

+0. 32034193 

— u.  2214665S 

+0. 0054077 
+0.0023371 

+  L).  000223 

+0.  000015 

— u. 0000058 

+0. 0001833 

— o.  00058631 
— 0.0128985 

+0. 0783205 

+0. 0034555 
-o.  2387583 
— o.  0290922 
— o. 0017425 
— o.  0000548 
+0. 0000042 


{^Y~.^in(f+n-) 


+0.  000065 
— o. 002959 

— u.  002715 

+0. 375924 
—0.515184 

+0. 142585 

— o.  379900 

— o. 024540 

o.  000948 


+0.  000141 
+0.  000917 
— o. 050285 
+0.  099078 

+0. 848304 

+u.  184461 

+0. 082387 
+0.  002047 

+0.000551 


-  o. 000249 
-o.  003442 

+0. 064903 
— 0.019066 

— o-  557465 

-  o. 132922 
— o.  095862 
— 0.009616 
— o.  000969 
— o. 000080 

— o. 000696 

+0.007133 

+0.  030550 
— o.  252613 

+0. 036543 

— u.  1 1 2988 

+0. 101134 
+0.009132 
+0.  000356 
+0.000007 

— o. 000095 

+0. 00037s 
+0. 009983 
—0.051937 

— o.  063277 
+0.  I8224I 
+0. 040547 
+0.057162 
+0.009136 
+0.  000922 
+0. 000075 


-i^Y  T  «in  (f+m 


+  0.000267 
— o. 005424 
— o. 016600 

+0-  333559 
— o. 192150 

+0. 132894 

— o.  204872 
— o.  016660 
— o.  000748 
— o.  000034 

— o. 000369 
o.  006858 

+0.063918 

+0. 037606 

— o.  333'49 
0.081 190 
— o. 080101 
— o.  010846 
— o.  001060 
— o.  000089 

+0.000001 
— o. 001292 
+0.007019 
+0. 039058 

— o.  1 6974 1 
— o. 022776 
— o.  088585 
+0.044418 

+0. 003838 

+0. 000024 
— o.  000025 


•0. 000097 
+0.  004484 
+0.001175 

o.  29761 1 
+0.  321116 

o.  210273 
+0-  631353 

0.040371 
+0.001542 
+0. 000096 

+0. 000393 
o.  003869 
—0.059831 
+0. 018700 

+0.301129 

+0.  174298 

+0. 159746 

+0. 016037 
+0. 001616 
+0. 000144 

+0. 000866 
o. 007490 
— o.  023671 

+0.  I694I4 

— O.  02 1 647 

+0.163516 

o.  175942 

0.015734 

o. 000625 
o.  000009 

+0.000127 
o.  000480 
— o. 008794 

+0.039831 
+0.037431 

— o.  075963 
— o.  050329 

098086 
—0.015783 

F 0.001590 
0.000128 


— o.  000220 
— o. 001309 

+0. 055370 

— o.  084841 
— o.  495661 
— o.  245654 
— o.  134324 
— o. 002909 
— o.  000886 
— o. 000109 

— o.  000390 
+0.  006707 

+0.013548 

— o- 239453 
+0. 1I4I39 

— o.  194550 

+0. 348452 

+0.028III 
+0.001256 
+0.  000061 

+0.000518 
+0.  006686 
— o.  052800 

-u.  021443 

-(-o.  162487 
4  o. 103628 

+0. 135550 

-1-0.  018470 
+0.  001806 
+0.  000144 

+0.  OOOOOI 
+0.  001392 
— o. 006602 

—  u.  028549 

+0.  10761 1 
-r  0.009741 
-Uo.  125647 
— o.  079475 
— o.  006766 
— o. 000050 
+0. 000035 
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<^{iY(^r     1 

(rr  (zr 

(|)^^i.(/+i7') 

-(|y^in(/+J7) 

Arg 

COS. 

Bin. 

COS. 

sin. 

sin. 

COS. 

sin. 

COS. 

i' 

« 

0 

-  0.0000005 

— 0.0000008 

— 0.0000006 

— 0.0000008 

7  — 

I 

— 0.0000091 

+0.0000108 

— 0.0000153 

+0.0000166 

— 0. 000042 

— 0.000172 

+0. 000036 

+0. 00020 1 

7  — 

2 

+0.0001574 

+0. 0000405 

+0. 0002875 

+0. 0000928 

+0. 001858 

+0.000173 

—0.  001804 

—0.  000243 

7  — 

3 

— 0.  0002561 

— 0. 0012874 

— 0. 0004222 

— 0. 0027746 

—0. 005250 

+0.011804 

+0.004611 

—0. 009643 

7  - 

4 

— 0. 0058602 

+0.0041990  . 

—0. 0145296 

+0. 0097964 

—0. 040593 

— 0. 03585 1 

+0. 028230 

+0. 026086 

7  — 

s 

+0.0214993 

+0.01 342 1 8 

+0. 0580492 

+0.0375619 

+0. 102594 

— 0. 065760 

—0.061 1 25 

+0. 038835 

7  — 

6 

+0.01 10324 

— 0. 0500209 

+0. 0354100 

— 0. 1498052 

+0. 035375 

+0. 090744 

—0.013879 

—0.028417 

7  — 

7 

— 0.  0432461 

+0.  0042664 

—0. 1394246 

+0. 0100710 

+0.063106 

+0. 015946 

—0.  089666 

—0.015636 

7  — 

8 

—0.0035723 

—0.0021057 

—0. 018I88I 

— 0. 01 12840 

-0.015975 

+0. 036724 

+0. 030078 

—0.  063868 

7  - 

9 

— 0. 0001067 

—0.0003143 

—0.0009675 

— 0. 0020323 

— 0. 000775 

+0. 006593 

+0.001481 

—0. 01 1523 

7  — 

ID 

+0.  0000053 

— 0. 0000260 

40.0000061 

— 0. 0002046 

+0.000188 

+0.000681 

—0. 000301 

— 0.001198 

7  — 

II 

+0.000001 1 

—0.0000017 

+0. 0000070 

— 0.0000156 

+0. 000037 

+0. 000054 

— 0.000067 

— 0.  000093 

8  — 

I 

— 0.0000016 

+0.0000003 

— 0.0000023 

0.0000000 

— 0.00002 

— 0.00002 

8- 

2 

+0.  0000152 

+0.0000163 

+0. 0000250 

+0. 0000301 

+0.00024 

— 0. 0001 1 

— 0.00026 

+0.00010 

8  — 

3 

+0. 0000766 

—0.0001932 

+0.0001734 

— 0. 0003796 

+0.00021 

+0.00221 

^0. 00012 

— 0. 00198 

8  — 

4 

—0.0013823 

+0.0000713 

— 0-0031357 

+0. 0000484 

— 0. 01 198 

— 0. 00269 

+0. 00923 

+0. 00232 

8- 

S 

+0.0027912 

+0.0057178 

+0.0067270 

+0. 0146239 

+0. 02084 

— 0. 03661 

-0.01457 

+0. 02435 

8- 

6 

+0.  0129004 

—0.0139732 

+0. 0364325 

—0.0384313 

+0.05677 

+0. 05485 

—0.  03057 

— 0.03146 

8  — 

7 

— 0.  0301808 

— 0. 0131014 

— 0. 0908832 

— 0. 0410126 

—0. 03994 

+0. 02974 

+0. 00548 

— 0. 00895 

8- 

8 

— 0. 0032098 

+0. 0238263 

—0.012682 

+0.  075973 

—0.00189 

— 0.04217 

—0.00107 

—0. 05887 

8  — 

9 

— 0. 0020423 

+0.002 1 9 10 

— 0.  009922 

+0. 010158 

— 0.  02164 

— 0.  00326 

+  0.03826 

+0. 00739 

8  — 

lO 

— 0. 0002706 

+0. 0000423 

— 0.001633 

+0. 000375 

—0. 00425 

+0. 00066 

+0. 00752 

—0. 00104 

8- 

II 

— 0. 0000213 

— 0.  0000089 

— 0.000160 

— 0.000043 

-0. 00044 

+0. 00026 

+0. 00079 

— 0.00045 

8  — 

12 

— 0.  OOOOOIO 

—0. 0000015 

—0.  00001 1 

— 0.  OOOOIO 

40.00005 

— 0.00007 

9  — 

2 

+0.0000007 

+0. 0000029 

+0.0000009 

+0. 0000048 

+0.  00002 

— 0.  00003 

9  — 

3 

+0.0000249 

— 0. 0000181 

+0. 0000492 

— 0.0000316 

+0. 00020 

+0. 00028 

—0.00018 

— 0.00028 

9  — 

4 

— 0.0002080 

— 0.0001179 

— 0. 0004329 

— 0. 0002698 

—0. 00226 

+0.  00067 

+0. 00190 

—0. 00050 

9  — 

5 

—0.0001434 

+0.0013382 

—0. 0004333 

+0. 0031614 

+0. 00022 

— 0.01076 

—0.  00035 

+0.00791 

9- 

6 

+0. 0050898 

— 0.0014450 

+0.0133486 

—0.0035 1 12 

+0. 02965 

+0. 00942 

—0.01891 

—0. 00646 

9  — 

7 

—0. 0080781 

— 0. 01 10583 

— 0. 0224950 

—0.0317272 

— 0. 02622 

+0.04170 

+0.01377 

— 0. 02153 

9  — 

8 

— 0.0120336 

+0.0168420 

— 0. 037508 

+0.  050795 

— 0.01982 

— 0. 01454 

+0.00313 

—0. 00321 

9  — 

9 

+O.OI2243I 

+0. 0047938 

+0. 038433 

+0.016733 

— 0. 02633 

+0. 00438 

+0. 03628 

—0. 00844 

9  - 

ID 

+0.0011494 

+0. 0016872 

+0. 004953 

+  0.007662 

— 0.00147 

—0. 01 174 

+  0.00143 

+0.  02I2I 

9  — 

II 

— 0. 0000046 

+0.0002109 

+0.000019 

+0.001 196 

— 0. 001 10 

— 0. 00248 

40.  00186 

+0.  00446 

9  — 

12 

— 0.0000087 

+0.0000169 

— 0.000052 

+0.000115 

— 0.00026 

— 0.00025 

4  0. 00045 

+0. 00046 

lO  — 

3 

+0.  0000044 

— 0. 0000003 

+0. 0000079 

— 0. 0000002 

+0.00005 

+0.00002 

10  — 

4 

—0.0000184 

— 0. 0000337 

—0.0000342 

— 0.0000700 

— 0.  00028 

+0. 00029 

+0. 00026 

—0.  00025 

lO  — 

5 

— 0.  0001567 

+0. 0001985 

— 0. 0003664 

+0.0004318 

—0.00107 

— 0. 00202 

+0.00080 

40.  00162 

lO  — 

6 

+0.  001 1787 

+0. 0003340 

+0. 002876 

+0.000893 

+0.00873 

— 0.00162 

—0.00616 

+0.00099 

lO  — 

7 

— 0. 0003842 

—  0.0041766 

—0. 000836 

—0. 01 1 183 

— 0.00212 

+0.02192 

+0.00155 

—0.01344 

10  — 

8 

—0. 0086730 

+0. 0039907 

—0.025138 

+0.01 1 146 

—0. 02833 

— 0.  00983 

+0. 01355 

+0.  00458 

ID  — 

9 

+0.0085693 

+0. 009469s 

+0. 025762 

4  0. 029474 

+0. 00330 

— O.OI12I 

+0. 00502 

— 0.00086 

10  — 

lO 

+0.0041353 

-0. 0057791 

+0.013920 

-0.017735 

—0.00614 

—0.01534 

+0. 00992 

+0.  02083 

ID  — 

II 

+0. 0012421 

—0.0004888 

+0. 005366 

—0.00195 1 

+0. 00582 

—0. 00254 

—0.01083 

+0.  00379 

lO  — 

12 

+0.0001508 

+0. 0000358 

+0.000809 

+0.000168 

+0.  00129 

— 0.00105 

— 0. 00242 

+0.00179 

MUTUAL  PERTURBATIONS  OF  THE  FIRST  ORDER. 


63 


<r  (1)' 

cr  Q'      1 

(|')'^;8in(/'+iI0 

-Q' '~^in  (f+ID  1 

Arg. 

COS. 

Bin. 

•       COB. 

Bin. 

Bin. 

COS. 

sin. 

COS. 

i'         » 
II—   4 

+0.0000002 

— 0.0000059 

+0.000001 

—0. 000012 

0.0000 

+0.0001 

0.0000 

— 0. 0001 

II—    5 

— 0.  0000410 

+0. 0000146 

— 0.000089 

+0. 000028 

— 0.0004 

— 0.0002 

+0.0003 

+0.  0002 

II—   6 

4-0. 0001686 

+0. 0001838 

+0.  000380 

+0. 000440 

+0.0016 

— 0. 0013 

— 0.0012 

+0. 0010 

II  —   7 

+0.00046 1 1 

— 0. 0009502 

+0.  OOI217 

-0.002379 

+0. 0026 

+0. 0064 

—0.  0017 

— 0.0044 

II—   8 

— 0.0031808 

— 0. 0003171 

— 0.  008660 

— 0.001002 

—0.0150 

+0.  0018 

+0.  0088 

— 0.0009 

II—   9 

+0. 0014625 

+0.0063151 

+0.  004001 

+0.018454 

+0.0018 

— 0.0178 

—0.  0005 

+0. 0077 

II  —  10 

+0. 0067393 

—0.0038281 

+0.020951 

—0. 01 1377 

+0. 0054 

— 0.  0008 

+0.  0028 

+0.0041 

II  —  II 

— 0. 0024282 

— 0. 0029259 

—0.007171 

—0. 009626 

+0.  0082 

—0.  0055 

— 0. Olio 

+0. 0087 

II  -12 

— 0.0001255 

— 0.0008371 

— 0.  000410 

—0. 003438 

+0. 0023 

+0. 0024 

—0.0034 

— 0.0052 

12—     5 

— 0.000007 

— 0.000002 

— 0.  000014 

— 0.000004 

— 0. 0001 

0.0000 

12—     6 

+0.000008 

+0. 000045 

+0.000015 

+0.000101 

+0.0002 

— 0.0004 

— 0. 0001 

+0.0003 

12—    7 

+0. 000194 

— 0.000126 

+0.  000476 

— 0. 000294 

+0.0014 

+0.0012 

—0.  0010 

— 0.  C008 

12—     8 

—0. 000699 

— 0.000519 

—0.001785 

—0. 001380 

—0.  0046 

+0.0031 

+0.  0029 

—0.0019 

12—     9 

— 0. 000686 

+0. 002258 

—0.  001993 

+0. 006230 

— 0. 0034 

— 0. 0106 

+0.0018 

+0. 0053 

12 —  10 

+0. 004300 

—0.000088 

+0.  012646 

—0. 000076 

+0.0130 

— 0.0009 

— 0.  0038 

+0. 0009 

12  — II 

—0.001344 

—0. 004433 

—0.  003837 

— 0.013705 

— 0.  0004 

+0. 0061 

—0.  0027 

+0.0032 

12  —  12 

— 0.001838 

+0. 000830 

— 0.  006034 

+0.001897 

+0.0008 

+0.0012 

— 0.  0060 

— 0.0043 

In  order  to  get  the  developments  of  the  disturbing  forces  it  is  necessary  to  have  the 
expressions  for  the  action  of  each  disturbing  planet  on  the  Sun.  In  the  case  of  Jupi- 
ter disturbed  by  Saturn  this  is  proportional  to  the  function  a'  ^H,  and,  in  the  case  of 

T' 

Saturn  disturbed  by  Jupiter,  to  the  function  a'  ^H  (the  signification  of  H  has  been 
given,  page  22).  To  obtain  the  periodic  developments  of  these  quantities  in  terms  of 
the  mean  anomalies  of  the  two  planets  we  employ  some  of  the  auxiliary  constants  of 
page  22,  as  well  as  the  Besselian  functions.     We  compute* 


h  =  ak  cos  K 


A,  =  -V  cos  V 

2 


I  =  -p  cos  P 

2 


'■La  a       J 


li  =  -V  sin  V 
2 

Q.=j[jp'+jr"] 


Qo  =  o 


Po'=-3«' 


Q«'  =  o 


notice  being  taken  that 

Po  =  -  3e 
Then 

a'^H  =  U'^  [aP.P/  ±  A,Q,Q/]  cos  ( ±  i'g'  -  ig)  -  U'^  [iQ<P/  ±  i,P,Q/]  sin  (±  i'g'  -  ig) 

a'^H  =  J  J  [aP.P/  ±  A,Q,Q,']  cos  ( ±  i'g'  -ig)-l  ^[tQ.P, '  ±  ?.P<Q< ']  sin  ( ±  i'g'  -  ig) 

in  which  one  attributes  all  positive  integral  values  to  i  and  i',  and  takes  the  double 
sign  in  both  significations. 

"Auseinandersetzang,  Abh.  I,  s.  177,  and  GegenBeilige  Storungen  dei  Jupiter  und  Saturn,  «,  46. 
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The  numerical  values  being  substituted,  we  have 


log 
log 

log  Po  =  9.1605535^ 
log  Pi  =  9.9996208 

log  Pj  =  8.3817282 
log  P3  =  6.9399478 
logP«=  5.5719618 
log  P5  =  4.2448328 

log  Pe  =  2.9437 


h   =  g. 0480387 
A]  =  9.0472930 

log  Qi  =  9.9998736 
log  Q2  =  8.3820653 
log  Q3  =  6.9403271 
log  Q4  =  5-5723665 
log  Q5  =  4-2452543 

log  Qe  =  2.9441 


log  I  =  9.7266962 
log  li  =  9.7264665 

log  Po'  =  9.2257502/1 

log  Pi'  —  9.9994880 
log  P2'  =  8.4466886 

log  P3'  =  7.0700090 

10gP4'=   5.7671259 

log  P5'  =  4-S°5 '°33 
logP6'=  3.2690 


log  Qi'  =  9.9998294 
log  Q2'  =  8.4471439 
logQ3'=  7.0705212 
logQ4'=  S-7676723 
log  Qs'  =  4.5056725 
log  Qs'  =  3.2696 


Arg. 


3 
4 
5 
6 

-3  - 

•  2  — 

_  I  — 

o  — 

2  — 

3  — 

4  — 

5  — 

6  — 

7  — 

-3- 

-2  — 


u  —  2 

1  —  2 

2  —  2 

3  —  2 

4  —  2 

5  — 2 
6—2 

—  2-3 

—  «  -3 

0—3 

1  —  3 

2  —  3 

3  —  3 

4  —  3 
5-3 


— a'-TjH 


-|-o.  00807328 
-|-o.  00090430 
+0. 00008547 
+0. 00000756 
-|-o.  00000065 
-f-o.  00000005 

-|-o.  00000003 
— o.  00000054 
— o.  00001944 

— o.  1 1 144785 
— 0.01248502 
— o.  00118010 
— 0.00010445 
— 0.00000893 
— 0.00000075 
— 0.00000006 

+0. 00000002 
— 0.00000021 

— 0.00268671 
— o. 00030098 
— o. 00002845 
— 0.000002518 
— o. 0000002152 
— o. 0000000180 

o.  00000000 

— 0.00009715 
— 0.00001088 
— o.  00000103 
— 0.00000009 
— 0.000000008 


— 0.03853I8I 

— o. 00431712 
— o. 00040808 
— o. 00003612 

— u.  00000309 

— o.  00000026 

— 0.00000019 
+0.00000187 
-|-o.  00008644 

+0.  53209260 
-\-o.  05960803 
+0. 00563425 
+0.00049871 
+0. 00004262 
+0.00000356 
+0.  00000030 

+0.00000018 
+0. 00000333 

+0.01282735 
+0. 00143699 
+0.00013583 
+0.  000012023 
+0.  0000010276 
+0. 0000000859 

+0. 00000014 

+0.00046385 
+0.  00005196 
+0.00000491 
+0. 00000043 
+0.  000000037 


-a'^sH 


+0. 00000002 
— o.  00000083 
— 0.00011995 
+0. 05790623 

— o.  68772890 
— 0.01926083 
— 0.00080914 
— o. 00004029 
— o.  00000220 
— o.  00000013 

— O.  OOOOOOOI 

+0.00000001 

+0.  OOOOOOIO 

— o.  000005 '  3 

+0.00558332 
—0.06631731 
— O.OOI8573I 

— o. 00007803 
— o. 000003885 
— o. 0000002125 

— O.  OOOOOOOI 

+0.00000001 
— o. 00000016 
+0. 00045426 

-0.00539573 

— O.OOOI5II2 
— o.  00000635 
— o.  00000032 
^o.  00000002 


— 0.00000013 
+0. 00000288 

+0. 00053340 

— o.  27646210 

+3. 28346820 

+0. 09I958I9 
+0.00386313 

+0.  00019234 
+0.  00001052 
+0.00000061 
+0.  00000004 

+0.  00000002 
+0.00000114 
+0.  00008217 
— 0.02666167 
+0.  31662297 
+0. 00886747 

+0.00037253 

+0.000018548 

+0.0000010145 

+0.00000006 

+0.  OOOOOOIO 

+0. 00000794 
— o.  00216936 
+0.02576117 
+0.00072147 
+0.00003031 
+0.00000151 
+0.00000008 
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Arg. 

-a';^,H 

-a'^H 

COS. 

sin. 

COS. 

sin. 

—  2  —  4 

—  1  —  4 
0—4 

1  — 4 

2  —  4 
3-4 
4  —  4 

—  I  —  S 
0 —  5 

1  —  5 

2  —  5 

3  — S 
0  —  6 
1-6 
2  —  6 

—0.00000416 
— 0.00000047 
—0.00000004 

— 0.00000020 
— 0.00000002 

+0.00001988 
+0.  00000223 
+0.00000021 

+0.00000094 

+0.  OOOOOOIO 

0.  OOOOOOOO 

0.00000000 
+0.00003461 
— 0. 00041 1 1 1 
— 0. 0000II5I 
— 0. 00000048 
— 0.00000002 

0.00000000 

+  L).  00000255 

—0. 00003025 
—0. 00000085 
— 0.00000003 

+0.00000018 
— 0.00000218 
—0.00000006 

+0.  OOOOOOOI 

+0.  00000053 
— 0.00016530 
+0.00196280 
+0. 00005497 
+0.  00000231 
+0.  00000009 

+0.00000004 
— 0.  00001216 
+0.  00014440 
+0.  00000404 
+0.00000013 

— 0. 00000088 
+0.00001040 
+0.  00000029 

On  account  of  the  action  of  the  disturbing  planets  on  the  Sun  it  is  necessary  to 
include  in  the  disturbing  forces  perpendicular  to  the  planes  of  the  orbits,  respectively 
in  the  motions  of  Jupiter  and  Saturn,  terms  which  are  proportional  to 

-(j^\m{f  +  il') and ^Qysin  (/+  il) 
We  have* 

r^Ysin  (/+  TT)  =        rJl°'+  Jf  ]  cos  <p  cos  77  sin   g+    [jf-  Jf' J  sin  77  cos    g 

+  2rjy'+ J|,"l  cos  <p  cos  77  8in  zp  +  2f  J^"_  J'^'l  sin  77 cos  2g 

+  3rjr+  J^n  cos  <p  cos  77  sin  3^  +  sfj^'-  41'!  ^in  n  cos  ^g 
+ 

with  a  similar  formula  for  T^^  sin  {f  +n').    The  numerical  values  being  substituted, 

we  get : 


-(p)'8iD 

{f  +  H') 

I   /av2  . 
^(7)  «'" 

(.f+n) 

A.rg. 

Arg. 

sin. 

COS. 

sin. 

COS. 

j'  i 

i'       i 

I  0 

—0. 804866 

+0. 590606 

0—  I 

+2.  547437 

— 5.613916 

2  0 

— 0. 090177 

+0. 066154 

0 —  2 

+0.  245672 

-0.541294 

3  0 

—0.008524 

+0. 006253 

0-3 

+0. 019989 

— 0.  044039 

4  0 

—0.000755 

+0. 000554 

0  —  4 

+0.001523 

-0.00335s 

S  0 

—0.000064 

+0. 000047 

0-5 

+0.0001 1 2 

—0. 000247 

6  0 

> 

—0.000005 

+0.000004 

0  —  6 

+0.000008 

—0. 000018 

'Anseinandersetzung,  Abh.  I,  s.  178. 
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Certain  factors  dependent  upon  the  masses  are  here  necessary.     "We  put 


M  = 


m'       a 

— ; — «- 
I  +  wi    a 


m     a' 


I  +  m'  a' 


These  factors  being  expressed  in  seconds  of  arc  by  multiplying  by  the  radius  in 
seconds,  we  have  for  Jupiter 

log  (><a  sin  J)  =  9.5836560 


log  /^  =  1.5063000 


and  for  Saturn 


log  )x'=  2.2938045  log  {n'a  sin  J)  =  0.3711605 

For  Jupiter,  then,  we  compute  the  three  functions 
ai2  =  ;.[^-a'^H] 


dr 


1         r     i/'a'V/    ,r^      r'^\      i  a'        ,  r  ti~\ 

a^§  =  Ma  sin  J  [(g)'  J  sin  (/'  +  77')  -  (^  J  sin  (/'+  77')] 
and  for  Saturn  the  three  functions 

a'n'=;.'[|-a'^H] 

a'^g:  =  f,'a  sin  J  [-  (£J  ^  sin  (/+  77)  +  ^(jj  sin  (/+  77)] 

The  quantities  aD.  and  a'fi'  are,  moreover,  differentiated  severally  with  respect 
to  g  and  g'.     For  Jupiter  the  three  functions  are : 


Arg. 

dn 

"dg 

dr 

^,djl 
dZ 

sin. 

COB. 

COS. 

sin. 

SID. 

COS. 

i'        i 

0  0 

0 —    I 
0 —   2 

0—   3 

0—  4 

1+    4 
1+    3 
1+    2 

1  +    ' 
I         0 
I  —    I 
I  —    2 

1—  3 
1—   4 
I-   5 

// 

— 0.  3080771 
— 0.016795 
+0.  000486 
+0.  000037 

— 0.000077 
+0.  000975 
+0.034578 

+0.448653 
+0.  239298 
+0.  029583 
+0.  002181 
+0. 000109 

// 

+0. 1 68 1 294 
— 0. 017801 
— 0. 001 147 
— 0.  OOOOOI 

0.000071 
— 0.002108 
+0. 005301 

+2.408872 
— 0.  292616 
— 0. 029277 
—0.001338 
— 0.000077 

// 
+7.  174462 
—0.  8698000 
—0.031923 
+0.  001893 
+0.  000083 

+0.000002 
+0.  000262 
— 0. 001 173 
— 0.  1 22401 
+  1-338747 
+  1-637557 
+0.  040867 
+0.  027787 
+0.001742 
+0.  000026 

// 

— 0.6813978 
+0.  043448 
+0.001551 
— 0.000078 

+0.  000025 
—0.  0001 10 
— 0.  000580 
+0.  023759 
+  1.182548 
—8.443179 
+a  432481 
+0.  033842 
+0. 000378 
+0.000004 

+0.  2501428 

+0-035375 

— 0.00079 
— 0.00005 

+0.00017 
— 0. 00257 
—0. 06270 
+0.  3731-6 
— 0.06104 
+0.  39480 
+0. 00430 
— 0.00041 
+0.00002 

1/ 

+0. 037014 
-0. 5645727 

+0.016904 
+0.00149 
— 0.00005 

+0.00010 
+0. 00362 
— 0.05110 

-0. 25895 

—0.05929 
+0. 08549 
+0.01856 
+0.00005 
— 0.00002 
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Arg. 

«1^ 
dg 

or 

da 

dr 

^^da 

d'L 

• 

gin. 

COS. 

COS. 

Bin. 

sin. 

COS. 

i'   i 
2+  4 

// 

// 

—  0.000014 

0.  000000 

" 

// 

2+  3 

+  0. 000029 

+  0.000007 

2+2 

-f  0.000006 

— 0.000216 

+  0. 000173 

—  0.  000643 

— 0.00005 

+0.00051 

2+  I 

+  0.003180 

— 0. 000687 

—  0.013093 

—  0. 003764 

—0. 00977 

— 0. 00193 

2     O 

—  0. 028860 

+  0. 187790 

+0. 02692 

—0.  I004I 

2  —  I 

+  1-239251 

—0. 065572 

+  3.200897 

—  0.371312 

+0. 4387s 

+0. 41043 

2 —  2 

—15.027048 

+6.467210 

—  17.669445 

—  7-  546567 

+0-  07933 

-0. 05549 

2—  3 

—  0.  601705 

+0.  808199 

—  0. 261124 

—  0.610705 

— 0.00081 

+0.  24973 

2—  4 

—  0.014112 

+0. 06301 1 

+  0.012887 

—  0. 040897 

— 0.00621 

+0.01033 

2-  5 

—  0.000279 

+0. 004268 

+  0. 000742 

—  0. 002362 

— 0. 00001 

+0. 00020 

2—  6 

+  0.000002 

+0. 000258 

+  0.000035 

—  0.  000093 

+0.00002 

+0.00002 

3+  2 

+  0. 000048 

—  0.000052 

+0.00002 

+0.00005 

3+  « 

+  0.000243 

—0.000171 

—  0. 001082 

—  0.  001024 

— 0.00113 

+0. 0003s 

3   o 

—  0. 022363 

+  0.015394 

— 0. 00431 

—0.01688 

3-  » 

+  0.  215749 

—0.  103402 

+  0.  559338 

+  0. 259753 

+0.  14413 

+0. 03798 

3-  2 

—  2.119094 

+2.716155 

-  2. 145503 

—  4. 044090 

-0. 19752 

+0.  32525 

3—  3 

—  6.494673 

—8.  986642 

—  7- 183684 

+  10.  161867 

+0. 05467 

+0. 07072 

3—  4 

—  0.905238 

-0.  380993 

—  0.  758540 

+  0.  193284 

—0. 14566 

+0.03159 

3-  5 

—  0.072287 

+0.001728 

—  0.047760 

—  0.017444 

— 0. 00941 

+0. 00078 

3-  6 

—  0.  004853 

+0.001340 

—  0. 002585 

—  0.  001756 

— 0. 00036 

+0.  0002 1 

3-  7 

—  0.000299 

+0. 000137 

—  0. 000103 

—  0.000136 

4+  I 

+  0.000013 

— 0.000025 

—  0.000052 

—  0.000155 

— 0. OOOIO 

+0. 00010 

4   o 

—  0. 003749 

+  0.000188 

—0.  00161 

—0. 00187 

4—  I 

+  0.02287s 

— 0. 022972 

+  0. 053040 

+  0.  069724 

+0. 02488 

— 0. 00636 

4—  2 

—  0.0700420 

+0.  5065620 

+  0133551 

—  0. 774625 

—0.00731 

+0.  12789 

4—  3 

—  2.  959698 

— 1.469884 

—  3-  764570 

+  I- 327203 

—0.21374 

—0. 07367 

4—  4 

+  4.606216 

—5.191627 

+  5-127778 

+  5.605672 

—0.  05096 

+0. 05095 

4-  S 

+  0.  13551S 

—0.791777 

+  0.041715 

+  0.688698 

-0.0367s 

—0. 07855 

4-  6 

—  0.018223 

— 0.065741 

—  0.  024833 

+  0. 044863 

— 0. 00369 

— 0. 00639 

4—  7 

—  0. 002796 

—0. 004332 

—  0.002556 

+  0. 002303 

—0. 00037 

—0. 00029 

4-  8 

—  0.000257 

— 0. 000249 

—  0.000311 

+  0.  ooom 

—0.00003 

— 0.00001 

S   o 

—  0.000431 

—  0.000182 

—0. 00029 

— 0.00012 

5-  « 

+  0.001576 

— 0. 003348 

+  0.001773 

-f  0.  010638 

+0. 002735 

— 0. 002629 

S—  2 

+  0.02558947 

+0. 06044055 

+  0. 0840463 

—  0.  0812427 

+O.OII71 

+0. 0245 1 

S-  3 

—  0. 6292999 

+0. 0302412 

—  0.  800463 

—  0. 230570 

—0.096852 

+0.014418 

5—  4 

-\-  0.  676908 

— 2.601663 

+  0.  502058 

+  3-054213 

+0. 01401 

—0. 12773 

5-  S 

+  3.646320 

+  1.995219 

+  3-822384 

—  2.  227183 

—0. 04332 

—0.03113 

5-  6 

+  0.  596295 

— 0.  033889 

+  0. 528020 

+  0.075013 

+0.03877 

—0.03071 

S-  7 

+  0.050524 

—0. 028467 

+  0.035123 

+  0.029403 

+0. 00350 

— 0.00416 

5-  8 

+  0.003152 

— 0.003617 

+  0. 001476 

+  0. 002984 

+0. 00014 

— 0.00041 

S-  9 

+  0.  000150 

— 0. 000292 

0.000000 

+  0. 000225 

0.00000 

— 0.00003 

6   0 

—  0.000038 

—  0. 000035 

— 0.00004 

0.00000 

6—  I 

+  0.000030 

— 0. 000378 

—  0. 000404 

+  0.001158 

+0. 00014 

— 0.00050 

6—  2 

-|-  0.00631401 

+0. 00456065 

+  0.0157483 

—  0.0025418 

+0. 00383 

+0. 00269 

68 
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Arg. 

ar 

dD, 

dr 

dZ 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

// 

// 

,/ 

// 

// 

,, 

6-  3 

—0. 082465 

+0. 053035 

— 0.  089706 

— 0. 111411 

—0.01991 

+0.01497 

6-  4 

-0.  151565 

—0.609415 

— 0.  319198 

+0.  700425 

— 0.  02426 

— 0.  06508 

6-  5 

+  1.  99124s 

+0. 086878 

+  2.  228580 

+0.  061513 

+0.  06987 

— 0. 00873 

6-  6 

—0.643134 

+  2.  329039 

—0.749217 

—2.  460292 

+0.01555 

— 0. 03396 

6-  7 

+0. 1 16590 

+0.400914 

+0.  130843 

— o-  358535 

+0.02192 

+0.  01703 

6—  8 

+0.031338 

+0. 033486 

+  0.02947 

—0. 02333 

+0.  00350 

+0.  00147 

6-  9 

+0. 003659 

+  0.001799 

+0.  00299 

— u. 00076 

+0.  00035 

+0.00001 

6—10 

+0. 000244 

+0.  000042 

+0. 00030 

+0.00005 

+0.00003 

— 0.  OOOOI 

7  —  I 

— 0.  OOOOII 

—0.  000025 

—0.  000096 

+0.  000090 

— 0.  00002 

— 0. 00007 

7  —  2 

+0. 000877 

+0.000069 

+0.001867 

+0.  000857 

+0.  00071 

+0.00007 

7—  3 

—0. 006105 

+0.012129 

— 0.  001646 

— 0.021836 

— 0. 00201 

+0. 00452 

7—  4 

— 0.  079178 

—0.08381  I 

— 0.  129178 

+0. 079320 

— 0.  01556 

—0.0137s 

7-  5 

+0. 498555 

— c.  238188 

+0.  536494 

+0.  363447 

+0.  03934 

— 0.02521 

7—  6 

+0.236771 

+  1.370463 

+0.371344 

—  1.486577 

+0.01357 

+0. 03479 

7-  7 

—1. 373021 

— 0.  043052 

—  1.444864 

+0.  090045 

+0.  02419 

+0.  00611 

7—  8 

—0. 242307 

+0.  136486 

—0.21932 

-0.  13871 

—0.00612 

+  0.  01408 

7—  9 

—0.01848 

+0.  02865 

—0.  01278 

— 0.  02596 

— 0.  00030 

+0.00253 

7 —  10 

—0. 00247 

+0. 00343 

+0.00014 

— 0.  00269 

+0.  00007 

+0.  00026 

7  —  " 

— 0.  00018 

+0.  00035 

+0.00010 

— 0.00021 

+0.00001 

+0.  00002 

8—  2 

+0.00008 

— 0.  00004 

+0.00013 

+0.  00021 

+0.  00009 

— 0.  00004 

8-  3 

+0. 000126 

+0.001740 

+0.001530 

—0.  002698 

+0.00008 

+0. 00085 

8-  4 

—0.01756 

—0. 00525 

—0.  02593 

— u.  00102 

—0.  00459 

—0.00103 

8-  5 

+0. 06808 

—0. 09534 

+0.  05633 

+0.  13332 

+0.  00799 

— 0.  01404 

8-  6 

+0.27138 

+0- 35555 

+0.  35490 

—0.  36274 

+0.02176 

+0.  02103 

8-  7 

—0. 85986 

+0.35263 

-0.91239 

—0.42257 

—0.0153 1 

+0.  01140 

8—  8 

— 0.  1 63 1 7 

—0.  74948 

— 0.  14176 

+  0.  78972 

—0.  00073 

— 0.  OI6I7 

8-  9 

—0.  12186 

—0. 13364 

— 0.  11965 

+0.  12039 

—0.  00830 

—0.  00125 

8—  ID 

— 0.02319 

— 0. 00837 

—0.  02070 

+  0.  00492 

—0.00163 

+0. 00025 

8— II 

— 0. 00265 

+0.00021 

—0.00210 

— 0.  00050 

— 0.00017 

+0.  00010 

8—  12 

— 0.  00023 

+0. 00019 

— 0.  00014 

— 0.  00009 

9—  3 

+0,  00013 

+0.00017 

+0.  00037 

— 0.  00019 

+0.  00008 

+0.  0001 1 

9—  4 

—0.00257 

+0.00063 

— 0. 00329 

— 0. 00236 

— 0.  00087 

+0. 00026 

9-  5 

+0.  00220 

— 0. 02099 

— 0.  00487 

+0.02715 

+0.00008 

—0.00413 

9-  6 

+0. 09828 

+0. 04399 

+0.  12430 

—0. 02948 

+0.01137 

+0.  00361 

9-  7 

— 0.  22203 

+0.  25869 

—0.  21542 

— 0.3I3I1 

— 0. 01005 

+0.01599 

9-  8 

— 0.  34462 

— 0. 49246 

—0.38713 

+0.51385 

— 0, 00760 

—0. 00557 

9—  9 

+0-  37643 

— 0. 19061 

+o-  39923 

+0. 18094 

— 0. OIOIO 

+0.00168 

9 —  lo 

+0.  06430 

— 0. 09423 

+0.  05780 

+0.09114 

— 0. 00056 

— 0.  00450 

9-II 

+0.00191 

— 0.01708 

+0. 00029 

+0.01502 

—0. 00042 

— 0.00095 

9-12 

—0.00058 

— 0. 00181 

—0. 00069 

+0. 00149 

— 0.  OOOIO 

— 0.  OOOIO 

lo—  3 

+0. 000023 

+0.  OOOOII 

+0.000052 

+0.000003 

+0.000018 

+0.000007 

lo —  4 

— 0. 0002542 

+0.  0002503 

— 0.  00022I 

— 0.000552 

— 0.0001 1 

+0. 0001 1 

lo-  s 

—0. 001380 

— 0.  003099 

—0.  003224 

+0. 003433 

—0. 000409 

— 0. 000776 

lo —  6 

+0.02158 

— 0.00I9I 

+0. 02541 

+0. 00879 

+0-  0033s 

— 0.00062 

lo—  7 

— 0.01987 

+0. 08981 

— 0. 00584 

—0. 10598 

— 0.00081 

+0. 00841   1 
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Arg. 

dg 

dr 

^,dn 

d'L 

sin. 

• 
COB. 

COS. 

sin. 

sin. 

COS. 

i'    i 

„ 

// 

// 

// 

„ 

// 

10—8 

—0.  21828 

— 0.  1 1833 

— 0.  2505 

+0.  1074 

— 0.  01086 

—0. 00377 

10—9 

+0.  25409 

—0.  28085 

-|-o.  2617 

+o-  3053 

+0.00126 

— 0. 00430 

10 —  10 

+o-  J  5333 

-|-o.  1 703 1 

+o-  1493 

— 0.  1833 

—0.  00235 

—0. 00588 

10 —  11 

+0. 06586 

4-0.02513 

-f  0. 0632 

—0. 0223 

+0.00223 

—0. 00097 

10 —  12 

+0.01 155 

— 0.00127 

-(-0.  0100 

+0.  0021 

+0. 00050 

— 0.  00040 

u—  4 

-\-o.  000012 

— 0.000044 

0.  000000 

+0.  000081 

— 0. OOOOI 

+0.00002 

II-  5 

— 0.000417 

— 0. 000304 

— 0. 000706 

+0.000160 

—0.  00014 

— 0.  00009 

11—  6 

-1-0.00316 

— 0. 00221 

-|-o.  00311 

-1-0. 00391 

+0. 00062 

—0. 00050 

II  —  7 

+0.00575 

-|-o.  01965 

4-O.OII7I 

—0.02153 

+0.0OIOI 

—0. 00247 

II—  8 

—0.  07436 

— 0.  00090 

—0. 0832 

— 0. Olio 

—0.00574 

+0. 00068 

II—  9 

+0.  04857 

—0. 16760 

-|-o.  0380 

+0. 1854 

+0.  00069 

— u.  00681 

II  — 10 

-j-o.  20438 

+0- J 1335 

+0.2178 

— 0.  1154 

+0.  00208 

—0. 00029 

II  —  II 

— 0. 06568 

-|-o.  10415 

—0.0731 

— 0.  1029 

+0.00315 

— 0.00213 

II  —  12 

— 0.00512 

-|-o.  04181 

— 0.0045 

—0. 0397 

+0. 00087 

+0.00091 

12—  5 

— 0.  000075 

— 0.  000008 

—0. 000106 

— 0.  000030 

—0.00003 

0.00000 

12—  6 

-|-o.  000308 

—0. 000558 

+0.  00006 

+0. 00083 

+0.00006 

— 0.00015 

12—7 

-|-o.  00283 

-f-o.  00276 

+0. 00443 

— 0. 00250 

+0.00055 

+0. 00045 

12—  8 

— 0. 01607 

-|-o.  00852 

— 0.0167 

— 0.0138 

—0.00178 

+0.  00118 

12—9 

— 0.  01 126 

— 0.  05648 

— 0.0217 

+0.  0621 

— 0. 00131 

— 0.00406 

12  —  10 

+0.1 1875 

-f-o.  00770 

+0. 1324 

+0. 0027 

+0. 00498 

— 0.  00035 

12  —  II 

— 0.03815 

+0.  I3S74 

— 0. 0369 

—0. 15 10 

—0. 00015 

+0. 00235 

12  —  12 

—0.06514 

— 0.  01386 

— 0.0719 

+0.  0184 

+0. 00030 

+0. 00047 

The  similar  quantities  for  Saturn  are  : 


Arg. 

a'r' 

da' 

dr' 

dZ' 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

i' 
0 

i 

0 

// 

" 

-258-  583s 

" 

" 

tl 

— 0.  32693 

I 

0 

— 

12-493747 

+ 

9.512847 

—  19- 1 1307 

—  24.  34181 

—3.  098926 

+  2.  140785 

2 

0 

— 

0.  749962 

+ 

2. 184496 

—  0.02017 

-  3.09269 

—0.  374S2 

+0.  72692 

3 

0 

+ 

0.  063454 

+ 

0.  278183 

+  0. 17506 

—  0.26737 

+0.  00276 

+0.  13015 

4 

0 

+ 

0. 02260 

+ 

0.  02378 

+  0.03012 

—  0.01420 

+0.00909 

+0.01576 

S 

0 

+ 

0.  00348 

-t- 

0.00102 

+  0.00347 

+  0. 00030 

+0.  00204 

+0.00122 

6 

0 

+ 

0.00038 

— 

0.00008 

+  0. 00030 

+  0.00018 

+0.  00030 

0.00000 

— 4  — 

— 

0.00033 

— 

0.00061 

+  0. 00040 

—  0.  001 10 

—0.00092 

—0.00092 

-3- 

— 

0.  00447 

— 

0.00317 

+  0. 00814 

—  0. 00742 

— 0. 01054 

— 0. 00308 

—2  — 

— 

0. 03910 

— 

0.  00882 

+  0.09939 

—  0. 02598 

—0.  08870 

+0.01840 

— I  — 

— 

0.23174 

— 

0.  05542 

+  0.931 13 

+  0. 31707 

— o- 55250 

+0.45153 

0  — 

+  18. 61 128 

—  49- «7»98 

+3-  89354 

—8. 44462 

I  — 

+  110.60400 

+526. 42790 

— 191.  90960 

+921.71340 

+0.  52862 

+0. 47997 
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Arg. 

aV! 

in.' 

dr' 

„da' 

dZ' 

sin. 

coa. 

COS. 

sin. 

sin. 

008. 

i'   ( 

2  —  I 

—  12.  52916 

+  '3-53055 



35.92108 

-1-43. 41236 

// 
—  1.  70080 

—1.66675 

3-  ■ 

-  4.  18693 

+  0. 85662 

— 

5-37518 

-|-  0.  75002 

—0.  69954 

—0. 19941 

4—  I 

—  0.  61 143 

+  0.  32227 

— 

0.51443 

—  0.  33426 

—0.  14063 

-j-o.  03184 

5-  ' 

—  0.  05492 

+  0.  07103 

— 

0. 02448 

—  0.  06690 

— 0.01762 

-|-o.  01572 

6—  I 

—  0.00185 

+  0. 01042 

+ 

0.00199 

—  0. 00789 

—0.00113 

+0. 00327 

7—  1 

+  0.00039 

+  0. 001 13 

+ 

0.00063 

—  0.  00065 

-|-o.  00008 

-f-o.  00047 

-  3-  2 

— 

0.00032 

—  0.  00037 

-1-0. 00023 

— 0.  00052 

—  2  —  2 

—  0.  OOOOI 

—  0.  00170 

— 

0,  00101 

—  0.00431 

—0.00044 

— 0. 00495 

—  I  —  2 

—  0. 00396 

—  0.  02197 

+ 

0. 00908 

—  0.02455 

—0. 02397 

— 0.03613 

O—  2 

+ 

1-34542 

-  5- 56528 

-1-0.  24307 

— I.  45086 

I  —  2 

+  11.78262 

+60.  65358 

— 

15.08564 

+63-  77769 

-3-  71235 

—0. 80243 

2—2 

+92.  73743 

—36.  72487 

+1 

53-  90350 

-1-68.  39870 

—0-65139 

+0.49771 

3—  2 

+  19.  51631 

—24.  83790 

+ 

19.  62241 

+33-  24536 

+0.  75478 

-1. 16505 

4—  2 

+  0. 859890 

—  6.  205946 

— 

0.  605801 

-1-  6.  310084 

+0.  043954 

—0. 562835 

S-  2 

—  0. 3922011 

—  0. 9263581 

— 

0.  59382 

-1-  0.68394 

— 0.  05564 

—0. 1 2411 

6—  2 

—  0. 1 161438 

—  0.0839107 

- 

0.  115913 

4-  0. 029608 

—0.  02067 

— 0.01552 

7—  2 

—  0.01882 

—  0.  00147 

- 

0.01414 

-  0. 00503 

—0.  00424 

—0.00057 

8—  2 

—  0. 00205 

+  0.  001 10 

— 

0.00108 

—  0.00142 

— 0.00060 

-f-o.  00024 

-  2-  3 

— 

0.00019 

-|-  0.00006 

-\-o.  00023 

0.00000 

—  '—  3 

-,-  0.00013 

—  0.00168 

— 

0. 00180 

+  0.00080 

-f-o.  00172 

— 0.00099 

"—  3 

+ 

0. 07676 

—  0. 43962 

+0. 05525 

—0.  1 1 898 

"-  3 

+  0.98178 

+  5- 03581 

— 

1-33037 

+  4- 98239 

— 0.  03184 

— 0. 1 845 1 

2-  3 

+  2.51439 

—  3-03979 

+ 

2.  79646 

+  5-55794 

-f-o.  01 128 

—2.  46826 

3—  3 

+39-81953 

+55- 10867 

+  57-3>o92 

—80.  65523 

—0. 49425 

—0. 57741 

4—  3 

+24.  19323 

-1-12. 01592 

+ 

29- 12732 

-11.13988 

-f  0. 70780 

'  0.  26828 

5-  3 

-{-  6.  43001 

—  0.  30895 

+ 

6. 19333 

+  1-47537 

+0. 39821 

— 0. 05040 

6-  3 

+  1.01114 

—  0.  65028 

+ 

0.71845 

+  0.79138 

-f-o.  09362 

— 0.  06710 

7-  3 

+  0.08734 

—  0. 17350 

+ 

0.  02256 

-1-  0.  15867 

-|-o.  01084 

— 0. 02267 

8-  3 

—  0.  00206 

—  0.  02844 

- 

0. 00964 

-(-  0.02010 

— 0.00029 

— 0. 00465 

9-  3 

—  0.00230 

0.00319 

— 

0.00252 

-|-  0.00149 

—0. 00042 

—0.00065 

lo—  3 

-{-  0.  00046 

—  0, 00022 

— 

0.00037 

0.00000 

—  1—4 

— 

0.00002 

-)-  0.00026 

0—  4 

+ 

0. 00624 

—  0.  03204 

-1-0.00413 

— 0. 00741 

I—  4 

+  0.07671 

-|-  0.  38422 

— 

0. 09652 

+  0.  38954 

-f  0. 00468 

— 0.00038 

2—4 

-j-   0.  04760 

—  0. 17240 

— 

0. 05983 

+  0.  35900 

+0. 06447 

-0. 09957 

3—  4 

+  4- 16251 

+  1-75303 

+ 

6.  03763 

-  1.76834 

+ 1 .  48400 

—0.31573 

4—  4 

—28.  23897 

+  31-82790 

— 

38.49617 

—42.  32321 

-1-0. 40969 

—0.45729 

S-  4 

-  5- 18733 

+  19-  93726 

— 

4-"S39 

—22.71167 

—0. 05088 

+0.38193 

6-4 

+  1-39378 

+  5-60414 

+ 

2.  18915 

—  5.22807 

+0. 08798 

-f-o.  25294 

7—  4 

+  0. 84946 

-)-  0.  89916 

+ 

0.91330 

—  0.  61473 

-f-o.  06635 

-f-o.  06132 

8-4 

+  0.21528 

■j-  0.  06436 

+ 

0.  18587 

—  0.00177 

-f  0.02170 

-f-o.  00546 

9—  4 

+  0.03548 

—  0.00871 

+ 

0. 024077 

+  0.015421 

+0. 00446 

— 0. 001 18 

lo  —  4 

+  0. 0038962 

—  0. 0038362 

+ 

0.00175 

+  0.00376 

-|-o.  00061 

—0.00058 

II  —  4 

-f  0.000208 

—  0,  000745 

+ 

0.000019 

—  0. 000429 
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Arg, 

dg' 

-f. 

a" 

ia' 

sin. 

• 

COB. 

C08. 

sin. 

sin. 

COS. 

i'        i 
0 —    5 

// 

// 

+  0.00050 

—  0.  00238 

+0. 00026 

— 0.00058 

I  —    5 

-|-  0.00578 

+   0.  02831 

—  0. 00632 

+  0.02866 

— 0.  00020 

+0. 00022 

2 —   S 

+  0.  OOIOI 

—  0.00891 

—  0. 00438 

+  0.  02055 

+0.00027 

—0.00171 

3—   5 

+  0.  26592 

—  0.00628 

+  0.  38143 

4-  0.  10911 

+0. 09487 

— 0. 00684 

4—   5 

—  0.66461 

+    3-88327 

—  0.42190 

-  5,  19296 

+0.  37548 

+0. 81904 

S-   5 

—22.  3542 1 

—  12.23193 

—28. 27227 

-|-i6.  10040 

+0.  38434 

+0.  24358 

6—    5 

—  14.  64908 

—  0. 63903 

— 16. 10411 

—  0.  27062 

—0.  17855 

+0. 02454 

7-   5 

-  4-  27903 

+  2.04434 

—  3-90033 

—  2.  52020 

—0.  14367 

+0.09128 

8-   s 

—  0. 66790 

+  0.93520 

—  0.42883 

-  0.  93435 

— 0.  03424 

+0.05723 

9-   S 

—  0.  02425 

+  0.23150 

4-  0.02716 

—  0. 19218 

—0. 00082 

+0.01860 

10—   5 

-(-  0.  01692 

+  0. 03800 

+  0. 02146 

—  0. 02484 

+0.00188 

+0. 00381 

II—   5 

-|-  0.00563 

+   u.  0041 1 

-f  0. 00492 

—  0.00138 

+0,  00069 

+0. 00048 

la—   5 

-|-  0. 001 1 1 

-|-   0.00012 

-f-  0. 00059 

-|-  0.  00020 

I-    6 

-f  0.  00042 

-f-  0. 00204 

—  0.00044 

+  0.  00204 

2—   6 

0.00000 

—  0. 00053 

—  0. 00033 

-f  0.00089 

— 0.  00017 

— 0.00024 

3-   6 

+  0.  01488 

—  0.  0041 1 

+  0. 02080 

-|-  0.01214 

+0. 00363 

— 0. 00208 

4-   6 

+  0.  07448 

+   0.  26869 

+  0. 17086 

—  0.34221 

+0. 03769 

+0. 06608 

5-   6 

—  3.  04638 

+   0.  I7313 

-  3-84637 

—  0. 49450 

—0.41355 

+0.31861 

6—   6 

+  3-94281 

—  14.  27845 

+  5-25030 

+  17.46285 

—0.  11830 

+0-  29533 

7-   6 

—  I.  69348 

—   9.  80208 

—  2.51849 

+  10.51393 

— 0. 03262 

—0. 06679 

8-   6 

—  2.21830 

—   2.  90630 

—  2. 45303 

+  2.58710 

—0.07187 

—0.0739s 

9-   6 

—  0.  90365 

—  0.  40439 

—  0. 86244 

+  0.  22567 

—0. 04446 

— 0.01518 

10 —    6 

—   0. 22050 

+   0.01947 

—  0. 17783 

—  0.05586 

— 0. 01448 

+0. 00234 

II—    6 

—  0.03548 

+   0.02488 

—  0.02223 

—  0.02616 

— 0.  00291 

+0. 00225 

12  —    6 

—  0. 00378 

+  0. 00684 

—  0. 00079 

—  0.00570 

—0.00033 

+0. 00073 

3—   7 

+  0.0008 

—  0.0004 

+  0.0009 

+  0. 0010 

+0.0002 

— 0.0003 

4—   7 

-|-  0.0098 

-\-   0.0152 

+  0. 0181 

—  0.0179 

+0. 0038 

+0. 0030 

5-   7 

—  0.2212 

+   0.  1247 

—  0. 2596 

—  0.  2052 

— 0.  0370 

+0. 0434 

6-   7 

—  0.6127 

—   2    1067 

—  0. 9042 

+  2.5492 

— 0. 2305 

—0. 1868 

7-   7 

+  8.417s 

+  0. 2639 

-f  10. 0604 

-  0.  5897 

—0.  2108 

— 0. 0367 

8—    7 

+  6.0245 

—  2.4707 

+  6.3466 

+  2.  8995 

+0.0129 

— 0. 0210 

9—   7 

+  «-7498 

—    2.0390 

+  i-5«Si 

+  2.  1461 

+0.  0324 

—0. 0506 

10—    7 

+  0. 1741 

—  0. 7867 

+  0.0531 

+  0.  728s 

+0. 0036 

—0.0316 

II  —   7 

—  0.0554 

—  0.  1893 

—  0. 0769 

+  0.  1491 

— 0.0040 

—0. 0103 

12 —   7 

—  0.0297 

—  0.0290 

—  0. 0297 

+  0.0177 

-0.0023 

— 0.0020 

4-   8 

+  0.0008 

-f   0.0008 

+  0.0021 

—  0.0009 

+0. 0003 

+0.0001 

S-   8 

—  0.0121 

+   0.0139 

—  0. 0114 

—  0.0210 

— 0.0015 

+0. 0042 

6—   8 

—  0. 1441 

—   0.  1540 

—  0. 2047 

+  0.  1687 

—0.0371 

—0.0159 

7-   8 

+  >-2998 

-  0.  7321 

+  «-5303 

+  0.9550 

+0. 0707 

—0.  1 501 

8—   8 

+  1.0003 

+  4-  5946 

+  0.9941 

-  S.4158 

—0. 0025 

—0. 1384 

9-   8 

+  2.  3768 

+  3-  3965 

+  2.6374 

-  3-  5276 

+0. 0074 

— 0. 0076 

10—8 

+  1.6726 

+  0.9068 

+  1.7026 

—  0.  7490 

+0.0319 

+0. 0108 

11—8 

+  0.6269 

+  0. 0076 

+  0.  5673 

+  0. 0671 

+0. 0207 

— 0.0021 

12-   8 

+  0.  1478 

—  0.0784 

+  0. 1147 

4-  0.0909 

+0. 0067 

— 0.0044 
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Arg. 

aV 

in- 

dr' 

0'2 

dn.' 

dZ' 

sin. 

COS. 

COB. 

sin. 

sin. 

COS. 

«'        » 
5-    9 

— 0.  ooos 

// 

-f-o.  0010 

— 0.  0002 

—0.0014 

// 
0.0000 

+0.0003 

6-   9 

— 0.0150 

—0. 0073 

— 0. 0208 

+0.  0059 

—0.0037 

— 0.  0001 

7-    9 

+0. 0881 

— 0. 1366 

+0.  0909 

+0.  1787 

+0.0035 

—0.0271 

8-   9 

+0.  6640 

+0. 7283 

+0.8165 

— 0.  8291 

+0. 0899 

+0.0174 

9-    9 

—2  3077 

+1. 1684 

—2.  7039 

—I,  2391 

+0.  0853 

—0.0198 

10—9 

—I.  7310 

+I.9I30 

—1-7775 

—2. 0630 

+0.01 18 

— 0.0020 

II—   9 

-o-  3639 

+1-2557 

—0.  2661 

— 1.2511 

— 0.0012 

+0.0180 

12—    9 

-fo.  0921 

-f  0.4618 

+0.  1405 

— 0.4190 

+0. 0042 

+0. 0125 

6 —  lo 

— 0.0009 

— 0. 0002 

— 0.0020 

— 0.  0003 

—0.0003 

+0. 0001 

7— lo 

4-0.  0106 

—0.0147 

+0.0007 

+0.01S6 

— 0.0007 

— 0.0028 

8— lo 

+0.1 138 

-fo.  041 1 

-fo. 141 1 

—o-  °353 

+0.0177 

—0. 0024 

9  —  lo 

— o-  3547 

+0.5199 

— o-  3938 

— 0.  6165 

+0.  0034 

+0. 0498 

lO—  10 

— 0.  9402 

— I.  0440 

—1.0093 

+  1.2280 

+0.  0233 

+0. 0490 

II  —  10 

-1.3782 

—0.764s 

—1.4608 

+0.  7770 

+0. 0065 

+0. 0096 

12  —  lO 

—0.8736 

— 0.0566 

—0. 8847 

— 0. 0118 

—0.  0089 

+0.  0021 

7  — II 

-f-o.  0007 

— 0. 0014 

— 0.0005 

+0.0015 

— 0.0002 

— 0.  0002 

8— II 

-fo.  0118 

— 0.0009 

+0. 0143 

+0. 0032 

+0.0019 

— 0.  OOII 

9— II 

— 0.0096 

+0.0857 

— 0.0028 

— 0. 1016 

+0.0044 

+0. 0105 

10 —  II 

—0.  3670 

— 0.  I40I 

— 0. 4238 

-fo.  1507 

—0.  025s 

+0. 0089 

II  —  II 

-t-o.  4026 

—0. 6386 

+0-4847 

+0.  6888 

— 0.  0259 

+0. 0204 

12—  II 

+0. 2552 

—0.9078 

+0. 2474 

+  1.0020 

—0.0064 

+0. 0076 

8-12 

-fo.  0009 

— 0.  0008 

+0.  0010 

-fo.  0006 

+0.  0001 

—0.0002 

9—12 

-(-0.0027 

+0. 0083 

+0. 0045 

— 0.  OIOI 

-fo.  001 1 

+0. 001 1 

lO—  12 

— 0. 0590 

+0.0065 

—0.0675 

—0.0132 

—0.0057 

+0. 0042 

II  —  12 

-1-0. 0288 

—0.  2349 

+0. 0299 

+0.  2649 

—0.  0079 

— 0.  0I2I 

12—  12 

-l-o-  3994 

-fo.  0850 

+0. 4738 

— 0.  1202 

— 0.0142 

— 0.  0102 

Following  Hansen's  method  of  integration  we  now  introduce  a  set  of  symbols, 
T,  y,  p,  and  q>,  which  are,  respectively,  the  equivalents  of  t,  g,  r,  and  f,  except  that 
they  are  regarded  as  constant  whenever  we  integrate.  When  the  integration  is  accom- 
plished the  original  symbols  are  restored.  The  next  step  in  deriving  the  perturbations 
is  to  obtain  the  development  for  Jupiter  of  the  functions  * 


I SW      .   dn     ^    dfl 
n  dt  dg  dr 


n  dt~^^  dZ 


and  for  Saturn  the  similar  functions 


^,    I  dw     ^,  .dn.'  ,  -o,  ,.dn' 

T'  =  — ,  -^rr-  =  A-'fl'-^T  +  B'aV- 


n'    dt 


dr' 


n'  dt  ~^'^  dZ' 


'  Gegenseitige  Storangen  des  Japiter  and  Satam,  s.  9,  and  Stornngen  der  grossen  Planeten,  insbeaondere  des 
Jupiter,  as.  37,  50. 


MUTUAL  PERTURBATIONS  OF  THE  FIRST  ORDER. 

The  expressions  for  A,  B,  and  C  are 

A  .       I      i^  P  ,       \a'{i  —  e^)  — r^  ,       p  sin  cp    Cr  r         ^        \,    > 

I      (/   p  \    rsin/  psmo)   fr         „         \J 
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B  = 


C  = 


I        r  p 
V I  —  e^  a  a 


sin(9>-/) 


The  expressions  for  A',  B',  and  C  are  obtained  by  accenting  all  the  symbols  con- 
tained in  these  equations. 

In  developing  T  and  -  -^r  in  a  series  of  periodic  terms  whose  arguments  are  com- 
posed of  integral  multiples  of  y,  g' ,  and  g  we  need  compute  directly  only  the  terms 
which  involve  ±  7,  and  in  the  case  of  the  first  function  those  which  are  independent 
of  y.  The  rest  are  readily  supplied  after  integration  in  the  functions  W  and  R.  This 
simplification  is  available,  not  only  for  the  first  order  approximation,  but  for  all  suc- 
ceeding orders.  In  deriving  the  proper  developments  of  the  multipliers  A,  B,  and 
C  we  can  employ  the  quantities  P.  and  Q.  of  page  63.     Thus  it  suffices  to  put 


2-  cos  <p+  ^e=  2P1  cos  y  + 


p  sin  m  ^     . 

2     ■  -  =  2Q1  sin  /  -I- 


a  Vi  — e* 
ag(i  -  e')  -  r'  ^  _  5^^  £q^  cos  <7-|-  -Q,  cos  2j7-|-  ?Q3C0S  3^-1-    . 


a'e 


/*/'    T  \  2  2  2 

I  (2-  CO8/+  sejdg  =  ~Vi  sin  g  +  -Pj  sin  2g  +  -P3  sin  3p  -|- 
r  sin/ 


aVi  — e* 


=  Qj  sin  fl-  +  Qj  sin  2g  +  Q3  sin  ^9  + 


T  I 

-  COS  /  -I-  26  =  -e  -I-  Pi  COS  g  +  'Pi  cos  ig  +  P3  cos  33  +  ■    . 

The  portion  of  C  which  involves  the  single  multiple  of  y  is 

O  =  :^;  .  i(P,Q,  ±  P.Q.)  sin  (y  :f  ig) 


the  double  sign  being  taken  both  ways. 

With  the  understood  restriction  the  three  multipliers  for  Jupiter  are 


A=-3 

+  2[o.3oiS363]  cos  (;-  —    g)   B  =  -  2[o.ooo5o63j  S 


—  2[9.o82oo49]  cos  y 
+  2[8.3826558]  cos  {y  -  2g) 
+  2[6.7648os2]  cos  (y  -  sg) 
+  2[s.27 18932]  COS  {y  -  49) 
+  2  [4.3697  ]  COS  {y  +  2g) 
+  2[3.8479  ]  cos  {y  -  S9) 
+  2[2.928i       ]  COS  (y  +  39) 


-  2[8.3832877]  8 
-2[8,3826558Js 

-  2[6.94o896s]  s: 

-  2[s-5729232]  s: 
+  2[4-3697       1  s: 

-  2[4.24S8      ]  s: 

+  2[3.I042        ]  s 


n  (y  —   g)  C  =       2[9,6984644 


n  y 

n  {y  -  29) 

n  {y-39) 

n  {y-A9) 

n  (r+  2£r) 

n  (r  -  SP) 

n  (r  +  Z9) 


-  2[8-558367i 
-I-  2[8.o8o6i39 
+  2[6.6388s46 
-I-  2[5.27o88i3 

-  2[4-o677 
+  2[3-94376 


sin  [y-  g) 
sin  y 
sin  {y  —  29) 
sin  {y-z9) 
sin  {y-49) 
sin  {y  +  29) 
sin  {y  - 19) 
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The  corresponding  quantities  for  Saturn  are 

+  2[o.3oi7i43]  COS  ir'-   g')  B'=  -  2[o.ooo6843]  sin  (y'-   g')  C'=      2[9.e<)?.2iu]  sin  [f-   9') 


—  2[9.i474238]  cos  y' 
+  2[8.44794i9]  cos  {y' -  2g') 
+  2[6.895i994]  cos  (/-  zg') 
+  2[5.4673946]  cos  {y'-  49') 
+  2[4.5657  ]  <''0S  (/+  2(7') 
+  2[4.io8s  ]  cos  {y'-  S9') 
4-2[3.i892       ]cos(/+3P') 


-2[8.44879S2]  sin   y' 

—  2[8.44794i9]  sin  (y'—  2g') 

—  2[7.o7i2907]  sin  (y'—  39') 

—  2[5.7684247j  sin  (y'—  4</') 
+  2[4.56s7       ]  sin  (y'+  2g') 

—  2[4.5o64       J  sin  {y'-  sg') 
+  2[3-36so      ]  sin  {y'+  39') 


—  2[8.623Si96]  sin  y' 
+  2[8.i45545o]  sin  (y'-  2g') 
+  2[6.7688938]  sin  {y'-z9') 
+  2[s.466o278]  sin  {y'—^g') 

—  2[4.2633      ]  sin  (/+  29') 
+  2[4.204o      ]  sin  {y'—  sg') 


The  terms  of  W  or  R,  which  involve  other  multiples  of  y  than  ±  i,  are  obtained 
in  the  following  way  :* 
Let 


W  or  R  =  :Sa" 


■rsOr+^o 


then 
where 


'  =  VV*"+ra''" 


T(0 


2P, 


"  e 


iP< 


i(')_ii_i_  _. 


2P, 


3 


In  the  case  of  R  we  have,  in  addition, 


where 


»"»=-£-» 


ip. 


For  Jupiter 


For  Saturn 


log  TJ"'  =  8.8s99027n 
log  r/"  =  8.382149s 
log  7;'''  =  6.9403902 
log  V"  =  5-5724169 
log  V"  =  4-2453 
log  7'"  =  2.9442 

log  77'°'  =  8.9252322n 

log  V"  =  8.4472576 
log  rf^^  =  7.0706064 
log  77'*'  =  5-7677404 
log  77"' =  4-5057 
log  77'*'  =  3.2696 

dR 


log  0"  =  4-3692n 
log^'"  =  3.io37n 
log(9'*'=  i.8i52» 


log^'"==4-56S3n 
log  (9'"  =  3.3645n 
log  6'*'=  2.1407^ 


The  developments  of  T  and  ^  -g^  follow;  they  have  the  form 

\Hy-\-  I'g'  +  igj 


sin 
"cos' 


•  Gegenseitige  StSrungen  des  Jupiter  und  Saturn,  ss.  25-29,  and  Storungen  der  grossen  Planeten,  insbesondere 
des  Jnpiter,  ea.  37-39. 
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75 


Arg. 

T 

IdR 
n  dt 

sin. 

COS. 

COS. 

sin. 

X       i      'i 

I         O—  I 

—14.  27897 

—  0.0163215 

+0.0120 

// 
+0. 0506 

—  I       o      o 

—  1. 1420391 

+  1-0173637 

+0.  1253514 

+0.2844315 

o       o —  I 

+  0.  9242313 

—  0.  5043882 

I        o  —  2 

—  0.  08864 

—  0. 34I65I 

-0.  1235 

— 0.  2819 

—  I         O— I 

—  o-  04934 

—  0.08305 

+0. 0087 

—0. 0288 

0        O —  2 

+  0.  050385 

+  0. 053403 

I      o  — 3 

—  0.  00074 

—  0. 00437 

— 0. 0207 

+0.0015 

—  I         O —  2 

+  0.  00412 

—  0. 00275 

— 0.0017 

— 0.0001 

o      o— 3 

—  0.00146 

+  0.00344 

I      o  — 4 

—  0.00052 

—  0.00062 

— 0. 0001 

+0.0007 

-1      o-  3 

+  0.00017 

+  0.00022 

o      0  —  4 

—  0.  0001 1 

0.00000 

I      o— 5 

—  0.00006 

—  0.00008 

I       1  +  3 

+   O.OOOOI 

—  0. 0001 1 

o      1+3 

+  0.00023 

+  0.00021 

I         1  +  2 

—  0.00050 

—  0. 00144 

— 0.0002 

— O.OOOI 

-I       1  +  3 

—  0.  OOOIO 

+  0.00045 

— 0. 0019 

— 0.  0011 

o      I  +  e 

—  0.00292 

+  0.00632 

I       i+i 

+  0.00190 

—  0.01006 

— 0. 0010 

+0.0036 

-1         1+2 

—  0. 01946 

—  0.03253 

— 0. 0267 

+0. 0287 

0         1  +  I 

—  o- 10373 

—  0. 01590 

I        I        o 

+  0. 15948 

+  0.06278 

+0. 0448 

—0.0161 

-I    l  +  I 

+  1-38370 

—  0. 92376 

+0. 1882 

+0. 1282 

I      I  —  I 

—  1-43030 

+  0.68960 

—0.  1878 

—0. 1278 

—  I         I         o 

+  2-57698 

+13.  23026 

—0. 0392 

+0. 0192 

0         I  —  I 

-  1.34596 

—  7.  22662 

I         1—2 

—  0. 80316 

-  3-  55532 

+0. 0403 

—0. 0358 

—  1         I  —  I 

+  0.50684 

—  I. 10731 

+0. 1994 

— 0. 0450 

O         I  —  2 

--  0.71789 

+  0.  87785 

I       '  —  3 

+  0.40413 

—  0.  29319 

—0. 1966 

+0. 0412 

—  I         1—2 

+  0. 05922 

—  0. 06763 

—0.0123 

— 0.0063 

o      1—3 

—  0. 08875 

+  0.08783 

I       1—4 

+  0.03467 

—  0.02711 

—0. 0068 

+0. 0103 

- 1       1—3 

+  0.00321 

—  0.00034 

—0.0003 

+0.0007 

o      I  — 4 

—  0.00654 

+  0.00401 

I       i-S 

+  0.00270 

—  0.00225 

—  I       1—4 

+  0.00005 

0.00000 

o      I  — S 

—  0. 00033 

+  0.00023 

I       1  —  6 

+  0. 00020 

—  0.00019 

I         2  +  2 

—  0.00003 

+  0.00012 

-I        2  +  3 

+  0.00005 

+  0.00013 

0        2  +  2 

—  0.00002 

+  0. 00065 

I         2+1 

—  0. 00022 

—  0. 00108 

—  I         2+2 

—  0. 00487 

—  0.00141 

—0.0044 

+0. 0020 

0        2+1 

—  0. 00954 

+  0.00206 
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■ 

1  dR 

T 

n  dt 

Arg. 

sin. 

COB. 

COS. 

sin. 

H      i'       i 

" 

" 

" 

" 

I         2        O 

+  0.  02018 

—    0.  00063 

+0.  0059 

+0.  0026 

-I         2+1 

+  0.05341 

—    0.  17006 

+u.  0191 

+0.0451 

I           2 —  I 

—   u.  19776 

+    0.  18685 

+0. 0026 

—0.  0649 

—  I          2         0 

+  4. 89560 

+    0.57514 

+0.  2191 

—0.  2081 

O         2  —  I 

-  3-717753 

+  0.  1 967 1 6 

I          2 —  2 

+  1-51956 

—  1.46206 

—0.2165 

+0.  2058 

—  I          2—1 

—47. 87233 

+20.  55610 

+0.  0237 

+0.  0395 

O         2  —  2 

+45.08114 

— 19.  40163 

I          2  —  3 

—12.36743 

+  5-27139 

— 0.  0449 

— 0.0318 

—  I          2  —  2 

—  0.07834 

+  1-63350 

— 0.0034 

— u.  1  268 

0         2  —  3 

+  I.805II 

—  2.  42460 

I          2  —  4 

—  0.  88028 

+  0.97188 

— 0.  0010 

+0.  1239 

-  I          2—3 

+   0. 051OI 

+  0.  08440 

— u.  0031 

+0.0038 

o       ^  —  4 

+   0.04234 

—  0.  18903 

I          2-5 

—  0.  04279 

+  0.08655 

+0.0031 

+0. 0082 

—  I          2—4 

+   0.  00219 

-1-  0.  00428 

+0.0002 

+0.0003 

o      ^-5 

+  0. 00084 

—  0.  01280 

I         2  —  6 

—  0.00169 

+  0.  00646 

—  I          2-5 

+  0.00008 

+  0.00015 

o       ;i  — 6 

—  0.  OOOOI 

—  0. 00077 

I          2  —  7 

—  0.  00008 

+  0.  00043 

I       3+1 

—  0.00005 

0.00005 

-I       3  +  2 

—   u.  00063 

+  0.00021 

o      3+1 

—  0.00073 

+  0.  0005 1 

'       3      o 

+  0.0021 1 

--  0.  00098 

+0.0004 

+0.0008 

-I       3  +  ■ 

—  0. 00723 

—  0. 0195S 

— 0.  0006 

+0.0075 

•       3—  ' 

—  0.  OI7I6 

+  0.03416 

+0.  0074 

—0.  0095 

—  I       30 

+  0. 87841 

-  0.31841 

+0.  0698 

—0.  0235 

0      3— i 

—  0.647247 

+  0. 310206 

'       3  —  2 

+  0. 18035 

—  0.  37244 

— 0.  0790 

+0.  0070 

—  I       3—1 

-  6.  73500 

+  9- 031 11 

—0.  1032 

— 0.  1619 

0      3-2 

+  6.357282 

—  8. 148465 

I       3-3 

—  I. 14531 

+  2.  72466 

+0.  0989 

+0,  1603 

—  I       3  —  ^ 

—20.  03269 

— 28.41215 

+0.  0326 

— 0.  0239 

0      3  —  3 

+  19.48402 

+26.  95993 

I       3-4 

—  5.68448 

—  7.80172 

—0.  0303 

+0. 0381 

-I      3-3 

—  1.96410 

—  0.  11612 

—0.  0748 

—0.0132 

0      3  —  4 

+  2.71571 

+  I.  14298 

I      3  —  5 

—  1.02603 

—  0.54359 

+0.0718 

+0.0168 

—  I       3  —  4 

—  0.  10172 

+  0.06235 

+0.0006 

+0.0007 

0      3-5 

+  0.21686 

—  0.00518 

.      3-6 

—  0.09729 

—  0.01520 

+0.  0065 

+0.0008 

-I      3  —  5 

—  0.  00474 

+  0.00465 

0      3  —  6 

+  0.01456 

—  0.  00402 

>       3-7 

—  0.  00741 

+  0.00068 

MUTUAL  PERTURBATIONS  OF  THE  FIRST  ORDER. 


n 


T 

n  Ai 

Arg. 

sin. 

COS. 

COS. 

sin. 

K      i'       t 

" 

" 

// 

// 

-.       3-6 

—  0.00017 

+  0.00029 

o      3-7 

4-  0. 00090 

—  0. 00041 

I       3-8 

—  0. 00055 

+  0. 0001 1 

—  I       4  +  ^ 

—  0.00005 

+  0.00008 

o       4+  I 

—  0.00004 

+  0.  00007 

I       4       o 

+  0. 00017 

—  0.00021 

—  I       4+1 

—  0.00203 

—  0.00153 

I       4—1 

—  0. 00029 

+  0.  00465 

+0.0017 

—0.0007 

—  I       4       o 

+   u.  09561 

—  0. 08720 

+0.0123 

+0.0016 

o       4--  I 

—  0.068625 

+  0.068916 

I       4—2 

—  0.00198 

—  0.0561 1 

—0.0127 

—0.0078 

-I       4-1 

—  0.  1 63 1 3 

+  1-71546 

—0.0072 

—0.  0632 

o       4—2 

4-  0.  210126 

—  I. 519686 

I       4  —  3 

+  0. 17380 

+  o- 44953 

—0. 0043 

+0. 0665 

-I          4  —  2 

-  9-4485' 

—  4-  57606 

— 0.  1070 

+0.  0408 

o      4  —  3 

+  8.87909 

+  4-40965 

I       4  —  4 

—  2.84258 

-  0.85831 

+0.  1050 

—0.0371 

—  I       4  —  3 

+  14.62768 

-15-89793 

—0.  0182 

—0. 0273 

o      4-4 

—13.81865 

+  15.57488 

I      4-5 

+  4-09131 

—  4.  67472 

+0.  0268 

+0.  0275 

—  I       4  —  4 

—  0. 12034 

—  I.  78601 

—0.0166 

+0. 041 1 

o      4  —  5 

—  0. 40655 

+  2.  37533 

I       4—6 

+  0.22138 

—  0.87661 

+0.  0190 

—0.  0384 

—  I       4-5 

—  0. 07683 

—  0. 09770 

—0.0005 

+0.0004 

o       4  —  6 

+  0.05467 

+  0.  19722 

I       4—7 

—  0. 01066 

—  0.08671 

+0.0022 

—0.  0041 

—  I       4—6 

—  0. 00656 

—  0.00412 

o      4  —  7 

+  0. 00839 

+  0.  01300 

I       4  —  8 

—  0. 00291 

—  0. 00659 

-I       4-7 

—  0.  00054 

—  0. 00015 

o      4  —  8 

+  0.00077 

+  0.00075 

I       4  —  9 

—  0. 00020 

—  0. 00042 

-1       5+1 

—  0. 0003 1 

—  0.00004 

I       5-1 

+  0. 00020 

+  0. 00048 

+0.0002 

0.0000 

-150 

+  0.00653 

—  0.01387 

+0.0015 

+0.0010 

0      5-' 

—  0. 004728 

+  0. 010044 

I      5-2 

—  0.00372 

-  0.00531 

—0.  00095 

— 0. 00220 

-I      5-1 

+  0. 10176 

+  0. 20473 

+0.  0045 

— 0.0125 

0      5-2 

—  0. 07676841 

—  0.  18132165 

I      5-3 

+  0.06246 

+  0. 03064 

— 0.  0093 

+0. 0117 

—  I      5-2 

—  2.02853 

+  0. 15265 

— 0. 04865 

—0.  00476 

0      5  —  3 

+  1.887900 

—   u.  090724 

I      5-4 

-  0-  55397 

+  0.21727 

+0.  0488 

+0.0121 

—  I      5-3 

+  2.09722 

—  8. 16344 

+0.0100 

+0. 0647 

0      5-4 
1 

—  2. 03072 

+  7-80499 
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Arg. 

T 

IdR 

n  dt 

sin. 

COS. 

COS. 

sin. 

K          X 

i 

5 

+  0.32258 

-2.45130 

—0.  0074 

— 0.0625 

—  I       5  — 

4 

+  11.14562 

-\-6.  46261 

— 0.0216 

+0.0113 

o      5  — 

5 

— 10.  93896 

—5.98566 

I       5  — 

6 

+  3- 33401 

+  1.78195 

+0.0228 

— 0.0159 

—  I       5  — 

5 

+  1.37812 

—0.33152 

+0.0210 

+0.  0143 

0      5  — 

6 

—  1.78888 

+0.  10167 

1       5  — 

7 

+  0.65267 

+0.  00695 

—0.0188 

— 0.0156 

-I       5  — 

6 

+  0.07719 

—0.08431 

+0.  0003 

+0.0010 

o      5  — 

7 

-  0.15157 

+0.  08540 

I       5  — 

8 

+  0. 06594 

— 0.02677 

— 0.0022 

—0. 0025 

—  I       5  — 

7 

-4-  0.00254 

—0.  00743 

o      5   - 

8 

—  0. 00946 

+0.  01085 

I       5  — 

9 

-|-  0. 00500 

— 0. 00425 

—  I       5  — 

8 

—  0.00004 

— 0.00021 

o      5  — 

9 

—  0. 00045 

+0.  00088 

'      5  — 

lO 

+  0.00033 

—0. 00059 

I       6  — 

I 

0.  00000 

+0.00008 

—  I       6 

o 

-|-  0.00005 

— 0.00165 

o      6  — 

I 

—  0.00009 

+0.00113 

I       6  — 

2 

—  0. 00068 

— 0.00021 

0.  0000 

—0.0003 

-I      6  — 

I 

+  0.02401 

+0.0147 1 

+0.  0017 

— 0.0015 

o      6  — 

2 

—  0. 0189420 

—0.0136819 

1      6  — 

3 

-|-  0. 00900 

— 0.  00249 

— 0. 0026 

+0.0008 

-I      6  — 

2 

—  0.  26360 

+0.  18577 

— 0.  0103 

— 0. 0066 

o      6  — 

3 

+  0.  247395 

— 0.  159105 

I       6  — 

4 

—  0.04954 

+0.08524 

+0.0090 

+0.0099 

—  I       6  — 

3 

—  0.51443 

—  1.  92108 

— 0.0106 

+0.0331 

o      6  — 

4 

+  0.45469 

+  1.82824 

I       6  — 

5 

—  0.  27814 

—0.  52941 

+0.0148 

— 0.  0320 

—I       6  — 

4 

+  6.  19549 

+0.28513 

+0. 0360 

+0. 0024 

o      6- 

5 

—  5-97373 

—0.  26063 

I       6  — 

6 

-f  1.85582 

—0.  10314 

—0. 0340 

— 0.0040 

—1       6  — 

5 

—  2.  21848 

+7-  13306 

+0.  0056 

+0.  0165 

o      6  — 

6 

+   1.92940 

— 6.  98712 

I      6- 

7 

—  0.  56043 

+2. 14709 

—0. 0078 

—0.0177 

-I       6- 

6 

+  0.42549 

+0.94126 

+0.0103 

—0.0097 

o      6  — 

7 

-  0.  34977 

—  I.  20274 

I      6  — 

8 

4-  0.09974 

+0.43618 

— 0.  Olio 

+0.0080 

-I       6- 

7 

+  0.  08149 

+0. 05070 

+0.0009 

— 0.0001 

o      6  — 

8 

—  0.09401 

— 0.  10046 

I      6- 

9 

+  0.03261 

+0. 04370 

— 0.0020 

+0.0009 

-I      6  — 

8 

-|-  0. 00724 

+0. 00088 

o      6  — 

9 

—  0.01098 

— 0. 00540 

I      6  — 

10 

+  0.  00432 

+0. 00295 

-I      6  — 

9 

+  0. 00042 

—0.00017 
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T 

IdR 
n  dt 

Arg. 

sin.     * 

COS. 

COS. 

sin. 

K        V        i 

,/ 

// 

// 

./ 

o      6  —  lo 

—0.00073 

— 0.00013 

1       6— II 

+0.  00020 

+0.00014 

—  1       7        o 

— 0.00005 

—0.00013 

o      7  —    I 

4-0.00003 

+0.  00007 

I          7 2 

— 0.00008 

+0.00004 

-I       7—    « 

+0.  00330 

— 0.00003 

O        7 —     2 

— 0.  00263 

— 0.  00021 

I       7—   3 

-|-o.  00067 

— 0.  00099 

—0.0005 

— 0.0002 

—  I         7  —     2 

—0.01820 

+0.04180 

— 0.  0012 

— 0.0021 

0      7-3 

+0.01831S 

—0. 036387 

I       7—   4 

-\-o.  00204 

+0. 01448 

+0.0004 

+0.  0028 

—  I       7—3 

— 0.  26I8I 

— 0.  26059 

— 0.  0072 

+0.  0074 

07—4 

+0. 23753 

+0.25143 

I      7-   5 

— 0.  10250 

— 0.05109 

+0.  0092 

— 0.0059 

—  I       7—4 

+1-55438 

—0.  76375 

+0. 0204 

+0.0117 

0      7-    5 

— 1.49566 

+0. 71456 

I      7—   6 

+0. 42479 

—0.31465 

—0.  0189 

— 0. 0141 

-I      7—   5 

+0. 73029 

+4. 24941 

+0.0057 

— 0.0184 

07—6 

-0.71031 

—4. 1 1 139 

I       7—    7 

-j-o.  30222 

+1.  26623 

—0. 0064 

+0.0169 

—  1       7—   6 

—4. 22658 

—0.  29928 

+0.0115 

— 0.0020 

07—7 

+4. 1 1906 

+0.  I29I6 

I       7—   8 

-1.27156 

— 0.  01850 

—0.0125 

+0.  0030 

-I      7-   7 

—0.  57462 

+0. 41645 

— 0.0040 

—0.0068 

07—8 

-fo.  72692 

—0. 40946 

1       7—   9 

—0.  26152 

+0.  I3I02 

+0.  0028 

+0.  0070 

-I      7—   8 

—0. 02589 

+0. 07035 

+0.0001 

—0.0008 

07—9 

+0. 05544 

— 0. 08595 

I       7  —  10 

—0. 02401 

+0. 03087 

+0.0002 

+0.0015 

-  I       7—9 

— 0.  00289 

+0. 00674 

0      7  —  10 

+0. 00741 

— 0. 01029 

I       7  —  II 

—0.00514 

+0.00415 

—  I      7  —  10 

-fo.  00005 

+0. 00057 

0      7  —  II 

-|-o.  00054 

— 0. 00105 

I       7  —  12 

— 0. 0005 1 

+0. 00052 

-I      8-    I 

+0.00031 

— 0.00020 

08—2 

— 0. 00024 

+0.00012 

I      8-   3 

— 0.00002 

—0.00015 

-I      8—2 

+0. 00082 

+0. 00592 

0.0000 

n.  0004 

0      8-   3 

— 0. 000378 

— 0. 005220 

I      8-   4 

+0.00147 

+0.00139 

— 0.  0002 

+0.0004 

-I      8-    3 

—0. 05766 

— 0. 01461 

—0.0022 

+0.0007 

0      8-   4 

+0.05268 

+O.OIS7S 

I      8-    5 

—0.01882 

+0.00319 

+0. 0026 

0.0000 

+0.  20803 

-0. 30585 

+0.O04S 

+0.0067 

^ 
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Arg. 

T 

IdR 

n  dt 

SID. 

COS. 

COS. 

sin. 

« 

i' 

i 

- 

„ 

„ 

// 

o 

8- 

5 

— 0. 20424 

+0.  28602 

8  — 

6 

+0. 03879 

—0.  10928 

— 0.0031 

—0.  0078 

—  I 

8  — 

5 

+0. 84886 

+  1. 10096 

+0. 0104 

— 0.  OllI 

8  — 

6 

— 0.  81414 

— 1.06665 

8  — 

7 

+0.  31429 

+0. 29688 

— 0.0116 

+0.0099 

—  I 

8  — 

6 

—2.  66695 

+1.05766 

— 0. 0084 

— 0. 0047 

8- 

7 

+  2.  57958 

-1.05789 

8  — 

8 

—0.  78720 

+0. 39256 

+0. 0073 

+0.0066 

—  I 

8- 

7 

—0.  39269 

—  2.  32986 

+0.  0001 

+0. 0085 

8  — 

8 

+0.48951 

+  2.  24844 

8  — 

9 

— 0.  16606 

—0.  69278 

+0.0003 

— 0.0080 

-  I 

8  — 

8 

—0.  34858 

—  0.  31699 

— 0. 0041 

0.0000 

8- 

9 

+0.  36558 

+0. 40092 

8- 

10 

— 0.  121  14 

—0.  145 1 3 

+0.  0040 

— 0.0008 

—  I 

8  — 

9 

—J.  05544 

—0.  00845 

— 0.0005 

—0.000 1 

8  — 

lO 

+  0.  06957 

+0.02511 

8  — 

II 

—0.  02535 

—0.  01 199 

+0.0009 

+0.0001 

8- 
8  — 

10 

1 1 

— u.  00510 
+0.00795 

+0.  00181 
— 0,  00063 

8  — 

12 

— 0.  00320 

— 0.00012 

-  I 

8  — 

II 

—0.  00033 

+0.  00046 

8  — 

12 

+0.  00069 

— 0.  00057 

8- 

13 

—0.00031 

+0. 00029 

—  i 

9  — 

2 

+0.  00048 

+0. 00059 

9  — 

3 

—0.  00039 

— 0.00051 

9  — 

4 

+0.00027 

+0.  00002 

-  1 

9  — 

3 

— u.  00836 

+0.  00250 

9  — 

4 

+  0.00771 

— 0.00189 

9  — 

5 

—0.  00201 

+0.  00209 

+0.  0005 

+0.0002 

—  1 

9  — 

4 

+0.  00479 

— 0. 06705 

0.0000 

+0.0021 

9- 

5 

—0.  00660 

+0.  06297 

9- 

6 

—0.  00557 

—0.  02090 

+0.0003 

—0. 0021 

—  I 

9  — 

5 

+0.  30975 

-1-0. 13250 

+0. 0056 

— u.  0021 

o 

9  — 

6 

—0.  29484 

-0.  13197 

9  — 

7 

-|-o.  10452 

+0.01988 

—0.  0061 

+0.0012 

—  I 

9  — 

6 

—0.  68623 

+0.  80230 

—0.  0054 

—0.  0079 

9  — 

7 

+0. 66609 

—0. 77607 

9  — 

8 

—0. 17856 

+0.  27679 

+0. 0046 

+0.0082 

—  I 

9  — 

7 

—1.03723 

-1-53330 

-0. 0035 

+0.  0034 

9- 

8 

+1.03386 

+  1-47738 

9  — 

9 

—0. 35780 

—0.44556 

+0. 0035 

— <l.  0027 

—  I 

9  — 

8 

+1. 18867 

— 0.  52024 

—0. 0047 

— 0.  0009 

o 

9  — 

9 

—1. 12929 

+0.57183 

9  — 

lO 

+0-  34595 

—0. 18655 

+0.0051 

+0.0009 

~' 

9  — 

9 

+0.  15083 

— 0.  26204 

+0.  OOOl 

+0.  0023 
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Arg. 

T 

IdR 
n  dt 

» — 

eio. 

COS. 

COS 

sin. 

H 
O 

i'        i 
9 —  10 

— 0.  19290 

// 

+0.  28269 

// 

n 

9— II 

-\-o.  07024 

—0.09511 

+0.0004 

— 0.  0022 

—  I 

9  —  lo 

— 0. 00227 

— 0.04014 

— 0.0002 

+0.0003 

0 

9-II 

—0. 00573 

+0.05124 

9—12 

-f  0. 00365 

— 0.01890 

—  I 

9—11 

— 0. 00208 

— 0. 00341 

9—12 

+0.00174 

+0.00543 

9-13 

—0. 00045 

—0.00215 

lo—    3 

— 0. 00007 

—0.00003 

lo —   4 

-(-0.00003 

— 0.00004 

—  I 

lo-    3 

—0.00081 

+0.00090 

— O.OOOI 

—0.0001 

ID —     4 

-\-o.  0007626 

— 0. 0007509 

lo-    5 

— 0.  00004 

+0. 00040 

+0.0001 

+0.0001 

—  I 

lo —    4 

—0. 00484 

— 0.00979 

— 0.00016 

+0.  00040 

10-    s 

-(-0. 00414 

+0. 00930 

lo —   6 

— 0. 00276 

—0. 00233 

+0.0003 

— 0.0004 

—  1 

lo—   s 

+0.06777 

— 0. 00776 

+0.0017 

+0.0002 

lo —    6 

— 0. 06474 

+0. 00573 

lo—   7 

+0. 02036 

— 0.00842 

— 0.0017 

^0.  0006 

—  1 

10—6 

—0. 05858 

+0. 28008 

— 0.0006 

— 0.0042 

lo-   7 

+0. 05961 

—0. 26943 

ID—     8 

— 0.  00162 

+0.09079 

0.000a 

+0.  0043 

—  I 

lo—   7 

— 0.  67294 

—0. 36663 

— 0.0054 

+0.  0023 

ID-    8 

+0. 65484 

+0-  35499 

lo —    9 

—0. 22364 

—0. 08854 

+0. 0054 

—0.0016 

—  I 

10—    8 

+0. 79847 

—0. 84775 

+0.0010 

+0.0021 

ID-     9 

—0. 76227 

+0.  84255 

lO —  lo 

+0. 22542 

—0.  28203 

— 0.0006 

— 0. 0019 

—  I 

lo —    9 

+0. 43528 

+0.55215 

— 0.0012 

+0.  0027 

ID —  lO 

—0. 45999 

—0.51093 

ID —  II 

+0.  I479S 

+0. 15461 

+0.0013 

—0.  0030 

—  I 

10 —  10 

+0.  18069 

+0. 05642 

+0.0012 

+0.0003 

lO  —  II 

-0.  19758 

-0.07539 

lO  —  12 

+0. 06700 

+0. 02798 

— O.OOII 

— 0.0005 

—  I 

lO —  II 

+0. 02676 

— 0.00710 

+0.0001 

+0.0002 

0 

lO —  12 

— 0. 03465 

+0. 00381 

10—13 

+0.01311 

— 0.00047 

o 

II—    4 

—0. 000036 

+0.000132 

II-   5 

+0.00007 

+0.00004 

—  I 

II  —    4 

—0.00137 

— 0.00089 

0 

II-  5 

+0.00125 

+0. 00091 

II  —    6 

— 0.00058 

— 0.00008 

—  I 

II-   5 

+0. 00978 

—0. 00732 

+0.0003 

+0.0003 

o 

II—   6 

— 0.00948 

+0. 00663 

25  AST- 
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IdR                         1 

T 

n 

dt 

Arg. 

8ia. 

COS. 

COS. 

sin. 

X      t'          i 

.. 

// 

„ 

ti 

I     II  -    7 

+0. 00223 

—0. 00340 

— 0.0003 

— 0.0002 

—  I     II—    6 

+0.01919 

+0.06105 

+0.0004 

+0.0012 

o     II—    7 

—0.01725 

—0. 05895 

I     II—   8 

+0. 01078 

+0.01769 

— 0.0007 

— 0.0012 

—  I     II  -   7 

—0.  23021 

— 0. 00103 

— 0.0029 

—0.0003 

o    II  —   8 

+0.  22308 

+0. 00270 

I     II—    9 

— 0.  07247 

+0.01 189 

+0. 0029 

+0.0005 

—  I     II—    8 

+0.  15237 

— 0.  51520 

+0.0005 

+0.0034 

o     II—    9 

—0.  14571 

+0. 50280 

I        II    — lO 

40.02946 

—0. 16672 

— 0. 0001 

— 0.0034 

-i     II—    9 

+0.  61899 

+0. 36725 

+0.0010 

— 0. 0001 

O       II  —  lO 

— 0.61314 

—0. 34005 

I     II  —  II 

-|-o.  201 17 

+0. 09678 

—0.0009 

— 0.  OOOI 

—  1        II  —  lO 

—0.  22432 

+0. 30259 

+0.0015 

+0.0011 

O      II  —  II 

+0. 19704 

—0.31245 

I       II   —  12 

—0.05793 

+0. 09947 

— 0.  0016 

— 0.  OOII 

—  1       II  —  II 

—0.00855 

+0.11339 

+0.0003 

— 0.0005 

O       II  —  12 

+0.01536 

—0. 12543 

I     II-I3 

— 0. 00569 

+0. 04396 

O       12   -     5 

-fo.  000225 

+0. 000024 

I        12-6 

— 0.00004 

+0.00009 

—  I       12-     5 

+0.00085 

—0. 00182 

O       12—6 

— 0.  00092 

+  0.00167 

I        12—     7 

+0.0001 1 

—0.00067 

-I        12—6 

+0. 00925 

+0.00855 

+0.0003 

— 0.0002 

O       12—7 

— 0. 00849 

—0.00828 

I        12—     8 

+0. 00358 

+0.00167 

— 0.0004 

+0.0002 

—  I        12-     7 

— 0. 04976 

+0.02772 

— 0.0009 

— 0.0006 

O       12—     8 

+0.04821 

—0.02556 

I        12—     9 

—0.01355 

+0.  ou6o 

+0.0009 

+0.0007 

-I        12-     8 

— 0. 03667 

—0.  17558 

— 0.0005 

+0. 0020 

O       12  —     9 

+0. 03378 

+0. 16944 

I        12—  lO 

— 0. 01840 

—0.05193 

+0.0009 

— 0.0020 

—  I       12—9 

+0. 36928 

+0. 02495 

+0. 0025 

+0.  OOOI 

O       12  —  lO 

—0.  35625 

— 0. 02310 

I       12—11 

+0.  II09I 

— 0.  00180 

— 0.0025 

— 0.0003 

—  I        12  —  10 

— 0. 12776 

+0.42118 

— 0.0003 

— 0.  OOI2 

O       12 —  II 

+0.1 1445 

— 0. 40722 

I        12—12 

— 0. 03014 

+0.  12294 

0.0000 

+0.0012 

1        12—  II 

— 0. 19867 

— 0. 05897 

O       12—12 

+0. 19542 

+0. 04158 

I        12  —  13 

-0. 05857 

—0.00965 
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The  developments  of  T'  and  ^  -^,  which  follow,  have  the  form 


Arg. 

T' 

1 
n' 

SR' 

dt 

sin. 

COS. 

COS. 

sin. 

X       i' 
— I       I 

i 
0 

—516.95043 

_ 

1.069530 

+0. 1737 

II 

+0.3861 

— I       2 

0 

—  58- 5849' 

+ 

43- 19474 

—1.5295 

— 1.0304 

0       I 

0 

+  37.48124 

— 

28.  53854 

I       0 

0 

+     8.631067 

— 

5-  350080 

+1.552265 

+1. 106428 

— •       3 

0 

—    3-02325 

+ 

8. 39040 

-0. 2303 

— 0.  3870 

0      2 

0 

+     2.24989 

— 

6- 55349 

I       I 

0 

+     0.80623 

— 

0.  74136 

+0. 0568 

+0.  2747 

—1      4 

0 

+     0.21579 

+ 

I. 00619 

— 0.0060 

—0. 0758 

0      3 

0 

—    0.  19036 

— 

0-  83455 

I       2 

0 

+     0.05554 

— 

0. 10394 

—0.0172 

+0. 0347 

—I      5 

0 

+     0.07799 

+ 

0. 08407 

+0.0041 

— 0.  OIOI 

0      4 

0 

—    0. 06780 

— 

0.07134 

I      3 

0 

4-    0. 00109 

— 

0. 01303 

— 0.0044 

+0.0024 

—1       6 

0 

+    0.01205 

+ 

0. 00368 

+0.001 1 

—0.0009 

0      5 

0 

—    0. 01044 

— 

0.00306 

1      4 

0 

—    0.00051 

— 

0.00137 

— 0.0006 

— O.OOOI 

0      6 

0 

—    0. 001 14 

+ 

0.00024 

>       S 

0 

—    0.00013 

— 

0.00012 

—1—3— 

-f    0.00060 

+ 

0.00053 

— O.OOOI 

+0.0006 

0  —  4— 

+    0.00099 

+ 

0. 00183 

—  I  —  2 — 

+    0.00745 

+ 

0. 00309 

— 0.0016 

+0. 0023 

0  —  3— 

-)-    0.01341 

+ 

0.00951 

I  —  4— 

—    0. 02257 

— 

0.01363 

+0.0067 

— 0. 0010 

—  I  —  I— 

-f    0. 0811S 

+ 

0.  01269 

—0. 0212 

+0.0098 

0  —  2— 

+    0.1 1730 

+ 

0. 02646 

1-3— 

—    0.21738 

— 

0. 02439 

+0. 0493 

+0. 0104 

—I      0— 

+    0.99324 

+ 

0. 95414 

— 0.4406 

—0.5806 

0—  I— 

-f    0. 69522 

+ 

0. 16626 

I  —  2 — 

—    1-60135 

+ 

0-  33043 

+0. 2174 

+0. 1068 

—  I       I — 

—    2. 26425 

— 

50.  58646 

+  '-9'37 

+4. 2296 

I  —  I— 

—  10. 1 1588 

— 

8.  54976 

-•■9733 

— 4.  2290 

—I      2— 

+  30.6172 

+ 

129.6082 

+0.  389s 

—0.  I9I8 

0      I — 

-331.8120 

— I 

579-  2S37 

I      0— 

+413-  9052 

+1977.8997 

—0.0761 

+0.571 1 

—I      3— 

—  62.89740 

— 

27. 54848 

—0.8100 

+0. 8220 

0      2— 

+  37-  58748 

— 

40. 59165 

I       I— _ 

+    0.77630 

+ 

22. 61485 

+0.  8812 

-0. 8551 

—I      4— 

-  «s- 19654 

— 

0.57900 

—0. 3667 

+0. 1240 

0      3— 

+  12.56079 

— 

2.  56986 

I      2— 

—    0. 23716 

+ 

1.7871S 

+0.2797 

—0. 0291 
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Arg. 

T' 

1   dE' 

n'   dt 

gin 

COS. 

008. 

sin. 

K         i'          i 

-.      5-  I 

H 

2.06132 

+   0. 89623 

— 0.0803 

11 
— 0. 01 14 

o       4—   I 

+        I.  83429 

—    0. 96681 

I        3—   > 

+       0.  02828 

+    0. 21024 

+0.0410 

+0. 0245 

—  I       6—  I 

—       0.17839 

+   0. 22186 

— 0.  OH2 

—0.0080 

o      s-  I 

+       0.  16476 

—   0. 21309 

1       4—   I 

+       0.  01448 

-^-  0. 02047 

-f-o.  0029 

+0.0065 

—  I       7—  I 

—       0.  00563 

+  0.03301 

— 0.0003 

— 0.0002 

0      6-  I 

+       0-00555 

—  0. 03126 

I       5-  I 

+    0. 00264 

+  0.00113 

—0.0001 

+0.0009 

—I       8—  I 

+    0.00124 

+  0.00347 

o      7—  I 

—    0.00117 

-  0.00339 

I       6—  I 

+   0. 00033 

—  0.00018 

—  I  —  2 —    2 

—    0.00003 

+  0. 00035 

—  1    —  I —    2 

—    0.00019 

-i-  0.00514 

+0.0008 

+0.0010 

O —  2 —   2 

+    0.00003 

-)-  0. 00510 

1-3-2 

—    0.00021 

—  0. 00985 

+0.0005 

—0.0039 

—  I          O 2 

+  0.03874 

+  0. 13724 

— 0.  0222 

— 0. 0429 

O —  I 2 

+   0.01188 

+  0.06591 

1—2—    2 

—    0. 03406 

-  0.09873 

+0.  0108 

—0. 0386 

—  I         I —   2 

—    0.  73080 

—  4-73524 

+0.  2770 

+0.6911 

I  —  I —   2 

—    0.  70265 

—  2. 02830 

— 0. 0700 

-0-  7337 

—  I         2—3 

—  0. 16574 

+  61.01074 

—  I.  8224 

+0. 4418 

O         1—2 

—  35.  34786 

— 181.96074 

1         O —   2 

+  36-95055 

-fi86. 12850 

+  1.8721 

— o-  3333 

-I         3—   2 

+337-  63347 

-139-5999' 

—0.4087 

—0.  2854 

O        2—    2 

—278.21229 

+  110. 17461 

I          I —    2 

+  30-38905 

—  n- 54497 

+0. 1586 

+0. 2656 

—  I          4—    2 

+  65-51974 

-  85. 33376 

+0. 3637 

-fo-55«4 

O         3—2 

-  58- 54893 

+  74.  5 '370 

I         2 —   2 

+     2.  13473 

—    9-  37408 

— 0. 4048 

— 0.6105 

-I         5—   2 

+     2. 50567 

—  20.  38129 

+0-  03434 

+0.  29178 

O        4 —   2 

-    2-57967 

+  18.61784 

I       3-  2 

—    0.95705 

—     1. 69618 

+0. 0106 

—0.  2337 

-1         6-   2 

—     1.31008 

—     2. 94476 

—0. 0258 

+0. 0699 

O        5-2 

+     1.  1766033 

+     2. 7790743 

I         4—    2 

-    0.293699 

—    0.123765 

+0. 0298 

— 0. 0385 

-I         7-    2 

—    0. 37201 

—    0.25777 

— 0.0109 

+0.0097 

O         6 —    2 

+    0.3484314 

+    0.2517321 

I          5-    2 

—    0. 04472 

+     0. 01049 

+0.00804 

— 0. 00254 

—  I          8—2 

—    0.05907 

—    0. 00340 

— 0.0024 

+0.0006 

O        7—2 

+     0. 05646 

+     0.00441 

I          6—    2 

—    0.00400 

+     0. 00456 

+0.0012 

+0.0004 

—I         9—2 

—    0. 00639 

+     0.00354 

0        &—   2 

4-    0.00615 

—    0. 00330 

I         7—   2 

-)-    0.00002 

+    0.00086 
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Arg. 

T' 

1  dR' 
n'  dt 

sin. 

COS. 

COS. 

sin. 

H      i'      i 
—1  —  1-3 

—    0.00007 

+    0. 00026 

1/ 

// 

-I      0-3 

+    0.00059 

+    0.00814 

— 0.0014 

—0.0045 

0—1-  3 

—    0.00039 

+    0. 00504 

1  —  2—3 

-f-    0. 00197 

—    0. 00509 

— 0.0017 

—0.0024 

—I       I—  3 

—    0.09853 

—    0. 40700 

+0. 0289 

+0.0516 

I -I—  3 

—    0.01560 

—  0.15803 

—0.0271 

— 0.0634 

-I      2—  3 

+    0.36186 

+    5- 38023 

— 0.0156 

— 0,0099 

0      1—3 

—    2-94534 

-  15-  »o743 

I      0—  3 

+    3-25176 

+  15.08398 

+0.0183 

— 0. 1219 

-I      3—  3 

+    3-84726 

—  17-12524 

+0. 0260 

+1.2106 

0      2—3 

—    7-54317 

+    9- "937 

I       I—  3 

+     1. 62923 

—     1.80976 

— 0.0004 

-I.  2323 

-I      4—  3 

+  134-73558 

+  189-55633 

— 0.  2762 

+0.  3342 

0      3-3 

-119.45859 

—165.  32601 

I       2—  3 

+  21.79101 

+  30.21788 

+0. 2371 

—0.1808 

—I      5—  3 

+  79-63698 

+  39- 02827 

+0.  3297 

—0. 1265 

0      4—3 

—  72-  57969 

—  36.04776 

I      3—  3 

+  12-09393 

+    2-  94027 

-0. 3798 

+0- 1575 

—1      6—3 

+  20.55631 

—     1.24009 

+0.  2045 

+0. 0190 

0      5-3 

—  19.29003 

+    0. 92685 

I      4-  3 

+      2.  46966 

-    I- 13752 

—0. 1704 

—0. 0374 

-I      7-  3 

+      3-14534 

—    2. 09648 

+0. 0522 

+0.0330 

0      6—3 

—    3-  03342 

+     1-95084 

I      S-  3 

+  0.23109 

—    0. 42504 

—0. 0302 

—0.0317 

-I      8-3 

+    0. 26103 

—    0.  5442 1 

+0.0069 

+0.0120 

0      7-  3 

—    0. 26202 

+     0. 52050 

I      6-3 

—    0. 00941 

—    0.07521 

— 0.0015 

—0.0086 

-I      9—3 

—    0.00817 

—    0. 08750 

-fo.  0002 

+0. 0026 

0      8—3 

+    0.00618 

+     0. 08532 

I      7—  3 

—   0.00731 

—    0. 00807 

+0.0006 

—0.0013 

—  I      lo—  3 

—    0. 00727 

—    0. 00964 

0      9—3 

+    0.00690 

+     0.00957 

I      8-3 

—   0. 00153 

—    0. 00033 

—I     II-  3 

—    0. 00014 

—    0.00018 

0    10—  3 

—    0.00138 

+    0.00066 

I      9-  3 

+   0. 00039 

-)-     0.00049 

—I      0—4 

+    0.00018 

-f-    0.00090 

—I       1—  4 

—    0. 00724 

—    0. 03283 

+0. 0019 

+0.0037 

1  —  1—4 

—    0. 00139 

—    0. 01029 

—0. 0022 

—0.0038 

-I      2—  4 

+    0. 04884 

+    0.39446 

— 0.0003 

— 00039 

0      1—4 

—    0.23013 

—     I.  15266 

I      0—  4 

+    0. 25078 

+     1. 16180 

— 0.0039 

— 0.0015 

-I      3—  4 

-  0.37993 

—    0.90147 

— 0. 0301 

+0. 0364 

0      2—4 

—    0. 14280 

+    0.51720 

I       I—  4 

+    0.11784 

—    0. 05486 

—0. 0529 

—0.0544 

—I      4—  4 

+  17.26822 

+     I  98797 

+0. 7245 

+0. 1398 
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Aig. 

r 

1  dR 
n'  dt 

sm. 

OOH. 

COS. 

sin. 

X      %'      « 
o      3-4 

-12.48753 

It 
—      5-25909 

II 

it 

I         2-  4 

+  2-  S7442 

+      I- 46913 

-o-  7438 

—0. 1596 

—I        5-  4 

— 94. 22508 

+  104.08309 

+0.  2273 

+0.2489 

o       4—4 

-f-84.  71691 

—  95-48370 

I       3—  4 

—18.79588 

+    20.99078 

—0.  1415 

— 0. 2096 

—I       6—4 

—16.50867 

+   64.  12834 

— 0. 0225 

—0- 1735 

o      5—4 

+  15.56199 

—   59.81178 

I      4—  4 

—  1 .  24466 

+    11.54170 

+0. 0414 

+0. 2134 

-I       7—  4 

+  4-  5629s 

+    17.62466 

+0. 0406 

—0. 1287 

o      6 —  4 

—  4. 18134 

—    16.81242 

I       5-  4 

+  1.44161 

+      2.55979 

—0.0469 

+0. 1 1 1 1 

—  I       8—4 

+  2.67978 

+      2.75756 

+0-0334 

—0.0341 

o      7—4 

—  2.  54838 

—      2.69748 

I       6 —  4 

+  0.  53021 

+      0.25365 

— 0. 0297 

+0. 0201 

-I       9—4 

+  0.66570 

+      0.18655 

+0.01 16 

—0.0037 

0      8—4 

—  0. 64584 

—      0.  19308 

I       7-  4 

+  0.  10036 

—      0.01604 

— 0.0081 

+0.0001 

—I     10 —  4 

+  0.  10783 

—      0.  02865 

+0. 00257 

+0.00047 

0      9—4 

—  0. 10644 

+      0.  02613 

I       8-4 

+  0,01155 

—      0.  01 104 

— 0.0013 

— 0.0008 

— I     II —  4 

+  0.  01 170 

—      0.  01 199 

+0.0004 

+0.0003 

o     lo —  4 

—  0. 01 16886 

+      0.  01 15086 

I       9—  4 

-f  0.  00039 

—      0. 00227 

— O.OOOI 

— 0.0003 

o     II—  4 

—  0.00062 

+      0. 00223 

I     10 —  4 

—  0.00060 

+      0.00065 

-I       I-  5 

—  0.  00049 

—    0. 00241 

.-1-5 

—  0.00017 

—    0. 00078 

-I         2-   5 

+  0.  00500 

+    0. 02873 

o       I-  5 

—  0.01734 

—    0. 08493 

I       o—  5 

+  0.01789 

+   0. 08566 

-I      3—  5 

—  0. 02898 

—    0. 04060 

— 0.0041 

+0.0006 

O        2-  5 

—  0.00303 

+   0. 02673 

I      I-  5 

+  0.00352 

—    0.00005 

— 0.0014 

— 0.0005 

—I       4-  5 

+  0.  99604 

—    0.  52220 

+0. 0316 

+0. 0378 

o      3-  S 

—  0.  79776 

+   0.01884 

I        2-   5 

+  0.  16006 

+   0. 07095 

—0. 0528 

+0.0080 

-1      5-  5 

+  0.60860 

+  14-24175 

+0. 1725 

—0.3986 

"      4—  S 

+  1-99383 

—  II.  64981 

«      3-  S 

—  0. 78322 

+      2.  68920 

—0. 1886 

+0. 4126 

-I      fr-5 

— 71.52119 

—  40.27642 

+0.  2047 

— 0. 1320 

o      5-  5 

+67. 06263 

+   36.69579 

I      4—  5 

— 16.31481 

—      9-09478 

-0. 1735 

+0.0876 

-I      7—  5 

—46. 40372 

—      2.  01085 

—0.0776 

— 0. 0115 

o      6—5 

+43-  94724 

+      I.  91709 

I      5-  5 

—  9.  29195 

+      0.60525 

+0. 1073 

+0.0025 

-I      8-5 

—13.  30987 

+      6.47574 

— 0.0726 

—0.0436 
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Arg. 


t'   t 

7— 
6— 

9— 

8— 


9— 
8— 


9— 

12— 
II — 


«3— 

12 — 
II — 

1—  6 
3-6 

2—  6 

1—  6 
4-6 

3-6 

2—  6 
S-6 
4-6 
3-6 
6—  6 
5-6 
4-6 
7-6 
6—  6 
S-6 
8—  6 
7-6 
6—  6 
9-6 
8—  6 
7-6 

10 —  6 
9-6 
8—  6 

11—  6 
lo —  6 

9-6 

12 —  6 


+  12.  83709 

—  2.  1622I 

—  2.02539 
+  2.00370 

—  o.  19946 

—  o.  06333 

+  0.0727s 

+  o.  02979 

+  0-05337 

—  o.  05076 
+  o.  01501 
+  o.  01710 

—  0.01689 

+  0.00338 

+  0.00282 

—  0.00333 

+  0.00037 

—  0.00126 

—  0.00174 
0.00000 

+  0.00004 

+  0-04495 

- —  o.  04464 
+  0.00823 
-|-  o.  64099 

—  0.22344 

—  0.00516 
—10.  35397 
+  9-  >39i4 

—  2.  3001S 

+  >3-  '3057 
—n.  82843 
+  3- 19966 

—  5-42124 
+  s.  08044 

—  1.56414 

—  6. 90697 
+  6.65490 

—  1. 67922 

—  2.78286 

+  2-71095 

—  o.  56704 

—  o.  66978 
+  0.66150 

—  o. 11282 

—  o. 10593 


—  6. 13302 
+  1-65307 
+  2.90856 

—  2.80560 
+  o.  58058 
+  o.  70862 

—  0.69450 
+  o. 1 141 1 
+  o.  H438 

—  o.  1 1400 
+  0.01342 
+  o.  01 185 

—  0.01233 
-l-  0.00084 
+  0.00050 

—  o.  00036 
+  0.00005 

—  0.00612 

—  o.  00171 
-|-  o.  00159 

—  o.  00007 

—  0.04847 
+  0.01233 
+  0.00215 
-|-  o.  87014 

—  0.80607 
+  o.  19707 

+  2-37338 

—  0.51939 

—  o. 10173 
—44-  99210 
+42.83535 
— II.  12902 
—30.71983 
+29. 40624 

—  6.61780 

—  8. 96409 
+  8.71890 

—  1.56369 

—  I.  21282 
+  1.21317 

—  o.  10429 
+  0.06823 

—  0.05841 
+  0.04610 
+  0.07651 


1  dR' 

n'  dt 


+0. 0647 
— 0.0192 

+0.011 1 

— O.  OOII 

— o.  0010 
+0.0009 

— 0.0009 
+0.0003 


+0.0002 


+0. 0454 

— o.  0291 
+0.0251 

— O.OIOO 

+0. 0070 
— 0.0022 

+0. 001 1 
— 0.0003 


+0. 0038 


— 0.0021 

+0.0001 

+0. 0363 

— 0. 0196 

— 0.0127 

+0. 0378 

— 0.  2010 

— 0. 1476 

+0.  2098 

+0. 1604 

-0.063s 

—0. 1547 

+0.  0422 

+0. 1331 

— 0.0152 

+0. 0259 

+0.0123 

— 0. 0467 

— 0. 0346 

+0. 0370 

+0.0351 

—0.0343 

— 0. 0226 

+0.0087 

+0.0194 

-0.0045 

—0.0077 

—0.0009 

+0.0053 

+0.0018 

— 0.0017 

— 0.0011 
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Arg. 

T' 

1  SS.' 
W  dt 

Bin. 

COS. 

COB. 

sin. 

o  II—  6 

-|-  0. 10644 

—0. 07464 

V. 

// 

I  10 —  6 

—  0.0129s 

4-0. 0193s 

4-0.0009 

4-0. 0010 

— I  13 —  6 

—  0. 01044 

4-0.02091 

0  12 —  6 

+  0. 01 134 

— 0. 02052 

I  II —  6 

—  0.00117 

4-0.00377 

—  I  14 —  6 

—  0.00020 

4-0. 00040 

I  12 —  6 

+  0.00055 

— 0.  001 12 

-I   4-  7 

-f  0.00160 

—0.  00329 

0   3-  7 

—  0.0024 

4-0. 0012 

I   2—  7 

-|-  0.00058 

4-0.00011 

-I   5-  7 

4-  0.06154 

4-0. 03657 

4-0. 0036 

-1-0.0003 

0   4—7 

_  0.0294 

— 0. 0456 

I   3-  7 

4-  0.00263 

4-0. 01163 

— 0. 0013 

4-0.0020 

-I   6-  7 

0.64180 

4-0. 68033 

— 0.0087 

— 0. 0295 

0   5-  7 

-1-  0.6636 

—0.  374> 

I   4-  7 

—  0. 18233 

4-0.05361 

4-0. 0220 

4-0. 0190 

-I   7-  7 

-  3- 04559 

—6.  78447 

— 0. 1067 

-f  0.0912 

0   6—7 

+  1. 8381 

4-6.  3201 

I   5-  7 

-  0.33211 

—1.69777 

4-0. 1 1 64 

— 0.0956 

-1   8-  7 

^26.22716 

4-1.25454 

— 0. 1089 

4-0.0200 

0   7-  7 

-25.  2525 

—0.  7917 

I   6-7 

+  6.88722 

4-0.  31847 

+0. 0953 

— 0.0108 

-1   9-7 

4.18. 73810 

-7.  60789 

4-0. 0020 

4-0.0090 

0   8—7 

—18.0735 

4-7.4121 

I   7-  7 

+  4-  2S3'7 

-2.09548 

— 0.  0158 

—0.0097 

—  I  10 —  7 

+  5-3650J 

-6.  29392 

4-0. 0161 

+0. 0243 

0   9—7 

—  S-2494 

4-6. 1170 

I   8-  7 

+  0. 96673 

—I.  50824 

— 0.0158 

— 0.0248 

-I  II-  7 

+  0.51209 

—2. 40578 

4-0. 0025 

4-o.oi6i 

0  10 —  7 

—  0. 5223 

4-2. 3601 

I   9-  7 

4-  0. 00785 

— 0.  50066 

—0.0003 

—0.0138 

—I  12-  7 

—  0.17451 

-0. 57187 

—0.0020 

4-0.0054 

0  II—  7 

-I-  0. 1662 

4-0.  5679 

I  10—  7 

—  0.05982 

— 0. 09927 

4-0.0022 

—0.0038 

-1  13-  7 

—  0.09269 

—0. 08706 

—0.0012 

4-0.001I 

0  12 —  7 

4-  0.0891 

4-0. 0870 

I  II-  7 

—  0.01989 

—0.00967 

4-0.0009 

—0.0006 

—  I  14—  7 

—  0.00179 

— 0. 00171 

I  12—  7 

4-  0. 00501 

4-0.00458 

-I   5-8 

4-  0.00510 

4-0.00104 

0   4—8 

—  0.0024 

— 0.0024 

I   3-8 

—  0.00051 

4-0.00056 

—  I   6—8 

—  0. 02106 

+0.06573 

4-0.0009 

—0.002* 

0   5—8 

+  0. 0363 

—0.0417 

I   4—  8 

—  0.01205 

-(-0.00730 

4-0.0012 

4-0.0018 

-I   7-8 

—  0. 63382 

—0.40047 

—0. 0215 

-H>.oois 
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Axg. 

T' 

1   dE' 

sin.  * 

COS. 

COS. 

gin. 

H      i'      ( 

// 

// 

// 

;/ 

0      6—8 

.      5-8 

—1      8—8 

+<>•  4323 
—0. 08852 
+4.01398 

+  0.4620 

—  0. 13862 

—  2.92508 

+0.0174 
+0. 0349 

— 0.  0103 
+0.  0693 

0  7—8 

1  6-  8 
—I      9—8 

-3.8994 
+  1.09582 
+2.81889 

+    2-  1963 
—  0.  50831 
+  14.20255 

—0. 0369 
—0.0006 

— 0.  0761 

+0. 0709 

0  8—8 

1  7-8 
—I     10—  8 

—3- 0009 

+o-  77454 
+7.  27448 

-13-  7838 
+  3-90507 
+  10.50958 

+0. 0042 
+0. 0024 

—0.0629 
+0.0063 

0  9—8 

1  8—  8 
—I     II—  8 

-7-  I3°4 
+  1.95009 
+5.  12638 

—10. 1895 
+  2.47755 
+  2. 76778 

—0.0042 
+0.01 5 1 

+0.  0022 
—0.0053 

0  10 —  8 

1  9—  8 
—I     12—  8 

-5.0178 
+  1.23890 
+  1.90645 

—  2.  7204 

+  0.49213 
+  0. 01015 

— 0.0159 
+0.0104 

+0.0057 
+0.0007 

0  II—  8 

1  10 —  8 
—I     13—  8 

—1.  8807 
+0. 40603 
+0.  44791 

—  0.0238 

—  0.06564 

—  0. 24774 

— 0.0091 

+0.0037 

— 0.0017 
+0.  0022 

0  12—  8 

1  II—  8 

—0.4434 
+0.07719 

+  o-  2352 
—  0.06511 

— 0.0025 

— 0.  0O2t 

—I     14—  8 

+0. 00868 

—  0. 00475 

I     12—  8 

—0. 02396 

+  0.01355 

—I      6—9 

+0. 00029 

+  0. 00423 

0      5—9 

+0.0015 

—  0.0030 

I      4—  9 

—0. 00072 

+  0.00061 

-I      7-  9 

—0.06068 

—  0.00639 

^.0020 

— O.OOIO 

0      6—9 

+0. 0450 

+  0.0219 

1      S—  9 

—0.00942 

—  0.00833 

+0.0018 

— 0.0005 

—I      8—9 

+0.  19633 

—  0.53191 

—0.0022 

+0.  0142 

0      7—9 

—0.  2643 

+  0.4098 

I      6 —  9 

+0.  08526 

—  0. 09689 

-0.0033 

—0.0133 

—I      9-  9 

+2.  4010 

+    2.15" 

+0. 0413 

—0.0091 

0      8—9 

—1.9920 

—  2.  1849 

I      7—  9 

+0.  5093 

+   0.6496 

— 0.0460 

+0.0095 

—I     10—  9 

-7.0961 

+   3-4142 

+0. 0434 

+0.0096 

0      9—9 

+6.9231 

-  3-  5052 

I      8-9 

-2.  0293 

+  0.9691 

—0.0390 

—0.0106 

—I     II—  9 

-5-  343« 

+  5-  8259 

+0. 0072 

+0. 0021 

0    10 —  9 

+5- 1930 

—  s-  7390 

I      9—  9 

—1.2898 

+  1.5666 

—0.0023 

+0.0001 

—I     12—  9 

—1.1080 

+  3-8293 

—0.0005 

—0.0085 

0    II—  9 

+1.0917 

-  3-  7671 

I     10—  9 

—0. 1705 

+  0. 9368 

+0. 0010 

+0.0093 

-I     13—  9 

+0. 3036 

+  1. 4189 

+0. 0021 

—0.0065 

0     12—  9 

-0.  2763 

-  1.3854 

I     II—  9 

+0. 1023 

+  0. 2936 

— 0.0021 

+0.0054 
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Arg. 

T' 

1  rfE- 

n'  * 

sin. 

008. 

COS. 

ein. 

X     i'      i 
—I     14—  9 

+0.0057 

+0.0274 

// 

I     12—  9 

—0. 0168 

— 0.  0766 

—I       7—10 

— O.0OS3 

+0.0016 

0      6—10 

+0. 0027 

+0.0006 

I      s-io 

+0.  0004 

— 0.0005 

—I      8—10 

-)-o.  0098 

.—0.  0529 

— 0.  OOII 

+0.0013 

0      7—10 

— 0.  0318 

+0.0441 

I      6—10 

-fo.  0202 

— 0.  0109 

+0.0002 

— 0.0014 

—I      9 — 10 

-t-o.  4082 

+0.  0610 

+0. 0087 

+0. 0033 

0      8 — 10 

— 0-3414 

—0. 1233 

I       7—10 

+0.0868 

+0. 047s 

—0.0088 

—0.0004 

—I     10—10 

—0.9941 

+  1-7732 

+0.0009 

— 0. 0228 

0      9 — 10 

+I.064I 

—'-5597 

I      8—10 

-o-  3335 

+0. 4226 

— 0.0013 

+0.02;? 

— I     II — 10 

—2.  7624 

-3-  2038 

+0.0113 

— 0.  0247 

0    10—10 

+2.  8206 

+3- 1320 

t      9 — 10 

—0.8087 

— 0.9511 

— 0. 0II6 

+0. 0224 

— I     12 — 10 

—4.  1813 

-2.  3639 

+0. 0040 

—0.0054 

0     II — 10 

+4-  1346 

+  2-  2935 

I     10—10 

—  I.  1369 

—0.  5739 

— 0.0022 

+0. 0027 

—I     13—10 

-2.7176 

—0. 147 1 

—0.0043 

— 0.  OOII 

0     12—10 

+2.  6208 

+0.  1698 

I     II — 10 

— 0.6290 

+0. 0038 

+0.0047 

+0.0006 

— I     14—10 

— 0.0522 

— 0.0029 

I     12 — 10 

+0.  1476 

+0.  0077 

—I       8— II 

— 0.0004 

—0.0043 

0      7— II 

— 0.0021 

+0. 0042 

I      6— II 

+0.0018 

— 0.0012 

—I       9— II 

+0.  0391 

— 0. 0142 

+0.0007 

+0.0009 

0      8-11 

—°-  0354 

+0. 0027 

I       7— II 

+0.0092 

+0.001 1 

— 0. 0010 

—0.0004 

—I     10— II 

+0.  0184 

+0.  2888 

+0-0033 

— 0.0048 

0      9 — II 

+0.  0288 

—0.  2571 

I      8— II 

— 0.0171 

+0. 0706 

— 0.0017 

+0. 0053 

—I     II— II 

—1.2030 

-o-  3558 

— 0. 0II5 

—0. 0036 

0    10— II 

+  1.  lOIO 

+0.4203 

I      9-11 

—0.3117 

—0. 1426 

+0.0133 

+0.0043 

—I     12 — II 

+1.2409 

-1.8777 

— 0.0130 

— 0. 0100 

0    II— II 

—I.  2078 

+  1.91S8 

I     10 — II 

+0.3848 

—0.  5626 

+0.0119 

+0.0099 

—I     13— II 

+0. 7830 

-2-  8S9S 

—0. 0036 

— 0.0041 

0    12 — II 

—0. 7656 

+2.  7234 

I     II— 11 

+0.  1932 

—0.  7059 

+0.0021 

+0.0029 

-I     14-11 

+0.0150 

—0. 0549 

I     12— II 

— 0.0428 

+o- 1557 
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Arg. 

T 

1  dR' 
n'  dt 

sin.  * 

COS. 

COS. 

sin. 

X      x'      i 

// 

,, 

// 

// 

—I         9—12 

+0. 0026 

—0.0031 

O        8—12 

— 0.  C027 

+0.0024 

I         7—12 

+0. 0010 

— 0. 0011 

—  I       10 — 12 

+0. 0162 

+0. 0263 

+0.0007 

—0.0003 

O        9—12 

0.0081 

—0. 0249 

I         8—12 

+0.0009 

+0.0066 

— 0.0004 

+0.0006 

—  I       II — 12 

-0. 1888 

+0. 0523 

— 0.0025 

— 0.0026 

O      10 — 12 

+0. 1770 

— 0. 0195 

I         9 — 12 

—0.0514 

—0.0009 

+0. 0029 

+0. 0019 

—I       12—12 

-|-o.  041 1 

—0.7440 

—0.0034 

+0. 0056 

O      II  — 12 

— 0. 0864 

+0. 7047 

1       lO— 12 

+0.0358 

—0. 2076 

+0.0039 

—0.0064 

—  I       13 — 12 

+1.  2761 

+0. 2766 

— 0.0073 

+0.0053 

0      12 — 12 

— 1. 1982 

-0. 2550 

1       II— 12 

+0. 3206 

+0.0902 

+0.0068 

—0.0046 

-I       14-12 

+0. 0245 

+0.0053 

I       12 — 12 

— 0.0694 

— O.OIS3 
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The  preceding  expressions  have  to  be  integrated,  consequently  we  give  the 
logarithms  of  the  factors  proper  to  each  argument : 

Logarithms  of  the  integrating  factors  for  Jupiter. 


Arg. 

•°«*v"+in 

Arg. 

**  i'n'  +  in 

Arg. 

1      n 
log  .,  ,  ,  . 
i'n'  +  »n 

Arg. 

'°«i'„'  +  in 

i'   i 

0 —  I 

C.OOOOOOOB 

3-  5 

9. 421 13831 

i'   i 
6—  6 

9. 44564601 

i'   i 
9—  9 

9-  269551 

O —  2 

9.  6989700W 

3-  6 

9. 319491 

6-  7 

9.  33876631 

9—10 

9-  195461 

"—3 

9. 5228787n 

3-  7 

9.  237181 

6-  8 

9.  25306361 

9-11 

9.  132191 

0  —  4 

9-  39794" 

3-  8 

9.  16801 

6-  9 

9. 181521 

9-12 

9.  076971 

0-5 

9.  3o:o» 

3—  9 

9.  lo84n 

6—10 

9.  120111 

9-"3 

9.  027991 

0  —  6 

9.  22l8» 

4+  2 

9.4424 

6— II 

9. 06631 

10—  3 

9-  9885 

>  +  5 

9.  2674 

4+  1 

9-  58324 

7    0 

9-  5499 

10  —  4 

1.57090 

'+4 

9-  3563 

4     0 

9. 7929735 

7  —  ' 

9.74021 

10-  5 

0.  011821 

•  +  3 

9.46818 

4—  I 

0.  2141409 

7—2 

0.  08682 

10—6 

9.  704841 

1+2 

9. 61930 

4—  2 

0.  40976441 

7-  3 

0. 74184561 

10—  7 

9.  526781 

'  +  1 

9-  8'i30395 

4—  3 

9.85721771 

7—  4 

9. 92767721 

10—8 

9.  400871 

I    0 

0- 3950335 

4—  4 

9.62173731 

7-  5 

9.  66130481 

10  —  9 

9-  30337" 

I  —  I 

0.  2237972« 

4—  5 

9-  4698956" 

7—  6 

9.49740921 

10—  10 

9.  223801 

I  —  2 

9.  79660971 

4-  6 

9. 35760901 

7—  7 

9.  37869931 

10  —  11 

9.  156571 

'  —  3 

9.  S854756X 

4-  7 

9.  268471 

7—  8 

9.  285571 

10 —  12 

9-  098371 

1—4 

9.  44402 1 6» 

4-  8 

9.  19455" 

7—  9 

9, 208931 

10  —  13 

9. 04711 

'-S 

9-  3375o« 

4—  9 

9.  13141 

7  —  10 

9.  143801 

10  —  14 

9.00121 

1—6 
'  —  7 

9.  2520n 
9.  i8o6n 

4—10 

5+  2 

9.  07631 
9-  3965 

7  —  " 

7  —  12 

9.087181 
9.03711 

11—4 
11—  5 

0.  36699 
0.  243781 

3  +  4 

9-3'83 

5+  ■ 

9.5209 

8—  I 

9-  6534 

II—  6 

9- 803971 

2  +  3 

9.4196 

5   0 

9.  69606 

8-  2 

9.91311 

11-7 

9-  58999" 

^  +  2 

9.55201 

5  -  ■ 

9. 9942063 

8-  3 

0. 6546508 

11-  8 

9.447281 

2+  I 

9- 7434333 

5—  2 

1.8719342 

8-  4 

0. 10873441 

II—  9 

9. 34004« 

2    O 

0.  0940035 

5-  3 

0.  00587201 

8-  5 

9-749943'" 

11  —  10 

9.  2541 11 

2  —  1 

0.  7107944^ 

5-  4 

9. 70189611 

8-  6 

9.  55618761 

u  —  11 

9. 182401 

2  —  2 

9.  92276721 

5-  5 

9. 52482721 

8-  7 

9.  42267921 

11  —  12 

9.  120881 

»- 3 

9.  6586391K 

5-  6 

9.  3994005" 

8—  8 

9.  32070721 

11-13 

9.  06701 

2  —  4 

9- 4955797" 

5-  7 

9. 30219811 

8-  9 

9. 23818401 

11  —  14 

9.  01911 

2-S 
2  —  6 
2  —  7 
2-8 

9- 3773'" 
9.  284451 
9.  2o8o« 
9.  14301 

5-  8 

5-  9 
5-10 

5-11 

9.  222821 
9. 155741 
9.09761 
9.  04641 

8—10 
8—  11 
8—  12 
8-13 

9.  168871 
9.  109101 
9.  056581 
9. 00971 

12-  5 
12—  6 
12—  7 
12-  8 

0.  77529" 
9. 932641 
9.  663991 
9. 49925" 

3  +  3 

3  +  2 

3+1 
3   0 
3  —  ' 

9-3759 
9-  4938 
9.  65599 
9. 9179122 
0.  6818160 

6+  I 
6   0 
6—  I 

9.4665 
9.  6169 
9.84890 

9—  2 
9—  3 
9—  4 

9-  7894 
0. 20469 
0.425011 

12—  9 
12  —  lO 
12  —  11 

9. 380101 
9. 286701 
9.  209871 

6-  2 

0. 3807859 

9-  5 

9.  86i44>j 

12—  12 

9.  144621 

3  —  2 

0. 10130651 

6-  3 

0.  23367311 

9-  6 

9.  624191 

12-13 

9. 08791 

3  —  3 

9.  74667601 

6-  4 

9.  80027651 

9-  7 

9.471621 

12—  14 

9-  0377" 

3  —  4 

9. 55409361 

6-  5 

9.  58772691 

9-  8 

9- 358941 

12  —  15 

8.  99281 

MUTUAL  PERTURBATIONS  OF  THE  FIRST  ORDER. 
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Arg. 

i'  i 

log   "' 

^i'n'  +  in 

Arg.  , 

log  .,  ,"'  . 

I'n'  +  tn 

Arg. 

log  ,  ,"'  . 
**  i'n'  +  in 

Arg. 

"^^i'n'lin 

i'  t 

i'  i 

i'  i 

I  o 

o.ooooooo 

6-3 

9. 8386396« 

5-6 

9.  oo4367on 

7—  9 

8.  81389M 

2   O 

9. 6989700 

7-3 

0.  3468 1 20n 

6—6 

9. o5o6i24» 

8-  9 

8. 84315" 

3  o 

9. 5228787 

8-3 

0.2596173 

7-6 

9.  1023757" 

9—  9 

8. 87452" 

4  ° 

9. 3979400 

9—3 

9.  8096612 

8-6 

9.  i6ii54i» 

10 —  9 

8.  90834" 

S  o 

9. 30103 

10—3 

9-  59346 

9-6 

9. 229i5i8» 

11-  9 

8. 94501 " 

6  o 

9.2218 

"-3 

9- 44977 

10 — 6 

9. 3098o85« 

12—  9 

8. 98506" 

7  0 

9-  1549 

11—6 

9. 4o894« 

13—  9 

9. 02919" 

—  1—4 

8.  96l25n 

12-6 

953761" 

14—  9 

9. 0783" 

—4—1 

9.  i8820n 

0—4 

9.  0029IK 

13-6 

9. 72i26n 

-3-1 

9.  26o95« 

1—4 

9. 048988 in 

14 — 6 

0.  0458« 

4—10 

8.6812" 

— 2—1 

9. 34840« 

2—4 

9. I005462K 

S-io 

8.  7026" 

—  I — I 

9. 4580060K 

3-4 

9. i59o6oi« 

1—7 

8. 7856« 

6 — 10 

8.  7251" 

O— I 

9.  6o49665» 

4—4 

9. 2267037n 

2-7 

8.  8i30» 

7—10 

8.  74877" 

I  —  I 

9.  8287637n 

5-4 

g. 3o68626» 

3-7 

8.  842i4n 

8—10 

8.  77383" 

.i — I 

o.3'576o9« 

6-4 

9. 4052430W 

4—7 

8. 87344» 

9 — 10 

8. 80043" 

3—' 

0.  2867824 

7—4 

9- 5326437« 

5-7 

8.  907 1 6« 

10 — 10 

8. 82876" 

4 — • 

9.  8191074 

8-4 

9.7i37oo9« 

6-7 

8. 9437329" 

II— 10 

8. 85908" 

5—1 

9.5991729 

9-4 

0. 029g790« 

7—7 

8.  9836657" 

12 — 10 

8.  89166" 

6—1 

9.  4538678 

10—4 

1. 1758707 

8-7 

9. 0276457" 

13 — 10 

8. 92690" 

7 — ' 

9.3451812 

11—4 

9-97'9575 

9-7 

9. 0765864" 

14—10 

8.  9652" 

8—1 

9.  25832 

12—4 

9.  68472 

10—7 

9.1317510" 

11-7 

9.  19496" 

5-11 

8.  6514" 

— 3 — * 

9.  og872» 

-  1-5 

8. 87236» 

12—7 

9.  26895" 

6—11 

8.6713" 

— 2 — 2 

9.  i5698« 

0-5 

8.9o6oo« 

13-7 

9. 3582" 

7-11 

8.  6921" 

—  I — 2 

9.  2242695» 

1-5 

8. 9424624« 

14—7 

9.4707" 

8— II 

8. 71407" 

O — 2 

9-  3039365" 

2-5 

8. 9822730B 

9-11 

8.73716" 

I — 2 

9.  40i576l» 

3-5 

9, 026i048« 

2—8 

8. 74796" 

10— 11 

8.76154" 

2 — 2 

9-  5277337" 

4-5 

9. 0748621B 

3-8 

8.  77297" 

II  — 11 

8.  78737" 

3-2 

4—2 

5—2 

6  —  2 

7-2 

8-2 
9—2 

9. 7o6273o« 
o.oi47309« 
1. 4769007 
9. 9857524 
9.6917878 
9.  51808 
9-  39433 

5-5 
6-5 
7-5 
8-5 

9-5 
10-5 

II-5 
12—5 

9. 1297937» 
9.  1926934" 
9. 26627i3n 
9. 3549096« 
9. 4664028n 
9. 6i679ogn 
9.  84875" 
0. 38o26« 

4—8 
5-8 
6-8 
7-8 
8—8 
9-8 
10-8 
11—8 

8.  79952" 
8.  8277971 
8. 85803" 
8.  8905362" 

8.  9256737" 
8. 9639064" 
9. 0058326" 
9. 0522430" 

12— II 
13-11 
14— II 

6—12 
7—12 
8-12 
9-12 

8. 81484" 
8.  84416" 
8. 8756" 

8.6234" 
8. 6421" 
8.6615" 
8. 68194" 

—2—3 

9.  o2457« 

13—5 

0.  23405 

12—8 

9. 10421" 

10 — 12 

8.  70334" 

-1—3 

9.o73i4« 

14—5 

9.80042 

«3-8 

9.  16326" 

11  —  12 

8.  72584" 

o— 3 

9.  1278452W 

14—8 

9. 2316" 

12—12 

8.  74958" 

1—3 

9.  i90442i» 

0-6 

8. 82682« 

13-12 

8.  77469" 

2—3 

9. 2636o55» 

1-6 

8. 85699" 

3-9 

8.7«33" 

14 — 12 

8.8013" 

3—3 

9. 35i6425« 

2—6 

8.  8894i» 

4—9 

8. 7364" 

4—3 

9. 462i84i» 

3-6 

8. 9244550" 

5-9 

8.  7607" 

5-3 

9.  6io8385« 

4-6 

8. 9625755" 

6-9 

8.  78648" 

Q4.  A  NEW  THEORY  OF  JUPITER  AND  SATURN. 

The  functions  W  and  R  are  obtained  by  means  of  the  formula 


W 


=/ 


Tndt 


B 


=/Gf)- 


The  portions  involving  other  multiples  of  y  than  the  single  result  from  employing 
the  system  of  multipliers  tf  and  9,  as  has  been  explained.  In  most  cases  the  terms 
arising  from  the  9  multipliers  can  be  neglected.  As  an  illustration  of  this  process, 
and  on  account  of  its  interest,  the  terms  which  make  up  the  great  inequalities  of  the 
two  planets  may  be  given.     They  are  as  follows : 


Arg. 

W 

Arg. 

W 

COB. 

Bin. 

COB. 

sin. 

X       i'        > 
-2        5       o 

—  I      5  —  I 

O         5-2 

'       S  -  3 

2  5-4 

3  S-5 

4  5-6 

// 
— 0.00008 

— 0.  10041 

+5.71632 

+0.06331 
-  0.00672 
+0.00009 
+0.00003 

II 

—  0.  00017 
+  0.  20202 

—  13.50156 

—  0.  03106 

—  0.  00264 
+  0.00072 

—  0.  00002 

H      i'       i 

—2       7-2 

—  I       6  — z 

0  5-2 

1  4—2 

2  3-2 

3  2-2 

4  I  —2 

5  0-2 

// 
+    0.  005  1 2 
+    1.26780 
—35.  28018 

—  0.  30383 

—  0.01426 
+    0.00085 
+    0.00045 
+    0.00002 

II 

—  0003SS 

—  2.84972 
+83.  32990 
+  0. 12803 
+  0.02389 
+  0. 00372 
+  0.00017 

—  0.00012 

+5. 67254 

-'3-33271 

—  34.  32403 

+80.  63232 

W  and  R  must  be  completed  by  the  addition  of  functions  of  t,  having  the  forma 


W  =  feo  +  h(^  cos  (p  +  ^e^  +  h^ain  (p 


R  =  fcj  -  cos  (p  +  ki-ain  <p 


the  k  being  constants.     It  is,  however,  more  commodious  to  alter  the  signification  of 
the  k  80  that  we  may  write  in  the  case  of  Jupiter 

W  =  fco  +  ki  cos    y+  A^  sin   ^^ 

+  [8.3821074]  fci  cos  2y  +  [8.3821917]  ki  sin  2y 
+  [6.9403270J  *:i  cos  2y  +  [6.9404535]  ki  sin  3;/ 
+  [5-5723410]  ki  cos  4x  +  [5.5724929]  fcj  sin  ^y 
+  [4.2452120]  ki  cos  sy  +  [4-24538°7]  h  sin  Sy 

K=     -  [8.8599027]  fcj 

+  ^3  cos    y  +  ki  sin    y 

+  [8.3821074]  kj  cos  2y  +  [8.3821917]  ki  sin  2y 
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and  in  the  case  of  Saturn 

W'  =  &o+  Jfcicos    y'+  Sasin   y* 

+  [8.4472006]  ki  cos  2y'  +  [8.4473145]  h  sin  2y' 
+  [7-0705210]  ki  cos  3^  +  [7.0706918]  h  sin  3/ 
+  [5-7676379]  Ici  cos  4y'  +  [5.7678429]  fcj  sin  4/ 
+  [4.5056153]  *i  cos  sr'  +  [4.5058431]  h  sin  5x 

E'=     —  [8.9252322]  fcj 

+                     ^3  cos  y'+kt  sin  y* 
+ 

The  perturbations  of  the  fundamental  argument,  the  residual  perturbations  of  the 
natural  logarithm  of  the  radius  vector,  and  the  perturbations  perpendicular  to  the 
plane  of  the  orbit,  so  far  as  they  depend  on  the  first  power  of  the  disturbing  force, 
are  g^ven  by  the  formulae 


dt  ~  nW~      2\S^J 


cost 


where  the  dash  above  the  quantities  denotes  that  r  has  been  changed  into  t  or,  which 
is  the  same  thing,  y  into  g. 

The  arbitrary  constants  k  have  been  so  assumed  that  the  expressions  for  the  per- 
turbations may  be  simplified  as  much  as  possible.  We  take  k^,  so  that  63  may  contain 
no  term  proportional  to  t,  Aj,  and  A^z*  so  that  the  terms  having  the  argument  g  may 

disappear     In  like  manner  k^  and  ki  are  determined  so  that  --— .  may  be  free  from 

terms  having  the  argument  g.    In  the  case  of  Jupiter  this  has  led  us  to  put 

fco  =  +  i4".28oi  fci  =  —  i".6777  *»  =  +  i".69ai 

fcj  =  -I-    o".o636  *4  =  +  o".i4i4 

and  in  the  case  of  Saturn 

*o  =  —  5i7''.772i  k^  =  —  i4".983i  K=  +  I'^-SoSo 

A,  =  —     o'^5642  K=+   o".790i 
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The  expressions  for  -g^  and  ^  -^  follow : 


Arg. 

it 

n  dt 

COB. 

sin. 

Bin. 

COB. 

t'      t 

II 

// 

// 

// 

o      o 

—  0.0122808 

0 —    I 

— 

I.  1420 

—  I. 0174 

+ 

1. 1610 

—  0.  9308 

+ 

I.  oi73636>«' 

—  I. I42039IB/ 

— 

0. 50868 1 8«/ 

—  0.  57IOI95H/ 

0 —   2 

— 

0.0771 

+  0.0170 

+ 

0. 0835 

0.0000 

+ 

0.  0245236m/ 

—  u.0275342»/ 

— 

0. o245236«/ 

—  0. 0275342X/ 

o—  3 

— 

0.0017 

+  0. 0010 

+ 

0.0033 

-f  0.0004 

+ 

0. 0008868K/ 

—  0. ooo9957n/ 

— 

0.  ooi3302n/ 

—  0.  ooi4935>i/ 

'+  3 

— 

0.00032 

—  0.00061 

— 

0.0006 

-|-  0.0004 

1+    2 

— 

0. 01 18 

—  0.0017 

— 

00133 

-|-  0.0013 

1+  I 

— 

0.  3720 

+  0. 1052 

— 

0.  2603 

-  0. 0597 

I        o 

— 

3-  3928 

—  1-7597 

— 

0.  7161 

+  0.  1939 

I—  1 

— 

9-  '757 

+47.  1662 

4- 

2.  9759 

+  15.2960 

I —    2 

+ 

0.3997 

+  2.  2087 

— 

0.  1906 

+  1.6614 

■-  3 

+ 

0.  0274 

+  0. 0893 

— 

0.  0258 

+  0. 1050 

I—  4 

+ 

0.0014 

+  0.0033 

— 

0.0019 

+  0. 0057 

2+    2 

— 

0.  0014 

—  0.0012 

— 

0. 0019 

+  0. 0016 

2+    I 

— 

0.  0417 

—  0. 0223 

— 

0.  0366 

+  0.0218 

2         O 

— 

I.  0199 

—  1.0268 

— 

0.4698 

+  0.4065 

2 —    I 

- 

24.  04532 

+  0.  86691 

+ 

3-  53984 

—  0. 19888 

2 —    2 

^214.0201 

—91.7688 

+  120.3064 

— 51-5832 

2—  3 

— 

5-  4539 

—  3H29 

+ 

5- 8327 

-  3-  0764 

Z—  4 

— 

0,  1899 

—  0.  1250 

+ 

0.  3069 

—  0.  l8oo 

2-    5 

— 

0.0081 

—  0. 0054 

+ 

0.0174 

—  0.0106 

3+  > 

+ 

0.  0010 

+  0.0039 

+ 

0.0013 

—  0.0042 

3      o 

+ 

0.0906 

+  o-  "654 

+ 

0.0440 

—  0.0960 

3—  ' 

+ 

2.5944 

+  1-6632 

+ 

0.4591 

—  "•  3340 

3-  2 

+ 

39.  6924 

+52.  2365 

— 

16.  5368 

+22.  3896 

3-  3 

— 

:5,  6852 

+24-  6755 

+ 

10. 8438 

+  17-5836 

3—  4 

— 

0.9761 

+  0.7016 

+ 

0. 9797 

+  0.8822 

3-  5 

— 

0. 0467 

+  0.0168 

+ 

0.0651 

+  0.0390 

J—  6 



0.0022 

+  0.0005 

+ 

0.0041 

+  0.0020 

4      o 

+ 

0.0013 

-f-  0.  0102 

-- 

0. 0001 

'      0.  0072 

4—  • 

+ 

0. 0498 

+  o-  '955 

+ 

0. 0288 

—   0.0919 

4—  2 

+ 

0.  9030 

+  6.3979 

— 

0.0967 

+  ■■5544 

4-     3 

— 

19.  0362 

+  9.0422 

+ 

11.5647 

+  5-  7324 

4—  4 

+ 

S-  3687 

+  6.5947 

— 

4. 0749 

+  5-3143 

4-  5 

+ 

0.  1126 

+  0-  5330 

— 

0.  1716 

+  0.  5649 

4-  6 

— 

0.  0051 

+  0.  0284 

— 

0.0005 

+  0. 0402 

4—  7 

— 

0.0005 

+  0.0013 

+ 

0.0003 

+  0.  0025 

5       0 

+ 

0.0067 

—  0.0090 

+ 

0.0066 

+  0.0093 

s-  ■ 

+ 

0.  2796 

-  0.  3932 

+ 

0.1413 

+  0.  1951 

MUTUAL  PERTURBATIONS  OF  THE  FIRST  ORDER. 
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Arg. 

dd2 

1  dv 
n  dt 

• 

COS. 

sin. 

sin. 

COB. 

t'       i 

5 —  2 

4-     5-67254 

-13-33271 

// 
+  0.07542 

+0.1 1796 

5—  3 

+  152.6838 

+  "•3735 

-75-6574 

+5-  7237 

S—  4 

+    4-8731 

+  5-4299 

—  4-  6297 

+4.  0120 

5—  S 

+     2.9701 

—  1.4865 

—   2.  6327 

—1. 1887 

S—  6 

+    0.2863 

+  0.0133 

—  0.  3146 

— 0.0105 

S—  7 

+    0. 0164 

4-  0. 0087 

—  0.0236 

+0. 0074 

5—  8 

+    0.0007 

+  0.0008 

—  0.  0014 

+0.0008 

6-  I 

+    0.0021 

—  0.0003 

+   0.0012 

0.0000 

6—  2 

+    0. 0430 

—  0.0193 

+   0.0153 

+0. 0041 

6-3 

+     1-0234 

+  0.  6703 

-  0.  33389 

+0. 24544 

6-4 

—    0. 6738 

+  2.3519 

+   0-  3837 

+  1-5534 

6-S 

+     2. 0940 

+  0.0180 

—    1-6795 

— 0.0131 

6—  6 

—    0.  3486 

—  1.2827 

+   0.  2755 

—I.  1442 

6-7 

+    0.0431 

—  0. 1452 

—  0.0346 

-0. 1587 

6—  8 

+    0.0083 

—  0.0084 

—  0.  0085 

— 0. 0121 

6-9 

+    0.0007 

—  0.0004 

—  0.0008 

— 0.0007 

7 —  2 

+    0.0051 

-f-  0. 0049 

+  0. 0027 

— 0.0024 

7—  3 

+    0. 1240 

-|-  0.  2402 

—  0.0II2 

+0. 0309 

7—  4 

—    1.2870 

+  I- 2519 

+  0.  7017 

+0.  7065 

7—  5 

+    0.7304 

+  0.4453 

-  0.5550 

+0.3159 

7—  6 

+    0. 2083 

—  0.  9416 

—  0. 1670 

—0.  8053 

7—  7 

—    0. 5807 

-|-  0.0198 

+  0.  5308 

— 0.0003 

7—  8 

—    0.0711 

—  0. 0412 

+  0.0792 

—0. 0394 

7—  9 

—    0.0038 

—  0. 0063 

-\-  0.0060 

— 0.0070 

7 — 10 

—    0.0003 

—  0.0006 

+  0. 0002 

—0.0006 

8—  2 

+    0.0002 

—  0.0007 

+   O.OOOI 

+0.0002 

8-  3 

+    0. 0026 

—  0. 0206 

-l-  0.0009 

+0. 0033 

8-4 

+    0.3177 

—  0.0869 

—  0.  I35I 

—0. 0330 

8-S 

+    0.  i''46 

+  0.2678 

—  0.  I3II 

+0.  1772 

&—  6 

+     0. 2701 

—  0.  3063 

—  0.  2077 

—0.  2588 

8-  7 

—    0.431 1 

—  0. 1945 

+  0. 3854 

— 0.  1666 

8—  8 

—    0.0533 

+  0.  2568 

+  0. 0597 

+0.  2379 

8-9 

—    0. 0308 

+  0.0329 

4-  0.0312 

+0. 0368 

8—10 

— •    0.  0045 

+  0.0014 

+  0.0051 

+0. 0024 

8— II 

—    0.0004 

—  0.0002 

+  0.0004 

—O.OOOI 

9-  3 

+     0. 0010 

—  0.0005 

+  0.0005 

+0.0002 

9—  4 

+     0.0323 

+  0.0077 

—  0. 0075 

+0. 0025 

9—  S 

+     0. 0066 

+  0.  141 7 

—  0.0071 

+0.  0850 

9-6 

+    0.  1313 

—  0. 0439 

—  0. 0983 

—0. 0394 

9—  7 

—    0.  1285 

—  0. 1712 

+  0. 1 170 

— 0.  1412 

9-8 

—    0. 1431 

+  0.  1919 

+  0.  1283 

+0. 1767 

9—  9 

+     0.  1083 

+  0.0527 

—  0. 1007 

+0. 0550 

9 — 10 

+    0-0135 

-|-  0.0206 

—  0.0154 

+0. 0214 

9— II 

+      O.OOOI 

+  0.0030 

—  0.0006 

+0. 0034 

1      9-«2 

—      O.OOOI 

+  0.0003 

+   O.OOOI 

+0.0003 

25  AST- 
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dSz 

1  dv                             \ 

dt 

n 

dt 

Arg. 

COS. 

sin. 

COS. 

sin. 

t'      i 

10 —  4 

— o.  02767 

— 0. 02746 

— 0.  00044 

+0.  00061 

lo-  5 

+0.  1833 

—0.  3728 

—0.  0906 

—0.  1829 

lo —  6 

+0.0479 

—  0.  0014 

—0.  0357 

—0.0057 

lo-  7 

— 0.  0092 

—0.  0739 

+0.  0116 

—0.  0602 

lo—  8 

—0. 1064 

+0.  0495 

+0.  0923 

+0.  0482 

lo —  9 

+0. 0803 

+0.  0935 

—0.  0756 

+0.  0863 

lO— lO 

+0. 0365 

— 0.  0427 

—0.  0374 

—0.  0390 

lO II 

+0.0126 

— 0.  0046 

— OOI33 

— 0.0054 

lO — 12 

+0.0017 

+0.0004 

— 0. 00 1 9 

+0.  0003 

II-  5 

+0. 0050 

—0.  0036 

— 0.0018 

— 0.0010 

II—  6 

+0.  OI2I 

+0.  0098 

—0.  0080 

+0.0059 

11-  7 

+0. 0085 

—0.  0208 

—0.  0054 

— 0.0165 

II—  8 

—0.  0426 

— 0.  0032 

+0. 0367 

— 0.  0001 

II—  9 

+0.  0146 

+0.  0638 

—0.  0158 

+0.  0576 

II  — lo 

+0.  0568 

—0.  0309 

— 0. 0536 

— 0.0291 

II  — II 

—0.  0147 

—0.0218 

+0.0130 

—0.  0225 

II—  12 

— 0.  0010 

—0. 007 1 

+0.  0013 

— 0.  0074 

12-    6 

+0.0044 

+0.0097 

— 0. 0025 

+0.  0052 

12-    7 

+0.  0052 

—0.0037 

—0. 0035 

— 0.  0031 

12—   8 

—0.  Olio 

—0.0075 

+0.  0096 

—0.  0054 

12-    9 

— 0.0072 

—0.  0244 

+0.  0049 

+0. 0224 

12— lO 

+0. 0373 

—0.0003 

—0.0351 

—0.  0014 

12—11 

— 0,  0082 

—0.  0328 

+0. 0081 

—0.  0322 

12—12 

—0.0127 

+0.  0030 

+0.0131 

+0.  0022 

The  corresponding  quantities  for  Saturn  are  : 


Arg. 

dSz' 
dt 

1   dr' 
n'  dt 

COS. 

sin. 

sin. 

COS. 

i'      i 

0  0 

1  0 

2  0 

3  0 

4  0 

5  0 
—4—  I 
— 3-' 

-8.  631 1 

—5.  35oo8ok7 

-0.  7346 

— 0.  149816x7 

— "•  0303 

— 0.  oo6294«7 

—0.0002 

— 0.0003 1 2«V 

+0.0002 

+0.0003 
+0.  0019 

-5-350' 
+8.  631067H7 
—  1.  1722 
+0.  241756x7 
—0.  0972 
+0.  OIOI58n7 
—0.  0077 
+0.  O00504«7 
— 0.0005 

— 0.0003 
+0.  0004 

-7-6361 
—2.  675040«7 
—0.  4093 
—0.  I498i6«7 

+°-  0233 
— 0.  00944 1  »7 
+0.  0078 
—0.  000624*7 
+0.  0010 

0.0000 
— 0.  0042 

+  0. 075066 
+  10.  1319 

—  4- 3 1 5533"''' 
+  '-7346 

—  0.  241756K7 
+  0.  1703 

—  0.  oi5237«7 
+  0.  0132 

-  0.  001020KV 
+  0.0006 

+  0.0002 
0.0000 
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dSz'                                 1 

1  dv' 

d( 

n'  dt 

Arg. 

COS. 

• 

sin. 

sin. 

008. 

i'      i 

— 2 —    I 

-|-  0. 0227 

-f    0. 0114 

n 
—   0.0478 

+      0.0163 

—  I—    I 

+  0. 2802 

+    0.1311 

—   0.  4629 

+      0.3204 

O —    I 

—    2.  5227 

+  28.9829 

—    2.6889 

+    8. 2224 

I—    I 

+   9.6656 

—     1-3654 

+48.  1544 

+262. 5939 

2 —    I 

+204.  9729 

—    6. 8944 

—  56.  2251 

+    3-2555 

3—  I 

—  14.  5483 

—  10.4073 

—  4-  9697 

+    3- 5005 

4—   I 

—  0-447J 

—    0.0399 

—  0.4316 

+    0.1989 

5-  ' 

—  0.0263 

—    0. 0040 

—  0.0316 

+    0. 0280 

6—  I 

—  0.0018 

—    0.0005 

—  0.0015 

+    0. 0027 

7—  I 

—  0. 0001 

—    0.0002 

+  0.  0001 

+    0.0003 

— 2 —   2 

4-  0.0006 

—    0.0006 

—  0.0014 

—    0.0015 

—  I —   2 

-|-  0.0099 

—    0. 0108 

—  0.0217 

—    0.0146 

O —    2 

—  0. 0979 

+     1.0448 

-  0.  2758 

—    0.0188 

I —   2 

+  3-3526 

—  10. 1030 

—  I.  1744 

+  10.5178 

2 —    2 

+87.5789 

+  37-4603 

—83.  5668 

+  36.4790 

3—  2 

+36. 8496 

+  36.4676 

—31.  2005 

+  25.4230 

4—  2 

—78. 2220 

— 629.  5161 

437-3212 

—306. 1645 

S-    2 

—34. 32403 

+  80.  63232 

—   0. 80297 

-    1.52185 

6—   2 

+  I- 1778 

+    0.4359 

+  0.  5690 

—    0.  2259 

7—  2 

+  0.0331 

+    0.0168 

+  0.  0295 

—    0. 0142 

8—   2 

+  0.0013 

+    0.0008 

+  0.0017 

—    0.0006 

-'-  3 

4-  0.0002 

—    0.0007 

0.0000 

—    0.0018 

o—  3 

—  0.0118 

+    0.0554 

—  0.0015 

—    0. 0052 

I—  3 

+  0.1182 

—    0. 6269 

+  0.0881 

+    0.5273 

2-  3 

+  0.8781 

+    0.8416 

—  1-4465 

+    0. 2740 

3-  3 

+17.1428 

—  23.7761 

—  18.4562 

—  25. 1481 

4—  3 

+14. 7028 

—    6.  2679 

-15.1906 

—    7-4477 

5—  3 

+  7-2953 

+    0.9109 

—  6.  8424 

+    0.4197 

&-3 

+  5.0024 

+     3-4675 

—  3-4094 

+    2. 2076 

7—  3 

—  1.0596 

—     2. 0905 

+  0.  2382 

—    0.5277 

8-3 

—  0.0221 

+    0.1181 

—  0.0109 

—    0. 0391 

9-  3 

+  0.0007 

+     0. 0024 

—  0.0005 

—    0.0022 

o—  4 

—  0.0007 

+    0. 0032 

+  0.0001 

—    0.0001 

I—  4 

+  0. 0064 

—     0. 0358 

+  0.0081 

+    0.0341 

2—   4 

—  0. 0001 

+     0. 0324 

—  0.0127 

+    0.0167 

3-  4 

+  0.  8945 

—    0.3721 

—  0.  7506 

-    0.6953 

4—  4 

-  7-  6391 

-     8.5017 

+  8.  3181 

—    9-4975 

5-  4 

-  1.2828 

—    6.3801 

+  1.8724 

-    7.2651 

6-4 

+  0.8151 

-     2.3512 

—  0.  6822 

-    2.7251 

7—  4 

+  0.6780 

—    0.5943 

-  0.  6353 

—    0. 6689 

8-4 

+  0.3723 

—    0.  1089 

—  0.  2900 

—    0. 1119 

9—  4 

-  1-7237 

—    0.4520 

+  0.8129 

—    0.2179 

10—  4 

+  0.  16489 

+    0. 16391 

+  0. 00591 

—    0. 00701 

11—  4 

+  0.0084 

+    0.0077 

+  0.0045 

—    0. 0050 

I-  s 

—  O.OOI 

—    0.003 

0.000 

+    0. 002           1 

lOO 
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Arg. 

dSn' 
dt 

1  dv' 
n'  dt 

coa. 

sin. 

sin. 

COS. 

i'    i 
2—  5 

— o.  OOI 

// 
+0.001 

0.  000 

—  0.  OOI 

3-  5 

+o.  036 

+0.006 

— o-  033 

— 0. 010 

4-  5 

—0.  086 

— 0.  646 

+0.  245 

—0. 641 

5-  S 

—4.  288 

+2.410 

+4.  848 

+2.613 

&-  5 

-3- 1 103 

—0.0213 

+3-  6879 

+0. 1539 

7-  5 

—  '■0347 

—0.  6167 

+  "•3164 

—0. 6281 

8-5 

—0. 1878 

—0.  3388 

+0.  2670 

—0.3732 

9--  5 

+0. 0014 

—0.  1213 

+0.0135 

—0.  1326 

lo-  5 

-fo.  0224 

— 0. 0390 

—0.0175 

—0. 0384 

II-  5 

+0. 0305 

— 0.  0201 

— 0.  0196 

—0.0142 

12-  5 

-0.0113 

+0.  0026 

+0.  0025 

+0.0004 

3-6 

— 0.  002 

+0.001 

— 0.003 

—0.000 

4-  6 

+0.014 

—0.031 

—0.002 

— 0.  032 

5-6 

—0. 405 

— 0.041 

+0.43' 

+0. 030 

6—  6 

+0.627 

+2.  133 

—0.  652 

+  2- 413 

7-6 

—0. 3429 

+ 1- 5477 

+0-  3477 

+1.8657 

8-  6 

—0. 4394 

+0.  4827 

+0.  4909 

+0. 6449 

9-  6 

— 0.  2016 

+0.  0630 

+0.2413 

+0. 1087 

lo —  6 

—0,  0594 

—0.0135 

+0.  0746 

— 0. 0062 

II—  6 

— 0.0126 

— 0.  0117 

+0.  0165 

— 0.  0II4 

12—   6 

— 0.0020 

—0.0050 

+0.  0025 

— 0.0049 

4—  7 

+0.001 

—0.002 

0.  000 

—0.002 

5—  7 

—0. 021 

— 0.016 

+0.025 

— 0.  010 

6—  7 

— 0.  078 

+0.  232 

+0.051 

+0. 256 

7—  7 

+  1.031 

—0.  056 

—  I.  161 

—0.031 

8—  7 

+0.  756 

+0.  342 

—0.915 

+0.  377 

9-  7 

+0.218 

+0.  301 

— 0.  302 

+o-35> 

10 —  7 

+0.012 

+0.  125 

— 0.  036 

+0.156 

II—  7 

— 0.  015 

+0-  033 

+  0.013 

+0. 046 

12—    7 

— 0.007 

+0.006 

+0.009 

+0.009 

5-8 

—  0. 001 

— 0.  001 

0.000 

— 0.  OOI 

6—  8 

— 0.015 

+0.012 

+0.  012 

+0.015 

7-  8 

+0.  122 

+0.  074 

—0.138 

+0. 066 

8-  8 

+0.090 

—0.478 

^0.  120 

-0.532 

9-8 

+  0.263 

—0.353 

— 0.  300 

—0,429 

lo—  8 

+0.  196 

— 0.  087 

—0.  234 

—0. 128 

II—  8 

+0. 076 

+0.009 

— 0.  100 

—0.002 

12—   8 

+0.019 

+0.013 

— 0.027 

+0.015 

6-  9 

— 0.002 

0.000 

+0.  001 

+0.001 

7-  9 

+0.006 

+0.011 

— 0.009 

+0.  010 

8-9 

+0. 057 

— 0.060 

— 0.  056 

— 0.069 

9—  9 

— 0.  209 

— 0.  096 

+0.  231 

—0. 117 

10 —  9 

-0.  155 

—0.177 

+0.  186 

—0.  206 

II—  9 

— 0.027 

— 0.  121 

+0. 042 

— 0. 148 

12-9 

+0. 014 

— 0.046 

— 0.012 

—0.061 
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Arg. 

dSi' 
dt 

1   dv' 
u'  dt 

COS. 

sin. 

sin. 

COS. 

i'     i 
7-IO 

II 

4-0.  ooi 

-f  0.002 

0.000 

0.000 

8— lo 

+0.009 

—0.003 

— 0.009 

— 0.004 

9 — 10 

—0. 026 

—0. 041 

+0.  029 

— 0. 042 

10—10 

— 0.071 

+0. 085 

+0.  083 

+0. 092 

II  — 10 

— 0.  Ill 

+0.059 

+0.  130 

+0.071 

12 — lO 

—0.073 

0.000 

+0.091 

+0.005 

9—11 

0.000 

— 0.006 

+0.001 

— 0.005 

10 — II 

— 0.025 

+0.009 

+O.C27 

+0.010 

11 — II 

+0. 031 

+0.044 

— 0.031 

+0.051 

12 — II 

+0. 018 

+0. 066 

— 0.  020 

+0. 078 

10—12 

—0.003 

— O.OOI 

+0.004 

0.000 

II — 12 

4-0.  OOI 

+O.OIS 

— 0.002 

+0.016 

12 — 12 

-fo.  026 

—0.007 

—0. 030 

—0.006 

The  integration  of  the  preceding  expressions  gives  those  for  6z  and  v,  except 
that  we  do  not  thus  obtain  the  constant  term  of  the  latter  quantity.  This,  however, 
is  known  to  be 

where  Pi  has  the  signification  attributed  to  it  at  page  63.* 

This  formula  gives  us  in  the  case  of  Jupiter  as  the  constant  term  of  v  — 2". 3  598, 
and  in  the  case  of  Saturn  as  the  constant  term  of  v'  +86". 5056. 

With  regard  to  the  terms  of  the  perturbations  factored  by  t  it  may  be  noted  that 
if  we  denote  the  terms  in  nSz,  having  the  argument  g,  by 

kifit  sin  g  +  Ic^nt  cos  g 

and  those  in  3^  by 

U'int  sin  g  +  fciW*  cos  g 

the  complete  expressions  for  these  parts  of  the  perturbations  will  b« 
n6z  =        fciMtl  sin  ^  +  -  p?  sin  25^  +  -  p^  sin  351  +    .     .    .1 

+   Marcos  gf +  ^^^  cos  2(?  +  i^' cos  35f+    .    . 

V=     --fc,m<l  -p-+COSflt  +  p-C08  2</+p?COS35r+     . 

+  ifcjn^r  sin  </  +  q-'  8in  zg  +  ^  sin  zg  +    . 

^.=       M«[  8in3  +  |;sin2i,  +  g8in3<;  + 

r        ^    e  Pa  Pa 

+  Mt|  - 1  p-  +  COS  </  +  p-  COS  2p  +  p^  COS  3<;  + 
The  P  and  Q  have  been  defined  (page  63). 


] 


] 
] 
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I02  A  NEW  THEORY  OF  JUPITER  AND  SATURN. 

In  the  case  of  Jupiter  these  equations  ^ve 

n6z=  TciUt  Bin  {—   g)  +  fcjntcos(—   g) 

+  [8.0810774]  Iciut  sin  (—  2g)  +  [8.0811617]  kiUt  cos  (—  2g) 
+  [6.4632057]  kint  sin  (—  35)  +  [6.4633322]  hnt  cos  (—  29) 
+  [4.9702810J  k^nt  sin  (—  4^)  +  [4.9704329]  k^nt  cos  (—  ng) 
+  13-5462420]  M<  sin  (—  sg)  +  [3.5464107]  hnt  cos  (—  S9) 

r=      [8.0817514]  kiTit 

+  -fciTOtcos(—   g)  —  -hint  sin  (—    g) 

+  [8.0810774]  kint  cos  (—  2p)  —  [8.0811617]  k^nt  sin  (—  2g) 
+  [6-6392970]  kiut  cos  (—  2,9)  —  [6.6394235J  kiiit  sin  (-  3^) 
+  [5.27 131 10]  kint  cos  (—  49)  —  [5.2714629]  hint  sin  (—  4^) 
+  [3-9441820]  kint  cos  (-  sfli)  -  [3.9443507]  k^nt  sin  (-  55) 

^3^=  -  [8.8599027]  M< 

+  fcsWf  sin  (—    g)  ■\-  ktnt  cos  (—  g) 

+  [8.3821917]  Z;3nt  sin  (—  zg)  +  [8.3821074]  kfUt  cos  (—  2g) 
+  [6.9404535]  kjnt  sin  (—  33)  +  [6.9403270]  Mt  coa  (—  3^) 
+  [5-5724929]  hnt  sin  (—  4<7)  +  [5.5723410]  fc.nt  cos  (—  4g) 
+  [4-2453807]  kint  sin  (—  s9)  +  [4-2452120]  k^nt  cos  (—  5P) 

And  in  the  case  of  Saturn 

n'6z'=  k'ln't  sin    g' +  ft'^m't  cos  g' 

+  [8.1461706]  k'ln't  sin  23'  +  [8.1462845]  k'^n't  cos  25^ 
+  [6-5933997]  ^'tn't  sin  35'  +  [6.5935705]  k'ln't  cos  3<;' 
+  [5-1655779]  k'ln't  sin  45'  +  [5.1657829]  k\n't  cos  45^' 
+  [3.8066453]  /c'ln't  sin  s*/'  +  [3.8068731J  k'zu't  cos  5^' 

y'=  —  [8.1470809]  k'ln't 

—  -fe'iTi't  cos   «/'+  -fc'jn'<  sin    jr* 

—  [8.1461706J  k'lU't  cos  25'  +  [8.1462845]  k'ln't  sin  251' 
--  [6.7694910]  k'ln't  cos  3(?'  +  [6.7696618]  k'2n't  sin  351' 

—  [5.4666079]  k'lU't  cos  4</'  +  [5.4668129]  k'2n't  sin  4^ 

—  [4.2045853]  k'ln't  cos  5p'  +  [4.2048131]  k'ln't  sin  s«/' 


cost 


—  [8.9252322]  k'tn't 
+  k'iti't  sin    g'  +  fc'^m't  cos   g' 

+  [8.4473145]  fe'sw't  sin  2g'  +  [8.4472006]  fe'^n't  cos  2g' 
+  [7.0706918]  fe'jn't  sin  3p'  +  [7.0705210]  A;'4n't  cos  351' 
+  [5-7678429]  fe'jw't  sin  43'+  [5.7676379]  k'oi't  cos  4//' 
+  [+•5058431]  'f'st't  sin  sfli'  +  [4-5056153]  fc'iw'*  cos  5?* 
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The  expressions  for  the  perturbations  of  Jupiter  and  Saturn,  arising  from  their 
mutual  action,  and  of  the  first  order  with  respect  to  disturbing  forces,  are  as  follows : 


Arg= 

i'g'  +  ig 

ndz 

V 

u 
cos 

i 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

V        i 

// 

// 

tr 

// 

// 

// 

0       0 

I 

2-  3598 

0.  oi228o8n/ 

+0. 0369 

— 0. 0090789«/ 

0  —  I 

0.0000 

0.0000 

+ 

0.5900 

+  0.4221 

0.0000 

0.0000 

— 

i.oi73636«c 

—  I.  I42039in/ 

— 

0.50868 1 8n/' 

+  o.57ioi95«/ 

+0.  28443i5«/ 

+0.  I2535I4«/ 

0  —   2 

+ 

0.0316 

+  0.0146 

+ 

0.  0348 

—  0. 0061 

— 0.0079 

—0.  0147 

— 

O.OI226l8n/ 

—  0.  oi3767iK^ 

— 

0. OI226l8»/ 

+  0. 0137671K/ 

+0. 00685  76K/ 

+0.00302 1 6»t/ 

0  —  3 

+ 

0.0005 

+  0.0004 

+ 

0.0009 

—  0.0003 

0.0000 

—0.0004 

— 

0. 00029567;^ 

—  0.  00033  I9«i' 

— 

0.  ooo4434«/ 

+  0. ooo4979«^ 

-|-o.  ooo248on/ 

+0.  oooiii8«/ 

0  —  4 

— 

0. 0000095K/ 

—  0. ooooio7«^ 

— 

0. 00001 90«/ 

-|-  0.  00002 1 3K/ 

-|-o.  00001  o6»^ 

+0.  ooooo47«/ 

0  -  5 

— 

0. oooooo4«/ 

—  0.  oooooo4«i' 

— 

0. oooooo9«/ 

+  0.  OOOOOIO«/ 

+0.  oooooo5«/ 

+0.  0000002W/ 

I  +  3 

— 

o.oooi 

+  0.0002 

+ 

0.0002 

+  0.0001 

I  -1-  2 

— 

0. 0049 

4-  0.0007 

+ 

0.0055 

4-  0.0005 

-fo.  0025 

— 0.0006 

I  +  I 

— 

0.  2652 

—  0. 0750 

+ 

0.  1856 

—  0.0426 

+0. 0983 

+0.  C297 

I        0 

— 

8.  4254 

+  4-  3699 

+ 

1-7783 

+  0.4815 

-|-o.  4468 

— 0.  3056 

I  —  I 

+ 

15. 3616 

+78.  9638 

+ 

4.  9822 

—25.  6080 

—0. 1 1 61 

— 0. 0509 

I  —  2 

— 

0. 2503 

+  1.3828 

— 

O.I  193 

—  1.0401 

—0.  2590 

— 0. 0586 

I  —  3 

— 

0.0106 

+  0-0344 

— 

0.0099 

—  0.0404 

— 0. 0040 

— 0. 0039 

I  —  4 

— 

0.0004 

-f  0.0009 

— 

0.0005 

—  0.0016 

— 0. 0001 

+0.0001 

2  +  2 

— 

0. 0005 

-|-  0.0004 

+ 

0.0007 

-|-  0.0006 

2  +  I 

— 

0. 0231 

-f-  0.0124 

+ 

0. 0203 

-|-  0. 0121 

-|-o.  0049 

— 0.0099 

2        0 

— 

1 . 2664 

+  1-2749 

+ 

0.  5833 

+  0.  5047 

— 0.0186 

-0.  3728 

2  —  I 

+  > 

23- 545° 

+  4-454> 

+ 

18.1877 

+  1. 0218 

+0.4637 

+0.4391 

2  —  2 

+  1 

79.1521 

—76.8179 

+  100.  7061 

+43-  1791 

—0.  1080 

+0. 1908 

2  —  3 

+ 

2.4851 

—  1.4184 

+ 

2.6577 

+  1. 4018 

— 0.  0014 

— 0.0615 

2  —  4 

+ 

0  0595 

—  0.  0391 

+ 

0.0961 

+  0.0563 

+0. 0007 

-  U.0015 

2  -  5 

+ 

0.  0019 

—  0.  0013 

+ 

0.0041 

+  0. 0025 

+0.0002 

— 0.0001 

3  +  I 

+ 

0.  0005 

—  0.0018 

— 

0.0006 

—  0. 0019 

+0.0013 

+0.0005 

3        0 

+ 

0.  0750 

—  0.  1369 

— 

0. 0364 

-  0. 0795 

+0-  0335 

+0.0412 

3  —  I 

+ 

12.4697 

—  7-9940 

— 

2.  2066 

-  1-6053 

+0.  1895 

—0. 0292 

3-2 

— 

50.  1203 

+65.  9600 

— 

20.  8813 

—28.2718 

-0. 5536 

+0. 8698 

3-3 

+ 

8-  7532 

+  13-7703 

+ 

6.0514 

—  9.8126 

— 0. 0420 

— 0. 0038 

3  —  4 

+ 

0.  3496 

+  0.2513 

+ 

0.3509 

—  0.3160 

+0. 0206 

— 0. 0040 

3  —  5 

+ 

0.0123 

+  0.0045 

+ 

0.0172 

—  0. 0103 

+0.0008 

0.0000 

3  -6 

+ 

0.0005 

+  0.  0001 

+ 

0.0009 

—  0.0004 

4         0 

+ 

0.0008 

—  0.  0063 

+ 

0.0001 

—  0.0045 

+0. 0031 

+0.0007 

4  —  I 

+ 

0.0815 

—  0.3201 

— 

0. 0472 

^  0.  1504 

+0. 0410 

— 0. 0274 

4—2 

— 

2.3198 

+  16.4362 

— 

0.  2484 

—  3-  9932 

—0.0319 

+0.  1450 

4  —  3 

+ 

13.  7024 

+  6.  5087 

+ 

8-3244 

—  4. 1262 

+0.  2293 

+0.0900 

4  —  4 

— 

2.  2470 

+  2.  7601 

— 

1.7055 

—  2.  2242 

+0.0144 

—0.0092 

4  —  5 

— 

0. 0332 

+  0.1572 

— 

0.  0506 

—  0.  1667 

+0. 0037 

+0. 007s 

4-6 

+ 

0.0012 

+  0.0065 

— 

0.0001 

—  0.  0092 

+0.0002 

+0.0003 

4  -  7 

+ 

0.0001 

-|-  0.0002 

+ 

0.0001 

—  0.0005 
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Arg= 

i'g'  +  ig 

nS 

2 

V 

u 
cos  » 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

i'        i 
S       ° 

+ 

0.0033 

+ 

0.0045 

u 

-  0. 0033 

+0. 0046 

— 0.0016 

+0. 0039 

5  —  ' 

+ 

0.  2759 

+ 

0.3880 

—  0. 1394 

+0.  1924 

—0.0701 

+0. 1627 

5  —  2 

+  422.  3883 

+992.7791      1 

-  5-6159 

+8.  7834 

+0.  2807 

—0.0133 

5  —  3 

—  I 

54.  7622 

+ 

11.5283 

-76. 6873 

—5.  8016 

—3-  6469 

+0.  3S47 

S  —  4 

— 

2-453' 

+ 

2.  7333 

—   2.  3305 

— 2.0196 

— 0. 0940 

+0.0523 

5  -  5 

0. 9945 

— 

0.4977 

—   0.8815 

+0.  3980 

+0. 0022 

+0. 0047 

5  —  6 

0.0718 

+ 

0.0033 

—  0.  0789 

+0. 0026 

— 0.0025 

+0. 0022 

5  -  7 

— 

0.0033 

+ 

0.0017 

—   0.  0047 

— 0.0015 

— 0.0002 

+0.0002 

5  —  8 

— 

u.  0001 

+ 

0. 0001 

—  0. 0002 

— 0.0001 

6  —  I 

+ 

0.0015 

+ 

0.0002 

—  0.0008 

0. 0000 

0.0000 

+0.0007 

6   —   2 

+ 

0.  1034 

+ 

0. 0464 

—  0.0368 

+0. 0099 

+0. 0073 

+0.0013 

6-3 

— 

1.7528 

+ 

I. 1480 

—   0.5718 

— 0. 4205 

—0. 0322 

+0.0175 

6-4 

+ 

0. 4254 

+ 

1.4849 

+  0.  2423 

—0.9807 

+0. 0141 

+0. 0441 

6-  s 

— 

0.  8104 

+ 

0.0070 

—  0.  6500 

+0. 005 1 

— 0. 0122 

+0. 0021 

6  —  6 

+ 

0.0972 

o.  3S79 

+  0. 0769 

+0.  3193 

— 0.0015 

+0. 0028 

6  -  7 

— 

0.0094 

— 

0. 0317 

-  0. 0075 

+0. 0346 

— 0.0011 

— 0.0009 

6-8 

— 

0.0015 

— 

0.0015 

—  0.0015 

+0.  0022 

0.0000 

0.0000 

6-9 

— 

0. 0001 

— 

0. 0001 

—  0. 0001 

+0.0001 

7  —  2 

+ 

0.0062 

— 

0. 0060 

—  ".0033 

— 0. 0029 

+0. 0029 

— 0.0012 

7  —  3 

— 

0.  6842 

+ 

1.3256 

—  0.0618 

-0. 1705 

—0. 0050 

+0. 0020 

7  —  4 

+ 

I . 0896 

+ 

1.0599 

+  0.5940 

—0.  5981 

+0. 0368 

+0.0372 

7  -  5 

— 

0.  3348 

+ 

0.  2042 

-  0.  2545 

— 0.  1448 

— 0.0099 

+0.  0074 

7  —  6 

— 

0. 0655 

— 

0.  2960 

—  0.0525 

+0.  2531 

— 0.0015 

— 0. 0039 

7  —  7 

+ 

0. 1389 

+ 

0.0047 

+  0.  1269 

+0.0001 

— 0.0016 

—0.0004 

7  —  8 

+ 

0.0137 

— 

0. 0080 

+  0.0153 

+0. 0076 

+0.0002 

— 0.0005 

7  —  9 

+ 

0.0006 

— 

0. 0010 

+  0.  0010 

+0.  0011 

7  —10 

0.0000 

— 

0. 0001 

0.  0000 

+0.  0001 

8   -    2 

+ 

0.  0002 

+ 

0.0006 

—  0.0001 

+0.0002 

8-  3 

+ 

0. 0117 

+ 

0.0930 

—  0. 0041 

+0. 0149 

+0.0010 

+0.0010 

8-4 

— 

0.4080 

— 

0.  1 1 16 

-  0.  1735 

+0.  0424 

— 0.  Olio 

—0.0039 

8-  5 

— 

0.  0981 

+ 

0. 1506 

—  0.0737 

— 0.  0996 

— 0.0043 

+0. 0063 

8-6 

— 

0.0972 

— 

0.  1 102 

—  0. 0748 

+0. 0932 

— 0.0031 

—0.0031 

8-  7 

+ 

0. 1 141 

— 

0.0515 

+   0.  1020 

+0.0441 

+0.0012 

— 0.0009 

8-8 

+ 

O.OII2 

+ 

0. 0537 

+  0.0125 

—0.  0498 

0.0000 

+0.0007 

8-9 

+ 

U.OO53 

+ 

0.0057 

+  0.0054 

—0.0064 

+0.0003 

+0.0001 

8  — lo 

+ 

0.  0007 

+ 

0.0002 

+  0. 0008 

— 0.0004 

8  —II 

+ 

0. 0001 

0.0000 

+  0. 0001 

0.0000 

9-3 

+ 

0.0016 

+ 

0.0008 

—  0.0008 

+0.0003 

9  —  4 

— 

0.0859 

+ 

0. 0205 

—  0.0200 

— 0.0067 

—0.0004 

— 0.0003 

9  -  5 

— 

0.0048 

+ 

0. 1030 

—  0.0052 

—0.0618 

+0.0002 

+0. 0048 

9-6 

— 

o-  05S3 

— 

0.0185 

—  0. 0414 

+0.0166 

—0.0025 

— 0.0008 

9  -  7 

+ 

0.0381 

— 

0. 0507 

+  0. 0347 

+0.0418 

+0.0009 

— 0.0015 

9-8 

+ 

0. 0327 

+ 

0. 0438 

+  0.0293 

—0. 0404 

+0.0004 

+0.0003 

9  —  9 



0. 0201 

+ 

0.0098 

—  0.0187 

— 0. 0102 

+0.0002 

— 0. 0001 
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Arg= 

nSz 

V 

7/ 

COS  i 

i'9'  +  ig 

sin. 

• 

COS. 

COS. 

sin. 

sin. 

COS. 

i      i 
9—10 

—0.0021 

+0. 0032 

— 0.  0024 

—0. 0034 

" 

" 

9— II 

0.0000 

+0.0004 

— 0. 0001 

— 0. 0005 

10 —  4 

— I.  0301 

+  1.0224 

+0.0164 

+0. 0227 

+0.0003 

+0.0012 

10—  5 

—0.  1884 

-0. 3832 

—0.0931 

+0.  1880 

— 0.0061 

— u.OISI 

10 —  6 

—0.  0243 

— 0.0007 

— 0.0181 

+0. 0029 

— 0.0012 

—0.0003 

10-  7 

+0.0031 

— 0. 0249 

+0. 0039 

+0. 0202 

+0.0002 

— 0. 001 1 

10—  8 

+0.0268 

+0.0125 

+0.  0232 

— 0. 0121 

+0.0007 

+0.0003 

10 —  9 

— 0.0161 

+0.0188 

— 0.0152 

— 0.0174 

10 — 10 

— 0.0061 

— 0. 007 1 

— 0.  0063 

+0. 0065 

ID— II 

—0.0018 

— 0.0007 

— 0.  0019 

+0.0008 

10—12 

— 0.0002 

+0.0001 

—0.0002 

0.0000 

n-  5 

—0.0088 

—0.0063 

— 0.0032 

+0.0018 

II—  6 

—0.0077 

+0.0062 

—0.0051 

— u.  0038 

— 0.0004 

+0.0003 

II—  7 

-0.0033 

— 0.0081 

— 0.0021 

+0. 0064 

— 0.  0002 

+0.0005 

II—  8 

+0.01 19 

—0.0009 

+0.  0103 

0.0000 

+0.0005 

— 0. 0001 

II—  9 

— 0.  0032 

+0. 0140 

—0.0035 

— 0.0126 

— 0. 0001 

-1-0. 0004 

II — 10 

— 0. 0102 

-0.0055 

— 9.0096 

+0. 0052 

II — II 

+0. 0022 

—0.0033 

+0.  0020 

+0.  0034 

II — 12 

+0.0001 

—0.0009 

+0.0002 

+0.0010 

12—  5 

—0.0068 

—0.0017 

12—  6 

— 0.  0038 

+0. 0083 

— 0.0021 

— 0.0045 

12—  7 

— 0.0024 

— 0.0017 

— 0.0016 

+0.0014 

12—  8 

+0.  0035 

— 0.0024 

+0. 0030 

+0.0017 

12-  9 

+0.0017 

+0. 0059 

+0.0012 

— 0.  0054 

12 — 10 

— 0.0072 

— 0. 0001 

—0.0068 

+0.0003 

12— II 

+0.0013 

-0.0053 

+0.0013 

+0.  0052 

12 — 12 

+0.0018 

+0.0004 

+0.0018 

—0.0003 
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n'Se' 

v' 

«' 

cos  i' 

Arg=«'9i-«a 

sin. 

COB. 

COS. 

sin. 

sic. 

cos. 

•'      i 
0       o 

// 

" 

+  86.5056 

+    0.  o75o66«'/ 

" 

// 

—0.  3240 

— 0.  i3o677«'/ 

I         0 

0.  oooo 

0.0000 

+     3-  3206 

+ 

7- 4569 

0.  0000 

0.0000 

— 

5.35oo8o«'/ 

— 

8.  63io67n'/ 

-|-     2. 675040n'/ 

— 

4- 315533"'' 

+  1.  io6428«'/ 

+  1.  552265n'/ 

2        0 

— 

o.  3069 

+ 

0.  5487 

+     0.  1442 

+ 

0.  8298 

-fo.  0670 

— 0. 2034 

— 

0.  o749o8«'/ 

— 

0.  i2o878«'/ 

+     0.  o749o8«'/ 

— 

0.  i2o878«'/ 

+0.  03099  !«'/ 

+0. 043468«'/ 

3      o 

— 

0.  0090 

+ 

0.0317 

—    0. 0095 

+ 

0.0557 

— 0.  0010 

—0.0176 

- 

0.  oo2098«'/ 

— 

0.  oo3386«'^ 

-|-     0.  oo3i47«'/ 

— 

0.  oo5078«'/ 

+0.  OOI302«'/ 

+0.  ooi826n''/ 

4      o 

0.  0000 

+ 

0. 0019 

—    0.0021 

+ 

0.0033 

—0.0008 

— 0.0009 

— 

0.  ooooySn'^ 

— 

0.  OOOI26«''/ 

-\-    0.  oooi57«'/ 

— 

0.  ooo253«''/' 

+0.  oooo65«'/ 

+0.  oooo9in'/ 

5      o 

0.0000 

+ 

0.  0001 

—    0.0002 

+ 

0. 0001 

- 

0.  ooooo3n'^ 

— 

0.  ooooodn't 

-f-     0.  oooocxjn't 

— 

0.  ooooi4«'/ 

+0.  000004K';' 

+0.  ooooo5n'/ 

—  3-  1 

— 

0.0003 

+ 

0.  0001 

—     0. 0008 

0.  0000 

+0.0005 

+0.0001 

—    2—    I 

— 

0.  0051 

+ 

0.0025 

—     0. 0107 

— 

0.0036 

4-0. 0046 

—0.0005 

—    I—    I 

— 

0.0804 

+ 

0.  0376 

—     0. 1329 

— 

0. 0920 

+0. 0433 

—0. 0286 

O —    I 

+ 

I.OIS9 

+ 

11. 6710 

—     1.0828 

— 

3-3"o 

— u.  7669 

+  1-6253 

I—    I 

— 

6.5162 

— 

0.  9205 

+  32-4638 

—  I 

77.0306 

—0.  6452 

—0.  4370 

2 —    I 

— 

424.  0893 

— 

14-  2645 

—  116.  3299 

— 

6.  7355 

—2.  0505 

—2.  1264 

3—  I 

— 

28. IS75 

+ 

20.  1428 

+     9.6186 

+ 

6.  7750 

—0.7127 

—0.  0198 

4—  I 

— 

0.  2948 

+ 

0.  0263 

-\-      u.  2846 

+ 

0.  1311 

+  0.  0507 

— 0.  0380 

5-  ■ 

— 

0.0105 

+ 

0.  0016 

-|-     0. 0126 

+ 

0.  01 1 1 

+0.  0029 

—0.  0038 

6—  I 

— 

0,  0005 

+ 

0. 0001 

-|-      0.  0004 

+ 

0,  0008 

+0.  0005 

—0.  0007 

—    2—    2 

— 

0.  0001 

— 

0.  0001 

—    0. 0002 

+ 

0.0002 

—0.0001 

+0.0002 

—    1—2 

— 

0.0017 

— 

0.0018 

—    0. 0036 

+ 

0.  0024 

-|-o.ooo6 

+0.0013 

O —    2 

+ 

0.0197 

+ 

0.2104 

—  0.0555 

+ 

0.0038 

— 0.  0091 

+0.0615 

I—    2 

— 

0.  8452 

— 

2.  5470 

—    0. 2961 

— 

2.6516 

+0.  2524 

+0.0542 

2—    2 

— 

29.5211 

+ 

12.  6271 

—  28. 1687 

— 

12.  2964 

+0.  0847 

— 0.  0696 

3—  2 

— 

18-7373 

+ 

18. 543° 

—  15.8648 

— 

12.9271 

—0.  2295 

+0.  1436 

4—  2 

+ 

80. 9207 

— 

651.2349 

+  38.6088 

+3 

16,  7274 

+  1.0617 

—8.  9202 

5-  2 

—  I 

029.  1981 

-2417-7411 

+  24.0769 

45-  6323 

—0.  1630 

+0.  6190 

6-    2 

+ 

..  1398 

— 

0.4218 

—    0.  5506 

— 

0.2186 

+0.  2368 

+0.0758 

7—  2 

+ 

0.0163 

— 

u.  0083 

—     0.0145 

— 

0.0070 

+0.  0077 

+0.  0019 

8-    2 

+ 

0.0004 

— 

0.0003 

—    0. 0006 

— 

0.  0002 

—  '—  3 

0.0000 

— 

0.  0001 

0.0000 

+ 

0.0002 

0.  0000 

—0.  0001 

o—  3 

+ 

0.0016 

+ 

0.0074 

—    0.0002 

+ 

0.0007 

— 0.  OOIO 

+0.  0021 

'—  3 

— 

0.0183 

— 

0.0972 

+   0.0137 

— 

0.0817 

+0.0008 

+0. 0047 

2-  3 

— 

0.  161 1 

+ 

0.1544 

—    0.  2654 

— 

0. 0503 

—0.0004 

+0. 0859 

3—  3 

— 

3-  8523 

— 

5-  343° 

—    4-  1475 

+ 

5-6513 

+0. 0259 

+0.031 1 

4-  3 

— 

4.2617 

— 

I.  8168 

—    4-4031 

+ 

2.  1588 

— 0.0652 

— 0. 0240 

5-  3 

— 

2-9777 

+ 

0.3718 

—     2. 7928 

— 

0.  1713 

—0. 0822 

+0.0108 

6-3 

— 

3-4500 

+ 

2.  3914 

—     2-3SH 

— 

1.5225 

—0.0900 

+0.0589 

7—  3 

+ 

2.3548 

— 

4.  6458 

+     0.5294 

+ 

1.  1726 

+0. 0238 

—0. 0340 

8-  3 

— 

0.  0402 

— 

0.2147 

-|-     0.0198 

— 

0. 07 II 

— 0.0023 

—0. 0030 

9—  3 

+ 

0.  OC05 

0.0015 

-|-    0.0003 

— 

0. 0014 
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Aig=i'g+i9 


W 
CO8  i' 


»' 

t 

0 — 

4 

I — 

4 

2— 

4 

3— 

4 

4- 

4 

5- 

4 

6— 

4 

7— 

4 

8— 

9— 

10 — 

II — 

I — 

2 — 

3— 

4— 

s— 

6- 

7— 

8- 

9— 

10 — 

11 — 

12 — 

3- 

6 

4— 

6 

5- 

6 

6— 

6 

7— 

6 

8— 

6 

9— 

6 

10— 

6 

II— 

6 

12— 

6 

4— 

5- 

6— 

7— 

8— 

9— 

10 — 

II— 

12— 

+0.0001 

— 0.0007 

o.  0000 

— o.  1290 

+1.2875 

-\-o.  2600 
— o.  2072 
— o.  231 1 
— o.  1926 

+1.8469 
+2.4721 

+0.0084 

+0.0001 
+0.0001 
— o.  0038 
+0. 0102 

+0. 5781 
+0. 4847 

+0.  I9I0 

+0. 0425 

— o.  0004 

—0.0093 
—0.0215 
+0.0271 

+0.  0002 
— 0.0013 
+0. 0409 
— o.  0704 

+0. 0434 
+0. 0637 
+0. 0342 

+0.  0I2I 

-I  o.  0032 
+0.0007 

— o.  0001 
+0.0017 
+0.0069 
—0.0993 
— 0.0806 
^0.0260 
— 0.0016 
+0. 0023 
+0. 0013 


+0.0003 
— o.  0040 
+0. 0041 
— o-  0537 

—1.4328 
—'•2933 

-o.  5978 
— o.  2026 
— o.  0563 
— o.  4843 
—2. 4574 
— 0.0092 

— o.  0003 
+0.0001 
^-o.  0006 
— o.  0767 
+0.  3249 

—0.0033 
—O.I  139 
— o.  0767 

— o-  0355 
— 0.0161 

— u.  0142 

+0.  0062 

+0.  0001 
— o.  0028 
— 0.0041 
+0.  2397 

+0. 1959 

+0. 0699 
+0.  0107 
— o.  0028 
— o.  0030 
— 0.0017 

— o.  0001 
— 0.0013 
+0. 0204 
— 0.0054 
+0. 0368 

+0-  0359 
+0.0169 
+0. 0052 
+0. 001 1 


o.  0000 
+0.0009 
— 0.0016 
— o.  1083 

+  1-4019 

+0. 3795 
— o.  1734 
— o.  2166 
— o.  1500 
+0.8710 
— o.  0886 
— o.  0042 

0.0000 
o.  0000 

—0.0035 
+0. 0291 
+0-  6537 
+0.  5747 
+0.  2430 
+0.  0605 
+0.  0040 
— o.  0072 
— o.  0138 
+0. 0060 

— o.  0003 
— o.  0002 

+0-  0435 
— o. 0732 
+0. 0440 
+0.071 1 
+0.  0409 
+0.0152 
+0. 0042 
+0.0009 

0.0000 
+0.  0020 
+0. 0045 

—O.I  1 18 

—0.0975 

— o.  0360 

—0.0049 

+0. 0020 
+0.0017 


0.0000 
— o.  0038 
— 0.0021 
+0. 1003 
+ 1 .  6007 

+'•4727 
+0. 6928 
+0.  2280 

+0.0579 

+0-  2335 
— o.  1051 
— 0.0047 

— 0.0002 
— o.  0001 
+0.  001 1 
+0. 0762 

— o-  3523 
— o.  0240 

+0.1 159 

+0. 0845 

+0. 0388 
+0.0159 

+0.  0100 
— o.  0010 

0.0000 
+0. 0029 
— 0.0030 
— o. 271 1 
— o.  2362 
— o.  0935 
— 0.0184 

+0.0013 

+0. 0029 
+0.0017 

+0.  0001 
+0.0009 
— o.  0225 
+0. 0030 
— o.  0402 
— o.  0419 
— o.  02 1 1 
— o.  0072 
— 0.0017 


— o.  0001 
— o.  0012 
—0.0315 

— 0.0120 
+0.0021 
— o.  0061 
— o.  0088 
^0.0069 
+0. 0403 
— 0.0027 


— O.  OOII 

— o.  0055 
— 0.0071 
+0. 0045 
+0.0051 
+0.0019 
+0.  0001 
— 0.0003 
— 0.0007 


— o.  0004 

+0. 0043 

+0.0015 
+0.0006 
+0.0017 
+0. 0014 
+0.  0006 
+0.0002 


— o.  0001 
+0.0016 
+0.  0067 

+0.0134 

— 0.0164 
— 0.0176 
— 0.0083 
— 0.0025 
— o.  0070 
o.  0000 


+0.0001 

—0.0118 

— 0.0046 
— 0.0005 
— o.  0032 
— o.  0031 
0.0017 
— 0.0009 
— 0.0007 


— o.  0006 

—0.0033 

— o. 0038 
+0.0012 
+0.0016 
+0.  0004 
— o.  0001 
— o.  0002 


+0.0003 

— 0.0003 

+0. 0019 

+0.0015 

+0.0019 

+0.0003 

— 0.  OOOl 

+0.0003 

— 0.0005 

+0.0008 

— 0.0002 

+0.0006 

+0.0001 

+0.0005 

+0.0002 

+0.0001 
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ATg=x'g+tg 

n' 

Sz' 

V' 

u' 
COS  i' 

sin. 

COB. 

COS. 

sin. 

sin. 

COS. 

i'      i 
6—  8 

+  O.OOII 

+0.0009 

+0. 0009 

— u.  001 1 

+0.  0002 

+0.0001 

7-  8 

—0.0095 

+0.0057 

— 0.  0107 

— 0.0051 

— 0.  0003 

+0.0009 

8-  8 

— 0. 0076 

— 0. 0403 

— 0. 0101 

+0. 0448 

+0.0001 

+0.0009 

9-  8 

— 0. 0242 

—0. 0325 

— 0. 0276 

+°-  0395 

lo—  8 

—0.0199 

—0. 0088 

— 0. 0237 

+0.0130 

II—  8 

—0. 0086 

+0.0010 

— 0.  01 13 

+0.0002 

12—  8 

— 0. 0024 

+0.  0017 

— 0.  0034 

— 0.0019 

7—  9 

— 0.  0004 

+0.0007 

— 0.0006 

— 0.0007 

8-  9 

— 0.  0040 

— 0.0042 

—0. 0039 

+0. 0048 

— 0.  0004 

— 0.  OOOI 

9—  9 

+0.0157 

— 0.0072 

+0.0173 

+0. 0088 

— 0,  0007 

+  0.  OOOI 

10—  9 

+0.0125 

— 0.  0143 

+0.0I5I 

+0.0167 

II—  9 

+0.  0024 

— 0. 0107 

+0. 0037 

+0.0130 

12-    9 

— 0. 0014 

— 0.0044 

— 0.0012 

+0. 0059 

8—10 

— 0.0005 

— 0.0002 

— 0.0005 

+0.  0002 

9—10 

+0.00x6 

— 0. 0026 

+0.  0018 

+0. 0027 

lO — lO 

+0. 0048 

+0.0057 

+0. 0056 

— 0. 0062 

II  — 10 

+0.0080 

+0, 0043 

+0.0094 

— 0. 005 1 

12 — 10 

+0. 0057 

0.0000 

+0.0071 

— 0.  0004 

9-II 

0.  0000 

— 0.0003 

+  0.  OOOI 

+0.0003 

10 II 

+0.0014 

+0.0005 

+0.0016 

— 0.  0006 

II — II 

— 0.0019 

+0. 0027 

— <J.  0019 

— 0. C03I 

12— II 

— 0. 0012 

+0. 0043 

— 0.0013 

— 0.  005 1 

lO — 12 

+0.0002 

— 0.  OOOI 

+0.0002 

0.0000 

II  — 12 

— 0.  OOOI 

+0.0008 

— 0.  OOOI 

— 0.  0009 

12—12 

— 0.  0015 

— 0.0004 

—0.0017 

+0.  0003 

CHAPTER  III. 

PERTURBATIONS  OF  SATURN  BY  URANUS  OF  THE  FIRST  ORDER  WITH  RESPECT  TO  THE  DISTURB- 
ING   FORCE. 

The  method  to  be  followed  in  this  chapter  is  almost  precisely  identical  with  that 
of  the  preceding  chapters.  This  will  relieve  us  from  the  necessity  of  restating  formulae. 
The  single  point  of  difference  is  that  here  it  will  suffice  to  divide  the  circumference, 
with  reference  to  the  mean  anomaly  of  Uranus,  into  twelve  parts,  instead  of  the  sixteen 
which  were  employed  for  Saturn  in  Chapter  I.  As  here  the  elements  of  Saturn  take 
the  place  of  those  of  Jupiter,  and  the  elements  of  Uranus  the  place  of  those  of  Saturn, 
for  convenience  we  will  denote  the  former  without  accents  and  the  latter  with  a  single 
accent,  reserving  to  ourselves  the  liberty  of  denoting,  at  the  end,  the  mean  anomaly  of 
Uranus  as  g" . 

The  elements  of  Uranus  adopted  are  as  follows :  * 

Epoch,  1850,  Jan.  0.0,  Greenwich  M.  T. 

L'=    28°  25'  i7."o5 
7r'  =  i68°  15'     6."7 
6'=    73°  14'    8."o 
i'  =      0°  46'  2o."54 
e'  ^  0.0469236 
n'  =  iS42S."7S2 


«i' 


log  a'  =  1. 2831044 

These  elements  include  the  effect  of  the  4000  year  inequality  produced  by  Nept- 
une. It  seems  better  to  do  this  than  to  take  mean  elements,  for  the  reason  that,  in  the 
latter  way,  it  would  be  necessary  to  consider  terms  proportional  to  the  product  of  the 
masses  of  Uranus  and  Neptune  and  involving  the  anomalies  of  all  three  planets.  Log 
a'  includes  the  constant  term  of  the  perturbations  of  the  logarithm  of  the  radius  vector, 
which  is  +0-0001972.  For  a  like  reason,  adding  to  log  a  of  Saturn  +0.0001854,  we 
have  log  a  =  o  9796819,  which  gives  log  a  —  9.6965775. 

The  coefficients  of  the  terms  of  the  developments  of  the  reciprocal  of  the  distance 

a' 
between  Saturn  and  Uranus  -^  and  its  odd  powers,  as  periodic  functions  of  the  two 

mean  anomalies,  are  then  functions  of  the  following  six  elements : 

o  /  // 

log  a  =9.6965775  J    =      I     57     24.44 

e  =  0.05605688  n  =  143    20    42.93 

e' =  0.0469236  71':=  221     29    41.56 

•An  Investigation  of  the  Orbit  of  Uranus,  with  General  Tables  of  its  Motion.    By  Prof.  S.  Newcomb,  p.  181. 
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n  and  IT  are  measured  from  the  ascending  node  of  the  orbit  of  Uranus  on  that  of 
Saturn.  In  developing  these  quantities  it  is  preferable  to  proceed  as  if  Uranus  were 
the  disturbed  planet,  as  in  this  way  y^  is  smaller. 

The  values  of  the  auxilliary  constants,  entirely  similar  to  those  of  Chapter  I,  are 


log  fc   =  9.9999098 

logfei   =9.9998370 

lOgp      =:  O.OI93IOO 

logv  =9.9969581 
log  W  =  9.9966348 
log  W\  =  9.9971648 
log  Yt  =  6.8904128  log  (e'  in")  =  3.9858164 

yo  =  1.2457067  —  [8.9724213]  cos  c  +  [7.3427826]  cos^  e'  +  [8.7486289]/ 008  F 
We  compute  the  values  of  e'  corresponding  to  the  five  following  values  of  ^: 


K 

=  78 

8 

0.98 

K, 

=  78 

9 

56.24 

P 

=  21 

41 

9.00 

V 

=  78 

1 1 

3-42 

W 

=  56 

28 

12.76 

w, 

=  56 

27 

26.24 

g' 

30° 

31° 

24' 

2. "80 

60 

62 

22 

55-  89 

90 

92 

41 

8.  06 

120 

122 

16 

23-   44 

15° 

15' 

17 

29.    20 

The  values  for  the  seven  remaining  points  of  division  of  the  circumference  are 
either  known  or  readily  deducible  from  these.  By  substituting  them  in  the  equations 
which  give  the  values  of  Xo,  /  and  F  we  get  the  following  table : 


*' 

ro 

log/ 

F-s' 

0 

0 

/         fi 

0 

I. 1665387 

9. 9787586 

76 

28    56. 89 

30 

I. 1496185 

9.  9746368 

79 

25    47.29 

60 

I. 1607263 

9-  977634s 

81 

59     12.98 

90 

I. 1961616 

9.9862614 

83 

21     40. 55 

120 

1.2452725 

9.  9972220 

83 

15     36.05 

150 

1 .  2945026 

0.  0073536 

8. 

51     4609 

180 

i.33'3io6 

0.0145142 

79 

37      5-58 

210 

1.3468479 

0.0175338 

77 

4     25.21 

240 

1.3374098 

0.  0159203 

74 

47     12. 93 

270 

1.3050141 

0. 0097458 

73 

16    49.81 

300 

I. 2572822 

9. 9998678 

72 

58    59-03 

330 

1.2063954 

9.  9883863 

74 

6    34-67 

s 

7.4985401 

9.  98391 7 1 

469 

7      3-50 

S' 

7. 4985401 

9.  98391 7 1 

469 

7      3-54 
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In  the  next  step  we  obtain 


III 


And  in  fine 


(°) 
(0 
(2) 

(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 

(lO) 

(") 
S 
S' 


I-  1672734 
I.  1503098 
r.  1610217 
I. 1961720 

I-  2453941 
1 .  2949840 
1 .  3320624 

1-3475581 
I. 3378019 
I . 3050786 
I.  2573216 
I. 2067726 

7.5008751 
7.5008751 


logg 


9791451 
9749759 
9775301 
9858422 
9969293 
0074544 
0149069 
0178806 
0159238 
0093943 
9994858 

9883736 

9839210 
9839210 


Q-?' 


76 

30 

30-4' 

79 

23 

37-58 

81 

55 

52.67 

83 

20 

53-54 

83 

18 

3-05 

81 

55 

0.82 

79 

38 

16.18 

77 

2 

33-62 

74 

43 

53-70 

73 

14 

59-36 

73 

0 

27-55 

74 

9 

58.57 

469 

7 

3-56 

469 

7 

3-49 

g' 

logN 

log  a 

logb 

(0) 

0.0179713 

9-  7140577 

6.  61024 

(I) 

0.0219611 

9. 7178680 

6.  61441 

(2) 

0.  01940H 

9-7153021 

6.  61 185 

(3) 

0. 01 12542 

9.  7073206 

6.  60354 

(4) 

0, 0003161 

9.6965315 

6.  59245 

(5) 

9.  9897914 

9. 6860072 

6.58193 

(6) 

9.9822142 

9.6783051   . 

6.  57448 

(7) 

9.9791056 

9.6750617 

6.57150 

(8) 

9.9810313 

9. 6769564 

6-  57346 

(5) 

9.9876671 

9, 6836984 

6- 57999 

(10) 

9- 9977306 

9.6939169 

6.  58990 

(11) 

0.  0088850 

9.  7051 136 

6.  60101 

S 

9. 9986646 

8. 1750697 

89-  5523X 

S' 

9.  9986644 

8.  1750695 

89-  55239 
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The  values  of  the  b 

1'*  are  taken  from  Runkle 

s  Tables.* 

We 

get 

iog*;°> 

log  5;-' 

log*;" 

log  *;'' 

log*;*' 

iog*<;' 

logi^' 

(o) 

o. 3342404 

9.  7638610 

9 

3586856 

8. 9964864 

8. 654338 

8. 323844 

8.00097 

(0 

o-  33491 S5 

9. 7686880 

9 

3674426 

9.  CX591166 

8.670818 

8.  344162 

8 

02511 

(2) 

0.  3344602 

9-  7654350 

9 

3615427 

9.  0006082 

8.659717 

8. 330477 

8 

00885 

(3) 

o-  3330791 

9-7553834 

9 

3432656 

8,9742217 

8.  625270 

8.  287993 

95834 

(4) 

0.33I3I46 

9. 7419491 

9 

3'873ii 

8.  9387355 

8.578894 

8. 230757 

89028 

(5) 

0. 3296984 

9. 7290018 

9 

2949759 

8.  9043078 

8.533850 

8.  175127 

82409 

(6) 

0.3285771 

9. 7196184 

9 

2776942 

8.  8792213 

8. 500998 

8.  134529 

77576 

(7) 

0. 3281197 

9.7156892 

9 

2704416 

8. 8686836 

8. 487192 

8.  1 1 7462 

75541 

(8) 

0.3283857 

9.7179830 

9 

2746766 

8.  8748376 

8.495256 

8.  1 2743 1 

76730 

(9) 

0. 3293570 

9. 7261811 

9 

2897866 

8.  8967784 

8-  523993 

8.  162948 

80959 

(.0) 

0. 3309036 

9- 7387>85 

9 

3128136 

8.  9301657 

8.  567687 

S.  216919 

87380 

(■>) 

0. 3327087 

9.7526214 

9 

3382313 

8.  9669462 

8.615766 

8.  276267 

94440 

S 

I. 9878816 

8.  4475650 

5 

9041438 

3. 6200547 

1.456890 

89-  363957 

87 

31696 

S' 

I. 9878814 

8. 4475649 

5 

9041436 

3.  6200543 

1.456889 

89. 363959 

87 

31694 

log  6j' ' 

log  1,['^ 

logs- 

,   ,(10) 
logfcj 

log  5;"' 

log  ij" 

(°) 

7-  6835. 

7-  37005 

7.05989 

6 

■7527 

0.  6cx)6482 

0. 4467923 

(■) 

7 

7115c 

7. 40184 

7-09551 

6 

.7922 

0. 6067952 

0.  4559624 

(2) 

7 

69261 

7-  38043 

7.07152 

6 

.7656 

0. 6026394 

u. 4497729 

(3) 

7 

6341'! 

7- 31389 

6. 99698 

6 

.6830 

0.5901237 

0.  4308901 

(4) 

7 

5552: 

7.  22416 

6.  89642 

6 

-5717 

0. 5741411 

0.  4062060 

(5) 

7 

4784S 

7.  13684 

6.  79854 

6 

■4633 

0.5595140 

0. 3829910 

(6) 

7 

42242 

7, 07306 

6.  72703 

6 

-3841 

0.  5493706 

0. 3665031 

(7) 

7 

3988c 

7. 04620 

6. 69693 

6 

■3507 

0.  5452339 

0. 3596800 

(8) 

7 

4125s 

7. 06189 

6.71452 

e 

•3703 

0. 5476408 

0- 3636573 

(9) 

7 

46166 

7. 11771 

6. 77709 

i 

■4396 

0.5564251 

0.  3780055 

(10) 

7 

536M 

7.  20245 

6.  87208 

t 

-5448 

0.5704212 

0. 4003617 

(>0 

7 

61795 

7.  29552 

6.  97638 

i 

.  6602 

0.  5867688 

0.4257641 

S 

85 

3025( 

83.  31204 

81.  34146 

n 

)•  3892 

3.4448613 

'•6332933 

S' 

85 

3025* 

83. 31200 

81.34143 

7S 

)•  3892 

3. 4448607 

1-6332931 

*Ne-5r  Tables  of  the  Coefficients  of  the  Perturbative  Function. 
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"3 


log  6;" 

1   i"' 
log  J, 

log  6, 

log  6, 

log<' 

log*- 

log  4" 

(0) 

o.  2415444 

0. 0140476 

9. 7740086 

9- 5258905 

9.  272126 

9.01418 

8.  75302 

(0 

0. 2542033 

0. 0303401 

9.  7939980 

9-  5496131 

9.  299601 

9-  04S43 

8.  78804 

(2) 

0.2456651 

0.0193555 

9. 7805243 

9-  5336254 

9. 281087 

9.02437 

8. 76445 

(3) 

0. 2194566 

9- 9855253 

9.  7389410 

9.4842189 

9.  223814 

8-  95921 

8.69138 

(4) 

0. 1848239 

9. 9405628 

9.  6834802 

9.4181700 

9- 147123 

8.87184 

8.59331 

(5) 

0. 1 5 18569 

9.  8974915 

9. 6301498 

9.  3544982 

9.073061 

8.  78736 

8. 49839 

(6) 

0. 1282042 

9.  8664278 

9- 5915693 

9.  3083396 

9.019292 

8.72597 

8. 42934 

(7) 

0.1183573 

9.8534560 

9. 5754269 

9. 2890071 

8. 996753 

8.  70021 

8.  40036 

(8) 

0. 1241015 

9.  8610258 

9.  5848450 

9. 3002930 

9. 009899 

8.71522 

8.41726 

(9) 

0. 1447261 

9.  8881404 

9.  6185459 

9. 3406239 

9. 056907 

8.  76892 

8.47765 

(10) 

0.1765611 

9.  9297923 

9.  6701626 

9. 4022843 

9.  128657 

8.  85079 

8.  56967 

{») 

0. 2122997 

9.  9762577 

9.  7275277 

9. 4706408 

9.  208060 

8.94128 

8.67127 

S 

1.1009002 

g. 6312118 

8.0845910 

6. 4886028 

4. 858184 

3-  20237 

I.  52705 

S' 

I. 1008999 

9.6312110 

8. 0845901 

6. 4886020 

4.  858196 

3.  20241 

1.52709 

lOgftj 

log  i^'»> 

log  6} 

log  65 

log  65 

log  6j 

(o) 

8. 48933 

8. 2234 

1.05063 

0. 99609 

c 

. 88273 

0. 73389 

(0 

8.  52813 

8.2660 

1. 06489 

1.01189 

c 

-  90113 

0.  75536 

(2) 

8. 50199 

8.  2373 

1.05526 

1. 00122 

c 

. 88872 

0. 74086 

(3) 

8. 42099 

8. 1484 

1.02616 

0. 96885 

c 

.  85085 

0.  69654 

(4) 

8.31221 

8. 0285 

0. 98880 

0. 92691 

c 

.80132 

0. 63817 

(5) 

8. 20683 

7.9126 

0. 95443 

0. 88790 

c 

■  75479 

0.  58291 

(6) 

8. 13012 

7.8283 

0.  93049 

0. 86045 

c 

.72176 

0.  54344 

(7) 

8. 09792 

7. 7929 

0.  92069 

0. 84914 

c 

.  70804 

0.  52700 

(8) 

8. 11671 

7-8137 

0.  92640 

0. 85573 

c 

.71606 

0.  53660 

(9) 

8. 18380 

7.  8875 

0.94717 

0.  87959 

c 

>-  74483 

0.57102 

(10) 

8. 28596 

7-  9997 

0.  98008 

0.91705 

c 

).  78962 

0. 62430 

(") 

8.  39867 

8. 1235 

1.01833 

0.96010 

0. 84055 

0.  68444 

S 

89. 83632 

88. 1309 

5.93166 

5-55745 

4.80021 

3.81726 

S' 

89. 83634 

88. 1309 

5-93167 

5-55747 

4.80019 

3.81727 

25  ASX 8 
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log  t,*' 

1    I'^l 

log  bj 

log  65 

logf-r 

logfci" 

logfti" 

(°) 

o.  56148 

0.  37240 

0. 17082 

9. 95968 

9-7411 

9-5165 

(0 

0. 58627 

0. 40065 

0. 20263 

9.99512 

9.7801 

9-  5591 

(2) 

0.  56956 

0.38170 

0. 1811^ 

9.97108 

9-  7538 

9-  5304 

(3) 

0.51826 

0.  32305 

0. 11522 

9.89771 

9.6725 

9.4411 

(4) 

o-  45037 

0.  24528 

0. 02727 

9. 79946 

9-  5639 

9.  3220 

(5) 

0. 38580 

0.  1 7 103 

9.94318 

9- 70534 

9-  4595 

9.  2072 

(6) 

0. 33948 

0.  1 1762 

9. 88259 

9.  63746 

9-  3843 

9-  1245 

(7) 

0. 32005 

0.09520 

9. 85684 

9.  60864 

9-  3523 

9.  0894 

(8) 

0. 33144 

0. 10832 

9. 87204 

9.  62560 

9-3711 

9.  1 100 

(9) 

0.37190 

0.  15500 

9-92513 

9. 68507 

9-  4369 

9.  1821 

(10) 

0-  43423 

0. 22672 

0. 00637 

9.77600 

9-5376 

9.  2927 

(") 

0.  50420 

0.  30697 

0.09701 

9.87738 

9.6501 

9.4168 

S 

2.  68656 

1.45204 

0. 14028 

8. 76928 

7-3518 

5.8961 

S' 

2.  68648 

1.45190 

0. 14001 

8. 76926 

7-3514 

5-  8957 

The  quantities  S  log  ki  and  K^  were  computed  as  in  Chapter  I,  but  we  pass  over  them 

a' 
to  the  coefficients  A.*     In  the  development  of  ^  the  latter  are : 


aI" 

A'.=' 

Al" 

Ai" 

A^ 

Ar 

4" 

7 

8 

g 

8 

8 

e 

8 

(0) 

1874943 

+  1177066 

-  4899385 

—  1766623 

—  899917 

—  559069 

+  654946 

(1) 

1895225 

944398 

5055152 

1903671 

738274 

471567 

760405 

(2) 

1 8823 1  2 

709523 

5028771 

1924952 

556101 

357552 

796140 

(3) 

1841607 

563723 

4840437 

1835652 

433858 

275136 

757973 

(4) 

1788462 

539609 

4574377 

1690549 

403260 

249140 

68031 1 

(5) 

1738996 

616009 

4316660 

I54I518 

447582 

268384 

595211 

(6) 

1704404 

754842 

4122426 

1417124 

536430 

312651 

518401 

(7) 

1690485 

923128 

4019319 

1331006 

646312 

368098 

456851 

(8) 

1699164 

IO9456I 

4020736 

1293582 

762323 

428572 

417018 

(9) 

1729327 

1241964 

4132273 

I3I7235 

871408 

491164 

408667 

(10) 

1776200 

1329741 

4346774 

1413165 

953038 

548722 

444557 

(11) 

1829843 

+  1316124 

—  4628633 

—  1576929 

—  973637 

-  581363 

+  532293 

S 

1.0725485 

+5605342 

—26992469 

-9505995 

4111069 

—2455706 

+3511373 

S' 

I.  0725483 

+  5605346 

—26992474 

950601 1 

— 4IHO7I 

—2455712 

+35 1 1400 

•These  coefficients  have  all  been  divided  by  12  in  order  to  save  the  division  by  6  and  afterwards  by  2,  which  otherwise  would 
have  to  be  performed  in  the  following  process  of  mechanical  quadratures. 
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Ai" 

Ai'> 

Al'> 

Ai" 

Ai" 

A^" 

A^" 

a 

8 

8 

8 

a 

8 

8 

(0) 

+  230353 

+  316767 

+  169020 

—  70126 

—  13674 

—  85928 

-  41765 

(0 

303H6 

276930 

154603 

116421 

41240 

83172 

43395 

(2) 

336667 

212463 

120708 

142210 

59060 

66506 

35797 

(3) 

322830 

I61679 

91066 

138875 

59632 

49871 

26755 

(4) 

282354 

142699 

78353 

"8332 

49485 

41832 

21876 

(5) 

235041 

148889 

79004 

92715 

35955 

40665 

20448 

(6) 

189918 

167766 

85665 

67368 

22265 

42194 

20173 

(7) 

150672 

191591 

94119 

44339 

—  9604 

44169 

19884 

(8) 

120769 

218345 

103940 

25296 

+  1296 

46664 

19740 

(9) 

105863 

249265 

I I 7227 

12860 

9517 

S'jy? 

20858 

(10) 

I 14928 

284148 

136144 

11982 

12856 

60675 

24940 

(") 

+  157470 

+  313849 

+  157834 

-  30142 

+  6551 

—  74548 

—  32981 

S 

+1274989 

+  1342188 

+693830 

-4353«4 

—'30332 

-343800 

— 164291 

S' 

4-1275022 

+  1342203 

+693853 

-435352 

-130363 

—343822 

— 164321 

A- 

A<" 

Al'> 

A^" 

Ai'> 

■^10 

A<"' 

s 

t 

8 

8 

8 

8 

8 

(o) 

—  3250 

—  6270 

+  •9364 

+  8503 

+5 '97 

+3468 

—  3479 

(I) 

+  I22S3 

+  1988 

22013 

10868 

+1036 

+  1501 

5218 

(2) 

23726 

8998 

18893 

9805 

—3072 

—  824 

5012 

(3) 

25338 

10556 

14116 

7348 

4266 

1643 

3782 

(4) 

20466 

8293 

11252 

5709 

3256 

I2I6 

2863 

(5) 

13482 

4769 

10082 

4888 

-1516 

-376 

2335 

(6) 

+  6344 

+  "69 

9388 

4258 

+  243 

+  456 

1881 

(7) 

—  240 

-  2083 

8580 

3532 

1769 

"34 

'372 

(8) 

5982 

4892 

7790 

2798 

3043 

1662 

860 

(9) 

10738 

7380 

7645 

2370 

4231 

2176 

483 

(lo) 

"3799 

9500 

9I9I 

281 1 

5501 

2863 

508 

(") 

—12564 

—10036 

+  13469 

+  49°" 

+6393 

+3615 

—  '435 

S 

+27505 

—  2202 

+  75878 

+33884 

+7656 

+6409 

—14603 

S' 

+27531 

—  2186 

+7S9CS 

+33907 

+7647 

+6407 

-14625 

1 1 6  A  NEW  THEORY  OF  JUPITER  AND  SATURN. 

In  the  development  of  f^j  the  coefficients  are : 


K'' 

a;'> 

Ai" 

Ai=' 

K-' 

Ai" 

Ai.) 

(0) 

T 

3758796 

7 
+  615689 

1 
—    2563681 

7 
—1464338 

7 
—  746092 

7 
—  632006 

I 
+  740184 

(I) 

39 I 9241 

508729 

2721311 

1621970 

628809 

547365 

883001 

(2) 

3817256 

375589 

2658486 

1612294 

465458 

408028 

909249 

(3) 

3507985 

281454 

2415836 

1454794 

343773 

297590 

820013 

(4) 

3«34340 

249239 

2i«5«53 

1244371 

297026 

250852 

684493 

(5) 

2815968 

264622 

1856488 

1057581 

307310 

252204 

558847 

(6) 

2609347 

308240 

1683942 

924813 

350156 

279553 

463397 

(7) 

3529922 

369410 

1607757 

851309 

413247 

322526 

400448 

(8) 

2=79589 

443847 

1629379 

838178 

493695 

380301 

370301 

(9) 

2757523 

526661 

1751727 

891710 

589751 

455135 

378832 

(10) 

3053091 

603826 

1974374 

1022472 

689690 

543002 

439795 

(") 

3421787 

+  645563 

—  2271919 

—1229155 

—  759248 

—  618961 

+  566361 

S 

1.8952419 

+2596430 

—I.  262501  s 

—7106466 

—3042117 

—2493742 

+3607419 

S' 

1.8952426 

+2596439 

— I.  2625038 

—7106519 

—3042138 

—2493781 

+3607502 

< 

a'" 

aL'* 

Ai" 

Ar' 

a'" 

•"■6 

a;" 

7 

7 

7 

7 

7 

7 

7 

(°) 

+  329286 

+  452971 

+  292157 

— 121152 

—  27677 

-I74I35 

-  97057 

(I) 

445195 

406510 

274288 

206655 

85834 

172991 

103502 

(2) 

486402 

306719 

210659 

248380 

120958 

136095 

84010 

(3) 

4421 14 

221371 

150799 

230015 

115846 

96865 

59613 

(4) 

359918 

182025 

120937 

182524 

89559 

75757 

45462 

(5) 

279792 

'77387 

"3954 

133616 

60814 

68842 

39732 

(6) 

215365 

190299 

117692 

92525 

35900 

68059 

37359 

(7) 

167613 

213033 

126788 

59767 

-  15213 

69877 

36125 

(8) 

136120 

245866 

141794 

34575 

+  2041 

74756 

36316 

(9) 

124495 

292961 

166853 

18344 

15881 

85888 

40018 

(.0) 

144048 

356320 

206619 

18145 

22917 

108059 

50971 

(") 

+  212039 

+  423003 

+  257269 

—  49022 

+  12585 

— 142516 

—  72322 

S 

+1671139 

+  1734200 

+  1089858 

—697301 

—249136 

—636861 

—35 1 1 75 

S' 

+1671248 

+  1734265 

+  1089951 

—697419 

—249241 

-636979 

-35i3«2 
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A<-> 

K°' 

<' 

K" 

A<" 

1(0) 

^10 

Al;' 

(0) 

7 
-  7S72 

•t 
—16446 

• 
+  50757 

7 

+24804 

7 

+15167 

7 
+  HI3O 

7 

— III56 

(') 

+29256 

+  5367 

59220 

32538 

+  3092 

+  4936 

17179 

(2) 

SS736 

23851 

50019 

28891 

-  9068 

-  2674 

16240 

(3) 

56466 

26545 

35488 

20563 

11941 

5062 

1 1641 

(4) 

42501 

1943s 

26386 

14905 

8493 

3483 

8217 

(S) 

26172 

10448 

22114 

11940 

—  3697 

—  ioo6 

6268 

(6) 

+11742 

+  2440 

19629 

9915 

+  568 

+  1 168 

4816 

(7) 

-  425 

—  4269 

17602 

8072 

4040 

2848 

3448 

(8) 

10987 

10152 

16185 

6477 

7036 

4228 

2189 

(9) 

20589 

15980 

16562 

5721 

10205 

5772 

1 281 

(10) 

28215 

21922 

2I200 

7216 

14133 

8085 

J433 

(") 

—27589 

—24851 

+  33322 

+13493 

+17616 

+10947 

-4338 

S 

+63205 

—  2794 

+  184176 

+92208 

+19343 

+18454 

—44051 

S' 

+63291 

—  2740 

+  184308 

+92327 

+«93'5 

+18435 

—44155 

In  the  development  of  T^  )  the  coefficients  are : 


<> 

Al" 

AS" 

<' 

A<" 

A^" 

A^'> 

Ai" 

A<" 

e 

e 

6 

& 

6 

6 

( 

6 

(0) 

1. 14989 

+23672 

-  98590 

-  69581 

-  35452 

—  35995 

+   4215s 

+  21912 

+   30146 

(I) 

1.24434 

20243 

108237 

79550 

30841 

32133 

51840 

30516 

27861 

(2) 

I.  1S376 

14635 

103505 

77S'4 

22377 

23498 

52370 

32729 

20634 

(3) 

1.00912 

10239 

87870 

65616 

1550S 

16122 

44427 

28033 

14036 

(4) 

81594 

8276 

70291 

51559 

12307 

12529 

34185 

21083 

10665 

(5) 

66690 

8066 

56640 

40435 

11749 

11661 

25836 

15204 

9642 

(6) 

57781 

8848 

48352 

33401 

12646 

12236 

20281 

11097 

9806 

(7) 

54516 

J  0353 

45044 

30042 

'4583 

13806 

I7I42 

8451 

10740 

(8) 

56541 

12635 

46360 

30016 

17680 

16510 

16077 

6961 

12570 

(9) 

64100 

15806 

52558 

33568 

22200 

20730 

17256 

6670 

15695 

(10) 

77652 

19645 

64250 

41538 

28019 

26611 

21552 

8285 

20495 

(") 

96292 

+  23006 

—  81006 

—  5440s 

-  33605 

—  32935 

+   30132 

+  13206 

+   26352 

S 

s- 06933 

+  8771 1 

-4-  31348 

—3.03609 

—1.28481 

-1.  27379 

+  1.86620 

+1.02067 

+  1.  04316 

S' 

5.06944 

+'  87713 

—4-  31355 

— 3.03616 

—1.28483 

-I- 27387 

+  1.86633 

+  1.02080 

+  1.04326 

ii8 
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Ai'> 

Ai*' 

A<" 

Ai" 

K- 

a;" 

A<" 

A<" 

Ai-> 

A» 

(0) 

6 
+  22274 

5 

-  9235 

-   2378 

6 
—  14972 

6 

-  9294 

6 

-726 

-1738 

6 

+  5361 

6 
+  2867 

6 

+  '753 

(") 

21522 

16219 

7594 

15302 

10193 

+2883 

+  583 

6430 

3864 

+  367 

(2) 

16235 

19148 

10513 

1 1824 

8126 

5393 

2545 

5337 

3373 

—1059 

(3) 

10965 

16726 

9508 

7950 

5453 

5165 

2679 

3581 

2270 

1318 

(4) 

8140 

12281 

6808 

5762 

3857 

3604 

1820 

247' 

1527 

870 

(S) 

7126 

8353 

430« 

4871 

3139 

2066 

911 

1929 

1 140 

-  353 

(6) 

6985 

5491 

2412 

4575 

2806 

+  882 

+  202 

1629 

901 

+  52 

(7) 

7366 

3473 

—  lOOI 

4596 

2656 

—  3« 

-  347 

1430 

718 

360 

(8) 

8351 

2038 

+  '35 

4987 

2708 

818 

837 

'333 

584 

635 

(9) 

10287 

1132 

no8 

5994 

3««9 

1604 

•376 

1426 

539 

961 

(lo) 

13657 

1198 

i7'3 

8074 

4248 

2352 

2016 

1950 

726 

1421 

(") 

+  18387 

—  3500 

+  1018 

—  "497 

-  6503 

-2483 

-2466 

+  3306 

+  1465 

+  '9'3 

S 

+75642 

—4939' 

— 20263 

—50194 

-31039 

+5983 

—  24 

+  18081 

+9978 

+  '932 

S' 

+75653 

—49403 

—20278 

— 50210 

—31063 

+5996 

—  16 

+  18102 

+9996 

+  '930 

The  formulse  for  mechanical  quadratures,  when  the  circumference  is  divided  into 
twelve  parts,  are  the  following :  * 


Let 


(0.6)  =  ¥„  +  ¥« 
(i.7)  =  Y,  +  T, 

(2.8)=T2+Tb 

(5.11)  =  ¥5 +  Yu 


:Y,-Ya 


(i)  =  Y.-Y„ 


Then  will 


6  (Co  +  Ce)  ■■ 
6  (Co  —  Ce)  ■■ 

3  (C2  +  C4) 
3  (<^  -  ^4)  ■■ 
3  («2  +  «4)  ■■ 
3  («2  -  ««)  ■ 
3  (Ci  +  Cs)  ■■ 
3  (Ci  -  Ci)  : 

6C3    : 
3  (»1  +  «5)  : 

3  (»i  -  «5)  ■■ 

683    : 


:     (0.6) +  (2.8)    +(4.10) 

■  ('•?)  + (3-9)    +(S-") 

:    (0.6)-  {(2.8) +  (4.10)}  Sin  30° 
:  {(i.7)  +  (5-")l8in3o°-(3.9) 
■■  {('•?) -(S-ii)}  cos  30° 

:   {(2.8)  -(4.10)}  COS  30° 

■  m   +  {(l)-{T^d)|sin3o. 
{  (^)  -  (A)  I  cos  30° 

(§)  -  (f )  +  (A) 
{   (I)  +  (A)  }  sin  30°  +  (f ) 
nt)  +  (A)  1  cos  30° 

(+)  -   (f )  +  (A) 


'AoseinanderBetzaDg,  Abb.  I,  bs.  159,  160. 
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The  developments  of  the  reciprocal  of  the  distance  between  Saturn  and  Uranus, 
in  terms  of  the  eccentric  anomaly  of  the  former  and  the  mean  anomaly  of  the  latter, 
having  the  form 

follow : 


Arg. 

a' 
A 

(aT 

(1 

r 

COS. 

sin. 

COS. 

BID. 

COS. 

sin. 

i'         i 
0    0 

1.0725484 

1.8952422 

5.06938 

0 —  I 

— 0. 00890679 

— 0. 00299019 

— 0. II25I50 

—0. 19I583I 

— 0. 66434 

-I- 35412 

0 —  2 

-j-o.  00018228 

+0.  00003470 

— 0. 0018907 

+0. 0076481 

—0. 05529 

+0. 09684 

0—  3 

— 0. 00000690 

— 0.  00000305 

+0.0001282 

— 0. 0001836 

+0.  00542 

— 0. 00125 

0—  4 

+0.00000019 

+0. 00000023 

— 0.  0000048 

+0. 0000074 

— 0.00018 

0.00000 

0—  5 

— 0.  OOOOOIO 

+0.0000007 

0.00000 

+0.00003 

1+  4 

— 0.0000000: 

+0.00000002 

— 0.0000005 

+0.0000004 

— 0. 00003 

+0.00006 

1+  3 

—0. 00000055 

— 0. 00000029 

— 0. 0000085 

+0.0000139 

+0. 00022 

+0. 00037 

1+  2 

-f  0. 00001030 

+0.  00001094 

+0. 0003090 

—0. 0004494 

+0. 00200 

— 0. 01093 

1+  I 

— 0. 00033698 

— 0.  00038819 

— 0. 017I8I8 

+0. 0063225 

—0. 17097 

+0. 08798 

I    0 

+0.05 1 1 968 

+0.  0338456 

+0.  3455498 

+0.  2284427 

+1.72340 

+  !•  13934 

I  —  I 

+0. 1I2I0688 

—0.  53984943 

+0.  5192869 

—2.  5250053 

+1.75424 

--8.  62703 

I  —  2 

4-0.00256211 

+0. 00503565 

—0. 0902955 

+0. 0568980 

— 0. 90859 

+0.33612 

«-  3 

—0. 00003945 

— 0.  00008823 

+0.0033231 

+0.0001257 

+0. 05206 

+0.03051 

I—  4 

— 0.00000072 

+0.  00000356 

— 0.  0001040 

— 0.0000192 

— 0. 00085 

—0. 00254 

«-  S 

-|-o.  OOOOOOIO 

— 0.00000012 

+0. 0000052 

+0. 0000014 

+0.00005 

+0.00013 

2+  3 

0.00000000 

0.00000000 

—0.0000011 

+0.0000005 

+0.00003 

+0.00002 

2+2 

— 0.00000022 

+0.00000132 

+0.0000357 

+0.0000007 

+0.  00069 

—0.00054 

2+    I 

+0.00001434 

— 0. 00004077 

— 0.0012894 

— 0. 0005004 

—0. 02060 

—0. 00349 

2   0 

+0.001 2618 

+0.0029172 

+0.0153956 

+0. 0364443 

+0.  1 1 643 

+0.  27401 

2  —  I 

+0. 03389697 

—0.  04369799 

+0. 2927492 

-0. 3380255 

+  1.52456 

— 1.67824 

2  —  2 

— 0. I90I2006 

—0.  08222140 

— 1.4212985 

—0.  6084255 

— 6.07225 

—^.  56964 

2—  3 

+0. 00343686 

— 0.00225108 

+0. 0332629 

+0. 0390821 

+0.16153 

+0. 55248 

^—  4 

— 0.00004179 

+0.00005201 

— 0. 0003964 

—0. 0014002 

+0.01492 

—0. 02746 

2-  5 

+0.00000156 

— 0.00000009 

+0.0000107 

+0. 0000560 

—0.00117 

+0.  00066 

2—  6 

—0.00000003 

— 0.  0000001 1 

— 0.  OOOOOOI 

—0.  0000031 

+0.00004 

— 0.  OOOIO 

3+  2 

— 0.00000003 

+0.  00000007 

-1-0. 0000021 

+0. 0000024 

+0.00011 

— 0.00002 

3+  ' 

+0. 00000338 

— 0.00000119 

— 0. 0000380 

— 0. 0000875 

—0.00133 

— 0.00144 

3   0 

—0. 0000347 

+0.0001613 

— 0. 0006969 

+0. 0033038 

— u.  00685 

+0. 03504 

3—  « 

+0. 00412364 

— 0.00186127 

+0.0519270 

—0.0176977 

+0.  36525 

— 0. 10750 

3—  2 

—0. 02362413 

— 0.  02644531 

— 0. 2360309 

— 0. 2881422 

—1. 28925 

—1.65646 

3—  3 

— 0.04911418 

+0.  07022773 

-0. 4987523 

+0. 72 1 492 1 

—2.  54766 

+3-  73253 

3—  4 

— 0.00125449 

— 0. 00230408 

+0.0166941 

— 0. 0220076 

+0, 31695 

—0. 08208 

3—  S 

+0. 00004566 

+0.  00002260 

— 0. 0005478 

+0. 0004550 

— 0. 01447 

—0.00645 

3-  6 

— 0.00000040 

— 0. 00000056 

+0.  0000283 

— 0. 0000142 

+0. 00037 

+0. 00048 

3-  7 

— 0.00000006 

+0.00000001 

— 0.0000014 

+0.  OOOOOIO 

— 0.00004 

+0. 00001 

4+  I 

+0. 00000033 

+0.00000005 

+0. 0000036 

— 0.0000061 

0.00000 

— 0.00016 

4    0 

— 0.0000062 

+0.  0000050 

— 0. 0001946 

+0.0001727 

— 0. 00265 

+0.00257 
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Arg. 

a' 
A 

{2 

;)' 

{' 

iV 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

i'   i' 
4—  I 

+0.  0(D032826 

+0. 00002869 

+0.0055134 

+0.0012174 

+0.  04970 

+0.01383 

4—  2 

— O.CX3I  10824 

— 0.00396710 

—0. 0109087 

— 0. 0564675 

—0. 05873 

—0. 40866 

4—  3 

— 0.01786394 

+0.01058360 

—0. 2382085 

+0. 1305823 

-I-  53333 

+0.  796p8 

4—  4 

+0.0255001 1 

+0.02684391 

+0. 3342387 

+0. 3468465 

+2.04147 

+2. 08642 

4-  S 

— 0.00145411 

+0. 00054586 

— 0. 0151338 

— 0. 0078763 

—0. 04808 

—0. 17767 

4-  6 

-(-0.000015 1 1 

—0. 00003423 

+0. 0003827 

+0.0001791 

— 0. 00226 

+0. 00762 

4—  7 

— 0.00000008 

+0.00000044 

— 0. 0000108 

— 0.0000129 

+0.00015 

— 0.00024 

4-  8 

+0.00000002 

0.00000000 

+0.0000003 

+0.0000005 

— 0. 00005 

+0.00003 

S    0 

— 0.0000004 

— 0.0000004 

— 0.0000182 

—0.0000003 

—0.00032 

+0.00006 

5—  • 

+0.00001760 

+0.  00001261 

+0. 0003644 

+0. 0003619 

+0. 00405 

+0. 00448 

5-  2 

+0. 00007944 

— 0. 00038768 

+0. 0022294 

—0.0067512 

+0. 02394 

—0. 05887 

5-  3 

—0.003 1 232 1 

+0.00028971 

—0. 0509773 

+0.0013033 

-o-  39350 

—0. 00779 

5-  4 

+0. 00384527 

+0. 01097506 

+0. 0558747 

+0. 1741100 

+0.  37661 

+  1-25378 

5-  5 

+0. 01387683 

— 0. 00870666 

+0.2179809 

—0.  1394720 

+  1.51295 

—0. 98794 

5-  6 

+0.00017098 

+0. 00086282 

—0.0045475 

+0.0101665 

— 0. 10047 

+0.03192 

5-  7 

— 0. 00002302 

— 0.00001163 

+0. 0000332 

— 0. 0002946 

+0.  00404 

+0. 00039 

S-  8 

+0. 00000039 

— 0.00000006 

— 0.0000048 

+0. 0000070 

—0.  00018 

— 0. 00003 

5-  9 

— 0.  OOOOOOOI 

— 0.  OOOOOOOI 

+0.0000004 

—0.0000002 

+0.00002 

+0.00005 

6—  I 

+0. 00000033 

+0.00000123 

+0. 0000074 

+0.0000413 

+0.00010 

+0. 00060 

6-  2 

+0.00002126 

—0. 00002574 

+0.0005661 

— 0. 0005055 

+0.00657 

— 0.00500 

6-  3 

— 0. 00035022 

— 0.  OOOI334I 

— 0. 0066434 

—0. 0033090 

—0. 05920 

—0. 03447 

6-  4 

— 0.00021055 

+0.002I558I 

— 0. 0061802 

+0. 0400880 

— 0. 06562 

+0.33418 

6-  S 

+0. 00627977 

— 0.00087136 

+0. 1158520 

— 0.0135815 

+0.  92810 

— 0.09417 

6—  6 

— 0. 00260695 

—0.00687621 

—0.0498377 

—0.  1273840 

— 0. 40541 

— 1.00404 

6-  7 

+0. 00048380 

— u.  00000971 

+0. 0064929 

+0.0031357 

+0. 02204 

+0. 05876 

6-  8 

— 0.00000904 

+0. 00001420 

— 0.0002185 

+0.0000129 

—0.00033 

— 0.00215 

6-  9 

— 0.  00000009 

—0. 00000033 

+0. 0000049 

+0.0000006 

— 0.00002 

+0.00014 

6—  lo 

+0.  00000002 

0.  OOOOOOOI 

— 0. 0000007 

— 0. OOOOOIl 

7  —  2 

+0. 00000237 

—0.00000087 

+0.0000711 

—0.0000130 

+0.  OOIOI 

— 0.00008 

7—  3 

— 0. 00002587 

— 0. 00002841 

— 0.0005245 

— 0. 0007503 

— 0.00506 

— 0. 00859 

7—  4 

— 0.00016002 

+0.00026512 

—0. 0039942 

+0.0055240 

— 0. 04225 

+0.05146 

7-  S 

+0. 00134634 

+0. 00040426 

+0.0282162 

+0. 0099378 

+0. 25479 

+0. 10029 

7—  6 

+0. 00020896 

—0. 00338676 

+0.005621 1 

— 0.0713663 

+0. 05783 

—0.63154 

7—  7 

—0.00328612 

+0. 00055036 

— 0. 0702487 

+0. 0126496 

—0.62102 

+0.11979 

7—  8 

+0. 00004209 

— 0.00025749 

+0.0023135 

-0.0039054 

+0. 03598 

— 0. 01463 

7—  9 

+0.00000813 

+0. 00000679 

+0.0000190 

+0.0001576 

— 0.00118 

+0. 00055 

7  —  10 

—0.00000028 

+0. 00000004 

— 0.  0000005 

— 0. 0000042 

8-  3 

— 0.00000088 

— 0. 00000336 

— 0. 0000097 

— 0.0000991 

+0.00001 

— 0.00128 

8-  4 

—0.00003137 

+0.00002019 

—0. 0008558 

+0. 0004268 

— 0. 00992 

+0. 00408 

8-  S 

+0. 00017436 

+0. 00015621 

+0. 0039729 

+0.0041038 

+0.  03893 

+0. 04500 

8-  6 

+0. 00040985 

— 0.00077163 

+0.010523 1 

— 0.0180233 

+0. 1 1040 

—0. 17588 

8-  7 

— O.OOI73II4 

— 0.000^6247 

—0. 0410675 

—0.0115685 

-0.  39870 

— 0. 11670 

8—  8 

— 0. 00004388 

+O.OOI5I783 

-0. 0005534 

+0. 0368484 

— 0.00040 

+0. 36183 

8-  9 

— 0. 00013034 

— 0. 00004727 

— 0. 0022034 

— 0. 0016872 

— 0. 00894 

—0. 02283 

8  — lo 

+0. 00000478 

— 0. 00000431 

+0.0001091 

— 0.0000119 
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These  expressions  are  now  changed  to  the  form 


A 

a' 

A 

(^) 

3 

\A 

r 

Alfe- 

COS. 

sin.    • 

C03. 

sin. 

COS. 

sin. 

i' 

9  — 

t 

4 

— 0. 00000393 

+0. 00000040 

— 0.  0001 175 

— 0.0000036 

—0.00153 

— 0.00016 

9  — 

5 

+0.00001242 

+0. 00002990 

+0.  0002644 

+0. 0008598 

+0.00235 

+0.  01027 

9  — 

6 

4-0.00013252 

— 0. 00010042 

+0.  0037209 

—0. 0024728 

+0. 04285 

—0. 02544 

9  — 

7 

— 0. 00040704 

-0.00033329 

— 0.  0104824 

— 0. 0092088 

—0.  IIOI2 

— 0. 10241 

9  — 

8 

—0.00041581 

+0. 00083877 

— O.OII27II 

+0.0221456 

— 0. 12170 

+0.  23453 

9  — 

9 

+0.00067791 

+0.00015303 

+0.0184535 

+0.  0038658 

+0. 19974 

+0. 03862 

9  — 

10 

—0. 00003725 

+0. 00006270 

— 0.0011778 

+0.001 1569 

lO  — 

5 

— 0.00000025 

+0. 00000388 

— 0. 0000220 

+0. 0001211 

^^D.  00046 

+O.OOIS3 

lO  — 

6 

+0. 00002535 

—0.00000539 

+0.0007751 

— 0.0000971 

+0.  00966 

— 0.00060 

lO  — 

7 

-0.00004934 

— 0. 00010118 

— 0.0012882 

—0.0030513 

—o- 01373 

—0. 03702 

lO  — 

8 

— 0. 00023910 

+0.00019580 

—0.0071473 

+0.005501 1 

—0.  08475 

+0.06185 

lO  — 

9 

+0. 00038360 

+0. 00029707 

+0.01 11602 

+0.  0087864 

+0. 12826 

+0. 10217 

lO  — 

10 

+0. 00012816 

—0. 00029228 

+0. 0036889 

— 0. 0088206 

II  — 

6 

+0. 00000338 

+0. 00000084 

+0.0001107 

+0. 0000397 

+0. 00I5I 

+0.00068 

II  — 

7 

— 0. 00000036 

—0. 00001953 

+0. 0000358 

— 0. 0006364 

+0. 00088 

—0.00827 

II  — 

8 

— 0. 00007IH 

+0.00001874 

— 0. 0023016 

+0.  0004890 

—0. 02954 

+0. 00501 

II  — 

9 

+0. 00008339 

+0.00015737 

+0. 0025234 

+0.  0050808 

+0.03012 

+0. 06429 

11  — 

10 

+0. 00018889 

— 0. 00016364 

+0. 0060688 

—0.0051955 

12  — 

7 

+0.  00000I20 

— 0. 00000269 

+0. 0000525 

— 0.000091 1 

+0.00086 

— 0.00132 

12  — 

8 

— 0. 00001388 

— 0.00000244 

—0. 0004793 

— 0.  0001181 

—0.00655 

— 0.00193 

12  — 

9 

+0. 00000281 

+0.00004657 

+0. 0000279 

+0.0016148 

— 0.00042 

+0.02194 

12  — 

10 

+0. 00009694 

—0. 00002877 

+0. 0033653 

— 0.0009135 

IS- 

8 

0.00000187 

—0.00000135 

—0.0000677 

— 0.  0000568 

— 0.00096 

— 0.00091 

IS— 

9 

— 0.00000351 

+0.00000913 

— 0.0001528 

+0. 0003342 

— 0.00244 

+0. 00479 

13  — 

10 

+0. 00002866 

+0. 00000394 

+0. 0010597 

+0.0001896 

14  — 

9 

— 0.00000126 

+0. 0000012 1 

— 0.  0000548 

+0. 0000542 

— 0.00090 

+0.00063 

14  — 

10 

+0. 00000554 

+0.  00000353 

+0.0002143 

+0.0001533 

15- 

10 

+0.00000071 

+0.  OOOOOIIO 

+0. 0000282 

+0. 0000477 

2.  C  ""^^ 
sm 


(^i'g'  +  ig^ 
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The  data  and  formulae  for  this  operation  have  already  been  given  (pp.  52,  53). 
The  resulting  expressions  are 


a 

i 

a 

r 

(1 

r 

Arg. 

COS. 

Bio. 

COS. 

sin. 

COS. 

SID. 

i'        i 
0    0 

1.0727980 

1.8983958 

5.0880 

0 —  I 

— u.  00890652 

—0. 00299095 

— 0. 1122762 

—0.  19:9365 

— 0.  6604 

-'•3589 

0 —  2 

— 0. 00006683 

— 0. 00004887 

— 0. 0050426 

+  0.0022754 

— 0.  0742 

+  0.0587 

0—  3 

— 0.00000716 

— 0. 00000466 

— 0.0001:00 

+0.  0000:88 

+0.  0015 

+0.  0026 

0—  4 

— 0.00000034 

— 0.00000009 

— 0.0000064 

+0. 0000046 

«+  3 

— 0.00000045 

+0. 00000023 

— 0.0000117 

— 0.000002: 

1+  2 

— 0.00000075 

-|-o.  00000799 

— 0.0001798 

—0.  0002353 

— 0.0028 

— 0. 0084 

1+  ' 

—0.00038134 

—0.00017655 

— 0.  0173889 

+0.  0073338 

—0.1717 

+0.09:9 

I    0 

-|-o.  0480640 

+0. 0489876 

+0.3314766 

+0.  2990375 

+1.6788 

+  1-3786 

I  —  I 

+0.1 1 187535 

—0-  53970754 

+0.  5239494 

—2.  5262:28 

+1.8039 

— 8.  6390 

I  —  2 

+0. 00569463 

— 0. OI0080IO 

—0.0757592 

—0.0139522 

—0. 8612 

+0.  09:0 

I—  3 

+0. 00023582 

— 0.00044138 

— 0.0011221 

+0.  0003367 

+0.  003: 

+°-  0393 

1  —  4 

-fo.  00001054 

— 0.00001967 

— 0.0000779 

+0.00002:5 

+0.0008 

+0.  0006 

I-  5 

-|-o.  00000062 

— 0.  00000105 

— 0.  0000017 

+0.  0000023 

I—  6 

+0.00000003 

— 0.  00000006 

+0.  0000006 

+0.  0000003 

2+    2 

— 0.00000024 

-fo.  00000085 

— 0.  0000041 

— 0.0000080 

+0.000: 

—0.0006 

2+  I 

+0. 00000242 

—0. 00002305 

—0.0013949 

— 0. 0003628 

— 0.02:2 

— 0. 0028 

2   0 

-fo.  00031 13 

-f 0. 0041432 

+0. 0072264 

+0.  0459326 

+0-  0743 

+0.321: 

2—  I 

+0. 04452774 

—0. 03905904 

+0.3722012 

—0.  3036208 

+  :.8638 

-1-5323 

2 —  2 

—0.  1 88863 1 8 

— 0. 08299694 

—1. 4114371 

—0.  6:92600 

—6. 0240 

—2.  6550 

2-  3 

—0.00716277 

—0.00688517 

—0. 0459755 

+0.  0045796 

—0.  1787 

+0. 4062 

2—  4 

—0. 00034727 

— 0. 00039658 

— 0.  0020440 

— 0. 0000486 

+0.  0095 

+0.  o;o8 

2-  5 

— 0.00001759 

— 0. 00002263 

— 0.0000974 

+0.  0000165 

+0. 0004 

+0.  0003 

2-  6 

— 0.00000090 

— 0.00000144 

— 0.0000048 

+0.0000002 

2—  7 

— 0.00000005 

— 0.  OOOOOOIO 

— 0.  0000001 

+0.0000002 

3+  2 

-|-o.  00000002 

-f 0. 00000008 

+0.0000003 

+0.0000004 

3+  ' 

-)-o.  00000193 

—0. 00000026 

— 0.0000568 

— 0.  0000786 

— 0. 00:4 

— 0.  00:4 

3   0 

— 0.0001504 

-f  0.0002:35 

— 0.002:5:2 

+0. 0038023 

— 0. 0170 

+0.  0380 

3-  " 

+0. 00538633 

— 0.000295:8 

+0. 0645244 

— 0.  0006875 

+0-  4341 

— 0. 0:02 

3—  2 

— O.OI93I5I9 

—0.0323:744 

—0.  :9:9i24 

— o-  3483735 

—  :.o6o: 

-1.9680 

3-  3 

—0.  04994189 

-f  0.0685:021 

—0.5:02235 

+  0.7027453 

-2.6368 

+3-  6228 

3—  4 

— 0. 00542270 

-f  0. 00350685 

—0. 0258488 

+0. 0375883 

+0. 0980 

+0.  2265 

3-  5 

—0. 00038622 

-fo.  000:7269 

— 0.00:6509 

+0.002:759 

+0.0058 

+0.0060 

3-  6 

— 0. 00002537 

-f  0. 0000084: 

— 0. 0000909 

+0.000124: 

+0.0004 

+0.0003 

3-  7 

-0.  OOOOOI7I 

-f  0. 0000004: 

— 0.0000055 

+0. 0000079 

3-  8 

— 0.000000:3 

+0.00000002 

— 0.0000003 

+0.0000005 

4—  0 

— 0.0000154 

+0. 0000042 

— 0. 000350 

+0.000:39 

— 0. 0040 

+0. 0022 

4—  I 

-|-o.  0003687 

+0.  000263: 

+0. 005834 

+0. 004529 

+0.0512 

+0. 0376 

4—  2 

+0.  0004843 

— 0. 0047580 

+0.0:0327 

— 0. 066:29 

+0. 0780 

—0. 4674 

4—  3 

— 0. 0206566 

+0.0072916 

—0.  274560 

+0.087712 

-I- 7541 

+0-  5345 

4—  4 

-fo.  0238870 

+0.0273031 

+0.  312224 

+0-  354333 

+  1.8943 

+2.  1504 

4-  5 

-f  0.0012979 

+0. 0035822 

+0. 020807 

+0.03:507 

+0. 1708 

+0.0607 
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Arg. 

a' 

A 

(1 

r 

(1 

r 

COS. 

Bin.- 

008. 

Bin. 

COS. 

sin. 

i'    i 
4-  6 

+0. 0000449 

+0. 0002970 

+0. 0OI3IO 

+0. 002378 

+0. 0097 

+0. 0028 

4—  7 

-|-o.  0000004 

+0.0000217 

+0.  000079 

+0.  000160 

+0.0006 

+0.0002 

4-  8 

— 0.  OOOOOOI 

+0.0000015 

+0.000005 

+0.000010 

5-  0 

— 0.0000009 

—0.0000008 

—0. 000028 

— 0.  OOOOIO 

—0.0004 

o.nooo 

5-  • 

+0. 0000093 

+0. 0000344 

+0.000180 

+0. 000739 

+0. 0022 

+0. 0078 

5—  2 

+0.0003529 

—0. 0003754 

+0.006671 

—0. 006273 

+0. 0580 

-0. 0539 

5-  3 

—0. 0034448 

— 0. 0010114 

-0. 055452 

— 0.019356 

— 0. 4226 

—0. 1569 

5-  4 

+0. 0016055 

+0.0120812 

+0. 020523 

+0.  I9I535 

+0. 1275 

+  1-3752 

5-  5 

+0.0139854 

— 0. 0074603 

+0.  220383 

-  0.  119107 

+  1-5396 

—0-  8347 

S-  6 

+0.0021227 

— 0. 0002596 

+0.026196 

— 0. 007706 

+0.  U38 

—0. 0939 

5-  7 

-1- 0.0001969 

+0. 0000207 

+0. 002281 

— 0. 000378 

+0. 0080 

—0.0068 

5-  8 

+0.0000155 

+0. 0000042 

+0.000173 

— 0. 000014 

+0.0005 

— 0. 0003 

S-  9 

+0.0000010 

+0.0000003 

+0.000012 

+0.000001 

6—  I 

— 0.0000013 

+0. 0000024 

—0. 000033 

+0. 000064 

— 0.0004 

+0.0009 

6—  2 

+0. 0000494 

— 0. 0000075 

+0. 001093 

— 0. 000097 

+0.0113 

— 0.  OOIl 

6-  3 

— 0. 0002856 

—0. 0003784 

—0.005183 

— 0. 007847 

—0. 045s 

— 0. 0722 

6-  4 

—0.0011363 

+0.0021744 

— 0.023261 

+0. 040002 

— 0.  2027 

+0. 3308 

6-  5 

+0.0065724 

+0.  0005291 

+0. 121250 

+0.012370 

+0. 9702 

+0.1125 

6—  6 

— 0.  OOI76I9 

—0.0067813 

—0. 033752 

—0. 125917 

— 0. 2707 

—0. 9971 

6-  7 

+0. 0001224 

— 0.0011570 

—0. 000360 

—0.018156 

—0. 0330 

— 0. 1096 

6—  8 

+0. 0000429 

— 0. 0001 167 

+0. 000244 

— 0.001764 

— 0. 0025 

— 0.0095 

6-  9 

+0. 0000056 

— 0.0000096 

+0. 000039 

— 0. 000145 

— 0.0002 

— 0.0008 

6—10 

+0.0000005 

— 0.0000007 

+0.000002 

— 0.000012 

7  —  2 

+0. 0000040 

+0. 0000023 

+0.000100 

+0. 000066 

+0.0013 

+0.0008 

7—  3 

+0.0000002 

— 0. 0000547 

+0. 000095 

— 0. OOI29I 

+0.0012 

—0.0135 

7—  4 

—0.0003444 

+O.OOOI71I 

—0. 007835 

+0. 003333 

—0. 0768 

+0. 0303 

7—  S 

+0.0012225 

+0. 0009977 

+0.025322 

+0.022413 

+u.  2271 

+0.  2107 

7—  6 

+0.  OOI024I 

— 0. 0033446 

+0. 022957 

— 0. 070456 

+0.2118 

— 0.  6229 

7—  7 

— 0.0031 172 

+0. 0000333 

— 0. 066772 

+0.001398 

-0.  5922 

+0.0156 

7-8 

—0:0005851 

— 0. 0002034 

— 0. 011109 

— 0. 002641 

— 0. 0829 

— 0.  0027 

7—  9 

— 0.0000623 

— 0. 000042 1 

— 0. 001169 

—0.000517 

— 0.0082 

— 0.0009 

7  —  10 

— 0.0000053 

— 0. 0000054 

— 0. 000100 

— 0.  000065 

— 0.0008 

— 0. 0001 

7  —  " 

— 0.0000005 

— 0.0000006 

—0.000008 

— 0.000006 

8-  3 

+0. 0000035 

—0. 0000046 

+0. 000109 

— 0.000118 

+0.0013 

— 0.0015 

8-  4 

— 0.0000509 

— 0.0000091 

— 0.001283 

— 0. 000321 

—0. 0141 

—0.0041 

8-  5 

+  0.0000758 

+0. 0002764 

+0. 001487 

+0. 006887 

+0. 0132 

+0. 0720 

8—  6 

+0. 0007564 

—0. 0006102 

+0.018706 

— 0.014018 

+0. 1897 

—0. 1354 

8-  7 

—0.0015886 

— 0. 0009052 

—0. 037644 

—0.022189 

—0. 3649 

— 0.  2209 

8—  8 

—0. 0003329 

+0.0013513 

—0. 007637 

+0. 032892 

— 0. 0725 

+0-  3239 

8-  9 

—0. 0001 741 

+0. 0002739 

— 0.003192 

+0.006112 

— 0.0179 

+0. 0541 

8—10 

— 0. 0000328 

+0. 0000297 

— 0.000551 

+0. 000676 

— 0.0032 

+0-OOS3 

8-11 

— 0. 0000040 

+0. 0000023 

— 0. 000061 

+0. 000061 

— 0.0004 

+0.0005 

9—  4 

— 0.0000042 

—0. 0000046 

— 0. 0001 14 

— 0. 000143 

— 0.0014 

—0.0018 

9-  5 

—0.0000155 

+0. 0000409 

— 0. 000508 

+0.001114 

— 0. 0064 

+0.0127 
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a' 

A 

i: 

ir 

(^ 

d' 

Arg. 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

»'   » 
9-  6 

+0. 0002006 

—0.0000135 

+0. 005449 

—0.  000095 

+0. 0607 

+0.0009 

9-  7 

— 0.0002612 

— 0.0005177 

— 0.  006532 

—0.014033 

— 0.0671 

-u.  1532 

9-  8 

— 0. 0006385 

+0.  0006958 

—0.017222 

+0.  018323 

—0.  1 85 1 

+o-  1933 

9-  9 

+0. 0005456 

+u.  0003003 

+0.  OI492I 

+0.  007893 

+0. 1582 

+0.  0846 

9  —  10 

-fo.  0001 164 

+0.  0001 199 

+0.003018 

+0. 002659 

+0.0444 

+0.0163 

9— II 

+0.0000130 

+0.  0000253 

+0.  000318 

+0.  000526 

+0. 0068 

+0.  0022 

ID-  5 

— 0.0000049 

+0.  0000032 

—0.000164 

+0.  oooogo 

ID —  6 

+0. 0000289 

+0.0000182 

+0.000853 

+0.  000606 

ID-  7 

-|-o.  0000186 

—0.0001334 

+0.  000727 

—0.  003928 

10—8 

— 0. 0003265 

+0. 0000845 

— 0.  009655 

+0.  002208 

ID—  9 

+0.0002717 

+0. 0003978 

+0.007878 

+0.  011751 

ID—  10 

+0. 0002039 

—0.000192 1 

+0.005889 

—0.  005852 

lO —  II 

+0. 0000493 

— 0. 0000680 

+0.001382 

— 0.  002065 

II—  6 

+0. 0000020 

+0.  0000047 

+0. 000055 

+0.000165 

II—  7 

+0.0000175 

— 0.0000187 

+0.000610 

— 0. 000580 

II—  8 

— 0. 0000823 

— 0. 0000297 

— 0.  002612 

—0.001067 

II—  9 

+0. 0000II5 

+0.0001955 

+0.  000219 

+0. 006264 

II  —  10 

+0.0001924 

— 0.  0001122 

+0. 006144 

—0.  003546 

II  —  II 

+0. 0000541 

—0.  0000377 

+0.001705 

— 0.001225 

By  the  method  previously  given  (p.   52),  we  compute  the  Besselian  functions 
corresponding  to  various  multiples  of  half  the  eccentricity  of  Uranus,  and  find 


log  Ji°'=  9.9997609 

i 

log  Ji!"=  9.9990432 
log  J.'  =  5-2357835 

log  J3*'=  4.0092888 

i'' 

log  JL''=  2.782287s 

log  J^rr  1.5578013 


log  Ji."=  8.3702418 

3 

log  Jl."=8.6709i3i 
log  Jv=  7-3932179 
log  J^;,'=6.i38i56i 
log  Jj',^=  4.8959184 


log  J  J  =  6.4396129 
2 

log  j;"=  7.0414338 
log  jr;=  5-7637586 

log  J^*'=  4.5087087 
log  Jf  *=  3.2664790 


The  expressions  for  the  three  multipliers  of  TxT ^^^ 
'^G)  ^         l9-395i972]-2[8.i4i6i32]  cosy -2[6.2879o]  cos  2<7-2[4.7352]  cos  3p-2[3.3i]  cos  4p 

\^>)  =1 +[7-51887!    -2l8.67i27i9]co85r'-2[6.74O4o]c0825f'-2[5.iios]co83y'-2[3.6i]co«4^ 

r'    . 

-,Bm{/  +  n')=  +    [8.6687033] 

—  2[9-5728624]  sin    fif' —  2[9.si9832o]co8   g' 

—  217-94302     Jsin  2^'  — 2f7.8899i     ]  cos  2^ 

—  2[6.4893       ]  sin  35'  —  2[6.436i       ]  cos  3/ 

—  2[5.i092      ]  sin  4^  —  2[5.o56i       ]  cos  4/ 
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The  multiplication  being  performed,  we  obtain 


(!)'    • 

5^( 

ir 

(g)^^sin(/'+7T0     1 

irg=i'^ 

+i« 

1  'if 

COS. 

sin. 

COS. 

sin. 

sin. 

COS. 

i' 
0 

t 

0 

0. 473«677 

I. 8891 1 19 

—0. 133487 

0 — 

I 

— 0. 0804060 

—0. 0477507 

— 0. 1366148 

-0.0735532 

+  1.037767 

+0. 768901 

0 — 

2 

— 0. 000/1317 

+0.0032233 

— 0.0007182 

+0.0032715 

-0.031155 

+0.046753 

0— 

3 

+0. 0000439 

+0. 0000103 

— 0. 0000254 

— 0.0000086 

— 0.001320 

+0. 000486 

0 — 

4 

-fo.  0000007 

+0. 0000014 

— 0. 0000013 

+0. 0000031 

— 0.000072 

+0. 000020 

J+  3 

+0.0000011 

+0.0000003 

— 0. 000005 • 

—0.0000006 

+0.000090 

+0. 000043 

1+ 

2 

+0.0001293 

— 0. 0002043 

+0. 0001163 

— 0. 0001448 

+0. 003449 

+0.002106 

«  + 

I 

—0.00901 14 

—0.0018278 

— 0.0124069 

— 0. 0030223 

—0. 046000 

+0. 126816 

0 

+0. 0753436 

+0. 1091910 

+0. 1 539410 

+0. 2980334 

-I.419J5' 

— I.  266090 

I— 

I 

+0.  1266233 

— 0.6315286 

+0.5134607 

—2.  5 1 13038 

+0.  228194 

—0. 020260 

I — 

2 

—0. 0261287 

+0. 0314724 

— 0.0094558 

+0.0151373 

—0.321366 

+0.  702339 

I — 

3 

+0. 0006687 

+0. 0007652 

+0.0013203 

—0.0002655 

— 0. 028698 

+0.011342 

1 — 

4 

+0. 0000080 

+0.0000169 

+0. 0000282 

— 0.0000016 

— 0.001269 

+0. 000370 

I— 

S 

-f  0.0000012 

+0.0000008 

+0. 0000038 

+0.0000003 

— 0.000071 

+0.000015 

2+ 

2 

-fo.  0000152 

—0. 0000042 

+0. 0000087 

+0. 0000038 

+0. 000237 

+0. 000040 

2+ 

I 

—0.0005110 

— 0. 0006641 

—0. 0005263 

— 0. 0008426 

+0. 002698 

+0.011672 

2 

0 

— 0. 0030683 

+0.0157428 

— 0.  OI029I3 

+0.0318817 

— 0. 256196 

—0. 027903 

2 — 

I 

+0. 1 1 19294 

— 0. 0674846 

+0. 3458836 

—0. 1859817 

+0. 652930 

—1. 122850 

2 — 

2 

—0. 3551586 

—0. 1497059 

—1.4035449 

—0. 6042733 

+0. 04824s 

+0.  148410 

2— 

3 

-f-o.  0080904 

+0. 0097770 

—0. 0219881 

—0.0284357 

— 0. 426008 

— 0.094198 

2— 

4 

-j-o.  0004023 

+0. 0000461 

— 0. 0010063 

— 0. 0020105 

—0.022147 

—0.011159 

2— 

5 

+0. 0000207 

+0. 0000074 

—0. 0000344 

— 0.0001014 

— 0.00129s 

— 0. 000732 

2— 

6 

-fo.  OOOOOII 

— 0.0000001 

—0.0000012 

— 0. 0000069 

— 0.000070 

— 0.000050 

3+ 

I 

+0. 0000043 

—0.  0000703 

+0.0000192 

— 0. 0000694 

+0.000681 

+0. 000638 

3 

0 

— 0.0013876 

+0.0010190 

— 0.0027123 

+0. 0014893 

—0. 024306 

+0.013756 

3— 

I 

-fo.  0188174 

+0. 0044666 

+0.0467168 

+0.0147328 

— 0.022958 

— 0.  263625 

3— 

2 

—0.0414954 

—0. 0962803 

—0. 1267809 

—0.3173609 

+0.  743227 

+0.  248427 

3— 

3 

—0.  1237478 

+0.  1788859 

— 0. 4968410 

+0. 7007472 

-0.08359s 

+0.051828 

3- 

4 

+0. 0007075 

— 0.0003612 

— 0. 0404963 

+0. 0209869 

+0. 000692 

-0. 238255 

3- 

5 

-f  0. 0000494 

— 0.0001165 

— 0. 0027506 

+0. 0007696 

+0. 000382 

—0.01941 1 

3- 

6 

+0. 0000082 

—0. 0000105 

—0.0001665 

+0.0000188 

+0. 000026 

— 0.  OOI4I1 

3- 

7 

-f 0.0000004 

— 0.0000004 

—0. 0000105 

+0.0000003 

— 0.00003s 

— 0.000094 

4 

0 

— 0.000169 

— 0.000015 

— 0. 000259 

— 0.000068 

— 0. 001 1 1 

+0. 00242 

4— 

, 

-f  0.001362 

+0. 002020 

+0.  002605 

+0. 004741 

—0. 02422 

—0.02818 

4- 

2 

-f  0. 006227 

—0.01777s 

+0.019827 

—0. 049370 

+0.  20580 

—0. 06062 

4— 

3 

— 0. 072682 

+0.017790 

—0. 248903 

+0.055945 

—0.05166 

+0. 44SOI 

4— 

4 

-f  0.081079 

+0. 086388 

+o.3i35«9 

+0.  344733 

—0. 04247 

— 0.04139 

4— 

S 

-f  0. 000878 

+0. 002868 

+0. 010548 

+0.037089 

+0. 12416 

—0. 02714 

4— 

6 

—0. 000024 

+0. 000084 

+0. 000108 

+0.002812 

+0,01316 

—0. 00427 

4— 

7 

— 0.000005 

— 0.000002 

0.000029 

+0.000189 

+0.001 1 1 

—0.00043 

4— 

8 

0.000000 

+0.000001 

—0.000003 

+0.000012 

s 

0 

—O.OOOOII 

— 0.000012 

—O.OOOOII 

—0.000019 

+0.00006 

+0. 00023 

5- 

I 

—0. 000032 

+0. 00027s 

— 0. 000I3I 

+0.000531 

— 0. 00425 

— 0.00098 
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iir 

m' 

/a'\3  r'     . 

(.f+n') 

^e=i'9'+ig 

coa. 

sin. 

COS. 

sin. 

sin. 

COS. 

i'      i 
5 —  2 

-|-o.  002417 

— 0.001337 

+0.006281 

—0.  002987 

+0.02316 

—0. 02952 

5-  3 

— 0. 014195 

— o-  007353 

— 0. 042230 

-0.  023552 

+0,  07245 

+0. 13588 

S—  4 

+0. 002807 

+0. 049502 

+0. 007053 

+0,173647 

—0,  24722 

+0. 02343 

5-  5 

+0.054113 

— 0.032132 

+0. 214434 

—0.  121571 

+0.01754 

— 0. 02996 

5—  6 

+0.003417 

— 0. 000297 

+0. 027792 

—0.001897 

+0.02818 

+0. 06037 

5—  7 

+0.000159 

+0.000035 

+0. 002339 

+0.  000464 

+0.00518 

+0. 00758 

5-  8 

-1-0.000005 

+0.  000004 

+0. 000169 

+0.  000070 

+0.  00058 

+0.00069 

5—  9 

+0.000001 

0,000000 

+0.00001 1 

+0.000008 

6—  I 

— 0. 000022 

40.000019 

— 0.  000046 

+0.  000026 

6—  2 

+0. 000347 

+0. 000076 

+0.000777 

+  0.000234 

+0.00021 

—0.00527 

6-  3 

— 0. 001006 

— 0. 002505 

—0. 002445 

— 0.006961 

+0.  02895 

+0.01458 

6-4 

—0. 007380 

+0.009900 

— 0.024104 

+0.  030798 

-0.  07873 

+0. 06582 

6-5 

+0.030913 

+0. 004270 

+0.  IIOII3 

+0.  016926 

—0.  04083 

—0.  12855 

6—  6 

—0.010056 

— 0.031208 

— 0.  036180 

—0.  122658 

+0.01903 

+0.00561 

6-7 

+0.000352 

— 0. 002743 

+0. 002685 

—0.018252 

— 0.02716 

+0. 02II5 

6—  8 

+0. 000072 

—0.000160 

+0.  000762 

— 0.  001663 

—0.  00375 

+0. 00438 

6-9 

+0.000006 

—0.000008 

+0. 000095 

—0.000124 

— 0. 00036 

+0. 0005s 

6 — 10 

0.000000 

0.000000 

+0.000007 

—0.000009 

7—  2 

+0. 000026 

+0. 000033 

+0. 000045 

+0.  000075 

— 0.00038 

— 0. 00053 

7—  3 

+0.000127 

—0. 000372 

+0. 000367 

— 0.000912 

+0.  00526 

— 0.  00083 

7—  4 

— 0. 002302 

+0.000550 

—0. 006725 

+0.001373 

— 0. 00662 

+0. 02437 

7-  5 

+0. 006095 

+0. 006498 

+0. 019527 

+0.021650 

—0.051 15 

—0. 04013 

7—  6 

+0. 006281 

—0.017832 

+0. 023722 

—u.  064120 

+0.06252 

— 0.03610 

7—  7 

— 0.016757 

+0.001356 

— 0.  065207 

+0.003304 

— 0.00047 

+0.01 1 13 

7-  8 

—0.  001823 

—0. 000654 

— 0.010789 

—0.004120 

— 0.01367 

—0. 01 106 

7—  9 

— 0.  000122 

— 0.000090 

— 0.001033 

— 0.000803 

— 0.00312 

-  0.00153 

7—10 

—0.000007 

— 0.000008 

— 0.000076 

—0.000097 

—0.00042 

—0. 0001 1 

7— II 

—0.00000 1 

— 0.  OOOOOI 

— 0.000005 

—0.000009 

8-  3 

+0.  000045 

—0. 000026 

+0.000109 

— 0.  000053 

+0.  00052 

—0. 00053 

8-4 

— 0. 000346 

— 0.  000170 

— 0,000901 

— 0. 000495 

+0.  00165 

+0. 00445 

8-  5 

+0.000135 

+0.  001913 

+0. 000258 

+0.  005802 

-0.01833 

—0.  001 1 1 

8-  6 

+0.005149 

— 0. 003280 

+0.01 7454 

—0.010686 

+0.01743 

-0. 03572 

8-7 

—  0.009504 

-0.005776 

— o-  034330 

-0.021658 

+0.  02586 

+0.02813 

8—  8 

—0.001335 

+0. 008396 

— 0. 006328 

+0. 032264 

—0.  00605 

+0.  OOI2I 

8-9 

— 0.000672 

+0.  001058 

—0. 003852 

+0. 005780 

+0.  00385 

—  0.00800 

8— lo 

— 0.000091 

+0.  000076 

— 0. 000693 

+0.000559 

+0.00044 

— 0. 00201 

8— II 

— 0.  000006 

+0.000005 

— 0.000077 

+0. 000037 

—0.00002 

— 0.00030 

9—  4 

— 0.000022 

—0.000051 

— 0.000050 

— 0. 000131 

9-  5 

— 0.000198 

+0. 000283 

—0. 000588 

+0.000779 

9-  6 

+0.  001454 

+0.00015 1 

+0. 004537 

+0.000576 

9—  7 

— 0.001462 

—  L..  003741 

—0. 004785 

—0.012855 

9-8 

—0. 004397 

+0. 004636 

—0.0 1 646 1 

+0.  016739 

9—  9 

+0. 003905 

+0.001672 

+0.01475 1 

+0.007078 

9 — 10 

+0.  000542 

+0. 000541 

+0. 00277s 

+0. 002913 

9— II 

+0.000034 

+0.000092 

+0. 000256 

+0. 000623 
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«4( 

aI 

r'»/ 

'kY 

-(1)^-:;-^/+^') 

^g=»'5'+»9 

COS. 

sin. 

COS. 

siu. 

sin. 

COS. 

i'  i 
10-  5 

—0. 000053 

-|-o.  000015 

— 0. 000142 

+0. 000034 

lo—  6 

-)-o.  000206 

-|-o.  000204 

-|-o.  000587 

-(-0.000613 

10—  7 

-|-o.  000301 

— 0. 001017 

-f  0. 001026 

-0. 003244 

10—  8 

— 0.  002518 

-)-o.  000440 

— 0. 008752 

+0. 001387 

10—  9 

-fo.  002010 

+0. 002970 

+0. 007196 

-f-o.  011123 

10— 10 

+0.001334 

— 0.001588 

-1-0. 005478 

— 0.005830 

10— n 

+0. 000260 

— 0. 000434 

-f  0. 001292 

— 0. 002040 

II—  6 

-(-0.000006 

-|-o.  000049 

-(-0.000012 

-f  0.000138 

II—  7 

-|-o.  000187 

— 0.000132 

-(-0. 000582 

— 0. 000390 

II—  8 

— 0.  000662 

—0. 000343 

— 0. 002158 

— 0.001185 

II—  9 

-|-o.  000005 

-)-o.  001620 

—0.000158 

-j-o.  005730 

II — 10 

-f-o.  001501 

— 0.000951 

+0. 005886 

— 0. 003284 

II — II 

-1-0. 000339 

— 0. 000256 

-j-o.  001646 

— 0. 001 132 

In  deriving  the  portion  of  the  perturbative  function,  which  arises  from  the  action 
of  Uranus  on  the  Sun,  we  have 

log  h  =  9.0095743        log  hi  =  9.0071829        log  I  =  9.6864004        log  li  =  9.6866271 

And  the  expression  of  this  portion  is 


Aig=i'g'+i9 

-a'^H 

A.Tg=i'g'+ig 

— a' 

> 

COB. 

sin. 

COS. 

sin. 

i'       i 

i'       i 

1+3 

— 0.00000022 

— 0.00000003 

2  —  3 

— 0.00001124 

-f-o.  00005354 

1+2 

—0.00000557 

-(-0.00000017 

2  —  4 

— 0.00000056 

-(-0, 00000267 

1  +  ' 
I   0 
I  —  1 
1  —2 

—0.00021225 

+0. 00858887 
—0.  I018I18I 
—0.00285138 

-(-0.  00006955 
—0. 04085337 
-f-o.  48521410 
-fo.01358911 

3+« 
3   0 
3-1 
3  —  2 

— 0. 00000147 
-\-o.  00006376 

—0.00075575 

— 0.000021 16 

-f-o.  00000105 
— 0. 00030330 
-f  0.00360178 
-f-o.  00010087 

1—3 
1—4 

I  -5 

— 0. 00011978 
— 0. 00000596 
— 0. 00000032 

-(-0.00057087 
-\-o.  00002843 
-(-0.  00000155 

3-3 
4   0 
4  —  1 

— 0.00000090 

-(-0. 0000047 
0.0000560 

-f-o.  00000424 

—0. 0000225 
-f-o.  0002669 

2-f-2 

— 0.00000050 

-(-0.00000013 

4  —  2 

— 0.0000016 

-f-o.  0000075 

2+1 
2    0 

— 0. 00001903 
-|-o.  00080552 

-(-0.  00001070 
—0. 00383222 

5  0 
5-1 

-f-o.  0000003 
— 0.0000040 

0.0000016 
-(-0.0000191 

2—1 
2  —  2 

—0. 00954950 
—0. 00026745 

-(-0.04551090 
-(-0. 00127460 

5-2 

— 0.  OOOOOOI 

-f-o.  000000s 
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have 


For  the  component  of  this  action  perpendicular  to  the  plane  of  Saturn's  orbit,  we 


~\  r')  ^^°  ^•^'  "^  ^'^  ~  "*"  °"7479^4  ^*°    S'  +  0.662006  cos    g' 
-\-  0.070164  sin  2g'  +  0.062088  cos  2g' 

+  °-°°5SS3  sin  39'  +  o-oo49i3  cos  sg' 
+  0.00041  sin  4g'  +  0.00036  cos  ^g' 
+  0.00003    sin  sp'  +  0.00003    cos  5gr' 

For  the  factors  proportional  to  the  mass  of  Uranus  (in  seconds  of  arc),  we  have 

log  yu  =  0.6884739  log  (/<«  sin  J)  =  8.9183882 

The  expressions  for  the  forces  are 


da 

ar 

in 

dr 

dZ 

Arg=i'j'-(-»5 

BiQ. 

COS. 

COS. 

sin. 

sin. 

cos. 

i'  i 
0   0 

// 

// 

II 

+0.837381 

// 

// 

— 0. 01 1062 

0  —  I 

—0. 04346924 

+0.01459765 

— 0. II543I7 

— 0. 0556672 

+0.  0859979 

+0.0637175 

0  —  2 

— 0. 0006524 

+0. 0004770 

—0.0005359 

+0.  0002367 

— 0.  002582 

+0. 003874 

0  —  3 

— 0.0001048 

+0.  0000682 

— 0.  OOOI5I3 

—0.  0000347 

—0.  000109 

+0.  000040 

0  —  4 

— 0.  0000066 

+0.0000017 

— 0.0000039 

+0.0000044 

— 0.000006 

+0.000002 

1  +  3 

+0.000010 

+0. 000003 

— 0.000015 

— 0.000002 

1  +  ^ 

-|-o.  000062 

+0.000080 

— 0.000057 

+0.000127 

+0.  000286 

+0.000175 

«  +  ■ 

+0. 002891 

— 0. 000522 

— 0. 008391 

— 0.  00214s 

— 0.003812 

+0.010509 

I   0 

+0.  116430 

+0.  141898 

—0.055619 

— 0. 050060 

I  —  I 

-fo.  0491 16 

+0.  265961 

+0. 174087 

— 0.  902032 

+0.018910 

— 0.001679 

I  —  2 

+0.027754 

—0.034252 

+0.012873 

+0.051059 

—0.026631 

+0. 058201 

'  -3 

+0.001699 

— 0. 001896 

+0. 00043s 

+0.001349 

—0.002378 

+0. 000940 

!  -4 

+0.  000089 

— 0. 000171 

— 0.000006 

+0.000142 

— 0.000105 

40.000031 

«-5 

+0.  000007 

— 0.000012 

+0.000003 

+0.000008 

— 0. 000006 

+0.000001 

2  +  2 

+0.000007 

+0.  OOOOIO 

— 0.000018 

+0.000018 

+0.000019 

+0.000003 

.+  . 

+0.000081 

— 0.000060 

— 0. 000136 

— 0.  000327 

+0.000214 

+0. 000967 

2  0 

—0. 014454 

+0.010570 

— 0. 015416 

+0. 002833 

2—  I 

+0.  1 707 1 5 

—0.031489 

+0.4I565I 

+0.  028267 

+0.  054106 

— 0. 093048 

2  —  2 

—  1.84614s 

+0. 797709 

—2.  098802 

— 0.  900524 

+0.  003997 

+0.012298 

2  —  3 

—0.  105041 

+0. 100028 

—0.  055976 

—0.076187 

—0.  035303 

— 0. 007805 

2  —  4 

— 0. 006790 

+0. 007690 

—0.  002593 

—0.  004031 

—0.001835 

— 0. 000925 

2  —  5 

—0. 000430 

+0. 000549 

— 0.000091 

— 0.  000210 

— 0.000107 

— 0.000061 

2  —  6 

— 0.000026 

+0. 000042 

— 0,000003 

—  0.000013 

— 0.000006 

— 0.000004 

3+' 

— 0.000002 

+0.000004 

+0.  000024 

+0.000008 

+0.  000056 

+0. 000053 

3   0 

—0.  002554 

—0.  000853 

— 0.001554 

+0. 001547 

3-« 

+0. 0226000 

— 0.  OI6I382 

+0.051250 

+0.043351 

—0.  001902 

— 0. 021846 

3  —  2 

—0.  188746 

+0.314473 

— 0. 161091 

—0.  460147 

+0.061590 

+0. 020587 

3  —  3 

— o-73'254 

—1. 003177 

—0.788591 

+  '•  106335 

—0.  006928 

+0.004294 

3-4 

—0.  105865 

—0. 068466 

—0.087316 

+0. 043537 

+0.  000057 

—0. 019744 

3-5 

—0. 009425 

—0.004314 

—0. 005890 

+0.001 741 

+0.  000032 

— 0. 001609 
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Axg=i'g'+ig 

a- 

in 

dg 

dn 

ar-r- 
dr 

<JZ 

sin. 

• 

COS. 

COB. 

sin. 

sin. 

COS. 

i'  i 
3-6 

— 0.  000743 

—0. 000246 

— 0. 000364 

+0.  000051 

0.000000 

— 0.000117 

3-  7 

— 0.000058 

— 0.000014 

— 0.000024 

0.000000 

0.  oonooo 

— 0.000008 

4   0 

— 0.000156 

— 0.000244 

— 0.000058 

+0. 000230 

4—  J 

+0.001526 

— 0. 002587 

+0.001860 

+0. 007302 

— 0. 002007 

-0.002335 

4—  2 

+0.00471 1 

+0. 046370 

+0.031996 

—0. 065453 

+0.017054 

—0. 005023 

4—  3 

— 0.  302450 

—0. 106765 

—0.  379621 

+0.075313 

— 0. 00428 1 

+0. 036877 

4—  4 

+0. 466332 

-o-  533023 

+0.  508930 

+0.563813 

— 0. 003520 

—0. 003430 

4-  S 

+0.  031672 

—0.087416 

+0.020431 

+0.  074765 

+0. 010290 

— 0. 002249 

4-6 

+0.001315 

—0. 008698 

+0.000210 

+0. 005930 

+0. 001091 

—0. 000354 

4—  7 

+0.  000013 

— 0. 000741 

— 0.000059 

+0.  000410 

+0.000091 

—0.000035 

4-8 

— 0.000004 

— 0.000059 

—0.000005 

+0. 000025 

S   0 

0.000000 

— 0. 000025 

5-  • 

+0.  000026 

—0. 000261 

— 0. 000283 

+0. 000634 

— 0.00035 

— 0.00008 

S-  2 

+0.  003443 

+0. 003659 

+0. 008564 

—0.003109 

+0. 00192 

— 0. 00245 

5-  3 

— 0. 050438 

+0.  014809 

— 0.  060007 

—0.037059 

+0. 00600 

+0.01126 

5-  4 

+0.03134 

-o-  23585 

+0. 00644 

+0.  27347 

—0. 02049 

+0. 00194 

s-  S 

+0.  34128 

+0.  18205 

+0.35710 

— 0.  20005 

+0. 00145 

—0.00248 

S-6 

+0.  06216 

+0. 00760 

+0. 05430 

—0.  00327 

+0. 00233 

+0.  00500 

5-  7 

+0.  00673 

— 0.00071 

+0. 00484 

+0.  00100 

+0. 000^3 

+0.00063 

5-8 

+0.  00061 

— 0.00016 

+0.  00036 

+0.00015 

+0.00005 

+0.00006 

5-  9 

+0.  00004 

— 0.  OOOOI 

+0.00001 

+0.00002 

6—  2 

+0.  000482 

+0.  000073 

+0.00093 

+0.  00037 

+0.00002 

— 0.00044 

6-3 

— 0.004182 

+0. 005540 

— 0. 00282 

— 0.00995 

+0. 00240 

+0.00121 

6-4 

— 0.022183 

—0. 042449 

— 0.  03804 

+0. 04570 

— 0.00652 

+0. 00545 

6-S 

+0.  16039 

— 0. OI29I 

+0. 17724 

+0. 02959 

— 0. 00338 

— 0.01065 

6—  6 

—0.05159 

+0. 19858 

—0.  05945 

— 0.  20661 

+0.00158 

+0. 00046 

6-  7 

+0.  00418 

+0. 03953 

+0.  00539 

— 0.  03502 

—0. 00225 

+0.00175 

6—  8 

+0.00168 

+0.  00456 

+0.00158 

— 0.  00338 

— 0. 00031 

+0. 00036 

6-  9 

+0.  00025 

+0. 00042 

+0.  00020 

— 0.00026 

—0.00003 

+0.00005 

7—  2 

+0.  000039 

— 0. 000022 

+0.00003 

+0.  OOOIO 

— 0. 00003 

— 0.00004 

7-  3 

+0.  000003 

+0. 000801 

+0.  00059 

— 0.00119 

+0.00044 

^.00007 

7—  4 

— 0.  006723 

—0. 003340 

—0.00995 

+0.00159 

— 0.00055 

+0. 00202 

7—  5 

+0.  02983 

—0. 02435 

+0.  02979 

+0. 03454 

—0. 00424 

—0. 00333 

7-6 

+0.  02999 

+0. 09794 

+0. 04006 

— 0.  10480 

+0.00518 

— 0. 00299 

7—  7 

—0.  10650 

—0. 001 14 

— 0.  1 1062 

+0. 00467 

—0.00004 

+0.00092 

7-8 

— 0.  02285 

+0. 00799 

—0. 02045 

— 0. 00796 

—0.00113 

— 0.00092 

7—  9 

—0. 00274 

+0. 00185 

—0.  00207 

— 0.00163 

— 0.00026 

—0.00013 

7—10 

— 0.00026 

+0. 00026 

— 0.00016 

— 0.00020 

8-3 

+0.000051 

+0.000067 

+0.00015 

—0.00005 

+0.00004 

— 0.00004 

8-4 

— 0.000995 

+0.000178 

—0.00123 

— 0.00077 

+0.00014 

+0. 00037 

8-s 

+0.  00185 

— 0. 00674 

+0.00012 

+0.00881 

— 0.00152 

—0.00009 

8—  6 

+0.  02214 

+0.01786 

+0.02S19 

— 0.01659 

+0. 00144 

—0. 00296 

8-7 

—0.  05427 

+0. 03092 

— 0. 05670 

-0.03655 

+0.00214 

+0.00233 

8—  8 

—0.01300 

— 0. 05276 

—0.01137 

+0. 05494 

—0. 00050 

+0.00010 

8-9 

— 0.  00764 

— 0. 01203 

—0.  00734 

+0. 01086 

+0. 00032 

— 0.00066 
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A.Tg=i'g'+ig 

dg 

dr 

-g 

sin. 

COS. 

COB. 

sin. 

sin. 

COB. 

t'     i 
8—10 

— o.  ooi6o 

— 0. 00145 

— 0.  00139 

+0.  OOIIO 

+0.00004 

—0.00017 

8— II 

— O.  0002I 

— 0. 00012 

— 0.  00016 

+0.00007 

9—  4 

— 0.00008 

-|-o.  00009 

— 0.00006 

—0.00018 

9-  5 

— 0. 00038 

— 0.  OOIOO 

—0. 00091 

+0.001 1 1 

9-6 

+0.00587 

-|-o.  00040 

+0. 00703 

+0. 00107 

9—  7 

— 0. 00892 

-|-o.  01769 

—0. 00747 

— 0.  02098 

9-8 

—0. 02493 

—0.02717 

—0. 02788 

+0.02784 

9—  9 

+0. 02397 

— O.OI3I9 

+0.02513 

+0.  01246 

9 — lo 

-|-o.  00568 

— 0.00585 

+0.00516 

+0. 00549 

9— II 

+0.  00070 

—0.  00136 

+0.00051 

+0.00123 

lo-  5 

— 0.  00012 

— 0.00008 

— 0.00020 

+0.00004 

lo—  6 

+0. 00085 

— 0. 00053 

+0. 00086 

+0. 00095 

lo—  7 

+0. 00064 

-fo.  00456 

+0. 00172 

— 0. 005 1 1 

to—  8 

— 0.  01275 

— 0. 00330 

— 0.01442 

+0.00210 

lo—  9 

-|-o.  01 194 

— 0.  01748 

+0.01 199 

+0.01893 

lO — lO 

+0.  00995 

-fo.  00938 

+0.  00962 

— 0. 00988 

lO— II 

+0. 00265 

-(-0. 00365 

-f-o.  00240 

—0. 00375 

11—  6 

-|-o,  00006 

— 0. 00014 

+0.00001 

+0. 00020 

II—  7 

-|-o.  00060 

+0.  00064 

+0.00092 

—0.00059 

II—  8 

—0.00321 

+0.001 16 

—0. 00345 

— 0.  00198 

II—  9 

4-0. 0005 1 

— 0. 00859 

— 0.00042 

+0. 00096 

II  — 10 

+0. 00939 

+0. 00548 

+0.  01023 

— 0. 00542 

II — II 

-if-0.  00290 

+0.  00202 

+0. 00306 

— 0. 00204 

The  expressions  for 
preceding  quantities  have 


1  dR 


the  multipliers  to  be  used  in  obtaining  T  and  -  -^  from  the 
been  given  (p.  74).     There  is  then  obtained 


T 

Aig=J{y+i'g'+ig 

T 

Axg—Hy-f-ig  -t-»? 

BID. 

COS. 

i 

sin. 

COS. 

H 

i'      i 
0 —  1 

—  1.66360 

— 0.00164 

M 

i'      i 

1+  4 

+0.00001 

0.00000 

—I 

0       0 

— u.  1556525 

+0. 0850031 

0 

1+  3 

— 0.00003 

— 0.  OOOOI 

0 

0—   I 

+0.  1304077 

—0. 0437929 

1+  2 

+0.00002 

0.00000 

0 —  2 

— 0.  OI818 

— 0. 02650 

—  I 

1+  3 

+0.00005 

— 0.00003 

—I 

0 —  I 

+0.  OOIOl 

+0. 00023 

0 

1+  2 

—0.00019 

— 0.00024 

0 —  2 

+0.00196 

—0. 00143 

1+  I 

+0.00001 

+0. 00030 

0—  3 

— 0.00070 

+0.00004 

—  I 

1+  2 

+0.00090 

—0.00162 

—1 

0—  2 

— 0.00028 

+0.00009 

«+  I 

—0. 00867 

+0.00157 

0 

0—  3 

+0.  00031 

— 0.00020 

I      0 

+0. 01092 

+0. 00079 

0—  4 

— 0.00005 

+0.00007 

—  1 

1+  « 

+0. 12225 

—0. 10932 

—I 

0—  3 

0.00000 

— 0.00001 

1—  I 

— 0.  12808 

+0. 0793s 

0 

0—  4 

+0.00002 

— 0.  OOOOI 

—  I 

1      0 

+0.27716 

+1.42983 

I 

0-  5 

0.00000 

0.00000 

0 

I —  I 

—0. 1473s 

-0. 79788 
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T 

T 

Arg=x>'+i'j'+»ff   - 

A   ._       _ .      1   11  —1    t  :  ~ 

Arg=K>+»'j'+ij 

sin. 

*  COB. 

sin. 

COS. 

X      i'      i 
I       I—  2 

// 
—0.  08349 

// 
— 0.  36046 

K       i'       i 
-I       3-  I 

-o-  58397 

■  +1.03259 

— I       I —  I 

+0. 06653 

—0.  I3«84 

0      3—2 

+0.  56624 

—0. 94342 

0      I —  2 

— 0. 08326 

+0.  10276 

I       3-  3 

— 0. 09272 

+0.34179 

«       «—  3 

+0.  03881 

—0. 03483 

-I      3—  2 

—2.  23812 

-3-  'S197 

—I       I—  2 

+0.  00030 

— 0.00178 

0      3—3 

+2.  19376 

+3-009S3 

0      1-3 

— 0.00510 

+0.  00569 

1      3—  4 

—0.  65846 

—0. 89466 

I       I—  4 

+0.00319 

—0.  00280 

—I      3—  3 

—0.  21942 

—0.07115 

—I       I—  3 

— 0.00006 

—0.00025 

0      3—4 

+0.  31759 

+0.  20540 

0      I —  4 

— 0.00027 

+0. 0005 1 

I      3-  5 

—0. 12147 

—0.09031 

I       I-  5 

+0.  00023 

— 0.  00022 

—I       3—  4 

—0.01239 

—0.00180 

—I       I-  4 

0.00000 

— 0.00001 

0      3—  5 

+0. 02827 

+0.01264 

0      I-   5 

— 0.00002 

+0.00004 

I      3-6 

—0.01303 

—0. 00688 

I       I-  6 

+0.00001 

— 0. OOOOI 

-I      3-  5 

—0.  00070 

0.00000 

0  2+2 

1  2+  1 
-I       2+  2 

0  2+   I 

1  2      0 

— 0.00002 
+0.00002 
+0.00006 
— 0.00024 
+0. 0007 1 

— 0.00003 
+0.  00004 
— 0.00007 
+0. 00018 
—0.00015 

0      3 —  6 

«      3-  7 

-I       3-6 

0  3—7 

1  3-8 

+0.  00223 
—0.00116 
—0.00005 
+0.00017 
—0.  0001 1 

+0. 00074 
— 0.00048 
0.00000 
+0.00004 
— 0.00004 

-I       2+  I 

— 0.00196 

— 0.01055 

—I      4+  1 

— 0.00006 

+0.00009 

I       z—  I 

— 0.  021 1 7 

+0. 01579 

1      4—  I 

— O.OOOIO 

+0.00033 

—  120 

+0.  64706 

—0. 04388 

—140 

+0. 00530 

—0.00956 

0      2—  I 

^0.  51214 

+0. 12447 

0      4 —  1 

—0. 00458 

+0. 00776 

I       2—  2 

+0.  24430 

—0.  I7I79 

I      4—  2 

—0.00036 

— 0.00623 

— I       2 —  I 

—5.81704 

+  2.  50846 

—1      4—  I 

+0. 02317 

+0. 15242 

0       2—2 

+S-  53843 

—2-  393«3 

0      4 —  2 

— 0.01413 

— 0. 13911 

I       2—  3 

-«•  58653 

+0.  67972 

I       4—  3 

+0.03051 

+0.04457 

—  I       2—  2 

— 0. 06648 

+0.  19031 

-1      4—2 

—0. 95843 

—0.  32489 

0      2—3 

+0.  31512 

— 0.  30008 

0      4—3 

+0. 90735 

+0.  32029 

I       2—  4 

— 0. 14661 

+0.  12000 

1       4—  4 

—0.30618 

— 0. 04826 

—I       2—  3 

—0. 00303 

+0. 00756 

-i       4-  3 

+  i-477'4 

—1.62413 

0      2—4 

+0. 02037 

— 0. 02307 

0      4—4 

—1.39900 

+  1.59907 

I       2—  5 

— 0. 01131 

+0.01151 

I       4-  5 

+0.42152 

—0. 48958 

—I       2—  4 

—0.00007 

+0. 00034 

— '       4—  4 

+0. 03277 

—0. 19139 

0      2-  5 

+0.00129 

—0.00165 

0      4-  5 

— 0.  09502 

+0.  26225 

I       2-  6 

— 0. 00083 

+0.00095 

1      4 —  6 

+0.04180 

—0. 09795 

—I      2—  5 

+0.00001 

+0. 00002 

-I       4—  5 

—0.  00105 

— 0.01322 

0      2 —  6 

+0.00008 

— 0.00013 

0      4 —  6 

—0. 00394 

+0. 02609 

I      2—  7 

— 0.00007 

+0.00009 

I      4—  7 

+0. 00252 

— 0. 01 148 

-I       3+  2 

0  3+  « 

1  3      0 
-I       3+  I 

I       3-  ' 
-I       3      0 

+0.00001 
+0.00001 
+0.00005 
— 0.00090 
— 0. 00205 
+0. 085207 

0.00000 
— 0.  o(yx)i 

0.00000 
— 0. 00012 
+0. 00264 
—0. 056091 

— I      4 —  6 

0  4—  7 

1  4—  8 
-I      4-  7 

0  4—8 

1  4—  9 

0.00020 
—0.00004 
+0.00010 
—0.00001 
+0.00001 

— 0.  OOOOI 

—0.00085 
+0. 00222 

— O.OOIII 

—0.00005 
+0.00018 

— O.OOOII 

0      3—  I 

—0. 0678000 

+0. 0484146 

-I      5      0 

0.00000 

—0.0009s 

I      3-  2 

+0. 025043 

— 0. 046023 

0      5-  ' 

— 0.00008 

+0. 00078 
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Aig=Hy+i'g'+ig 

T 

Aig=Kr+i'g'+ig 

T 

sin. 

COB. 

sin. 

COS. 

« 

i'      i 

// 

// 

X      i'      i 

// 

// 

5 2 

— 0.00039 

— 0.00048 

—1       6—  8 

+0. 00050 

+0. 00056 

—  I 

5 —  I 

+0.01244 

+0.01143 

0      6 —  9 

— 0.00075 

— 0.00126 

o 

5 —  2 
5-  3 

—0. 01033 
+0.00710 

— 0.  01098 
+0.001 1 1 

1       6 — 10 

+0. 00028 

+0. 00061 

—I 

S —    2 

— 0. 15962 

+0. 05245 

0      7 —  2 

+0.0001 1 
— 0.  00012 

— 0.00009 
+0.00007 

o 

5—  3 

+0. 15131 

—0.04443 

S—  4 

— 0. 04565 

+0. 03336 

I       7—  3 

+0.00003 

— 0.  00008 

—I 

S—  3 

+0. 09432 

—0. 73665 

— I       7—  2 

+0.00017 

+0. 00261 

5—  4 

— 0.09402 

+0.  70755 

0      7—3 

—0.0000 1 

—0. 00240 

5-  5 

—0.00137 

— 0. 23034 

I       7-  4 

+0.00064 

+0.00092 

— 1 

5—  4 

+  1.04036 

+0. 59076 

-I      7-  3 

— 0.  02168 

— 0.00981 

5-  5 

— 1.02384 

—0.54615 

0      7—4 

+0.02017 

+0. 01002 

S—  6 

+0.31645 

+0. 16417 

'      7-  5 

—0.  00855 

—0.00072 

— I 

S—  5 

+0. 14 1 36 

— 0.00148 

—I       7—  4 

+0.09201 

—0.0772s 

5—  6 

—0. 18648 

— 0. 02280 

0      7-  5 

— 0. 08949 

+0.07305 

5-  7 

+0. 06861 

+0.01 171 

I      7—  6 

+0.  02467 

—0. 03093 

— I 

5—  6 

+0.01 1 16 

— 0.  00340 

-I      7-  5 

+0.  09072 

+0-  30347 

o 

5—  7 

— 0.02019 

+0.00213 

0      7—6 

—0.  08997 

—0.  29382 

5—  8 

+0.00861 

—0.00037 

'      7—  7 

+0.  03800 

+0.  09182 

—  I 

5—  7 

+0. 00077 

— 0.  00041 

—  I       7—  6 

—0.  32841 

— 0.  01732 

o 

5—  8 

— 0.00183 

+0. 00048 

0      7—  7 

+0.31950 

-|-o.  00342 

5—  9 

+0. 00087 

— 0.00016 

I      7—  8 

—0. 09905 

+0. 00089 

—I 

5-  8 

+0.00003 

— 0.00003 

—I      7—  7 

—0.05455 

+0. 02401 

o 

5—  9 

— 0.00012 

+0.00003 

0      7-8 

+0.  0685s 

—0. 02397 

5 — lo 

+0.00009 

— 0.  OOOOI 

I       7—  9 
—  I      7—  8 

—0.  02477 
—0. 00492 

+0.00769 
+0. 00446 

—  I 

6—   I 

+0. 001647 

+0.000127 

0      7—9 

+0.  00822 

— o-  oosss 

6—    2 

— 0.001446 

— 0.000219 

I       7—10 

—0.  00339 

+0. 00201 

6-  3 

+0. 000703 

— 0.000544 

—  I       7-  9 

— 0.00036 

+0. 00053 

—  I 

6—    2 

— 0.012600 

+0.  018545 

0      7—10 

+0. 00078 

— 0.00078 

6-  3 

+0.012546 

— 0. 016620 

I      7— II 

— 0.00037 

+0. 00032 

6-  4 

—0.00139 

+0.  00838 

— > 

6-3 

—0. 07267 

—0.  13209 

—I      8—  2 

+0.00019 

+0.00018 

o 

6-4 

+0.06655 

+0.  12735 

0      8—3 

— 0.00015 

— 0.00020 

6-5 

—0. 03388 

—0. 03674 

.      8-4 

+0.00012 

+0.00004 

—I 

6-4 

+0.49771 

-0.  03938 

-I      8-3 

—0.00313 

+0. 0007 1 

o 

6-5 

— 0.481 17 

+0.  03873 

0      8—4 

+0. 00298 

—0.00053 

6—  6 

+0.  15312 

— 0.  02983 

1      8-5 

— 0.  00102 

+0. 00079 

—I 

6-5 

—0.  18016 

+0. 60780 

-I      8-4 

+0. 00523 

—0.02131 

o 

6—  6 

+0. 15477 

—0-  S9S74 

0      8—5 

-0.00555 

+0. 02022 

6-  7 

— 0. 04500 

+0.  18481 

1      8-  6 

— 0.00032 

— 0. 00768 

—I 

6—  6 

+0. 01944 

+0.09241 

-I      S-S 

+0. 06920 

+0. 05488 

0 

6-  7 

—0.01254 

— 0.  11859 

0      8—6 

— 0.06642 

—o.  05358 

6-  8 

+0. 00284 

+0.04315 

I       8-7 

+0.  02539 

+0.01386 

— I 

6-  7 

+0. 00452 

+0.  00797 

-I      8—6 

—0.  16854 

+0. 09347 

o 

6—  8 

—0. 00504 

—0.  01368 

0      8—7 

+0.  16281 

— 0. 09276 

I 

6-9 

+0. 00173 

+0. 00572 

I       8-  8 

-  o-  0499s 

+0. 03431 
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T 

1 

Arg=xr+»y+«? 

Aig=xy+i'g'+ig  - 

sin. 

•          COS. 

sin. 

COS. 

X 

i'      i 

// 

„ 

H      i'      i 

// 

- 

—I 

8-7 

— 0.03182 

— 0. 16467 

I     10 —  6 

— 0.00017 

— 0.00002 

0 

8—  8 

+0. 03900 

+0. 15828 

— I     10—  5 

+0. 00262 

— 0.00174 

8-9 

—0.0133 1 

—0. 04886 

0     10 —  6 

—0. 00255 

+0.00159 

—  I 

8—  8 

—0.  02124 

— 0.02917 

I     10 —  7 

+0.00071 

— 0.00090 

0 

8-9 

+0. 02292 

+0. 03609 

—I     10—  6 

+0.00216 

+0. 0I4I I 

8—10 

— 0.00771 

— 0. 01296 

0     10 —  7 

— 0.00192 

—0.01368 

—I 

8-9 

—0. 00375 

— 0. 00262 

I     10—  8 

+0.00174 

+0. 00455 

8—10 

+0.  00480 

+0. 00435 

— I     10—  7 

—0. 03933 

— 0. 01022 

8— II 

— 0.00179 

—0.00180 

0    10 —  8 

+0.  03825 

+0.00990 

—I 

&— 10 

— 0. 00041 

—0.00015 

I     10—  9 

— 0.01315 

—0.00153 

8— II 

+0. 00063 

+0. 00036 

—I     10—  8 

+0.03785 

-0.05302 

8-12 

— 0.00027 

— 0.00019 

0    10—  9 

— 0. 03582 

+0. 05244 

—I 

9-  3 
9—  4 
9-  5 
9-  4 
9-  5 
9-6 

9-  S 

— 0.00025 
+0.00024 
— 0.00002 
—0.00132 
+0.001 14 
—0.00087 
+0.0183 1 

+0. 00030 
— 0.00027 
+0.00017 
— 0.00310 
+0. 00300 
—0.00093 
+0. 00087 

I     10 — 10 
— I     10 —  9 

0  10—10 

1  10 — II 
— I     10 — 10 

0  10— II 

1  10—12 

+0.  01027 
+0. 02836 
— 0. 02985 
+0. 00986 
+0.00657 
—0.  00795 
+0.00291 

— 0.01767 
+0. 03081 
— 0. 02814 
+0. 00830 
+0. 01003 
—0.  OI09S 
+0. 00354 

9-6 

— 0.01761 

— 0.00120 

-I     II-  5 

+0.00016 

— 0.00045 

9-  7 

+0. 00620 

— 0.  OOI2I 

0     II—  6 

— 0.00018 

+0.  000,1 2 

— I 

9-6 

— 0. 02740 

+0.05479 

I     II—  7 

+0.00002 

— 0.00018 

9-  7 

+0. 02676 

—0. 05307 

— 1     11—  6 

+0.00192 

+0.00194 

9-8 

— 0.00615 

+0. 01905 

0     II—  7 

— 0.00180 

—0.  00192 

— I 

9-  7 

—0. 07543 

—0. 08493 

I     II—  8 

+0.  00083 

+0.  00048 

9-8 

+0. 07479 

+0.08151 

— 1     II—  7 

—0. 00993 

+0.  00373 

9—  9 

— 0.02614 

— 0. 02442 

0    ii_  8 

+0. 00963 

— 0.  00348 

I 

9-8 

+0.  07621 

—0.03618 

I     II—  9 

—0.  00305 

+0.00182 

9—  9 

— 0.07 191 

+0. 03957 

—I     11—  8 

+0.00148 

— 0. 02657 

9 — 10 

+0. 02196 

—0.01296 

0    II—  9 

—0.00153 

+0.02577 

— I 

9—  9 

+0.01392 

—0.01579 

I     II— 10 

— 0.00016 

— 0. 00857 

9 — 10 

— 0. 01704 

+0.01755 

—  I     II—  9 

+0.02915 

+0. 01746 

9— II 

+0.00608 

— 0. 00601 

0    II— 10 

— 0.  02817 

— 0.01644 

_, 

9 — 10 

+0.00126 

—0. 00329 

I     II— II 

+0. 00808 

+0.00523 

0 

9 — II 

— 0.00210 

+0. 00408 

—I     II— 10 

+0. 00785 

+0. 00548 

9 — 12 

+0.00090 

—0. 00149 

0    II— II 

—0. 00870 

—0.00606 

1 

10—  4 

—0.00041 

—0.00024 

I     II— 12 

+0. 00273 

+0.00200 

0 

10-  5 

+0. 00036 

+0. 00024 
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\iR 

1  dR                          1 

Axg=:Ky+i'g'+ig 

n 

d( 

Arg=Kr+4Y+»V 

n 

dt 

COS. 

sin. 

COS. 

sin. 

X      i'      i 

I          O —    I 

+0.  00481 

— 0.01283 

X       i'      i 
->      3-  3 

+0.  00032 

+0. 01006 

—  I         0        0 

+0.  0428953 

—0. 0327927 

■       3-  5 

+0.00003 

—0. 00972 

I         O —    2 

— 0.  04299 

+0. 03138 

-'       3-  4 

+0.00002 

— 0.00003 

—  I         O —    I 

— 0.  00490 

+0. 00075 

I       3-6 

— 0.00002 

— 0. 00108 

I       o—  3 

+0.00009 

+0.  00281 

-I       3-  S 

0.00000 

— 0.00001 

—  I          O—    2 

+0.  00006 

+0. 00014 

'       3-  7 

0.00000 

— 0.00009 

I        O—  4 

+0.00004 

+0.  0001 1 

-I       4+  I 

— 0.00005 

— 0.00008 

-I       1+  3 

+0.00006 

— 0.00021 

1       4—  1 

— 0.00006 

+0.  O0O2I 

I       1+   I 

— 0.00030 

— 0.00035 

—  140 

— 0.00076 

+0.00123 

—1         1+    2 

—0. 00268 

—0. 00454 

I       4—  2 

+0.00172 

— 0.00096 

I          I          O 

— 0.00044 

+0.00735 

—1       4—  I 

+0.  00854 

+0. 00189 

-I          1+     I 

—0.  02737 

+0. 02542 

«       4—  3 

—0.  00866 

— 0.00409 

I          I—    I 

+0.  02861 

—0.02477 

—  1       4—  2 

— 0.00290 

—0. 01857 

—  1          I         o 

+0.01 141 

— 0. 00207 

1       4—  4 

+0.00175 

+0. 01848 

1           I 2 

— 0.00978 

—0. 00398 

-I       4-  3 

— 0.00144 

+0. 00329 

1           1 I 

— 0.01411 

— 0.02913 

1       4-  5 

+0. 00224 

— 0. 00109 

'       I—  3 

+0.01296 

+0. 02896 

—I       4—  4 

+0.00531 

+0.00098 

—  I          I —   2 

— 0.00007 

+0.00198 

I       4-6 

— 0.  00504 

— 0.00114 

1        I—  4 

+0.00155 

+0.00128 

-1       4-  5 

+0.00011 

+0.00008 

—I       ■—  3 

+0.00005 

+0. 00004 

1       4-  7 

— 0.00068 

— u.  00021 

I       I-  s 

+0.00010 

+0.00004 

—  1       4—  6 

0.00000 

+0.00001 

-I         2+    2 

— 0.00008 

— 0.00047 

1       4—  8 

— 0.00008 

— 0.  00002 

I         2        O 

— 0.00076 

-\-o.  00036 

— 150 

— 0.00015 

+0.00006 

-I         2+    I 

— 0.  00695 

— 0.00008 

I       5 —  2 

+0.  00024 

+0.  00006 

I          2—    I 

+0.  00997 

+0.  00533 

—1       5—  1 

+0.  00104 

+0. 00106 

—  I          2         O 

+0.  02770 

+0.  04640 

I       5—  3 

— 0.00071 

— 0.00169 

I          2—    2 

— 0.  02662 

—0. 04693 

— 1       5 —  2 

+0.  00265 

—0.00575 

—  I          2 —    I 

— 0.  00076 

— 0.  00994 

I       5—  4 

— 0.  00389 

+0.00551 

»       2-  3 

—0.00423 

+0.00517 

—I      S—  3 

— 0.  01046 

—0.00047 

—  I          .!. —    2 

—0.01782 

+0.  00443 

'       5-  5 

+0.  01021 

+0.00123 

I          2—    4 

+0.01745 

—0.  00374 

—I      5—  4 

+0.00162 

+0.00125 

-I          2-    3 

+0.  00056 

+0.00013 

1       5—  6 

— 0.00034 

—0.00141 

1        2-   5 

+0. 00141 

—0.00056 

—1       5-  5 

+0.00112 

— 0. 00261 

—  I         2—  4 

+0.00003 

— 0.  OOOOI 

'      S—  7 

— 0.  001 16 

+0. 00244 

I         2—   6 

+0.  OOOIO 

— 0.00004 

—1      5—  6 

+0.  ooon 

— 0.00010 

-'        3+   2 

+0.00001 

— 0.00004 

I       5—  8 

—0.  00024 

+0. 00038 

»       3      0 

— 0.00010 

— 0.00004 

—I      5—  7 

0.00000 

0.00000 

-I      3+  I 

—0. 00077 

— 0.00047 

I      5—  9 

— 0.00003 

+0.00004 

'      3—  ' 

+0. 000696 

+0.001690 

-1      fr-  1 

+0.00004 

+0.  00020 

—130 

I      3-  2 

—I       3—  I 

— 0.00002 
+0. 00356 
+0. 030730 

+0.01069 
—  0.  OII76 
— 0.011244 

«      fr-3 

-I      6-  2 

r      6-4 

+0.00009 
+0.001107 
— 0.00147 

— 0.00027 
— 0.000691 
+0.  00036 

'      3-  3 

— 0.  03101 

+0. 00979 

-1      6-3 

—0. 00341 

— 0.  00252 

—  I      3—  2 
I       3-  4 

—0.00605 
+0. 00260 

— 0.00099 
+0. 00325 

I      6-5 
-1      6-4 

+0. 00309 
— 0. 00140 

+0.00319 
+0.  00554 
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Aig=xy+i'g'+ig 

n  dt 

Arg=xy+i'ff'+is 

IdR 

n  dt 

COS. 

• 

sin. 

COS. 

sin. 

K      %'      i 
1       6—  6 

+0.  00185 

— 0. 00526 

K      V      i 
—I      7—  4 

— 0.  00203 

+0.00179 

-I       6-5 

+0.00090 

—0. 00070 

I       7—  6 

+0. 00235 

— 0.00150 

I       6-7 

— 0.00084 

+0.  OOOOI 

-I       7-  5 

+0. 00277 

+0.00134 

—I       6—  6 

— 0.00119 

—0.00085 

I      7—  7 

— 0.  00253 

—0.00158 

I      6—  8 

-fo.  00109 

+0. 00085 

—I      7—  6 

— 0.00026 

— 0.00058 

-I      6-  7 

— 0.00006 

— 0. 0001 1 

I      7—  8 

— 0. OOOIO 

+0. 00046 

1      6 —  9 

+0.00019 

+0. 00020 

-I      7-  7 

— 0.00057 

+0. 00050 

—I      7—  2 

I      7—  4 

—I      7—  3 

+0.  00021 
— 0.  00024 
—0. 00035 

0.00000 
— 0.00012 
— 0.  00096 

I      7—  9 

—  I      7—  8 

I       7 — 10 

+0. 00056 
— 0.00008 
+0. 00015 

— 0.00044 
+0.00002 
— 0.00007 

I      7-  5 

+0.00008 

+0.001 15 

The  logarithms  of  the  integrating  factors  are  contained  in  the  following  table : 

Arg. 

log  -  ,1  • 

Arg. 

log.,   ,"l. 
t  n  +  in 

Arg. 

log  ,  ," 

^i'n'  +  in 

Arg. 

log  ,    " 
^i'n'  +  in 

i'      i 

i'      i 

i'       i 

i'      i 

0—  I 

0.  OOOOOOOB 

3-  S 

9.4036o« 

6-4 

9.  72209« 

9—  3 

0. 8081 

0—  2 

9.  69897oo« 

3-6 

9.  305  6» 

6-  5 

9.  538 1 6» 

9—  4 

0. 0734» 

0-  3 

9. S228787« 

3-  7 

9.  2256« 

6-  6 

9.  40935" 

9-  S 

9.  734i» 

0—  4 

9. 39794« 

3-8 

9.  I58i» 

6-7 

9.  3ioi3« 

9-6 

9.  546o« 

6—  8 

9.  22942K 

9—  7 

9-4152" 

1+  3 

9-  4749 

4+  I 

9.6194 

6-9 

9. i6i4» 

9-  8 

9.3148" 

1+  2 

9. 6288 

4      0 

9-8531 

6 — 10 

9.  I026» 

9—  9 

9-  2333« 

1+  I 
I      0 
I —  I 
I—  2 

9.  86947 

0.455 '677 
0. 1874988K 
9.  78268n 

4-  ' 
4—  2 

4—  3 
4—  4 

0. 39527 
0. 22364M 

9-  79655" 
9. 58544« 

7 —  > 

7 —  2 
7-  3 

9-  8374 
0. 3426 
0. 263i« 

9 — 10 
9-11 
9-12 

9.  i647n 
9.  io54« 
9- °533" 

I—  3 

9. 57685n 

4-  5 

9-  44399" 

7—  4 

9.8io88n 

10—  4 

0.  3o64« 

I—  4 

9. 4378« 

4-6 

9-  3375« 

7-  5 

9.  59420n 

10—  5 

9-8257" 

I—  5 

9- 3326« 

4-  7 

9.  2520« 

7—  6 

9. 45030W 

10-  6 

9.6o3in 

4-8 

9.  i8o6» 

7-  7 

9.  34240" 

10—  7 

9. 4567» 

2+  2 

9. 5684 

4—  9 

9. 1193H 

7-  8 

9.  256o4» 

10—  8 

9- 3474" 

2+  I 

9.  7692 

7—  9 

9.  i840» 

10—  9 

9. 26oi« 

2      0 

0. 15414 

5      ° 

9.7562 

7 — 10 

9.  I223n 

10 — 10 

9.  i875« 

2—  I 

0.  5246674» 

5-  ' 

0. 1232 

7 — " 

9.o683« 

10 — II 

9-  1253" 

2—  2 

9. 8864688» 

s-  2 

0. 6o745» 

8-  2 

0.  0943 

10 — 12 

9.  o709» 

2—  3 
2—  4 
2-  5 

2—  6 

3+  ' 
3      0 

3—  I 

9. 6385oso« 
9. 48i65» 
9. 3667« 
9.  27S8« 

9. 6879 
9. 9780464 
1.2852549 

5-  3 
5-  4 
S-  5 
5-6 

S-  7 
S-8 
S-  9 

9.  9041 6» 
9. 64841 « 
9.48853« 

9- 37193" 
9.  28oo9n 
9.  2043« 
9.  i398» 

8-  3 
8-4 
8-5 
8—  6 

8-7 
8-  8 
8-9 

0. 7098« 

9.  9226» 

9.  6586« 
9. 4955« 

9-  3773" 
9.  2844« 
9.  2o8o« 

II—  4 

II—  5 
II—  6 

II—  7 
11—  8 
II—  9 
II — 10 

0. 8440» 
9.  941 8n 
9.  6689n 
9.  5026» 

9.  3827" 
9.  2888n 
9.  2n6« 

3—  2 

0.023 I 228« 

6—  I 

9.9572 

8—10 

9. I430« 

II — II 

9.  I46i» 

3—  3 

9.  7io3776« 

6—  2 

0. 98422 

8— II 

9.  o864« 

II — 12 

9.  o892« 

3-  4 

9-  5304S» 

6-3 

0. 04755» 

8-12 

9. 0364« 

In  making  the  integrations,  for  a  like  purpose,  as  in  Chapter  II,  we  put 

Jj  =  +i".6639        Ai  =  — 0".23O4        hi  =  — o".i420        ^3  =  — o".02i6        ^4  =  — o".oi63 
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The  values  of  -5^  and  ^^  obtained  are 
at  at 


Arg. 

dSz 
dt 

Idy 

n  dt 

COS. 

■in. 

sin. 

COS. 

t'      t 
0 —  0 

" 

" 

" 

—  0. 001 193 

0-  I 

-  0.  IS57 

—  0.0850 

+0.  1573 

—  0. 0776 

+  0.085003 1 »/ 

-  0.  1556525"' 

0.  04250 IK/ 

—  0.  o77826«/ 

0—  2 

—  0.  0067 

—  0.  0035 

+0.  0089 

—  0. 0041 

+  0.002382K/ 

—  0.  oo4362«/ 

— 0.  002382«/ 

—  0. 004362W/ 

0—  3 

—  0. 0004 

—  0.0002 

-fo.  0006 

—  0.0003 

0-  3 

+    0.  OOOI0O«/ 

—  0.  oooi83n/ 

— 0.  oooi5on/ 

—  0.  ooo275«/ 

1+  2 

—  0. 0010 

-|-  0.  0001 

— 0.  0012 

—  0. 0001 

1+   ' 

—  0. 0307 

—  0.0003 

— 0.  0209 

+  0.0016 

I       0 

—  0.  28914 

—  0. 19699 

—0. 05475 

+  0.01448 

I —   I 

—  I.  0701 

+  5-5233 

+0.  3728 

+  "-9271 

I—  2 

+  0.0444 

+  0.  2679 

— 0.0216 

+  0.  2090 

I—  3 

■j-  0.  0012 

+  0.0103 

— 0.0012 

+  0.0130 

I—  4 

0.0000 

+  0.0004 

— 0.  0001 

+  0.0009 

2+  I 

—  0.0027 

—  0.0014 

—0. 0022 

+  0.0014 

2      0 

—  0.  0652 

-  0.0557 

— 0.  0319 

+    0.020I 

2—  I 

—   2.  46819 

—  0.  25498 

+0.53598 

—   0.08925 

'^ —  2 

—  15.9230 

—  6.8519 

+9.4146 

—   4.0510 

2—  3 

—  0. 5050 

-  0.2877 

+0.  5502 

—   0.  2902 

2—  4 

—  0. 0220 

—  0.0130 

+0.0352 

—  0.  0192 

2—  5 

—  0.  OOII 

—  0.  0007 

+0. 0023 

—   0.0014 

3+   ' 

+    0.  OOII 

+  0.0014 

+  0.  OOII 

—   0.0014 

3      0 

-\-  0. 0406 

+  0.  0522 

+0.  0202 

—   0.  0266 

3-  > 

+  1-25145 

+  0.92442 

+0.05199 

—   0.04655 

3—  2 

+  11.8038 

+  20.7417 

-5.6592 

+  10.0352 

3—  3 

-  II433 

+  2.6413 

+0-  7523 

+    2.0675 

3—  4 

—  0.0887 

+  0. 1062 

+0. 0870 

+   0.  I351 

3—  S 

—  0.0049 

+  0.  0049 

+0.  0069 

+    0.0088 

3      6 

—  0.  0002 

+  0.0002 

+0.0006 

+    0.0005 

4       0 

4-  0.0003 

+   0.  OOII 

+0.0001 

—  0.0007 

4—  ' 

+  0.0074 

-1"  0.022 1 

+0. 0019 

—   0.0078 

4—   2 

—  0.  0654 

+  0. 5841 

+0-0353 

+   0.  2024 

4-  3 

—  I.  1522 

+  0.3762 

+0. 7480 

+    0.2693 

4—  4 

+  0.4585 

+  0.  5534 

—0. 3584 

+   0.4556 

4—  5 

+  0.0193 

+  0.0513 

— 0.0249 

+    00545 

4-6 

-\-  0.  0007 

+  0.0034 

— 0.0015 

+   0.0054 

S-  I 

—  0.  0013 

+  0.  0024 

— 0.0006 

—  0.0013 

5—  2 

—  0.  05323 

+  0.  05842 

+0. 01054 

+   0.00834 

5-  3 

—  0.  5458 

—  0.  1892 

+0. 3136 

—   0.  1003 

5—  4 

+  0.0174 

+  0.  3398 

— 0.0178 

+   0.2551 

5-  5 

-)-  0.  2239 

—  0.  1172 

— 0. 1948 

—    0.0960 

S-6 

+  0.0258 

—  0.0030 

—0. 0284 

—  0.0051 

'-' 

+  0.0020 

+   0.  0002 

— 0.0027 

—  0.  0001 
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dSz                          \ 

Idv 

Arg. 

dt 

n  dt 

COS. 

gin. 

sin. 

COS. 

»'      i 
6—  2 

+  O.OI32I 

—  0.00150 

// 

-f-O.  OOIIO 

—  0.  00014 

6-3 

+  0-  '346 

+  0. 1932 

— 0.  0614 

+  0.0913 

6-4 

—  0.0532 

+  0.0981 

+0. 0324 

+  0.0722 

6-  5 

+  0.  1332 

-)-  0.0183 

— 0. 1097 

+   0.  0I20 

6—  6 

—  0.0244 

—  0. 0940 

+0. 0194 

—  0. 0849 

6-  7 

+  0.0015 

—  0.0127 

— 0.  OOII 

—  0. 0I4I 

6—  8 

-l-  0.0003 

—  0. 0010 

—0.0004 

—  0.0015 

7—  3 

—  0. 0001 

+  0.009s 

+0.0003 

+  0.0032 

7-  4 

—  0.0299 

+  0.0122 

+0.0184 

+  0.  0089 

7—  5 

+  0.0304 

-|-  0.0299 

—0. 0250 

+  0.0217 

7—  6 

-l-  0. 0198 

—  0.0561 

—0.0158 

—  0.0481 

7—  7 

—  0. 0393 

-)-  0.0007 

+0. 0363 

—  0.0008 

7—  8 

—  0.0060 

—  0.0021 

+0.0067 

—  0.0019 

8-3 

—  0.00094 

+  0.00122 

+0.00016 

+  0.00014 

8-4 

—  0.  0140 

—  0.0034 

+0. 0078 

—  0.0017 

8-5 

+  0.0016 

-)-  0. 0108 

— u.  0019 

+  0.0077 

8—  6 

4-  0.0167 

—  0. 0112 

— 0. 0I3I 

—  0.  OIOI 

8-7 

—  0.0232 

—  0.0142 

+0. 0206 

—  0.0122 

8—  8 

—  0.0036 

+  0.0158 

+0.0042 

+  0.  0149 

8-9 

—  0.0017 

-f  0.0027 

+0.0017 

+  0.0030 

9—  4 

+  0.0019 

4-  0.0021 

— 0.0008 

+  0. 0010 

9—  5 

—  0.0007 

+  0. 0024 

+0. 0010 

+  0.0016 

9-  6 

+  0.0053 

-\-  0.0002 

— 0. 0042 

—  0.0004 

9—  7 

—  0.0036 

—  0.0094 

+0. 0039 

—  0.0076 

9-8 

—  0.0090 

-|-  0.0090 

+0. 0079 

+  0.0084 

9—  9 

+  0. 0061 

+  0.0032 

— 0,  0058 

+  0.0034 

9—10 

-|-  0.  oon 

-|-  0.  OOII 

— 0.  0012 

+   0.  O0I2 

10-  5 

—  0.0007 

+  0.0003 

+0. 000,1 

+    0.0002 

10 —  6 

-|-  0.  0010 

-|-  0.0009 

— 0.0008 

+   0.0005 

10—  7 

-f-  0.0008 

—  0. 0028 

— 0.0002 

—  0. 0023 

10—  8 

—  0. 0052 

-|-  0.0008 

+0.0044 

+  0.0012 

10—  9 

+  0.0032 

+  0.0051 

— 0.0031 

+   u.  0046 

10—10 

-|-  0.  0021 

—  0. 0021 

— 0.0021 

—   0.0019 

10— II 

-|-  0.0003 

—  0.0006 

— 0.0004 

—  0.  ono8 

II-  6 

0.0000 

+  0.0003 

— 0. 0001 

+  0.0002 

II—  7 

-\-  0.0005 

—  0.0002 

— 0.0003 

—  0.0005 

II-  8 

—  0.0015 

—  0.0008 

+0. 0013 

—  0.0004 

II—  9 

-(-  0. 0001 

-j-  0.0028 

— 0.0002 

+  0.0025 

II — 10 

-)-  0.0022 

—  0.0012 

— 0.0022 

—  0.  OOII 

11— II 

+  0.0006 

—  0.0004 

— 0.0006 

—  0.0004 
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Integrating  again  we  obtain  nSz  and  v.  The  constant  term  of  the  latter  quantity 
is  obtained  in  the  way  mentioned  at  the  end  of  Chapter  II.  As  the  quantities  now 
given  appertain  to  Saturn,  we  will  restore  to  the  symbols  their  accent,  and  the  mean 
anomaly  of  Uranus  will  be  denoted  as  ^". 


n' 

Sz' 

V 

u' 
cost' 

Arg=i"p"-f-iV' 

BIB, 

COS. 

COS. 

sin. 

sin. 

COS. 

x"      i' 
O        0 

" 

" 

—0.  2741 

— 0.  ooii93»V 

" 

" 

// 
— 0.  OHO 

— 0. 00361 1»7 

0 —    I 

o.oooo 

0.0000 

4-0.  0795 

4-  0.0351 

0.0000 

0.  0000 

—  o.  o85ooonV 

—  0.  i55652«7 

—0.  042500«7 

4-  0.  o77826»V 

—0. 032793n7 

4-0.  042895«7 

O —    2 

-|-   0.  0O22 

—  0  OOII 

+0.  0033 

-f  0.0014 

4-0.  0025 

—0.0002 

—  o.  ooiigiwV 

—  0.  002l8l«7 

— 0.  ooii9in'/ 

-\-  0.  oo2i8ln7 

— 0.  oo09i8«V 

-|-o.  OOI201«7 

o—  3 

+  o. OOOI 

—  0.0001 

4-0.  OOOI 

4-  0.0001 

—  0.  oooo33»'/ 

—  0.  oooo6ik7 

—0. 000050KV 

-(-  0.  oooo92«7 

— 0.  oooo39«'/ 

4-0.  oooosowV 

•+  2 

—  o.  cxx)4 

0.0000 

4-0.0005 

4-  0.0000 

«+  > 

—  o.  0227 

4-  0.0002 

4-0.0155 

4-  0.0012 

—0. 0019 

— 0.0186 

I        o 

—  0.  8247 

+  0.5618 

4-0. 1562 

4-  0.0413 

—0. 0668 

—0. 0556 

I—  I 

+  1-6479 

+  8-  50SS 

4-0.  5741 

—  2.9676 

4-0. 0396 

-t-o.  0103 

I 2 

—  0. 0269 

4-  0. 1624 

— 0.0131 

—  0.  1267 

4-0.0172 

—0-  0337 

J-  3 

—  0.0005 

+  0. 0039 

— 0.0005 

—  0.0049 

4-0.  0006 

— 0.0006 

I—  4 

0. 0000 

4-    0.  OOOI 

0.0000 

—  0.0002 

J4-  I 

—  0.0016 

4-  0.0008 

4-0.  0013 

4-  0.0008 

— 0.0017 

-|-o.  0002 

2        O 

—  0. 0930 

4-  0.0794 

4-0.  0455 

4-  0. 0287 

— 0. 0403 

-|-o,  0224 

-^ —    I 

+  8.2613 

—  0.  8535 

4-1.7940 

4-  0.  2987 

-|-o.  0626 

— 0.  1009 

2—     2 

4-12.  2601 

-  5-2757 

4-7.  2489 

+  3- "91 

4-0. 0024 

— 0.  0302 

2—    3 

+  0.2197 

—  0.  1251 

4-0.  2394 

4-  0. 1262 

4-0. 0084 

4-0.0011 

2—   4 

-f-  0.  0067 

—  0.0039 

4-0.0107 

-1-  0.0058 

2—  5 

+  0.  0003 

—  0.  0002 

-f  0.0005 

-|-  0.0003 

3+  ' 

+  0.0005 

—  0.0007 

— 0.0005 

—  0.0007 

4-0.  0004 

-  -0.  0009 

3      o 

+  0.0386 

—  0.  0496 

— 0.  0192 

-  0.0253 

4-0.0129 

-0.0318 

3—  I 

+24. 1362 

—17.  8289 

—  1 .  0026 

—  0.8978 

--0.0544 

— 0. 0380 

3—  2 

—12.4493 

4-21.8760 

—5.  9688 

—10. 5840 

4-0.  6084 

4-0. 2227 

3-  3 

+  0. 5869 

+  1-3558 

4-0.  3862. 

—  1. 0612 

4-0. 0208 

4-0. 0053 

3—  4 

+  0.0301 

4-  0. 0360 

4-0. 0295 

—  0. 0458 

4-0.0008 

4-0. 0029 

3—  5 

-l-  0.0012 

4-  0,0012 

4-0.0017 

—  0.0022 

4       o 

-f-  0.0002 

—  0.0008 

— 0.  OOOI 

—  0.0005 

4—   I 

-l-  0.  0184 

—  0.0549 

— 0.0047 

—  0. 0194 

—0.0050 

— 0.0022 

4—  2 

+  0. 1094 

+  0-9775 

-1-0. 0591 

-  0.  3387 

4-0. 0264 

—0.0043 

4—  3 

+  0.7212 

+  0. 2354 

4-0. 4682 

—  0. 1686 

4-0. 0043 

— 0. 0241 

4—  4 

—  0.1765 

-|-  0.  2130 

— 0. 1380 

—  0. 1754 

4-0.0006 

4-0.0003 

4-  5 

—  0. 0054 

4-  0.0143 

— 0.  0069 

—  0. 0151 

— 0.0008 

-t-0.-0002 

4-6 

—  0.0002 

4-  0. 0007 

— 0.0003 

—  0.0012 

5-  • 

—  0.  0017 

—  0. 0032 

-1-0. 0008 

—  0.0017 

— 0.0012 

4-0.0003 

5—  2 

+  0.2155 

4-  0. 2366 

4-0.0427 

—  0.0338 

4-0.  0030 

— 0.0008 

5-  3 

+  o-  4377 

—  0. 1517 

4-0.2514 

4-  0.0804 

—0.0099 

— 0. 0207 
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n'Sz' 

v' 

u' 
COS 

»' 

Axe=i"g"+i'g' 

sin. 

COS.* 

COB. 

sin. 

sin. 

COS. 

%"      »' 
5—  4 

—  0. 0077 

// 

+  0. 1512 

— 0.0079 

-  0II3S 

4-0. 0049 

— 0.0010 

s—  S 

—  0.0689 

—  0.  0361 

— 0.0600 

-t-  0.0296 

S—  6 

—  0.0061 

—  0.0007 

—0.0067 

4-  0.0012 

S—  7 

—  0.0004 

0.0000 

—0.0005 

0.0000 

6—  2 

+  0. 1274 

+  0.014s 

— 0.0106 

—  0.0014 

— 0. 0010 

— 0. 0011 

6-3 

—  0. 1501 

+  0.  2155 

—0. 0685 

—  0. 1019 

4-0.0112 

4-0. 0072 

^4 

+  0.0281 

+  0.0517 

-|-o.  0171 

—  0.0381 

4-0. 0029 

— 0.0018 

6-5 

—  0. 0460 

+  0. 0063 

—0. 0379 

—  0. 0041 

-|-o.  0004 

4-0. 0014 

6—  6 

+  0.0063 

—  0.0241 

-)-o.  0050 

4-  0. 0218 

6-7 

—  0.0003 

—  0. 0026 

— 0.0002 

4-  0. 0029 

6—  8 

—  0. 0001 

—  0.0002 

— 0.0001 

4-  0.0003    > 

7—  3 

+  0.0002 

+  00174 

+0.0006 

—  0.0059 

-|-o.  0006 

0.0000 

7—  4 

+  0.0193 

+  00079 

-(-0.0119 

—  0.0058 

4-0.0005 

— 0.0015 

7—  5 

—  0. 0119 

+  0.0117 

— 0.0098 

—  0.0085 

-|-o.  0007 

4-0.0007 

7—  6 

—  0.0056 

—  0.0158 

—0.0045 

4-  0.0136 

— 0.0005 

4-0.0002 

7-  7 

-f-  0.0086 

4-  0.0002 

-f-0. 0080 

4-  0.0002 

7—  8 

-|-  0. OOII 

—  0.0004 

-f-O.OOI2 

+  0.0003 

»-3 

-f  0.0048 

-f  0.0063 

-1-0.0008 

—  0.0007 

8-4 

-)-  0.0117 

—  0. 0028 

-f  0.  0065 

4-  0.0014 

8-S 

—  0.0007 

+  0. 0049 

— 0.0009 

-  0.003s 

8—  6 

—  0.0052 

—  0. 003s 

— 0.0041 

4-  0.0032 

8-7 

+  00054 

—  0.0034 

-|-o.  0049 

-)-  0.0029 

8—  8 

+  0.0007 

+  0.0030 

-1-0.0008 

—  0. 0029 

8-9 

-I-  0.0003 

-f-  0.0004 

-|-o.  0003 

—  0.0005 

9—  4 

—  0. 0022 

-(-  0.0025 

— 0.0009 

—  0.0012 

9-  S 

-f-  0.0004 

-f  0.0013 

4-0.0005 

—  0.0009 

9-6 

—  0.0019 

+  0. 0001 

—0.0015 

4-   O.OOOI 

9-  7 

-|-  0.0009 

—  0.  0024 

-|-o.  0010 

4-  0.0020 

9-8 

4-  0.0019 

-l-  0.0019 

-|-o.  0016 

—  0.0017 

9—  9 

—  0.0010 

+  0.0005 

— 0.0010 

—  0.0006 

9 — 10 

—  0.0002 

-(-  0.  0002 

— 0.0002 

—  0.0002 

10-  s 

-|-  0.0005 

+  0.0002 

4-0.0003 

—   O.OOOI 

10—  6 

—  0.0004 

+  0.0004 

—0.0003 

—  0.0002 

10—  7 

—  0.0002 

—  0.0008 

— 0.0001 

4-  0.0005 

10—  8 

-f  0.0012 

-\-  0.0002 

4-0.  0010 

—  0.0003 

10 —  9 

—  0.0006 

+  0.0009 

— 0.0006 

—  0.0008 

10—10 

—  0.0003 

—  0.0003 

—0.0003 

4-  0.0003 

II—  7 

—  0.0002 

—  0.0001 

— O.OOOI 

4-  0.0001 

II—  8 

-f-  0.0004 

—  0.0002 

4-0.0003 

4-  0.0001 

II—  9 

0.0000 

+  0.0005 

0.0000 

—  0.0005 

11—10 

—  0.0004 

—  0.0002 

— 0.0004 

4-  0.0002 

■ 

CHAPTER  IV. 

PEHTURBATI0N8  OF  JUPITER  BY  UEANUS  OF  THE  FIRST  ORDER  WITH  RESPECT  TO  DISTURBING 

FORCES. 

For  a  like  reason  as  in  the  preceding  chapter  we  here  denote  the  quantities  per- 
taining to  Jupiter  without  accents  and  those  pertaining  to  Uranus  with  a  single  accent. 

The  elements  of  the  two  planets  being  the  same  as  those  which  have  already  been 
given  (pages  19,  109),  we  have  the  corrected  log  a  =:  0.7162333  and  corrected  log 
a' =  1. 283 1044.     Whence  log  a  =  9.4331289.     The  coefficients  of  the  terms  of  the 

a' 
developments  of  the  reciprocal  of  the  distance  between  Jupiter  and  Uranus  —  and  its 

odd  powers  are  functions  of  the  six  following  elements : 

o     /  '/ 

log  «=9.433i289  J   =     o  42     3.44 

6=0.04824277  n=  64  26  56.50 

^'=0.0469236  77'=22o  46     7.70 

n  and  IT  are  measured  from  the  ascending  node  of  the  orbit  of  Uranus  on  that  of 
Jupiter.  In  developing  these  functions  it  is  better  to  take  the  eccentric  anomaly  of 
Jupiter,  as,  in  this  way,  the  quantity  Xa  is  smaller. 

The  values  of  the  auxiliary  constants,  entirely  similar  to  those  of  Chapter  I,  are 

O  '  " 

logfc     =9-9999735  ^  ='5^  19  17-20 

log  fei    =9.9999939  Ki=i56  19     5.20 

log  J)     =9.8345468  r   =   71   26    4.40 

log*     =9-7332373  V    ='56  17  5°-42 

logw    =9.7340868  W  =  84  52  22.26 

logwi  =9.7332136  Wi=  84  53  51.63 
logiK2=5-9320922 

On  account  of  the  smallness  of  a  and  the  consequent  smallness  of  Jxz,  we  shall 
not  employ  the  transformation  involving  the  quantities  we  have  denoted  as  N,  a  and 
b,  and  the  resulting  S  log  k  and  K,  but  proceed  by  the  method  of  Hansen,*  where  he 
puts  D=:}/o+JX2)  a^nd  we  have 


(i 


^J  =D-/co8  (f— F)  ■\-^yt  cos  ae 
Here  we  have 


0  =  1.07323843— [8.9724213]  cos  f' -I- [7.3427826]  cos'  f'+ [8.6834322]/ cos  F 

*  Anseinandersetzang,  Abb.  I,  b.  167. 
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As  in  the  preceding  chapter,  we  divide  the  circumference  into  twelve  parts,  with 
reference  to  .«/  the  mean  anomaly  of  Uranus.  The  values  of  e',  for  these  points,  have 
already  been  given  (page  i  lo),  and  we  obtain  : 


9' 

D 

log/ 

F  — 

g' 

(0) 

0. 9591055 

9. 7077032 

0 

156 

/ 

I 

21.54 

(') 

0 

9702936 

9.7104830 

«59 

»5 

53-22 

w 

0112715 

9- 7199745 

161 

35 

'7- 38 

(3) 

0697477 

9- 7328869 

162 

23 

4- 63 

(4) 

I 2936 I 2 

9- 7454930 

161 

34 

9.  60 

(5/ 

1746782 

9.  7548019 

159 

27 

53-89 

(6) 

I 94707 I 

9- 7589259 

.56 

37 

34-52 

(7) 

1847586 

9-  7570545 

153 

42 

35-70 

(8) 

1471045 

9.  7494304 

i5> 

23 

25.00 

(9) 

0907100 

9-  7374805 

150 

16 

27.65 

(.0) 

0298657 

9. 7239800 

150 

45 

52-98 

(") 

0 

9812273 

9.7128003 

152 

51 

45-93 

S 

6 

4714155 

8. 4055070 

937 

57 

41.02 

S' 

6 

4714154 

8.4055071 

937 

57 

41.02 

We  propose  now  to  develop  the  quantity  [D — /cos  (c  —  F)]  ^,  n  being  a  posi- 
tive odd  integer ;  afterwards  passing  thence  to  the  developments  of  — ,  T— Y,  etc.,  by 
multiplying  by  the  very  small  factor  J/g  cos  2  c,  and  applying  the  resulting  correc- 
tions.    With  Hansen  *  we  put 


[D-/C08(e-F)]-i  =<ii"'-|-  2a!"^C08  (f  -  F) -I-  2a;"'c08  2  (e  -  F)  -f- 


By  the  method  given  by  Hansen  the  values  of  log  ^  al"'  have  been  computed. 
The  division  by  six  is  employed  for  the  purpose  of  saving  the  constant  division  by 
this  integer,  which  occurs  in  the  following  process  of  mechanical  quadratures. 


*  Auseinandersetzung,  Abh.  I,  b.  150. 
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logU" 

log5«i" 

log-U" 

log  3^4" 

loggal" 

iogs«r' 

io4<' 

(0) 

9.2575716 

8. 4206334 

7-7566836 

7-  1377105 

6.5396124 

5- 9535909 

5-375448 

(•) 

9.2547321 

8.4150722 

7484396 

7- 1267938 

6.  5260269 

9373386 

5-  356530 

(2) 

9. 2445835 

8.  3947609 

7181073 

7.0864763 

6.  4757387 

8770870 

5. 286320 

(3) 

9. 2308874 

8.3674017 

6772652 

7.0321968 

6.  4080401 

7959785 

5.191807 

(4) 

9.2177872 

8. 3414298 

6385808 

6. 9808401 

6.  3440276 

7193187 

5. 102504 

(5) 

9.  2083541 

8.3229231 

6111071 

6. 9444265 

6.  2986849 

6650522 

5- 039317 

(6) 

9. 2043262 

8.  3151566 

5996449 

6. 9292792 

6.  2798568 

6425456 

5013133 

(7) 

9. 2063362 

8. 3192100 

6057184 

6.  9373670 

6. 2899565 

6546559 

5.027252 

(8) 

9. 2140731 

8. 3344040 

6282828 

6.  9672800 

6. 3272093 

6992441 

5-079175 

(9) 

9. 2261996 

8. 3581908 

6635882 

7. 0140681 

6.  3854657 

7689615 

5. 160349 

Co) 

9. 2401094 

8. 3856285 

7043793 

7.  0681685 

6.4528575 

8496357 

5- 254300 

CO 

9.2519417 

8.4092158 

7395607 

7-1149033 

6.  5111293 

9194361 

5- 335624 

S 

5- 3784510 

90. 1920132 

86 

0456787 

82.  1697546 

78. 4193023 

74 

7414220 

71. 1 10880 

S' 

5-378451' 

90. 1920136 

86 

0456792 

82. 1697555 

78.4193034 

74 

7414228 

71. 110879 

log^;" 

log  50:^'' 

log-U" 

log5«r 

logs-'," 

iog-;«i'' 

logS«i" 

(0) 

4. 80286 

4- 23436 

3-  66905 

9-3851417 

9.0071131 

8.  5587907 

8. 0827981 

(0 

4. 78126 

4.  21011 

3-64214 

9-3759125 

8.  9953866 

8 

5444601 

8. 0658349 

(2) 

4. 70110 

4.11999 

3-  54207 

9. 3428932 

8. 9530189 

8 

4923559 

8. 0038910 

(3) 

4- 59318 

3.  99870 

3-40735 

9-  2985349 

8.8960351 

8 

4222507 

7- 9205331 

(4) 

4.49123 

3.  88410 

3.28014 

9.  2563416 

8.  8418905 

8 

3557136 

7.8414871 

(5) 

4.41914 

3- 80309 

3. 19020 

9.2261067 

8.  8031994 

8 

3082698 

7.7852125 

(6) 

4.  38928 

3.  76956 

3-  15299 

9-  2132493 

8. 7868506 

8 

2883108 

7. 7616120 

(7) 

4.  40542 

3-  78770 

3- 17315 

9.  2197005 

8.  7952106 

8 

2986443 

7-  7739360 

(8) 

4.  46466 

3-  85426 

3- 24704 

9. 2444834 

8.  8269489 

8 

-3375791 

7.  8201308 

(9) 

4-  55729 

3- 95834 

3- 36256 

9.  2834348 

8. 8767414 

8 

3986056 

7. 8924949 

Co) 

4.  6645 1 

4.  07885 

3-  49636 

9- 3283321 

8. 9341604 

8 

.  4690276 

7.9760473 

CO 

4.  75736 

4. 18321 

3-61224 

9. 3667520 

8. 9834097 

8 

■  5295479 

8. 0479558 

S 

67.51364 

63. 94112 

60.  38765 

5.7704413 

3.  3499824 

90 

.5017777 

87. 4859663 

S' 

67.51365 

63.94115 

60. 38764 

5.  7704414 

3. 3499828 

90 

.5017784 

87-4859672 
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logger 

loggoi'' 

logg^'' 

logg^" 

log5«^" 

log  50^" 

,   I  (1) 

lOggOfl 

(°) 

7- 5919423 

7.0917965 

• 

6. 585290 

6.07415 

5- 55949 

5. 04207 

9-  57881 

(0 

7. 5723348 

7. 0695387 

6- 560379 

6. 04659 

5- 52928 

5.00920 

9. 56246 

(2) 

7. 5005087 

6. 9878088 

6-  468733 

5-  9450  J 

5- 41777 

4. 88776 

9-  50386 

(3) 

7. 4038440 

6.  8778100 

6-  345385 

5- 80831 

5.  26770 

4- 72432 

9-42535 

(4) 

7.3122414 

6.  7736264 

6.  228604 

5. 67892 

5. 12570 

4- 56970 

9. 35096 

is) 

7.2471039 

6.  6996098 

6.  145700 

5-58713 

5.02501 

4.46010 

9.  29782 

(6) 

7. 2198491 

6.  6686942 

6.  111119 

5-  54888 

4-  98309 

4.41452 

9.  27528 

(7) 

7. 2341706 

6.  6850168 

6. 129446 

5. 56922 

5.00544 

4- 43888 

9.  28664 

(8) 

7.2876514 

6-  7457967 

6- 197532 

5.64460 

5.08814 

4.  52889 

9-  33018 

(9) 

7-3713956 

6.  8409426 

6. 304092 

5- 76258 

5-21754 

4.  66972 

9-  39873 

(lO) 

7.4681307 

6.  9508870 

6. 427261 

5-  89899 

5-36719 

4.  83262 

9.47800 

(") 

7-5S«47S7 

7.0456931 

6- 533543 

6. 01675 

5. 49644 

4.  97336 

9.54609 

S 

84. 3803236 

81.2186096 

78-018539 

74-  79055 

71.54138 

68.  27556 

6.51709 

S' 

84. 3803246 

81.  2186110 

78.018545 

74-  79058 

71-54141 

68.  27558 

6.51709 

iogs«S'' 

logg^l^' 

logg^^' 

logger' 

logg4" 

logger 

logU" 

(o) 

9-37475 

9. 05490 

8. 67889 

8.  26947 

7-  83799 

7- 38991 

6.  9308 

(0 

9-  35641 

9.03419 

8. 65564 

8.  24383 

7.80960 

7-  36030 

6.9000 

(2) 

9.  29036 

8-95915 

8.57122 

8. 14963 

7.70605 

7- 24583 

6.  7746 

(3) 

9.  20166 

8. 85829 

8-  45759 

8. 02292 

7.  56586 

7.09149 

6.6061 

(4) 

9-11752 

8. 76265 

8-  34996 

7-903H 

7-43419 

6. 94840 

6.4516 

(5) 

9.05741 

8. 69438 

8-27315 

7.81777 

7-  33990 

6. 84633 

6-34J7 

(6) 

9.03198 

8.66557 

8. 24084 

7-  78184 

7-  30048 

6.  80297 

6- 2945 

(7) 

9. 04491 

8. 68036 

8. 25754 

7.80047 

7- 32110 

6.  82525 

6.  3184 

(8) 

9.09419 

8-  73636 

8.  32046 

7.  87062 

7. 39760 

6.90982 

6.4110 

(9) 

9-  '7164 

8. 82423 

8-41933 

7. 98041 

7.51916 

7.04098 

6.5518 

(10) 

9.  26104 

8.92570 

8- 53336 

8. 10735 

7.65870 

7-  19389 

6.7181 

CO 

9-  33781 

9.01286 

8.63148 

8.21656 

7- 77944 

7-  32565 

6.8608 

S 

5.  16984 

3-  «0433 

0.  69473 

88. 08205 

85-33501 

82.  49082 

79-5806 

S' 

5- 16984 

3-  10431 

0.  69473 

88. 08196 

85-  33506 

82.49000 

79-  5788 
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The  values  of  the  coefficients  A,  precisely  as  in  Chapter  III,  but  relative  to 

'  a' 

[D— /cos  (£— F)]"',  instead  of  to  -^,  are: 


<• 

A- 

Al" 

<' 

A<" 

K" 

a;" 

Ar> 

7 

8 

8 

8 

8 

8 

e 

8 

(o) 

1809554 

2406800 

—  1070436 

+  382451 

+  424080 

-  42587 

—130542 

-  3567 

(') 

1797762 

2432143 

920739 

419850 

371066 

62439 

118455 

+  4126  1 

(2) 

1756238 

2354727 

783854 

418273 

313:78 

69584 

100250 

8420 

(3) 

I7OI7I7 

2220979 

705192 

388508 

274375 

65043 

85835 

8558 

(4) 

I65II52 

2082389 

693957 

3481 12 

261003 

54482 

78659 

6189 

(5) 

I615675 

196975  I 

737833 

307911 

268324 

4' 843 

77403 

+  2720 

(6) 

1600760 

1896572 

819688 

272566 

289721 

28893 

79905 

- 

-  II61 

(7) 

I608186 

1869782 

923701 

245115 

320369 

16711 

84942 

5099 

(8) 

1637092 

1896051 

1034178 

230048 

357232 

6745 

92497 

8789 

(9) 

1683448 

I98II4I 

II3II99 

234252 

396909 

1484 

103282 

11741 

(lo) 

1738239 

2120579 

1186866 

264745 

43 « 527 

4683 

116902 

12854 

CO 

1786248 

—  2283311 

—  1170303 

+  320554 

+  445679 

—  19456 

—  128827 

- 

-IO32I 

S 

I.  0193035 

— I2757I18 

-5588979 

+  1916195 

+2076741 

—206974 

-598755 

-11762 

S' 

I.  0193036 

— I2757IO7 

-5588967 

+  I91619O 

+  2076722 

—  206976 

—598744 

-11757 

A- 

A- 

Ai" 

A- 

Ar 

A-' 

A^" 

Ar' 

<" 

K''' 

Ai" 

s 

8 

8 

8 

8 

8 

8 

8 

8 

e 

(0) 

+  34459 

+  4478 

-  779" 

—  I9I7 

+  1400 

+  621 

—  134 

—  168 

—35 

+  38 

+27 

(0 

3332" 

2047 

841 1 

1284 

1875 

496 

345 

'57 

+40 

44 

+  s 

(2) 

28695 

+   271 

7530 

676 

I81I 

315 

391 

111 

7' 

34 

—  9 

(3) 

24115 

210 

6248 

421 

■497 

215 

328 

77 

63 

24 

9 

(4) 

21 196 

+   197 

5236 

445 

1185 

■95 

241 

65 

4' 

18 

-  7 

(5) 

19705 

1015 

4512 

600 

916 

212 

'55 

61 

+  '7 

'5 

+  • 

(6) 

19013 

1984 

3917 

792  i    659 

235 

-  69 

58 

—  7 

12 

7 

(7) 

18818 

2989 

3384 

985  1    403 

254 

+  '8 

53 

31 

8 

12 

(8) 

'9339 

3998 

3008 

1187  ,    174 

273 

lOI 

47 

54 

4 

'7 

(9) 

21266 

5016 

3058 

1446 

42 

318 

170 

48 

77 

I 

23 

(lo) 

25291 

5876 

3937 

1790 

144 

420 

'93  i    7' 

97 

4 

31 

(>>) 

+  30758 

+  5944 

-  5803 

—2069 

+  640 

+  563 

+  99 

-122 

—92 

+ 

18 

+37 

S 

+  147993 

+  16804 

-31419 

—6807 

+5373 

+2059 

541 

-520 

-81 

+ 

no 

+66 

S' 

+  147983 

+  16801 

—31416 

—6805 

+5373 

+2058   —541 

-518 

-80 

+ 

no 

+69 
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In  the  case  of  [D — -/cos  (c — F)]~'  we  have 
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<' 

a"" 

AS" 

'  A- 

A- 

A 

(c) 
3 

A^" 

.(c) 

Ai" 

(0) 

7 
2427402 

-  928795 

7 
—  413086 

7 
+  242484 

+  268878 

-  37529 

-••5037 

—  4023 

+  38871 

(«) 

2376362 

925345 

350309 

262491 

231991 

54262 

102943 

+  459^ 

3707  • 

(2) 

2202385 

851527 

283461 

248719 

186226 

57534 

82890 

8914 

30379 

(3) 

1988543 

750201 

238200 

215966 

152521 

50297 

66374 

847s 

23883 

(4) 

1804437 

659208 

219681 

181490 

136075 

39528 

57068 

5752 

19700 

(5) 

1683088 

S95234 

222964 

153316 

•33605 

29000 

53647 

+  2416 

•7499 

(6) 

•633989 

561906 

242853 

133088 

141464 

9640 

543^6 

—  lOII 

16559 

(7) 

1658443 

559489 

276396 

120864 

•5797^ 

1470 

58303 

4484 

16550 

(8) 

1755834 

589379 

321470 

I I 7792 

182914 

4807 

65914 

8024 

17656 

(9) 

I92O59I 

653832 

373327 

127263 

215630 

II2I 

78064 

1 1366 

20588 

(10) 

2129767 

749871 

419695 

•53984 

250990 

3788 

94558 

•3314 

26196 

{") 

2326762 

—  856562 

—  439028 

+  197646 

+  274795 

— 

[6677 

— 

[ 10423 

— 11326 

+  33753 

S 

I.  I953814 

—4340686 

— 1900246 

+  •077557 

+ 1 166547 

—I 

52826 

—I 

^69783 

—1 1706 

+149361 

S' 

'•  1953789 

—4340663 

— 1900224 

+  1077546 

+  1166513 

—I 

52827 

—' 

09754 

—1 1694 

+  •49344 

A^' 

Al" 

A-' 

A^ 

A^ 

A- 

Al" 

Al" 

K" 

Al" 

(0) 

+  6156 

T 
IO7II 

—3108 

+2269 

+  1160 

7 
-250 

-355 

7 
—  74 

+'89 

+  '64 

(0 

2775 

1 1404 

2054 

2998 

914 

636 

328 

+  82 

lOI 

+  12 

(2) 

+  349 

9717 

1029 

2757 

553 

686 

220 

141 

75 

—  •g 

(3) 

—  253 

7542 

599 

2132 

353 

537 

•44 

117 

49 

•9 

(4) 

+  223 

5934 

595 

1585 

301 

37^ 

••3 

72 

34 

-  9 

(S) 

1099 

4885 

766 

1170 

312 

229 

102 

+  29 

29 

+  2 

(6) 

2108 

4160 

993 

826 

340 

—100 

95 

—  12 

22 

•3 

(7) 

3205 

3629 

1247 

510 

370 

+  26 

87 

51 

•5 

23 

(8) 

445' 

3348 

•559 

229 

414 

•53 

81 

92 

7 

33 

(9) 

5920 

3609 

2013 

58 

5^' 

272 

88 

140 

2 

47 

(10) 

7419 

4971 

-!666 

214 

720 

330 

•37 

188 

8 

68 

(") 

+  7949 

—  7761 

—3264 

+  1009 

+1024 

+  180 

-  250 

—  189 

+  41 

+  85 

S 

+20706 

-38841 

—9950 

+  7880 

+3488 

—924 

—  lOOI 

-152 

+235 

+  150 

S' 

+20695 

—38830 

—9943 

+7877 

+3484 

—924 

-  999 

-•53 

+237 

+•50 

26  AST- 
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In  the  case  of  [D— /cos  (c — F)]~  '  we  have 


<' 

a'" 

Ai" 

Ai" 

a;" 

A^ 

A^" 

(°) 

6 
37915 

-21655 

—  9631 

+  7600 

+  8428 

6 
—  I48I 

-  4538 

(') 

36514 

21249 

8044 

8106 

7165 

21  10 

4003 

(2) 

31905 

18516 

6164 

7286 

5455 

2125 

3061 

(3) 

26629 

iS«63 

481 5 

5894 

4163 

■732 

2286 

(4) 

22437 

•2435 

4144 

4632 

3473 

1275 

1840 

(5) 

19853 

10688 

4003 

3730 

3250 

892 

1650 

(6) 

18849 

9881 

4270 

3172 

3372 

592 

1638 

(7) 

19348 

9942 

4912 

291 1 

3805 

349 

1775 

(8) 

21388 

10905 

5948 

2951 

4581 

.52 

2086 

(9) 

25046 

12893 

7362 

3391 

5745 

38 

2626 

(lO) 

30061 

15917 

8909 

4407 

7 '83 

137 

3412 

(") 

35163 

-■937' 

—  9929 

+  6014 

+  8360 

—  639 

—  4233 

S 

1.62555 

—89309 

—39066 

+30048 

+32492 

-5762 

-•6575 

S' 

1.62553 

—89306 

—39065 

+30046 

+32488 

-5760 

-16573 

K" 

Al" 

Ar' 

4" 

a"' 

Al" 

Ar' 

K'' 

(0) 

s 

-191 

+1850 

6 

+343 

6 

-597 

(I 
—198 

> 
+141 

+  83 

6 
-18 

(0 

+215 

1740 

153 

627 

•30 

189 

65 

IS 

(2) 

397 

'354 

+  18 

508 

62 

165 

37 

46 

(3) 

353 

994 

—  12 

368 

33 

119 

22 

34 

(4) 

224 

768 

+  "o 

272 

3> 

83 

18 

22 

(S) 

+  90 

65- 

48 

213 

38 

59 

18 

■3 

(6) 

-  37 

604 

90 

178 

49 

41 

19 

—  6 

(7) 

165 

610 

139 

157 

62 

25 

21 

+  I 

(8) 

307 

676 

200 

150 

80 

12 

24 

9 

(9) 

462 

837 

282 

172 

no 

3 

3> 

17 

(10) 

580 

1 142 

379 

254 

156 

«3 

47 

22 

(") 

-524 

+  1561 

+  431 

—  420 

—202 

+  62 

+  71 

+  13 

S 

—494 

+6394 

+1040 

-1959 

-576 

+455 

+228 

-61 

S' 

—493 

+6393 

+  1041 

-1957 

-575 

+457 

+228 

—61 
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From  these  coefficients  are  derived  the  developments  of  the  form  [D— /cos  (e — F)]  % 

a' 
where  n  successively  is  i,  3.  and»5  ;  which,  as  they  are  so  nearly  those  of  -^»  etc.,  we 

do  not  give,  but  pass  immediately  to  the  expressions  of  the  latter  functions.    We  have 


Arg=»'a'+i« 

a' 
A 

(1 

Y 

(1) 

5 

COB. 

Bin. 

COB. 

sin. 

COB. 

sin. 

i'   i 
0   0 

I.  0193035 

I-  I9S379 

1.6255 

0—  I 

—0. 00229705 

— 0. 00015659 

—0. 0673943 

— 0.  0205274 

-0.  2675 

—0. 0854 

0—  2 

+0. 00004s  7 

+0. 0000144 

+0. 001493 

+0. 000834 

+0.0114 

+0. 0070 

0-  3 

— 0.0000005 

— 0.0000004 

—0. 000028 

— 0.  000026 

— 0.0004 

— 0.0003 

1+  2 

-f-o.  0000040 

— 0.  OOOOOIO 

+0.000155 

— 0.  000062 

+0.0015 

— 0.0006 

1+  I 

— 0. 0004047 

— 0.0000231 

—0. 006846 

+0.001093 

—0. 0356 

+0. 0068 

I   0 

+0. 0623805 

+0.0055532 

+0. 235847 

+0. 021001 

+0.  5626 

+0. 0502 

I—  I 

—0.255 142 1 

—0.1 1 17795 

—0. 868133 

—0.  380047 

—1. 7861 

-0.7813 

I —  2 

— 0.0004761 

— 0. 0007546 

+0.012844 

+0.009831 

+0. 0805 

+0. 0678 

I—  3 

— 0.0000068 

— 0. 0000085 

— 0. 000259 

—0. 000301 

— 0.0027 

— 0. 0034 

2+  I 

— 0. 0000362 

—0. 0000063 

— 0. 000678 

+0. 000022 

— 0.  0043 

-l-o.  0003 

2   0 

+0. 0037678 

+0. 0006847 

+0. 022799 

+0.004199 

+0. 0763 

+0. 0142 

2 —  I 

— 0. 0280461 

—0. 0147239 

— 0. 149878 

—0. 079949 

—0. 4252 

—0. 2285 

2 —  2 

+0. 0383234 

+0.0415345 

+0.  215505 

+0.  233305 

+0.6009 

+0. 6498 

2—   3 

+0.0001270 

+0.0004814 

— 0.001697 

— 0. 002229 

—0.0158 

— 0. 0294 

2—  4 

-f-o.  OOOOOOI 

+0.0000044 

+0.000031 

+0.  000088 

,  +0. 0005 

+0.0013 

3+  « 

— 0.0000030 

— 0.0000008 

—0. 000065 

— 0.000005 

—0.0005 

0.0000 

3   0 

-|-o.  0002550 

+0. 0000720 

+0. 002142 

+0.000615 

+0.  0092 

+0. 0027 

3-  I 

— 0.0026134 

— 0. 0016411 

— 0.0 1 903 1 

— 0.012257 

—0. 0688 

— 0.0449 

3-  2 

-\-o.  0069628 

+0. 0086560 

+0.051549 

+0.  064745 

+0. 1787 

+0. 2259 

3-  3 

— 0. 004I39I 

—0.0119747 

—0.032561 

-0.093951 

—0.  1152 

— o-33'5 

3-  4 

+0. 0000239 

—u.  0001866 

+0. 000259 

+0.000119 

+0.0012 

+0.0092 

3-  5 

-|-o.  0000009 

— 0.0000017 

+0.000003 

—0.000024 

0.0000 

— 0.0004 

4   0 

-(-0.0000182 

+0.  0000072 

+0.000197 

+0.  000078 

+0.  0010 

+0.0004 

4—  I 

— 0. 0002277 

—0.0001706 

— 0. 002108 

^0.001630 

—0. 0093 

—0.0073 

4—  2 

-|-o.  0008709 

+0.0012602 

+0. 008001 

+0.  011812 

+0-  0332 

+0. 0498 

4-  3 

—0. 0009323 

—0. 0034235 

—0. 008829 

—0.032913 

-0. 0365 

—0. 1373 

4—  4 

—0. 0002354 

+  0.  0029595 

— 0. 002342 

+0. 029867 

—0.0099 

+0. 1279 

4—  S 

— 0.0000316 

+0.  0000542 

— 0.000155 

+0.  000121 

+0.  0004 

— 0.0022 

4-6 

— 0.0000006 

+0.0000005 

— 0.000004 

+0.000006 

s-  I 

— 0.0000I9I 

— 0.0000170 

— 0.000215 

— 0.000199 

—0.0011 

— 0. 0011 

s—  2 

+0.0000915 

+0.0001570 

+0. 001003 

+0.001774 

+0. 0049 

+0. 0088 

S—  3 

—0.0001233 

— 0. 0006229 

—0.  001353 

— 0.007117 

— 0.0064 

—0.034s 

5-  4 

—0.0001576 

+0.0010713 

— 0. 001894 

+0.012619 

—0.0094 

+0.0616 

5-  S 

+0.0003361 

— 0. 0006282 

+0.004140 

— 0.  007765 

+0. 0208 

— 0. 0392 

5-6 

+0.0000158 

— 0. OOOOII7 

+0. 000103 

0.000051 

— O.OOOI 

+0.0004 

S-  7 

+0.0000003 

0.0000000 

+0.000003 

0.000001 

6—  I 

—0.0000015 

— u.  0000016 

— 0. 000020 

— 0. 000023 

6—  2 

+0. 0000086 

+0.0000179 

+0.000110 

+0.  000237 

+0.0006 

+0.0014 
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Arg=i'j'+te 

a' 

A 

(z 

-Y 

)' 

COB. 

sin. 

COS. 

sin. 

COS. 

sin. 

»'      i 
^3 

—  O.OOOOII2 

— 0.0000919 

— 0.000136 

— 0.001218 

—0.0007 

— 0. 0067 

6-  4 

—0.0000510 

+0.  0002332 

— 0.000710 

+0.003155 

— 0.0040 

+0.0174 

6-5 

+0.0001702 

— 0.0002726 

+0. 002389 

— 0. 003807 

+0.0134 

—0.0213 

6—  6 

— 0.  OOOI361 

+0. 0001074 

— 0.001989 

+0.001575 

— 0.  0115 

+0. 0091 

6-7 

—0.0000058 

+0.0000013 

—0.000050 

+0.000006 

7—  I 

— 0.000000130 

—0.000000160 

7 —  2 

+0.0000007 

+0.0000019 

+0.00001 1 

+0. 000029 

7—  3 

— 0.0000005 

— 0. 0000119 

— 0.000006 

— 0.000181 

0.0000 

— 0. 0011 

7—  4 

— O.OOOOII7 

+0. 0000396 

— 0. 000185 

+0. 000607 

— 0. 0012 

+0. 0037 

7-  5 

+0. 0000494 

— 0.0000683 

+0. 000782 

—0.001069 

+0. 0049 

— 0.0066 

7—  6 

— 0. 0000772 

+0.0000529 

• — 0.001252 

+0. 00085s 

— 0.  0079 

+0. 0053 

7-  7 

+0.0000412 

—0. 0000108 

+0. 000697 

— 0.000184 

+0. 0046 

— 0.0012 

7-  8 

+0.0000017 

+0.0000003 

+0.000019 

+0.000005 

8-3 

0.0000000 

— 0.0000015 

+0.000001 

— 0.000024 

8-4 

— 0.0000022 

+0. 0000058 

— 0. 000039 

+0.000099 

8-S 

+0.0000109 

— 0. 0000130 

+0.000192 

— 0. 000225 

8-  6 

— 0.0000245 

+0. 0000145 

— 0.000441 

+0. 000257 

8-  7 

+0.  0000264 

— 0.0000050 

+0. 000486 

—0. 000092 

8—  8 

— 0.0000104 

— 0. 0000016 

— 0.000200 

— 0. 000030 

9-  4 

— 0.0000004 

+0.0000008 

— 0.000007 

+0.000014 

9—  S 

+0.0000020 

— 0.0000021 

+0. 000039 

— 0.000039 

9-6 

—0.0000058 

+0. 0000029 

— 0.000115 

+0. 000056 

9-  7 

+0.0000093 

— 0. 0000012 

+0.000186 

— 0.000022 

9-8 

— 0.0000075 

— 0.0000017 

— 0.000154 

— 0.000035 

9-  9 

+0. 0000022 

+0.  0000013 

+0. 000047 

+0. 000030 

These  expressions  are  now  transformed  so  as  to  involve  arguments  of  the  general 
form  i'g  +  ig.  The  numerical  data  and  formulae  for  this  transformation  have  already- 
been  given  (pages  52,  53). 


a' 
A 

(! 

r 

(! 

Y 

Axg=i'g+ig 

COB. 

ein. 

COB. 

sin. 

cos. 

sin. 

i'       i 
0      0 

1.0193589 

1.  197005 

1.6320 

0—  I 

— 0. 00229724 

—0.00015724 

—0. 0674075 

—0.0205617 

—0. 2678 

—0. 0857 

0-2 

— 0.0000097 

+0. 0000106 

— 0.000131 

+0. 000339 

+0. 0050 

+0. 0049 

0—  3 

— 0.0000003 

+0.0000002 

— 0.000015 

— 0.000004 

— 0. 0001 

—0.0001 

1+  2 

— 0.0000034 

—0.0000005 

— 0.  000002 

— 0.000032 

+0.0006 

— 0.0004 

1+  I 

—0. 0003305 

+0.0000094 

— 0. 006596 

+0.001206 

-0.0353 

+0. 0070 

I      0 

+0. 0685447 

+0. 0082500 

+0.  256952 

+0. 030142 

+0.6065 

+0. 0688 

I—  I 

-0. 2549706 

—0. 1116781 

—0. 868245 

— 0. 380300 

-1.7890 

—0.  7841 

I —  2 

—0.0066217 

—0. 0034453 

—0. 008083 

+0. 000674 

+0.0375 

+0. 0490 

I-  3 

— 0. 0002520 

— 0. 0001422 

—0. 000396 

— 0.000157 

— 0.0004 

—0.0008 
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a' 

/a'\ 

3 

/a'V. 

A 

(a) 

Ia) 

Aig=i'g+ig 

COS. 

8in.« 

COB. 

Bin. 

COB. 

Bin. 

i'      i 
I—  4 

—0.0000m 

— 0.0000066 

— 0.000021 

—0.000013 

I-  S 

—0.000000s 

— 0.0000003 

2+  I 

— 0. 0000282 

— 0.0000022 

—0,000635 

+0.000044 

—0.0042 

+0.0004 

2     0 

4-0. 0044452 

+0. 0010401 

+0.  026430 

+0.006126 

+0. 0867 

+0.0197 

2—  I 

—0. 0298780 

—0.0167181 

—0.  160186 

—0.091157 

—0. 4540 

—0. 2597 

2—  2 

+0.037S494 

-f  0. 0410484 

-f  0.21 1516 

+0. 230997 

+0. 5904 

+0. 6449 

2—  3 

+0.0019459 

-|-o.  0024642 

+0.008547 

+0.008931 

+0.0128 

+0. 0018 

2—  4 

+0. 0000971 

+0.0001350 

+0. 000403 

+0. 000464 

+0.0008 

+0.0007 

2—  5 

+0. 0000050 

+0. 0000073 

+0. 000021 

+0. 000025 

3+  I 

— 0.0000022 

0.0000003 

—0.000060 

— 0.000001 

—0.0005 

0.0000 

3      0 

+0.0003181 

+0.0001116 

+0. 002603 

+0.000911 

+0.0109 

+0. 0038 

3-  • 

—0.0029513 

—0. 0020680 

—0.021534 

—0. 015454 

—0. 0775 

— 0. 0561 

3-  2 

-f-o.  0071828 

+0.0094615 

+0. 053324 

+0.071090 

+0. 1849 

+0.  2483 

3—  3 

—0. 0037870 

— 0.0114790 

—0. 029953 

—0. 090367 

—0. 1062 

—0.3198 

3—  4 

— 0. 0002584 

— 0. 0010272 

— 0.001969 

—0. 006495 

— 0.0067 

—0.0143 

3-  5 

—0. 0000140 

— 0.0000706 

— 0. 000107 

—0.000413 

— 0.0004 

— 0.0009 

3-6 

— 0.0000007 

— 0.0000044 

—0.000006 

— 0.000026 

4       0 

+0. 0000237 

+0.0000113 

+0. 000248 

+0.000117 

+0.0012 

+0.0006 

4—  I 

— 0. 0002704 

—0. 0002343 

—0.002501 

— 0. 002228 

— 0. 0109 

— 0.0098 

4—  2 

+0. 0009303 

+0.0015075 

+0. 008564 

+0.014194 

+0. 0355 

+0. 0597 

4—  3 

— 0.0008631 

—0. 0036297 

— 0.008176 

—0. 035048 

-0.0337 

— 0. 1465 

4—  4 

— 0. 0002945 

+0. 0026818 

— 0. 002918 

+0. 027233 

—0.0123 

40.1172 

4—  5 

— 0.0000574 

+0. 0003220 

— 0. 000414 

+0. 002838 

—0.0008 

+0.0095 

4-6 

— 0.0000062 

+0. 0000266 

— 0.000040 

+0. 000219 

— 0.  0001 

+0.0006 

4-  7     • 

— 0.0000005 

+0.0000019 

— 0.000003 

+0.000015 

5-  ' 

— 0. 0000236 

— 0.0000251 

—0. 000264 

— 0. 000291 

—0.0013 

— 0.0015 

5—  2 

+0. 0000993 

+0. 0002037 

+0.001090 

+0. 002308 

+0. 0054 

+0.0114 

5—  3 

— 0.0001016 

—0.0007178 

— 0. 001098 

— 0. 008243 

— 0.0052 

— 0.  0400 

5-  4 

— 0. 0002050 

+0. 0010922 

— 0. 002467 

+0.012925 

—0.0123 

+0. 0632 

s—  S 

+0. 0003133 

—0.0005174 

+0. 003878 

— 0. 006467 

+0.0196 

—0. 0329 

5-6 

+0. 0000545 

—0. 0000793 

+0. 000582 

— 0. 000892 

+0. 0023 

-0.0039 

5—  7 

+0. 0000059 

— 0.0000075 

+0. 000059 

—0.000079 

+0.0002 

— 0.0004 

5-8 

-|-o.  0000005 

— 0.0000007 

+0.000004 

0.000007 

6—  I 

— 0.0000019 

— 0.0000026 

— 0.000025 

—0.000035 

6—  2 

+0. 0000093 

+0. 0000250 

+0.000118 

+0. 000330 

+0.0007 

+0.0019 

6-  3 

— 0.0000051 

— 0.0001141 

—0.000051 

—0.001522 

—0.0002 

—0.0084 

6—  4 

—0. 0000727 

+0.0002578 

— 0. 001014 

+0.003507 

—0.0058 

+0.0194 

6—  5 

-fo.  0001823 

— 0. 0002621 

+0.002571 

— 0. 003681 

+0.0145 

— 0. 0206 

6-  6 

— 0.0001124 

+0. 0000741 

— 0.001660 

+0.001 109 

— 0.0097 

+0. 0065 

6-7 

—0. 0000235 

+0. 0000140 

— 0.000309 

+0.000194 

— 0.0015 

+0.0011 

6—  8 

—0.0000028 

+0. 0000015 

—0. 000033 

+0. 000020 

7—  ' 

—0.000000165 

— 0. 000000262 

7—  2 

4-0.0000007 

+0. 0000029 

+0.00001 1 

+0.000044 

7—  3 

-t-o.  0000008 

— 0.0000158 

+0.000016 

— 0. 000242 

+0.0001 

— 0.0015 

7—  4 

— 0.0000180 

+0. 0000469 

— 0. 000286 

+0. 000722 

— 0.0019 

+0. 0044 
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&ig=i'g+ig 

a' 

A 

il 

r 

(z 

r 

COB. 

sin. 

COS. 

sin. 

COS. 

sin. 

i'       i 
7—  S 

-f-o.  0000591 

—0.0000713 

+0. 000940 

—0. 001 122 

+0. 0058 

— 0.  0069 

7—  6 

— 0. 0000767 

+0. 0000458 

— 0.001250 

+0. 000744 

—0. 0079 

+0.  0046 

7—  7 

-|-o.  0000292 

—0. 0000037 

+0. 000502 

— 0.000069 

+0. 0034 

—0.0006 

7—  8 

+0. 0000073 

— 0.0000009 

+0.0001 1 7 

—0. 000014 

+0.0007 

— 0.0001 

7—  9 

+0.0000009 

— 0. 0000001 

+0.000016 

—0.00000 1 

8-3 

-f  0.0000002 

— 0. 0000022 

+0.000006 

— 0.  000035 

8-4 

— 0.0000037 

+0. 0000073 

— 0.000065 

+0.000125 

8-5 

+0.0000143 

— 0. 0000145 

+0.  000253 

— 0. 000250 

8—  6 

—0.0000272 

+0. 0000134 

— 0. 000493 

+0.000241 

8-7 

+0. 0000243 

—0. 0000026 

+0. 000449 

—0. 000048 

8-  8 

—0. 0000059 

0.0000021 

— 0. 0001 18 

— 0. 000040 

8-9 

—0.  0000015 

—0.0000004 

—0. 000029 

— 0.000008 

9—  4 

— 0.  0000006 

+0.000001 1 

—0.000013 

+0.000019 

9-  5 

+0. 0000029 

— 0. 0000024 

+0.000056 

— 0. 000045 

9-  6 

— 0.0000072 

+0. 0000027 

—0.000141 

+0. 000054 

9-  7 

+0.0000096 

— 0.  0000005 

+0.000195 

— 0.000005 

9-8 

—0. 0000063 

— 0.0000021 

— 0.000129 

— 0.  000043 

9—  9 

+0.0000009 

+0.  0000009 

+0.000019 

+0. 000022 

9 — lo 

+0.  0000003 

+0.  0000003 

+0.000006 

+  0.000005 

We  compute  the  following  Besselian  functions,  corresponding  to  the  multiples  of 
half  the  eccentricity  of  Uranus,  by  means  of  the  process  given,  (page  52)  : 


l=ie' 

l=e' 

l=ie' 

1  =  20' 

l=^e' 

logJr 

9.9997610 

9.9990432 

9.9978458 

9.9961666 

9.99400 

log  Jl" 

8.3702419 

8.6709131 

8.8464064 

8.97051 

9.06634 

logJl" 

6.4396130 

7.0414338 

7-3932179 

7.64254 

7-83564 

logJl" 

4.3328729 

5-2357835 

5-7637586 

6.13816 

6.4283s 

logJl*' 

2.1011862 

3-3051637 

4.0092888 

4.50871 

4.89592 

logJl" 

2-1578731 

2.78229 

3.26648 

Then,  for  the  three  multipliers  oi  f^j  ,  we  have : 


«'^=  [8-8677713]  -  2[7.5495636]  cos  g  -  2[5.63073]  cos  2g  -  2[4.oi29]  cos  3g 
^ac  [0.0014320]  —  2[8.67i27i9]  cos^'  —  2[6.7404o]  cos  ig'  —  2[5.iio5]  cos  351' 


-7  8in(/'  +  77')  = 


—  2[9-S77669o]  sin    g' 

—  2[7-94783    ]  sin  ^g' 

—  2  [6.4941       ]  sin  3g' 

-2[5-ii39      ]8iii4^' 


+    [8.6624013] 

—  2[9-5i353oilcos   g' 

—  2[7.8836i     ]  cos  2g' 

—  2  [6.4298      ]cos3fl(' 
-2(5.0500      ]co8  4<;' 
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<A: 

w 

Y 

Arg=i's'+ij 

COS. 

sin. 

COS. 

sin. 

i'   i 
0   0 

+0.088520 

1. 188889 

0 —  1 

— o.  134538 

—0.015185 

— 0.  265023 

—0. 026828 

0—  2 

-|-o.  000127 

+0.000098 

+0.000131 

+0.000178 

0-3 

0.000000 

0. 000000 

— 0.  OOOOOI 

— 0.000001 

1+  2 

+0.000013 

— 0.000007 

+0.  000005 

— 0.000013 

1+  I 

—0.001361 

— 0.000002 

— 0. 002946 

+0. 000033 

I   0 

+0. 022050 

+0. 003567 

+0.144114 

+0. 029971 

I —  I 

— 0.064916 

—0. 028157 

—0. 860421 

—0. 376306 

I —  2 

+0.002471 

+0.001398 

— 0.018055 

— 0. 010215 

I—  3 

+0. 000037 

+0.000002 

—0.000781 

— 0. 000527 

I—  4 

0.000000 

0.000000 

— 0.000039 

0.000031 

2+  2 

—0.000015 

+0.000004 

2+  I 

— 0. 000134 

— 0.000015 

—0.000277 

—0. 000029 

2   0 

+0. 0025 1 1 

+0. 000765 

+0. 013021 

+0. 004689 

2 —  I 

— 0.012658 

— 0. 007564 

—O.I  18937 

—0.072881 

2—  2 

+0. 016137 

+0.017327 

+0.  210087 

+0. 228385 

2-  3 

— 0.000114 

— 0.000158 

+0. 010003 

+0.013225 

2—  4 

— 0.000009 

—0.000008 

+0. 000499 

+0.000757 

2-  5 

+0.000001 

0.000000 

+0. 000026 

+0. 000042 

3+  « 

— 0.000012 

— 0.000002 

— 0. 000025 

—0.000004 

3   0 

+0. 000266 

+0.000119 

+0.001188 

+0. 000605 

3-  ' 

— 0.001785 

— 0. 001391 

—0.013495 

— 0. 010915 

3-  2 

+0.004115 

+0. 005618 

+0.043179 

+0. 059822 

3-  3 

— 0. 002390 

—0. 006893 

— 0. 030068 

—0. 089435 

3-  4 

— 0.000041 

— 0.000161 

—0.001856 

—0. 007823 

3-  5 

0.  000000 

—0.000003 

— 0.000091 

— 0. 000544 

3-  6 

u.  000000 

— 0. OOOOOI 

—0.000004 

— 0. 000036 

4   0 

+0.  000027 

+0.000016 

+0.000109 

+0.000071 

4—  > 

—0.000215 

—0.000213 

— 0.001388 

—0.001441 

4-  2 

+0.  000670 

+0.001178 

+0. 005924 

+0. 010671 

4—  3 

— 0.  000623 

-0.002732 

—0.006751 

—0. 030542 

4—  4 

—0. 000185 

+0.  002I2I 

— 0.002719 

+0.027020 

4-  5 

—0.  000021 

+0.000112 

—0. 000593 

+0.003171 

4-6 

—0.000002 

+0.000005 

— 0.000066 

+0. 000262 

4—  7 

— 0.000006 

+0.000019 

5   0 

—0.000013 

—0.000006 

s-  I 

— 0.000023 

— 0. 000029 

— 0.000133 

—0.000176 

5-  2 

+0. 000085 

+0.000199 

+0. 000654 

+0.001593 

S-  3 

— 0.000076 

—0.  000662 

— 0. 000700 

—0. 006505 

5-  4 

— 0. 000192 

+0. 001005 

— 0. 002289 

+0.011529 

5-  5 

+0. 000293 

— 0. 000520 

+0. 003788 

— 0. 006447 

5-6 

+0. 000029 

— 0. 000044 

+0. 000665 

—0.000957 
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&Ig=i'g'+ig 

«■?( 

a'\3 

A/ 

Hi 

A/ 

COS. 

sin. 

COS. 

sin. 

i' 

5- 

t 

7 

+0.000002 

—0.000003 

+0. 000073 

—0.000088 

5- 

8 

+0.000006 

— 0.000008 

6— 

I 

— 0.  000002 

—0.000004 

— 0.  000012 

— 0.000020 

6— 

2 

+0.000009 

+0. 000029 

+0.  000060 

+0.000212 

6- 

3 

0.000000 

— 0.000125 

+0.000002 

— 0.001109 

6- 

4 

— 0.000084 

+0. 000277 

—0. 000886 

+0. 002864 

6— 

5 

+0. 000200 

— 0. 000287 

+0. 002354 

-0.003339 

6— 

6 

— 0.000130 

+0.000094 

— 0.001633 

+0.001120 

6— 

7 

— 0.000017 

+0.000010 

—0. 000337 

+0. 000202 

6- 

8 

^.OOOOOI 

0.000000 

— 0. 000038 

+0.000021 

7— 

2 

+0.000001 

+0.  000004 

+0.000004 

+0. 000028 

7— 

3 

+0.000002 

— 0.000021 

+0.  000019 

— 0.000165 

7— 

4 

— 0.000024 

+0. 000058 

—0.000235 

+0. 000546 

7— 

5 

+0. 000074 

— 0. 000089 

+0. 000808 

— 0. 000937 

7— 

6 

—0.000097 

+0. 000059 

—0.001153 

+0. 000683 

7— 

7 

+0. 000041 

— 0. 000008 

+0. 000497 

— 0. 000076 

7— 

8 

+0.000007 

— 0.  OOOOOI 

+0.000125 

— 0.000013 

7— 

9 

+0.000001 

0.000000 

+0.000017 

— 0.000001 

8— 

3 

0.000000 

— 0.000003 

+0.000005 

— 0. 000023 

8— 

4 

— 0.000006 

+0.  000010 

— 0.000050 

+0. 000088 

8— 

5 

+0.000021 

— 0.000019 

+0. 000206 

— 0.000194 

8— 

6 

— 0.000039 

+0.000019 

— 0. 000428 

+0. 000203 

8- 

7 

+0. 000035 

— 0.000005 

+0.000417 

— 0.000045 

8— 

8 

— 0. OOOOII 

— 0.000003 

— 0.000117 

— 0. 000037 

8- 

9 

— 0.000002 

— 0.  OOOOOI 

— 0.000031 

— 0. 000009 

9- 

4 

— 0.000001 

+0.000001 

— O.OOOOIO 

+0.000013 

9— 

5 

+0.000004 

— 0.000003 

+0. 000043 

—0.000032 

9- 

6 

— 0.  OOOOII 

+0.000004 

— 0.000117 

+0. 000043 

9— 

7 

+0.000014 

0.000000 

+0.000175 

—  0.000003 

9— 

8 

— 0.  OOOOII 

—0.000003 

— 0.000123 

—0.000041 

9- 

9 

+0.000001 

+0.000002 

+0. 000020 

+0. 000022 

9— 

lo 

+0.000006 

+0.000005 

Arg. 

(^y5«in(/'+i70 

BID. 

COS. 

t'       i 
0       0 

0 —   I 

0—  2 

0-  3 
0—  4 

— 0.  2030405 

— 0.003162 

—0. 000076 

— 0.000003 

—0. 040463 

+0.4277100 
— 0.001314 
+0.  000079 
+0.000008 
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For  the  computation  of  a'^H  we  have  (page  63) 


log  h     =  9.3949092W 

log  J 

=  9-0364730 

logZt,    =9.39i9339« 

logZi 

=  9.0364229 

logPo'  =  9.i485i26« 

log  Pi'  =  9.9996414 

log  Qi' 

=  9.9998806 

log  Pj'  =  8.3697236 

log  Q2' 

=  8.3700426 

lOgPa'  =  6.9159173 

log  Q3' 

=  6.9162760 

log  P4'  =  5.53591 

log  Q4' 

=  5-53629 

log  P5'  =  4.1967 

log  Qs' 

=  4.1971 

There  is  then  obtained 


— a' 

.^.H 

—a' 

^.H 

Arg. 

Arg. 

COS. 

Hin. 

COS. 

sin. 

1+  2 

4-0. 0000027 

— 0.0000004 

3+  I 

+0.0000007 

0.0000000 

1+  I 

-|-o.  0001378 

—0.0000080 

3      0 

—0. 0001334 

— 0.  0000585 

I      0 

—0.0179504 

— 0. 0078673 

3-  > 

+0. 0018387 

+0.  0008065 

I—  I 

+0. 2477022 

+0. 1 0863 1 6 

3-  2 

+0.0000444 

+0.0000195 

I—  2 

+0.0059715 

+0. 0026188 

3—  3 

+0. 0000016 

+0.0000007 

I-  3 
I—  4 

I-  5 

+0.0002 1 59 
+0.0000093 
+0.0000003 

+0. 0000947 
+0. 0000041 
—0.0000002 

4      0 
4—  ' 
4—  2 

— 0.0000099 
+0.0001363 

+0. 0000032 

— 0.0000043 
+0. 0000598 
+0.  0000014 

2+  1 
2      0 

+0. 0000108 
— 0. 001683s 

+0.0000002 
— 0. 0007380 

S-  I 

S-  2 

+0.0000097 
+0.0000002 

+0.  0000043 
+0.0000001 

2 —  I 
2 —  2 

+0. 0232334 
+0. 0005600 

+0.01 01 892 
+0. 0002456 

6—  I 

+0.0000007 

+0.0000003 

2—  3 

-f-o.  0000202 

+0. 0000089 

7-  I 

+0. 000000047 

+0.000000021 

2—  4 

+0.0000009 

+0.0000004 

The  logarithms  of  the  factors  proportional  to  the  mass  of  Uranus  are 
log  /i  =  0.4249247  log  {/la  sin  J)  =  7.9456112 
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The  following  are  the  expressions  for  the  forces  : 


Aig=i'g'+i9 

dr 

sin. 

COB. 

COB. 

sin. 

i'       i 

0         0 

*/ 

// 

+0. 10775 

// 

O—    I 

— 0.0061113 

+0.0004183 

—0. 0143006 

— 0. 0013396 

0 —    2 

— 0.  0000516 

— 0.  0000564 

+0.000019 

+0. 000092 

o—  3 

—u.  000002 

— 0.000002 

1+  I 

+0.00051 

0.00000 

— 0. 00130 

+  u.  OOOOI 

I       o 

+0. 02343 

+0. 00322 

I—  1 

—0. 01934 

+0.00810 

— 0.06003 

-0. 02555 

I—    2 

— 0. 00346 

+0. 00440 

— 0. 00261 

— 0.  00390 

I—  3 

—0.  00029 

+0. 00038 

—0.00018 

— 0.00026 

I-  4 

— O.OOOO.' 

+0.00003 

— 0.  OOOOI 

—0.00002 

2+    I 

+0.00005 

—0.  OOOOI 

— 0.00012 

— 0.00002 

2        O 

+0.00359 

+0.00187 

2—    I 

—0.01768 

+0.01737 

— 0.  03982 

—0. 03754 

2 —   2 

+0. 20276 

— 0.  21971 

+0.  20952 

+0.  22679 

2-  3 

+0.01569 

— 0.01974 

+0. 01092 

+0. 01455 

2—  4 

+0. 00104 

—0.00144 

+0. 00055 

+0. 00084 

2—   5 

+0.00007 

— 0. OOOIO 

+0.  00003 

+0.00005 

3      o 

+0. 00045 

+0. 00034 

3-  ' 

— 0. 00296 

+0. 00336 

— 0.  00676 

—0.00777 

3—  2 

+0. 03845 

— 0. 05044 

+0.04252 

+0. 05956 

3-  3 

— 0. 03021 

+0. 09I6I 

-0.03177 

—0.09452 

3-  4 

—0. 00275 

+0.01093 

— 0. 00207 

—0. 00882 

3-  5 

— 0.00019 

+0.00094 

—0.  OOOIO 

— 0. 00063 

3-6 

— 0.00001 

+0.00007 

0.  00000 

— 0.00004 

4      o 

+0.00005 

+0.00005 

4—  I 

— 0.00036 

+0. 00046 

— 0.  00084 

— 0. 001 16 

4—  2 

+0. 00497 

—0. 00803 

+0.00576 

+0.01062 

4-  3 

—0. 00689 

+0. 02897 

— 0. 00700 

—0.03216 

4—  4 

— 0.00313 

— 0. 02854 

— 0.  00298 

+0. 02955 

4-  5 

— 0.00076 

— 0. 00428 

—  0. 00068 

+0. 00364 

4-6 

— 0.  OOOIO 

— 0.00042 

— 0.00008 

+0.  0003 1 

4—  7 

— 0.  OOOOI 

—0.00004 

—0.  OOOOI 

+0.00002 

5-  > 

— 0.00004 

+0.00006 

— 0.00009 

—0.00015 

S—   2 

+0. 00053 

—0. 00108 

+0.00063 

+0.00158 

5-  3 

— 0. 00081 

+0. 00573 

— 0. 00069 

— 0. 00682 

5-  4 

— 0.00218 

— 0.  OII62 

—0. 00252 

+0.  01254 

5-  5 

+0.00417 

+0. 00688 

+0. 00423 

— 0. 00720 

5-  6 

+0. 00087 

+0.00127 

+0. 00077 

— 0. 001 1 1 

5-  7 

+0.0001 1 

+0.00014 

+0.00009 

— 0.  OOOIO 

5-8 

+0.00001 

+0.00002 

+0.00001 

+0.00001 
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Arg=i'ff'+i3 


»'      i 
6—  I 

6-  2 

6-  3 

6-4 

6-  5 

6—  6 

6-  7 

6—  8 

—  I 

—  2 
3 
4 

—  5 
6 

7 
8 

—  9 

8-  3 
8-4 
8-5 
8—  6 

8-7 

8—  8 

8-9 

9—  4 
9—  5 
9-  6 
9—  7 
9-8 
9—  9 


dg 


0.00000 
-|-o.  00005 
— o.  00004 
— 0.00077 
-f-o.  00242 
— o.  00179 
— o.  00044 
— 0.00006 

— 0.00000031 

0.00000 
-|-o.  COOOI 
— 0.00019 
-)-o.  00079 
— 0.00122 
+0. 00054 
-|-o.  00016 
-)-o.  00002 

0.00000 
— 0.00004 
+0. 00019 
— 0.00043 
-fo.  00045 
— 0.00013 
— 0.00004 

— O.  OOOOI 

+0.00004 
— o.  0001 1 
-|-o.  00018 
— 0.00013 
4-0.00002 


+0.00001 
—0.00013 
+0. 00091 
— o.  00274 

+0. 00349 

— o.  00118 
— o.  00026 
— 0.00003 

+0.00000064 
— 0.00002 
+0. 00013 
— 0.00050 
+0.00095 
— o. 00073 
+0.00007 
+0.00002 
0.00000 

+0.00002 
— 0.00008 
+0.00019 
— 0.00021 
+0.00005 
+0.00004 

+0.  OOOOI 
— O.  OOOOI 

+0.00003 
— o.  00004 
+0.00001 
+0.00004 
— 0.00002 


dr 


— 0.00001 
+0.00006 
+0.00001 
— 0.00097 
+0. 00262 
— 0.00185 
— o.  00040 
— 0.00005 

0.00000 
+0.00002 
— 0.00026 
+0.00090 
— 0.00130 
+0. 00057 
+0.00015 
+0.00002 

+0.00001 
— 0.00005 
+0. 00023 
— 0.00048 
+0. 00048 
— 0.00013 
— 0.00004 

— 0.00001 
+0.00005 
— 0.00013 
+0. 00020 
— 0.00014 
+0.00002 


— 0.00002 
+0.00021 
— o.  001 16 
+0.00310 
—0.00371 
+0.00127 
+0. 00024 
+0.00003 

+0.00003 
— 0.00017 
+0. 00059 
— o.  00103 
+0. 00077 
— o.  00009 
— 0.00001 
0.00000 

— o.  00002 
+0.00009 
— 0.00021 
+0. 00023 
— 0.00005 
— o.  00004 
— 0.00001 

+0.00001 

— 0.00004 
+0.00005 
0.00000 
— 0.00005 
+0.00003 


Arg. 

dZ 

sin. 

COS. 

i'   i 
0   0 

0 —  I 

0 —  2 

— 0.0017914 
— 0.000028 

—0.000357 
+0. 0037736 

— 0.000012 

The  expressions  for  the  three  multipliers,  A,  B,  and  C,  have  already  been  given 
(page  73).  The  resulting  expressions  for  T  and  -  -g^  follow :  in  the  latter  the  terms 
having  the  argument  y  are  alone  retained,  as  the  periodic  perturbations  of  the  latitude 
are  quite  insignificant. 
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Aig=ny+i'g+ig 

T. 

Arg=xy+i'ff'+i5 

T. 

SID. 

COS. 

sin. 

COS. 

H      i'       i 

I          O—    I 

— 0. 2141836 

— 0. 0000405 

K      i'       i 
—  I       3      0 

— 0.  01077 

+0.01 196 

—   I        o       o 

— 0.0213460 

+0.0021 75 1 

0      3—  > 

+0.  00888 

— 0.01008 

O        0—    I 

+0.0183339 

— 0.0012549 

I       3—  2 

— 0. 00484 

+0. 00648 

I           O 2 

— 0.00312 

— 0.00049 

-  I       3—1 

+0.1 1 826 

—0. 15634 

—    I         0 —    I 

+0.00031 

— 0.00022 

0      3—2 

— OIIS35 

+0.  I5I32 

O         O—    2 

+0.00015 

+0.00017 

'      3—  3 

+o-  03893 

— 0. 05484 

I       o—  3 

— 0. 0001 1 

— 0.00004 

—    I          3-2 

— 0.09603 

+0.28318 

-    I          1+2 

0  1+    I 

1  I        o 

-  I     1+  I 

I       I—  I 

+0. 00022 
— 0.  00153 
+0.00178 
+0.02152 
— 0.01965 

— 0.00006 
0.00000 
+0.  OOOIO 
— 0. 00240 
+0.00162 

0  3—3 

1  3—  4 
—  '       3—3 

0      3—4 

'      3—  5 

+0. 09063 
— 0.  02840 
— 0. 00470 
+0. 00825 
— 0. 00340 

-0.27483 
+0. 08748 
+0.02198 
— 0.  03279 
+0.01289 

—  I          I         o 

0  1—    I 

1  I—    2 

—  I          I—    I 
O          1—2 

'       '-  3 

— 0. 09839 
+0. 05802 
+0.02129 
—0. 00867 
+0.01038 

—0. 00333 

+0. 04193 

— 0. 02430 
— 0.  00989 
+0.01236 
— 0. 01320 
+0. 00442 

—  '       3—4 

0  3-  5 

1  3-6 

-  I      3-  S 
0      3-6 
'      3-  7 

— 0. 00023 
+0. 00057 
— 0.00024 
0.00000 
+0.00003 
— 0.00002 

+0. 00140 
— 0. 00282 
+0.00126 
+0. 00008 
— 0.  00021 

+0.  OOOIO 

—  I          I —    2 

0  I-  3 

1  I—  4 

—  I        1-3 

0  1—4 

1  I—  5 

— 0.00040 
+0. 00087 
—0.00038 
— 0.  00002 
+0.00006 
— 0.  00004 

+0. 00058 

— 0.  001 14 

+0. 00050 
+0.00003 
— 0.00008 
+0.00003 

—  I      4+1 
I      4-  I 

—  I      4      0 

0  4—  I 

1  4—  2 

—  I      4—1 

+0.00003 
+0.00001 
— 0.00130 
+0.00108 
— 0.00061 
+0.01539 

— 0.00002 
— 0.00004 
+0.00169 
— 0. 00138 
+0.00100 
—0. 02530 

-    I          2+2 

+0.00003 

— 0.  OOOOI 

0      4—2 

— 0. 01491 

+0. 02409 

O         2+     I 

— 0.00014 

+0.00002 

I       4-  3 

+0.00518 

— 0.00973 

I          2         O 

+0.00012 

+0.00002 

—  I      4—2 

— 0. 02141 

+0.08951 

-     I          2+     . 

+0. 00249 

— 0.00090 

0       4-  3 

+0.  02067 

— 0. 08691 

I         2 —    I 

— 0.00050 

— 0.  001 1  I 

I       4—  4 

— 0.00635 

+0. 03003 

—    I          2         O 

—0.06519 

+0.06152 

—  '       4—3 

—0. 00862 

— 0. 08964 

O         2—    I 

+0.  05304 

— 0.0521 1 

0       4—4 

+0. 00939 

+0.08562 

I          2 —    2 

—  0.02517 

+0. 02927 

I       4-  5 

— 0.  00319 

— 0. 02703 

—    I          2—    I 

+0.61758 

— 0.  66899 

—  I       4—4 

— 0.  00191 

— 0.  00950 

O         2 —   2 

—0. 60828 

+0.65913 

0       4-  5 

+0. 00228 

+0.01284 

I         2-   3 

+0. 1 946 1 

—0.  21063 

I       4-  6 

— 0.00083 

— 0. 00487 

—    I         2—   2 

+0. 02296 

-0.03307 

-  I       4-5 

— 0. 00021 

— 0.00071 

O         2—3 

— 0. 04707 

+0. 05922 

0      4-6 

+0.  00030 

+0.00126 

I         2—  4 

+0. 02020 

— 0.  02462 

I       4—  7 

— 0.  ooou 

—0.  00054 

-    I         2-3 

+0.  OOIOI 

— 0.00169 

-  I       4-6 

— 0.00002 

—0.00005 

O        2—4 

—0. 00312 

+0. 00432 

0      4—7 

+0.00003 

+0. 00012 

I         2—  S 

+0.00159 

— 0. 00209 

I       4-8 

— 0.  OOOOI 

— 0.00005 

—  I         2—4 

0  2—5 

1  2—  6 

-  «       3+1 

+0.00004 
— 0.00020 
+0. 0001 1 

+0. 00028 

— 0.00009 
+0. 00029 
— 0.00014 

— 0.00017 

-  I       5      0 

0  5—  I 

1  5—  2 

—  I      5—1 

— 0.00013 
+0.0001 1 
— 0.00006 
+0.00165 

+0. 00020 
—0.00017 
+0.00013 
— 0. 00348 

I      3-  I 

+0.00007 

— 0.00026 

0      5—  2 

— 0.00159 

+0. 00324 
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T 

T 

Axg=Hy+i'g'+ig    - 

Arg=xy+i'ff'+is    - 

sin. 

coa. 

Bin. 

COB. 

K      i'       i 

- 

// 

H      i'      i 

// 

II 

I       5—  3 

+0.  00055 

— 0.00144 

'       7-  3 

+0.00001 

— 0.00005 

-  I       5-2 

—0. 00247 

+0.01781 

—  I       7—2 

+0.00003 

+0. 00041 

0      5-3 

+0. 00243 

— 0.01719 

0      7—3 

— 0.00002 

—0. 00038 

1       5-  4 

— 0.00061 

+0. 00636 

I       7-  4 

+0.00001 

+0. 00014 

—  I      5-3 

— 0. 00661 

—0. 03602 

—  >       7-3 

— 0.00062 

— 0.00159 

0      5—4 

+0. 00654 

+0. 03486 

0      7—4 

+0.00057 

+0.00150 

<      5-  5 

—0. 00245 

—0.01173 

I      7-  5 

—0.00021 

—0.00052 

—  I      5—4 

+0.01282 

+0. 02214 

-  I      7—4 

+0. 00246 

+0.00301 

0      5-  5 

— 0.0125 1 

—0. 02064 

0      7-  5 

—0. 00237 

— 0. 00285 

I      5-6 

+0.00399 

+0. 00641 

1      7-6 

+0. 00082 

+0.00095 

—  J      5—5 

+0.00211 

+0. 00298 

-  1      7—5 

—0. 00383 

— 0. 00232 

0      5 —  6 

— 0.  00261 

—0. 00381 

0      7—  6 

+0.  00366 

+0.00219 

I      5-  7 

+0.00098 

+0. 00140 

1       7—  7 

— 0.  00120 

— 0.00066 

-  I      5-6 

+0. 00023 

+0. 00026 

-  1       7-6 

+0. 00181 

+0. 00032 

0      5-  7 

—0.00033 

—0. 00042 

0      7—  7 

— 0.  00162 

— 0.00021 

I      5-8 

+0.00013 

+0.00017 

1       7-8 

+0. 00047 

+0.00007 

—  1      5—7 

+0.00004 

+0.00002 

—  I       7-7 

+0.  00039 

+0.00004 

0      5-8 

—0.00003 

— 0.00005 

0      7—8 

— 0.00047 

— 0.00006 

I      s-  9 

+0.00001 

+0.00002 

1       7-  9 

+0.00017 

+0.00003 

—  I       6—  0 

0  6 —  I 

1  6—  z 

— 0.00002 
+0.00001 

— O.OOOOI 

+0.00002 
0.00002 
0.00002 

-  1       7-8 

0  7—9 

1  7 — 10 

+0.00002 
—0.00006 
+0.00004 

+0.00001 

—O.OOOOI 

+0.00001 

—  I       6—1 

+0.00016 

—0. 00043 

-  I       8-3 

—0.00013 

— 0.00026 

0      6—2 

— 0.00015 

+0. 00040 

0      8—4 

+0.00012 

+0. 00023 

I      &-3 

+0.00004 

— 0.  00020 

I       8-5 

0.00005 

—0.00008 

—  I      6—2 

— O.OOOI2 

+0.00281 

—  I       8—4 

+0. 00060 

+0.00060 

0      6—3 

+0.00012 

—0. 00273 

0      8—5 

—0.  00057 

— 0.00057 

I      6—  4 

+0.00002 

+0. 00106 

I       8—  6 

+0.  00020 

+0.00021 

-  1      6-3 

— 0. 00240 

— 0. 00849 

-  I       8-5 

— 0.00136 

— 0.00068 

0      6—4 

+0.00231 

+0. 00822 

0      8—6 

+0.  00129 

+0.00063 

I      6—  5 

—0.00093 

— 0.00291 

I       8-7 

— 0.00044 

— 0.00021 

—  I      6—4 

+0. 00748 

+0.01089 

—  I      8—6 

+0.00144 

+0.00018 

0      6—5 

— 0. 00726 

— 0. 01047 

0      8—7 

—0.00135 

—0. 00015 

I      6—  6 

+0. 00249 

+0. 00343 

I      8—  8 

+0.00044 

+0.00003 

-  I      6-5 

—0. 00569 

—0. 00399 

-I      8-7 

—0.00043 

+0.  00012 

0      6—6 

+0.00537 

+0. 00354 

0      8—8 

+0.  00039 

—0.00012 

I       6 —  7 

— 0.00168 

—0. 00106 

I      8—  9 

— 0.  OOOIl 

+0.00005 

-  I       6—6 

— 0.  OOIIO 

—0.00065 

—  I      8—8 

— 0.00005 

+0.00001 

0      6—7 

+0.00132 

+0. 00078 

0      8—9 

+0.00011 

—0.00003 

I      6—  8 

—0.00047 

— 0.00028 

I       8—10 

— 0.00007 

+0.00002 

—  I      6—7 

—0.00013 

— 0.00007 

—  1      9—4 

+0.00008 

+0.00006 

0      6-8 

+0.00018 

+0.00010 

0      9—5 

— 0.00012 

—0.00009 

I      6—  9 

—0.00007 

— 0.00003 

1      9 —  6 

+0.00009 

+0.00007 

0      7-  I 

+0.00000094 

— 0.00000192 

-  I      9-5 

— 0.00036 

— 0.00009 

-  I      7—  ' 

+0.000012 

—0.000053 

0      9—6 

+0.00033 

+0.00012 

0      7—2 

— O.OOOOI 

+0.00005 

I      9—  7 

— 0.00012 

—0.00009 
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ATE=xy+i's'+iS 

T. 

ATg=Hy+i'g'+ig 

T. 

sin. 

COS. 

sin. 

COS. 

H       i'        i 

/, 

// 

H      i'       i 

„ 

// 

—   I   9 —  6 

+o.  00057 

+0.00003 

-  I   9—7 

—0. 00043 

+0.00009 

o   9—  7 

—0.  00054 

— 0. 00003 

0   9—8 

+0. 00039 

— 0.00012 

I   9-8 

-|-o.  00018 

+0.00001 

I   9-  9 

—0.00013 

+0.00009 

I  dR  ,        „ 

-  -^  =— o".ooo895o  cos  (—)-)— o".ooi9io3  sin  {—y) 

The  logarithms  of  the  integrating  factors  are  contained  in  the  following  table : 


Arg. 

log  .,  ,  ,  . 
in  +iB 

Arg. 

log  .,  ,"  . 
I  n  +in 

Arg. 

log.,  ^. 
I'n'+in 

Arg. 

log.,  ,"  . 
I'n'+tn 

i'   i 

i'   i 

I       i 

i'   i 

0—  I 

0.  ooooon 

3+  ■ 

9.  84662 

5—  2 

9. 888051 

7—  S 

9. 39671 

0 —  2 

9. 69897« 

3   0 

o-  37308 

5—  3 

9 

639401 

7-  6 

9.30001 

0-  3 

9. 52388K 

3-  • 

0.  23925« 

5—  4 

9 

482271 

7-  7 

9. 22IOn 

1+  2 

9.  66934 

3-  2 

9. 8o233» 

5—  S 

9 

36713" 

7-8 

9. 15421 

«+  I 

9. 94264 

3-  3 

9.  588981 

5—  6 

9 

276211 

8-3 

9.72801 

I   0 

0. 85020 

3—  4 

9. 446551 

5—  7 

9 

201071 

8-4 

9.  542I» 

I —  I 

0.066 1  on 

3-  5 

9-  33947" 

6-  I 

0 

815681 

8-  5 

9.  41221 

I —  2 

9.  73076» 

3-  6 

9.  25371 

6—  2 

9 

938221 

8—  6 

9.31241 

I—  3 

9.54381'' 

4   0 

0.  24814 

6-3 

9 

666981 

8-  7 

9.23131 

I—  4 

9-4I3SS" 

4—  I 

0.  361261 

6-4 

9 

501291 

8-  8 

9.  16301 

2+  I 

9.  89198 

4—  2 

9. 843071 

6-  5 

9 

381651 

8-9 

9.  10401 

2   0 

0.54917 

4—  3 

9.613461 

6—  6 

9 

287951 

9—  4 

9.  56401 

2 —  I 

0.  1441  IK 

4—  4 

9. 464041 

6-  7 

9 

210921 

9—  5 

9.  42840 

2 —  2 

9.  765071 

4—  5 

9. 353o8« 

7-  I 

I 

93251 

9-6 

9.  32521 

2—  3 

9.  5658i« 

4-  6 

9. 264781 

7—  2 

9 

99501 

9—  7 

9.  24191 

2—  4 

9. 42974« 

5  0 

u. I5123 

7—  3 

9 

69641 

9-  8 

9.  17201 

2-  5 

9.  3263« 

5—  ■ 

0. 531561 

7—  4 

9 

52121 

9—  9 

9.  1 1 191 

In  the  integration  we  put 

feo  =    +  0."2I42 


ki  =  —  o-"o328  ^2  =  +  o."oo37 


Arg=i  s'+t5 

dSi 
dt 

1  dv 
n  dt 

",08. 

sin. 

sin. 

COS. 

i'   i 
0      0 

0 —  I 
0 —  2 

°—  3 

—0.0213 

+0.00217511^ 

—0.0004 

+0.  00005241? 

+0.000001812' 

—0. 0022 

— 0.02134601/ 

0.  oooo 
— 0.00051481/ 
—0.00001861/ 

„ 

+0. 0208 

— 0.00108751/ 

+0,  0009 

— 0.  00005241/ 

— 0. 00000271/ 

—0. 00002631/ 
— 0.0019 
—0. 01067301/ 

0.  oooo 
—0.00051481/ 
— 0. 00002791/ 
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ATg=i' g'+ig 


I 

+  I 
o 

—  I 

—  2 

—  3 

2+  I 

2  o 
2—  I 
2—  2 
2—  3 

2—  4 

3  o 

3—  • 
3—  2 
3—  3 
3—  4 

3-  5 

4—  I 

4—  2 

4—  3 

4—  4 

4—  5 

5-  I 
5-  2 
5-  3 
5—  4 

5-  5 
5-6 

6—  I 
6—  2 
6-  3 
6-  4 
6-  5 
6—  6 
6-  7 

—  I 

—  2 

—  3 

—  4 

—  5 

—  6 

'—  7 


n  dt 


— 0.0120 
— o.  04146 

+o-  7753 
-|-o.  OIII 
+0.0004 

— 0.0003 
— o. 00293 
4-0. 2918 

+0. 5838 

-f-0. 0230 
-|-o.  0010 

— 0.0002 
+0. 0381 
+0. 147s 

— o.  0287 
— 0.0015 
— 0.0001 

+0. 004s 
-|-o.  0272 
— o.  0073 
— o.  0019 
— 0.0004 

4-0.0006 
4-0.  0046 
— 0.0009 
— 0.0015 
4-0.0017 
4-0.0003 

4-0.00007 
4-0.0009 
0.0000 
— 0.0006 

-f-O.  OOII 

— 0.0006 
— o.  0001 

4-0.000081 
4-0. 0010 
0.0000 
— 0.0002 
4-0.0004 
— 0.0005 
-f  0.0002 


4-0.0007 
— o.  00386 

+0-  3305 
— 0.0016 


— 0.0069 
— o. 00175 
— o.  3422 
— 0.0124 
— 0.0006 


4-0.  0001 

—0.0002 

4-0.00051 

4-0. 00036 

4-0.  2754 

— 0. 1210 

+0.6315 

— 0.4000 

4-0. 0268 

—0. 0247 

4-0. 001 1 

—0.0016 

4-0.0003 

0.0000 

4-0.0421 

— 0.0138 

4-0. 1968 

-0. 0955 

— 0.0910 

4-0.0216 

^0. 0062 

4-0.0018 

—0.0004 

4-0.0001 

4-0. 0056 

— 0.0012 

4-0.0452 

—0.0168 

—0. 0339 

4-0. 0056 

4-0.0164 

4-0.0018 

4-0.0016 

4-0.0003 

4-0.0008 

— 0. 0001 

4-0.0099 

—0. 0027 

—0. 0078 

4-0.0007 

4-0.0075 

4-0. 001 1 

— 0. 0027 

— 0.0014 

— 0.0004 

— 0.0002 

4-0.00016 

— 0.  OOOOI 

4-0. 0026 

—0.0005 

—0.0013 

0.0000 

-f  0. 0019 

4-0.0004 

— 0.0016 

— 0.0010 

4-0.0004 

4-0.0005 

4-0.0002 

4-0. 0001 

4-0. 000165 

4-0. 0045 

—0.0005 

—0.0002 

0.0000 

4-0.0004 

4-0.0001 

— 0.0005 

—0.0003 

4-0.0003 

4-0.0004 

— 0. 0001 

— 0.0002 

— 0.0003 
— 0.00024 

4-0. 1458 

4-0.0007 
0.0000 

o.  0000 
— o.  00081 
4-0. 1155 

+0-  4325 
4-0. 0291 
4-0.0018 

— o.  0001 
4-0.0156 
4-0. 1264 
— 0.0710 
— 0.0068 
— o.  0006 

4-0.0017 
4-0. 0273 
— o.  0256 
4-0. 0140 
4-0.0018 

4-0. 0001 
4-0. 0056 
— 0.0058 
4-0.0062 
— o. 0023 
— 0.0004 

0.00000 
4-0. 0014 

— O.  0010 

4-0.0015 

— 0.0013 

4-0.0003 

0.0000 

4-0. 0023 
— 0.0002 
4-0.0004 
— 0.0004 
4-0.0003 
0.0000 
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Aig=i"g"+ig 

n5« 

r 

u 
cosi 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

i"     i 

1/ 

// 

// 

// 

„ 

,, 

0 —   0 

—0. 0353 
—0.  oooo263«/ 

+0.  oooo648«/ 

O —    I 

0.  oooo 

0.0000 

+0.0101 

+0.0008 

— 0.  oo2i75i«/ 

— 0. 02i346o«^ 

— 0.  ooio875«/ 

+0.  oio6730«; 

— 0.  ooi9i03n/ 

— 0.  ooo895o«/ 

O —   2 

-|-0.  0002 

— 0.  0001 

+0.0001 

0.0000 

O.  O000262n/ 

—0.  ooo2574«^ 

—0. 0000262K/ 

+0. 00025  74«/ 

— 0. 000046 1»/ 

— 0.  ooooz 1 6n/ 

o—  3 

— o.oooooo6«/ 

— 0. 0000062/1; 

—0.  oooooo9«/ 

+0.  ooooo93«; 

— 0.  000001 7«/ 

— 0.  ooooooSn/ 

'+  I 

— 0.  0105 

—0.0006 

+0.  0060 

— 0.0003 

I        o 

—0.  2936 

+0.  0273 

+0.0124 

— 0.0017 

I —  I 

— 0.  9028 

+0. 3848 

—0.  3985 

—0. 1698 

1 —    2 

— 0.0060 

— 0.0009 

— 0.0067 

—0.0004 

•—  3 

— 0. 0001 

0.0000 

— 0.0002 

0.0000 

2+    I 

— 0.0002 

— O.OOOI 

+0.0002 

0.0000 

2        0 

— 0. 0104 

— 0.0018 

— 0.0013 

— 0.0029 

2—    I 

— 0.  4066 

+0. 3837 

—0. 1686 

— 0. 1 610 

2—   2 

-«-3399 

+0.  3676 

—0.  2329 

—0.2518 

2-  3 

—0.0085 

+0.0099 

— 0.0091 

—0.  OI07 

2—   4 

—0.0003 

+0.0003 

— 0.0004 

— 0.0005 

3      o 

—0.0005 

— 0.0007 

0.0000 

— 0.0002 

3-  ' 

— 0.0661 

+0. 0730 

—0. 0239 

—0.0271 

3—  2 

—0.0936 

+0. 1249 

— 0.0606 

—0. 0S02 

3-  3 

+0.0111 

—0. 0353 

+0.0083 

+0. 0276 

3—  4 

-|-o.  0004 

— 0.0017 

+0.0005 

+0.0019 

4—  I 

— 0. 0103 

+0.0129 

—0. 0028 

— 0. 0039 

4—  2 

— 0.0190 

+0.0315 

— 0.0117 

— 0.0190 

4—  3 

+0. 0030 

—0.0139 

+0. 0023 

+0. 0105 

4—  4 

+0.0006 

+0. 0048 

+0.0005 

— 0.  0041 

4-  5 

+0.0001 

+0.0004 

+0.0001 

— 0.0004 

5-  I 

— 0.  0020 

+0.  0027 

—0.0003 

— 0.0003 

5-  2 

—0.0036 

+0. 0076 

— 0.0022 

—0.0043 

5-  3 

+0.  0004 

—0.0034 

+0.0003 

+0. 0025 

5-  4 

+0.0005 

+0. 0023 

+0.0003 

—0.0019 

s-s 

— 0.0004 

— 0.0006 

— 0.0003 

+0.0005 

6—  I 

— 0.0005 

+0.0010 

— 0.0001 

0.0000 

6—   2 

— 0.0008 

+0. 0023 

— 0.0004 

— 0.0012 

6-3 

0.0000 

— 0.0006 

0.0000 

+0.0005 

6-4 

+0.0002 

+0.0006 

+0.0002 

— 0.0007 

6-  5 

— 0.0003 

— 0.  0004 

— 0.0003 

+0.0004 

6-  6 

+0.0001 

+0.0001 

+0.0001 

—0.0001 

7 —  I 

— 0.0069 

+0. 0141 

7 —  2 

— 0. 0010 

+0. 0045 

— 0.0005 

—0.0022 

7—  3 

0.  0000 

— O.OOOI 

0.0000 

+0.0001 

7—  4 

+0.0001 

+0.0001 

0.0000 

+0.0001 

7-  5 

— 0.  0001 

— O.OOOI 

— O.OOOI 

+0.0001 

7—  6 

+0.0001 

+0.  0001 

+0.0001 

—0.0001 

CHAPTER  V. 


PERTURBATIONS  OF  SATURN  BY  NEPTUNE 


In  determining  the  action  of  Neptune  on  our  two  planets  it  will  not  be  necessary 
to  go  beyond  terms  of  the  first  order  with  respect  to  disturbing  forces.  Following 
the  previous  custom,  no  accents  will  be  given  to  quantities  pertaining  to  Saturn,  and 
a  single  one  to  those  belonging  to  Neptune. 

The  elements  of  Neptune  employed  are  the  following :  * 

Epoch  1850,  Jan.  0.0,  Greenwich  M.  T. 

^  =  335     S  38-91  e'    =  0.0084962 

^'  =    43  17  30-3  »'   =  7864"-93S 

^  =130    7  31-83  log  a'  =1.4781414 

i>    =        I    47       1.68  TO'  =  19^50 

These  elements  include  the  effect  of  the  4000-year  inequality  produced  by  the 
action  of  Uranus.  Also,  log  a'  includes  the  constant  term  of  the  perturbations  of  the 
logarithm  of  the  radius  vector.  As  the  similarly  corrected  log  a  of  Saturn  is  0.97968 1 9, 
we  have  here  log  a  =  9.5015405. 

The  coefficients  of  the  terms  of  the  developments  of  the  reciprocal  of  the  distance 
between  Saturn  and  Neptune  and  its  odd  powers  are  then  functions  of  the  following 
six  elements : 

O        '  '/ 

log  a  =9.5015405  J    =      o  57  51.54 

e    =  0.05605688  n   =  192     9    3.80 

e*  =  0.0084962  71'  =  145  19     5.10 

n  and  n'  are  measured  from  the  ascending  node  of  the  orbit  of  Neptune  on  that  of 
Saturn.  The  developments  will  be  made  first  in  terms  of  the  eccentric  anomaly  of 
Saturn. 


•An  Investigation  of  the  Orbit  of  Neptune,  with  General  Tables  of  its  Motion.    By  Prof.  S.  Newoonib,  p.  76. 
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The  values  of  the  auxiliary  constants  are 


log  k 

=  9-9999973 

0 
K    =3^3 

/ 
10 

It 

logfci 

=  9-9999413 

K,  =313 

9 

55-30 

\ogp 

=  0.0030502 

P    =117 

'9 

1.88 

log  V 

=  9-8021937 

V    =313 

7 

5-68 

log  w 

=  9.8023874 

W  =195 

53 

27.93 

lOgWi 

=  9-8019933 

W,  =  .95 

48 

30-74 

log  iVi^  6.1993090 
D  =  1. 1002373  —  18.2302547]  cos  «'+  [5.85845]  cos'  {'+  [8.7486289]/co8  F 

The  circumference  will  be  divided  into  twelve  parts  with  reference  to  the  mean 
anomaly  of  Neptune.     For  five  points  of  the  division  we  nave 


9' 

e* 

30° 

30° 

14' 

42".72 

60 

60 

25 

24   .11 

90 

90 

29 

12   .40 

120 

120 

25 

II    ,22 

150         150     14     29  .83 
We  get  the  following  table  of  values  of  D,  log  f,  and  F : 


9' 

D 

log/ 

F  — 

S* 

0 

0 

1 

a 

0 

I. 1080847 

9.  8038257 

313 

57 

23-41 

30 

I.  1201363 

9. 8067290 

313 

58 

0.76 

60 

I.  1268758 

9. 8081619 

3'3 

44 

49- 23 

90 

I.  1265486 

9.8077789 

3'3 

23 

27-53 

120 

I- "93373 

9. 8059257 

3'3 

0 

32.53 

ISO 

I. 1072172 

9. 8033118 

3'2 

41 

4'S 

180 

1.0933864 

9.8006159 

3«2 

28 

10.54 

210 

I. 0814585 

9.  7983207 

3«2 

24 

'8.35 

240 

1.0745845 

9.  7968135 

312 

31 

35-97 

270 

1.0746535 

9-7965H3 

312 

50 

18.03 

300 

1.0817412 

9.  7977580 

313 

16 

27.68 

330 

I- 0939957 

9. 8004464 

313 

41 

50.59 

s 

6. 6040099 

8.  8131007 

1878 

58 

59-36 

S' 

6.  6040098 

8.  8131011 

1878 

58 

59-41 
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Employing  the  same  procedure  as  in  the  preceding  chapter,  we  have  the  follow- 
ing table  of  values  of  log  g  "^    • 


i°«5«l" 

logi<' 

log^a- 

log 

'z< 

log^al" 

l°gH" 

(0) 

9-  23>SS43 

8.  435723 

I 

7.  8122246 

7-  2335367 

6. 6756563 

6. 1298182 

(0 

9. 2288883 

8. 4308073 

7.  8050982 

2242096 

6. 6641326 

6. 1161000 

(2) 

9.  2273S07 

8. 4278328 

7.  8006822 

2183586 

6. 6568491 

6. 1073854 

(3) 

9-  2273991 

8.427530 

I 

7. 8000639 

2174261 

5.  6556030 

6.  1058260 

(4) 

9.  2289570 

8. 4302584 

7. 8039425 

2224499 

5.  6617699 

6.1131350 

(S) 

9-  231693s 

8. 435644 

2 

7.8119314 

2330302 

5.  6749369 

6. 1288863 

(6) 

9. 2349179 

8. 442342 

I 

7.8220415 

2465368 

5.  6918337 

6.  149 1 699 

(7) 

9-  2377498 

8. 4482880 

7-  8310455 

2585846 

5.  7069196 

6.  1672911 

(8) 

9.  2393674 

8.4515017 

7.8358261 

2649249 

5.7148166 

6.  1 76743 1 

(9) 

9. 2392929 

8.4S«o«33 

7- 8349315 

2636260 

5.7131142 

6.  1746376 

(10) 

9.  2375690 

8.  4472532 

7.8291720 

255876s 

5.  7033784 

6. 1629176 

(") 

9. 2347227 

8.4416289 

7. 8208196 

2448086 

5.  6896001 

6. 146431S 

S 

5.  3997463 

80.634911 

3 

76. 9038889 

4416834 

70. 1043040 

66.8391692 

S' 

5-  3997463 

80. 63491 1 

8 

76.  9038901 

4416851 

70.  1043064 

66. 8391725 

logi«- 

logi<^ 

'"^'l^' 

log-ai" 

logiai" 

log^„- 

log  '4" 

(0) 

5-591837 

5-05938 

4-5309 

9.3190254 

8. 9783566 

8.  5691675 

8. 1327836 

(«) 

5 

575927 

5.04127 

4.  5106 

9. 3103118 

8. 9676166 

8-  5562958 

8.1177519 

(2) 

5 

565782 

5.  02970 

4-  4975 

9-  3053264 

8.9613088 

8. 5485976 

8. 1086449 

(3) 

5 

563909 

5.02752 

4-  4950 

9. 3052807 

8.  9609735 

8. 5479578 

8.  1076966 

(4) 

5 

572360 

5-03713 

4.  5058 

9.3103224 

8. 9670706 

8.5551646 

8.  1160277 

(5) 

5 

590696 

5.05803 

4-  5294 

9-3193733 

8. 9785081 

8.5691124 

8.  1325192 

(6) 

5 

614363 

5.08510 

4-  5599 

9-3301657 

8.  9924249 

8.  5863178 

8- 1530576 

(7) 

5 

635518 

5. 10926 

4.5871 

9.  3396806 

9.0047361 

8.6015746 

8. 1713003 

(8) 

5 

646523 

5.12183 

4.6012 

9- 3450617 

9.0115486 

8. 6098959 

8.1811513 

(9) 

5 

644014 

5- "893 

4-  5979 

9.  3447009 

9. 0108168 

8.  6087730 

8. 1796319 

(10) 

5 

630312 

5-  10324 

4.5802 

9-  3388572 

9.0031462 

8.5991772 

8.  1680842 

(") 

5 

611122 

5.08134 

4-  5556 

9.3294120 

8.  9912057 

8.  5846085 

8. 1508514 

S 

63 

.621177 

60. 43638 

57-2755 

5.9487588 

3-9138557 

I . 4683206 

88. 8597493 

S' 

63 

.621186 

60. 43635 

57-  2756 

5- 9487593 

3.9138568 

1.4683221 

88.8597513 

164 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


log  la- 

log'.- 

i^g^r 

logi<> 

logia- 

log-M" 

logio;" 

(0) 

7.6817331 

7.2214931 

6.754952 

6. 28383 

5- 8093 

9. 48476 

9. 3096s 

(0 

7. 6645296 

7. 2021 118 

6.  733389 

6.26008 

5-7834 

9. 46928 

9. 29264 

(2) 

7. 6540062 

7. 1901681 

6.  720023 

6.  24529 

5.7671 

9-  46037 

9. 28273 

(3) 

7.6527477 

7. 1885985 

6.  718141 

6.  24309 

5-  7646 

9.46015 

9. 28229 

(4) 

7.  6622091 

7. 1991932 

6.  729870 

6.25595 

5-  7785 

9-  46903 

9. 29196 

(5) 

7.6812582 

7. 2208070 

6.  754053 

6. 28270 

5.8079 

9.48524 

9.31000 

(6) 

7.7051480 

7.  2480577 

6.784671 

6.31670 

5. 8452 

9-  50472 

9-  33183 

(7) 

7.7263934 

7.2723143 

6.  81 1943 

6.  34698 

5.  8786 

9.52192 

9- 35  "4 

(8) 

7.  7377828 

7. 2852466 

6. 826422 

6. 36302 

5.  8962 

9-S3'58 

9.  36188 

(9) 

7.7358646 

7. 2829285 

6. 823703 

6.  35990 

5. 8926 

9-  53081 

9-  36083 

(.0) 

7. 7223540 

7.  2674493 

6.806251 

6.  34047 

5.8712 

9. 52018 

9-  34882 

(■■) 

7. 7024422 

7. 2448507 

6. 780961 

6.  3«247 

5-8405 

9-  50324 

9- 33000 

S 

86.  1632332 

83.4116080 

80.  622189 

77. 80526 

74-  9675 

6. 97064 

5.92687 

S' 

86.  1632357 

83. 4116108 

80. 622190 

77.80522 

74-  9675 

6. 97064 

5.  92690 

log  i  a, 

log!  a- 

logl<' 

logi.- 

>°«5«r 

log^a- 

log^a-' 

(0) 

9. 02547 

8.68717 

8.31656 

7.92414 

7.51682 

7.0977 

6.6697 

(0 

9.  0065 1 

8.66618 

8.  29338 

7. 89886 

7. 48884 

7.067s 

6.6373 

(') 

8.  99537 

8.65374 

8.  27969 

7. 88403 

7-  47342 

7.0507 

6. 6191 

(3) 

8. 99465 

8.65271 

8. 27829 

7. 88227 

7. 47089 

7. 0478 

6.6158 

(4) 

9.00531 

8.  66440 

8.29097 

7.89581 

7. 48486 

7-0630 

6. 6322 

(S) 

9.02559 

8.68717 

8.  31610 

7.92390 

7-51477 

7.0955 

6.6673 

(6) 

9. 05044 

8.71511 

8. 34757 

7-95831 

7-  55430 

7-  1383 

6.7134 

(7) 

9.07237 

8.  73990 

8.  37508 

7. 98894 

7.58678 

7-  1738 

6.7519 

(8) 

9.  08445 

8-  75340 

8.  39001 

8.00521 

7.60417 

7.  1928 

6.  7725 

(9) 

9. 08307 

8.75168 

8.38800 

8. 00303 

7.  60221 

7.1904 

6.7697 

(10) 

9-  06933 

8.73606 

8. 37052 

7- 98343 

7.  58088 

7.1671 

6.7444 

(") 

9.04815 

8.71237 

8. 34427 

7.95462 

7- 54964 

7-  1331 

6.7077 

S 

4-  23037 

92. 20988 

89- 99532 

87.65093 

85.21445 

82.  7096 

80. 1513 

S' 

4-  23034 

92.  21001 

89.99512 

87.65162 

85-21313 

82.  7081 

80.1499 
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The  values  of  the  coefficients  A  for  the  development  of  [D— /cos  («— F)]~i  are 


Ar 

A*" 

•a'*' 

Ai" 

a;" 

A^' 

Ai" 

Ai" 

8 

8 

8 

8 

8 

8 

8 

8 

(0) 

+  17043325 

+  1893009 

+  1963249 

—  23633 

+  648539 

-127497 

+  114274 

—  47261 

(I) 

I69390I9 

1872055 

1940813 

23018 

637993 

124727 

111914 

46026 

(2) 

16880322 

1851866 

1934686 

27631 

631345 

124321 

108992 

45205 

(3) 

1688103s 

1838527 

1944800 

35425 

630055 

126060 

106427 

44963 

(4) 

I694I700 

1837025 

1969346 

44214 

635174 

129654 

105093 

45453 

(5) 

17048788 

1848624 

2004474 

52362 

646415 

134662 

105412 

46691 

(6) 

17175838 

1869708 

2042604 

58556 

661219 

140131 

IO7I72 

48420 

(7) 

I7288I99 

I893I5O 

2072893 

61303 

674934 

144444 

109700 

50090 

(8) 

I73527I3 

1911637 

2084238 

59085 

682662 

145856 

112243 

S1087 

(9) 

17349737 

1920786 

2071478 

51548 

681858 

•43575 

1 14266 

51068 

(10) 

17281004 

1919800 

2039070 

40623 

673571 

138437 

•15436 

50144 

(") 

+  I7I68II9 

+  1909907 

+  1998787 

—  30088 

+  661257 

—132428 

+  115492 

—  4873" 

S 

+  1.02674902 

+  11283045 

+  12033193 

—253742 

+  3932510 

—805896 

+  663210 

-287570 

S' 

+1.02674897 

+  11283049 

+  12033195 

—253744 

+  39325 '2 

—805896 

+663211 

-287569 

Al" 

A<" 

Ai" 

Al'> 

A^ 

A^ 

A<" 

A<" 

a;" 

8 

8 

8 

e 

B 

8 

8 

8 

8 

(o) 

-  3449 

—  8628 

—  10362 

+  426 

-  3884 

+  907 

—  701 

+  336 

+  49 

(0 

332s 

8369 

10032 

407 

3744 

869 

673 

32^ 

47 

(2) 

3964 

8012 

9989 

481 

3648 

864 

633 

310 

55 

(3) 

5072 

7671 

10196 

614 

3612 

886 

592 

305 

70 

(4) 

6359 

745  J 

10623 

773 

3655 

933 

562 

308 

88 

(S) 

7615 

7411 

11230 

936 

3783 

1002 

550 

321 

107 

(6) 

8644 

7544 

11911 

1078 

3971 

1076 

558 

341 

126 

(7) 

917s 

7795 

12462 

1160 

4162 

1148 

581 

361 

•37 

(8) 

8910 

8101 

12651 

"35 

4283 

1172 

615 

376 

•35 

(9) 

7766 

8401 

12366 

989 

4293 

1140 

655 

378 

118 

(10) 

6070 

8630 

11717 

767 

4199 

1065 

689 

369 

9^ 

(") 

—  4444 

-  8719 

10966 

+  555 

—  4046 

+  977 

-  707 

+  353 

+  65 

S 

—37396 

-<i?366 

-67253 

+4660 

—23640 

+6017 

-3758 

+2040 

+544 

S' 

— 373''7 

—48366 

—67252 

+4661 

—23640 

+6022 

-3758 

+2039 

+544 
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For  the  development  of  [D— /cos  (*— F)]   « they  are 


<' 

Al" 

Al" 

Ai- 

Ai- 

Ai" 

Ai" 

A<- 

7 

8 

e 

7 

7 

7 

7 

T 

(o) 

+   2084613 

+  6603683 

+  6848712 

-  13504 

+  370578 

- 

-101099 

+  90614 

—  47927 

(«) 

2043204 

6443588 

6680254 

12980 

359760 

97612 

87584 

46068 

(2) 

2019884 

6325364 

6608250 

15464 

353331 

96567 

84660 

44910 

(3) 

2OI967I 

6279330 

6642298 

19824 

352592 

97915 

82665 

44669 

(4) 

2043254 

6323061 

6778509 

24934 

35819' 

101476 

82253 

45499 

(5) 

2086283 

6452269 

6996058 

29936 

369566 

106840 

83633 

47376 

(6) 

2138778 

6635239 

7248813 

34029 

384257 

112994 

86418 

49927 

(7) 

2186153 

6817625 

7464919 

36142 

3979 '5 

118145 

89726 

52388 

(8) 

2213409 

6941484 

7568230 

35"9 

405766 

120269 

92552 

53861 

(9) 

2211571 

6970797 

7517678 

30624 

405075 

118327 

94173 

53815 

(10) 

2182013 

6904765 

7333733 

23921 

396633 

113099 

94308 

52384 

(") 

+   2135069 

-(-  6770006 

+  7085054 

—  17466 

+  383848 

- 

-106665 

+  93024 

-  5°'93 

S 

+  1.2681951 

+  39733596 

+42386247 

—146971 

+2268756 

- 

-645504 

+530805 

—294508 

S' 

-\-I.   268I95I 

+39733615 

+42386261 

—  146972 

+2268756 

- 

-645504 

+530805 

—294509 

Ai" 

K" 

Ai- 

K 

c) 

Ai" 

a'" 

A<" 

Ai- 

Ai" 

7 

B 

8 

6 

8 

fl 

8 

S 

(o) 

-  3498 

—  106561 

— J27975 

+  < 

5203 

—  56540 

+  '5211 

-'1755 

+  6378 

+  936 

(I) 

3328 

102018 

122297 

)844 

53807 

'4387 

11147 

6010 

873 

(2) 

3939 

96950 

120862 

3867 

52032 

14190 

10397 

5760 

1018 

(3) 

5039 

92813 

123369 

5763 

5'5>7 

'4555 

9720 

5669 

1296 

(4) 

6365 

90839 

129514 

I 

'"3 

52525 

'S443 

9302 

5774 

1648 

(5) 

7726 

91581 

138772 

I 

3629 

55101 

16803 

9234 

6093 

2041 

(6) 

8913 

94724 

149561 

I 

595' 

58782 

18427 

9506 

6567 

2423 

(7) 

9596 

99273 

158714 

I 

7407 

62475 

19838 

10036 

7070 

2680 

(8) 

9394 

104003 

162417 

I 

7'74 

64817 

20427 

10718 

7410 

2666 

(9) 

8183 

107804 

158679 

1 

4955 

64935 

19861 

1 1406 

7456 

2321 

(10) 

6341 

109779 

149055 

I 

1504 

62968 

18384 

11903 

7219 

«774 

(") 

-  4577 

—  109364 

-137554 

+ 

8212 

-  59828 

+  '6637 

-12035 

+  6812 

+  1253 

S 

-38450 

—602856 

-839384 

+6 

8812 

—347664 

+  102082 

-63581 

+39108 

+  10465 

S' 

—38449 

—  602853 

-839385 

+6 

8810 

—347663 

+  102081 

-63578 

+391 10 

+  10464 
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— - 

For  the  development  of  [D— /cos  (e— F)]    2  they  are 


A';> 

■^1 

•  A';' 

A<c> 

a;-' 

A^ 

a;" 

A<" 

e 

6 

6 

6 

6 

( 

e 

fi 

(0) 

+  30532 

+  I4I6I 

+  14686 

— 

386 

f 10597 

—  3623 

+  3248 

—  2067 

(I) 

29463 

13619 

I4I2O 

366 

10144 

345 « 

3096 

i960 

(2) 

28865 

13259 

13852 

433 

9884 

3388 

2970 

1897 

(3) 

28850 

I3I59 

13920 

554 

9862 

3434 

2900 

1886 

(4) 

29446 

13360 

H323 

703 

10099 

3587 

2908 

1936 

(5) 

30566 

13842 

15009 

856 

10572 

3832 

2999 

2044 

(6) 

31968 

14496 

15837 

991 

III88 

4122 

3152 

2192 

(7) 

33260 

«5i37 

16574 

1069 

1 1 765 

4375 

3323 

2333 

(8) 

34008 

15552 

16955 

1047 

I2I0I 

4492 

3457 

2418 

(9) 

33948 

15606 

1 683 1 

913 

12073 

4417 

3515 

241 5 

(10) 

33  "7 

15304 

16256 

706 

II709 

4183 

3488 

2330 

(") 

+  31859 

+  14770 

+IS457 

- 

-  508 

+  III61 

—  3886 

+  3389 

—  2200 

S 

+  1.87946 

+86132 

+91909 

- 

-4266 

+65578 

—23395 

+19223 

— 12840 

S' 

4-1.87946 

+86133 

+91911 

— 

-4266 

+65577 

—23395 

+  19222 

—12838 

Al- 

Al^' 

<' 

<' 

Ar 

A'" 

a;-' 

A^ 

<" 

6 

6 

B 

6 

6 

6 

s 

6 

6 

(0) 

-  >5i 

—  537 

—  645 

+  36 

— 

327 

+  99 

—  77 

+  46 

+  7 

(I) 

142 

507 

608 

33 

306 

90 

72 

43 

6 

(2) 

166 

479 

597 

39 

295 

91 

66 

40 

7 

(3) 

213 

458 

609 

50 

292 

93 

62 

40 

9 

(4) 

271 

452 

644 

63 

299 

99 

60 

41 

12 

(S) 

333 

462 

700 

79 

318 

109 

60 

44 

«S 

(6) 

391 

486 

767 

94 

346 

122 

63 

48 

18 

(7) 

427 

517 

826 

104 

372 

133 

67 

53 

20 

(8) 

422 

546 

852 

103 

389 

■38 

72 

56 

20 

(9) 

367 

566 

833 

90 

390 

'34 

77 

56 

17 

(10) 

282 

571 

775 

68 

375 

123 

80 

54 

»3 

(") 

—  201 

-560 

-  705 

+  48 

351 

+  110 

—  80 

+  50 

+  9 

S 

-1683 

—3071 

—4280 

+403 

2031 

+672 

—418 

+285 

+77 

S' 

—1683 

—3070 

—4281 

+404 

2029 

+669 

—418 

+286 

+76 
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The  corrections  to  pass  from  the  development  of  [D— /cos  (c — F)]  '  to  that  of 
\e)  ^®  ^^  small  that  it  is  deemed  unnecessary  to  give  the  expressions  tor  the  former 
quantities,  but  we  pass  immediately  to  f—^  and  T— Y- 


Arg=i'9'+i' 

a' 
A 

{^' 

COS. 

Bin. 

COS. 

sin. 

t'  i 

0    0 

1.0267490 

I. 2681946 

0—  1 

— 0.0031008 

+0. 0000839 

—0. 0272078 

+0. 0087021 

O —  2 

+0. 0000625 

+0.0000001 

+0. 0007300 

— 0.0001262 

o—  3 

— 0.0000003 

+0.0000001 

— 0.0000093 

+0. 0000041 

1+  2 

— 0.0000004 

— 0.0000012 

— 0.0000046 

— 0. 0000241 

1+  ' 

+0.0002016 

+0.  0002385 

+0. 0007387 

+0. 0013937 

I    O 

—0. 0039807 

— 0.  0140587 

— 0. 0163039 

— o-  0575499 

I —  I 

+0.  2256609 

+  0.  2406638 

+0.7946716 

+0. 8477242 

I —  2 

—0.  0005044 

—0.0008631 

-0.0095635 

-0. 0073459 

'—  3 

+0.00001 10 

+0.0000139 

+0. 0002308 

+0.0002017 

1—  4 

— 0.  OOOOOOI 

— 0.  OOOOOOI 

— 0.0000034 

— 0.0000021 

2+  I 

+0. 0000043 

— 0.0000046 

+0. 0000367 

— 0. 0000368 

2    O 

—0.0001730 

+0.0001609 

— 0.  OOII676 

+0.0012326 

2—  I 

+0.  0044940 

—0. 0048541 

+0. 0252693 

—0. 0327933 

2 —  2 

— 0.  0050749 

+0. 0786501 

—0. 0293938 

+0.4537504 

2-  3 

+0. 0001437 

— 0.0003109 

+0.0001228 

— 0. 0048500 

2—  4 

— 0.  0000012 

+0. 0000053 

— 0.0000035 

+0.0001197 

2-  5 

— 0.0000002 

— 0.0000015 

3+  I 

— 0. OOOOOII 

— 0.0000006 

3   o 

+0.  0000048 

+0.0000019 

+0. 0000501 

+0.0000174 

3—  I 

— 0.  0001257 

— 0. 0000449 

— 0.0012236 

— 0.0003071 

3—  2 

+0. 0026027 

+0. 0000998 

+0.  02I9IIO 

— 0.0009048 

3-  3 

— 0.  OI6II78 

+0. 0132642 

— 0. 1291000 

+0.  1061610 

3  -  4 

+0.0001 148 

— 0. 0000269 

+0.0015373 

— 0. 0011  111 

3-  5 

— 0.0000016 

+0.0000007 

—0. 0000359 

+0. 0000280 

3-6 

+0.0000004 

— 0.0000005 

4   o 

+0.0000001 

— 0.0000015 

4—  I 

+0.0000003 

+0. 0000032 

+0. 0000074 

+0. 0000397 

4—  2 

— 0.0000170 

— 0.0000645 

— 0.0002713 

— 0.0007194 

4—  3 

+0.0006156 

+0.0007381 

+0. 007041 1 

+0.0073737 

4—  4 

—0.0057514 

—0. 0007479 

— 0.0589015 

—0. 0076895 

4-  5 

+0. 0000322 

+0. 0000244 

+0. 0006986 

+0.0001979 

4-6 

— 0.0000005 

—0.0000003 

— 0.0000164 

— 0. 0000036 

s-  » 

+0.0000011 

— 0.0000005 

5-  2 

— 0.0000014 

+0.0000013 

—0.0000188 

+0.0000179 

S-  3 

+0.0000183 

— 0. 0000241 

+0. 0002167 

— 0.0003515 

5—  4 

— 0. 0000456 

+0. 0003394 

— 0. 0003340 

+0. 0043736 

5-  5 

— 0. 0009673 

—0.0013450 

—0.0120572 

—0.016787s 

5-  6 

+0.0000008 

+0.0000139 

+0. 0001083 

+0. 0002509 

5—  7 

— 0.  OOOOOOI 

—0.  OOOOOOI 

—0. 0000029 

— 0.0000054 

FERTURBATIONS  OF  SATURN  BY  NEPTUNE. 


169 


Axg=i'g'+ie 

a' 
A 

(" 

r 

COB* 

sin. 

COS. 

sin. 

«'   » 
6-3 

—0.0000008 

— 0.0000002 

— 0.  U000149 

—0. 0000029 

6-4 

-|-o.  0000128 

— 0.0000006 

+0.0002016 

—0.  0000272 

6-5 

— 0.0000976 

+0. 0000686 

— 0. 0014138 

+0.  001 1020 

6—  6 

-fo.  0000932 

— 0. 0004728 

+0.  OOI376I 

—0. 0069533 

^7 

— 0.0000032 

+0. 0000033 

— 0. 0000456 

+0.0000905 

6—  8 

+0.0000008 

— 0.000002 1 

7—  4 

—0.0000002 

— 0.0000004 

— 0. 000003s 

— 0.0000072 

7-  S 

+0. 0000036 

+0.  0000039 

+0. 0000697 

+0.  0000628 

7—  6 

— 0. 0000401 

— 0.0000086 

— 0. 0006964 

— 0. 0001 170 

7—  7 

+0.0001204 

— 0.0000752 

+0.0020415 

— 0. 0012716 

7—  8 

— 0.0000016 

0.  OOOOOOI 

—0. 0000360 

+0.0000087 

8-  5 

+0.0000001 

0.  OOOOOOI 

+0.0000017 

— 0. 0000036 

8-  6 

— 0.  OOOOOOI 

+0.  0000021 

— 0.0000007 

+0.0000413 

8-  7 

— 0.0000071 

— O.OOOOII9 

— 0. 0001478 

—0.  0002268 

8-  8 

+0. 0000408 

+0.  0000109 

+0. 0007822 

+0.  0002093 

These  expressions  are  now  changed  into  others  in  which  e  is  replaced  by  g ;  the 
formulae  and  numerical  data  for  this  transformation  have  already  been  given  (pages 
52,  53)- 


a 

(' 

)' 

Arg=i'</'+ijr 

COS. 

sin. 

COS. 

sin. 

i'   i 
0   0 

1.0268359 

1.2689572 

0—  I 

— 0.0031007 

+0.  0000838 

—0.0272166 

+0. 0087058 

0 —  2 

— 0. 0000245 

+0.  0000024 

—0. 0000325 

+0.0001 175 

0—  3 

—0.0000004 

+0.0000002 

— 0.0000004 

+0. 0000073 

0—  4 

— 0.  OOOOOOI 

+0.0000004 

1+  3 

+0.0000001 

— 0.0000003 

1+  2 

+0.  0000019 

+0.  0000020 

+0.0000044 

+0. 0000026 

1+  ' 

+0.0001 1 28 

+0. 0001439 

+0. 0004265 

+0. 0010612 

I   0 

—0.01031 13 

— 0.0208108 

— 0. 0385980 

— 0.0813494 

I —  I 

+0.2255 1 19 

+0.  2405231 

+0. 7945833 

+0. 8474697 

I—  2 

+0.0058113 

+0. 0058732 

+0. 0126855 

+0.0163834 

'-  3 

+0. 0002480 

+0. 0002485 

+0. 0006296 

+0. 0007868 

I—  4 

+0. 0000124 

+0.0000124 

+0. 0000325 

+0. 0000414 

'—  5 

+0.0000007 

+0.0000007 

+0.0000018 

+0. 0000024 

2+  2 

+0.0000006 

—0.0000007 

2+  I 

+0. 0000025 

—0.0000033 

+0. 0000270 

— 0. 0000272 

2   0 

— 0. 0002990 

+0.0002971 

—0.0018768 

+0. 0021527 

2—  I 

+0.0047751 

—0.0092579 

+0. 0268967 

— 0. 0581990 

2 —  2 

—0. 0049454 

+0. 0782935 

—0. 0286047 

+0.4518156 

2—  3 

— 0. 0001354 

+0. 0040783 

—0. 0014899 

+0. 0204783 
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a 

(z 

)' 

Aig=i'g'+ig 

COS. 

Bin. 

COS. 

sin. 

»'   i 
2—  4 

— 0. 0000048 

+0.0002250 

— 0. 0000837 

+0. 0011308 

2-  5 

— 0.0000002 

+0.  0000132 

— 0.  0000052 

+0.0000661 

2—   6 

0.0000000 

+0.0000008 

0.  0000003 

+0.  0000039 

3+  I 

— 0.  0000008 

— 0.0000004 

3   0 

+0. 0000083 

+0.  0000032 

+0.  0000844 

+0.  0000260 

3-  ■ 

— 0. 0002904 

— 0.  0000349 

— 0.  0026025 

— 0.  0001311 

3-  2 

+0. 0039446 

— 0.  0010155 

+0.0326512 

—0.  0098267 

3—  3 

— 0. OI587I4 

+U.0131791 

—0.  I27I383 

+0.  1054850 

3-  4 

— 0.  0012251 

+0.  0010819 

— 0. 0091958 

+0. 0077667 

3—  5 

— 0. 0000827 

+0.0000753 

-  0.  0006163 

+0.  000525  s 

3-6 

— 0.  0000054 

+0.  0000050 

—<J.  0000408 

+0.  0000348 

3—  7 

— 0.0000003 

+0.0000003 

— 0. 0000027 

+0.  0000023 

4   0 

— 0.  OOOOOOI 

0.0000026 

4—  I 

+0.  000002 1 

+0.  0000077 

+0.  0000318 

+0.  0000888 

4—  2 

—0. 0000867 

— 0.  0001285 

— 0.  0010463 

—0.0013591 

4-  3 

+0.0012530 

+0.0008129 

+0.0135606 

+0.0081418 

4—  4 

—0.0056325 

— 0. 0006804 

—0. 0576734 

— 0. 0070069 

4—  5 

— 0.  0006032 

— 0. 0000547 

—0.  0058103 

—0.  0006159 

4-  6 

— 0. 0000496 

^.0000036 

— 0. 0004666 

— 0.  0000452 

4—  7 

— 0.0000038 

— 0.0000003 

— 0. 0000350 

— 0.  0000032 

4-  8 

— 0.0000026 

—0.0000003 

5-  I 

+0. 0000025 

—0.0000019 

5-  2 

— 0. 0000029 

+0.  0000045 

— 0.  0000370 

+0.0000622 

5-  3 

+0.0000175 

—0.  0000694 

+0.0001805 

—0.  0009354 

5—  4 

+0.0000912 

+0.  0005205 

+0.  0013684 

+0.  0066298 

5-  5 

— u.  0009535 

—0.0012834 

—0. 01 18753 

— 0. 0160168 

5-6 

— 0.0001332 

— u.  0001 69 1 

— 0. OCI563I 

— 0. 0020339 

5—  7 

—0.  0OOOI3I 

—0.0000159 

—0.  0001488 

— 0. 0001885 

5-  8 

— 0. OOOOOII 

— 0.0000013 

—0.0000125 

— 0.  0000160 

6—  2 

+0. 0000020 

0. 0000000 

6-  3 

— 0.0000028 

+0.  0000004 

—0. 0000459 

+0.0000080 

6-  4 

+0.  0000270 

— 0.  0000146 

+0.  0004077 

— 0.  0002459 

6-5 

— 0.  0001098 

+0. 0001459 

—0.0015937 

+0.  0022366 

6—  6 

+0. 0000778 

— 0. 0004506 

+0.001 1529 

—0. 0066235 

6-7 

+0.0000:10 

— 0.  0000739 

+0.0001638 

— 0. 0010444 

6-  8 

+0.0000010 

—0.  0000081 

+0.0000160 

— 0.0001123 

7—  3 

+0.0000009 

+0.  0000012 

7—  4 

— 0. oooooi I 

— 0. OOOOOIO 

—0.  0000205 

— 0. 0000164 

7—  5 

+0.0000118 

+0.  0000042 

+u.  00021 17 

+0.  0000629 

7—  6 

— 0.  0000618 

+0.0000066 

— 0.  0010628 

+0.  0001411 

7-  7 

+0. 0001095 

— 0.  0000736 

+0.0018577 

—0.  0012434 

7—  8 

+0. 0000208 

—0. 0000147 

+0. 0003435 

— u.  0002371 

8-  4 

— 0.0000001 

+0.  OOOOOIO 

8-5 

0.0000000 

—0.0000007 

—0.0000008 

—0. 0000137 

8—  6 

+0.0000021 

+0.  0000045 

+0. 0000427 

+0. 0000874 

8-  7 

— 0.0000158 

— 0.0000136 

—0.0003143 

— 0. 0002574 

8—  8 

+0. 0000374 

+0. 0000081 

+0.0007151 

+0.0001563 
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The  expressiona  for  the  two  factors  by  which  (^J  must  be  multipUed  are 

i(S~"'5)=  *  ^9-65269181 

—  2[7.628i9o8J  COS   g'  +  2[7.45oso92]  cos  (—  g) 

—  2[4.9SS3      ]  cos  251'  +  2[s.5968      ]  cos  (-2*7) 

+  2[4.044i       ]cos(— 3^) 

^ain  if +  n')=  -   [7.8604435] 

—  2[9.6i3993i]  sin    g'  +  2[9.454o8s8]  cos   g' 

—  2[7. 24218    ]  sin  2g'  +  2[7.o8227     ]  cos  251' 

—  2[s.o465      ]  sin  351'  +  2[4.8866      ]  cos  sg' 

The  products  are 


li^^-oa 

^8in(/+JI')(|')' 

Arg=«'s'+ts 

COS. 

sin. 

sin. 

COS. 

i'      » 
0      0 

+0.0570160 

+0.013258 

0—  I 

— 0. 0068999 

+0. 0002754 

—0.  122353 

+0.567232 

0—  2 

—0. 000032s 

+0. 0000025 

—0.  003952 

+0. 010369 

0-  3 

— O.OOOOOII 

+0.0000003 

— 0.000185 

+0. 000505 

1+2 

0.0000005 

— 0.0000004 

0.00008 

— 0.00006 

1+  I 

-|-o.  0000581 

+0.0001562 

— 0. 01182 

+0. 00629 

I      0 

— 0. 0024662 

—0.00431 17 

+0.  1 5 198 

— 0. 22056 

I—  I 

+0.0275617 

+0.0295937 

+0.02166 

+0. 00201 

1—  2 

— 0.00091 15 

-0.0015739 

—0.  19389 

+0.  II 675 

I-  3 

— 0.0000213 

— 0.0000506 

—0.00917 

+0.00512 

I—  4 

— 0.0000006 

— 0. 0000023 

— 0. 00050 

+0. 00028 

2+  2 

+0.0000003 

— 0.0000002 

2+  I 

+0. 0000033 

—0.0000124 

+0.00051 

+0.00012 

2      0 

— 0.0001682 

+0.0013487 

^.05101 

+0. 00229 

2 —  I 

+0.0025682 

—0. 0277736 

+o-  57359 

— 0.08621 

2 —  2 

— 0. 0106082 

+0. 1636826 

+0. 02389 

+0. 00678 

2—  3 

— 0. 0001487 

+0. 0079848 

— 0. 07902 

— 0.  02243 

2—  4 

— 0.0000012 

+0. 0004384 

— 0. 00585 

— 0.00170 

3-  5 

+0.0000002 

+0. 0000254 

— 0.00041 

— O.OOOIl 

»-  6 

+0.0000001 

+0.  OOOOOIO 

3+  I 

— 0.0000004 

0.0000000 

3      0 

+0. 0000404 

+0. 0000057 

+0.00005 

+0.00152 

3-  » 

— 0.  001 1 II I 

+0.0001 180 

—0.01385 

—0. 02796 

3—  2 

+0. 0124610 

— 0. 0055267 

+0. 17770 

+0-  «39SS 

3-  3 

-0.0491933 

+0.0406944 

+0.00943 

+0. 01358 

3—4 

—0. 0036343 

+0.0032734 

—0. 01303 

—0.02541 

3-  5 

— 0.0002429 

+0. 0002272 

—0. 00135 

— 0. 00259 

3-6 

— 0.0000158 

+0.0000152 

— O.OOOIl 

— 0.00020 

3-  7 

—O.OOOOOII 

+0.0000010 
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i(^^-<.)(ir 

r;Bin(/+iI')(|)' 

Arg  =  i'g'+ig 

COS. 

Bin. 

sin. 

COS. 

i'       i 
4   0 

— 0.0000003 

— 0.  ooooon 

4—  I 

+0. 0000209 

-f  0. 0000329 

—0.00084 

-(-0.00091 

4—  2 

— 0. 0005291 

— 0. 0004864 

-(-0.  00598 

— O.OI56I 

4-  3 

+0. 0058429 

-(-0.0027851 

-fo.  00757 

-(-0. 08205 

4—  4 

—0. 0230505 

— 0.0028491 

— 0.  00135 

-\-o.  008^9 

4-  S 

— 0. 0024204 

— 0. 0002033 

■j-o.  00329 

— 0.00904 

4-6 

— 0. 0001969 

— 0.0000120 

-(-0. 00040 

— 0.00119 

4—  7 

— 0.0000148 

— 0.0000006 

-(-0.00004 

— 0.  0001 1 

4-8 

— 0.0000012 

0.0000000 

S-  I 

-|-o.  0000009 

— 0.0000011 

S-  2 

— 0.0000105 

-(-0. 0000294 

S-  3 

-(-0.0000194 

— 0. 0004030 

S—  4 

-1-0. 0007797 

-\-o.  0027024 

5-  S 

— 0. 0048298 

—0.0065511 

5-6 

— 0. 0006722 

— 0. 0008468 

S-  7 

— 0.0000659 

—0. 0000787 

S-  8 

— 0.0000057 

— 0.0000067 

fr-  2 

-f-o.  0000010 

—0.0000003 

fr-3 

— 0.0000186 

+0. 0000067 

6-4 

-|-o.  0001600 

— 0.0001252 

6-5 

— 0. 0006073 

-\-o.  0009807 

6—  6 

-|-o.  0004864 

— 0. 0027402 

6-  7 

-|-o.  0000640 

—0.0004447 

6—  8 

-|-o.  0000058 

— 0. 0000486 

7—  3 

-(-0.0000005 

-(-0.0000005 

7—  4 

— 0.0000098 

— 0.  0000058 

7-  5 

+0. 0000931 

4-0.0000173 

7—  6 

— 0. 0004461 

-\-o.  0000845 

7—  7 

-1-0. 0007789 

— 0.0005169 

7—  8 

-(-0. 0001461 

—0. 0001030 

8-4 

4-0.  OOOOOOI 

-(-0.0000005 

8-5 

— 0.0000012 

— 0.0000060 

8—  6 

-(-0. 0000218 

-1-0. 0000359 

8-7 

— 0.0001392 

— 0.0001030 

8—  8 

-(-0. 0003003 

-(-0. 0000665 

For  the  computation  of  a'^^n  we  have  (page  63) 


log  h  =  9.3366883 
log  hi  =  9-3359°^' 


log  I  =  9.3637S35« 
log  h  =  9.3644536« 
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We  have  then 


Arg=i'j'+ifl 

—a' 

Pf« 

Aig=i'g'+ig 

—a' 

^H 

008. 

sin. 

cog. 

sin. 

i'      i 

i'      i 

1  +  2 

— 0. 0000022 

— 0. 0000019 

2—  I 

— 0. 0036830 

—0. 0039265 

i  +  i 

— 0.0001080 

—0.0000975 

2  —  2 

— 0. 0001032 

— 0.0001099 

I       0 

-f  0.0182556 

+0.  0194612 

2  —  3 

— 0.  0000043 

— 0.0000046 

I  —  I 

— 0. 2167446 

—0.  2310759 

2-4 

— 0.0000002 

— 0.0000002 

I  —  2 

J-3 

1—4 

— 0.  0060702 
— 0.  0002550 
— 0.  0000127 

— 0.0064716 
— 0.0002718 
—0.0000135 

3      0 
3—1 
3  —  2 

+0.0000044 
— 0.  0000528 
— 0.0000015 

-|-o.  0000047 
—0. 0000563 
— 0.0000016 

i-S 

0.0000007 

— 0.0000007 

3  —  3 

— 0.  OOOOOOI 

— 0.  OOOOOOI 

2      0 

— 0.  0000018 
+0.  0003102 

— 0.0000017 
+0.  0003307 

4—1 

— 0.0000007 

— 0.0000008 

In  addition 


— -7j  sin  {f+II')  =  +0.82229  sii^  9'  ~  0-56900  cos  g' 
+  0.01397  sin  2g'  —  0.00967  cos  2g' 
+0.00020  sin  3p'  —  0.00014  cos  3g' 

The  logarithms  of  the  factors  which  depend  on  the  mass  of  Neptune  are 
log  ^  =  0.5211900  log  {ixa  sin  J)  =  8.2488067 

The  expressions  for  the  forces  are  then 


Arg=i' 

?'+«? 

ar 

in, 

dT 

0' 

da 

dZ 

siu. 

COS. 

COS. 

sin. 

siu. 

COS. 

t' 
0 

i 

0 

// 

" 

-l-o.  189316 

// 

// 

+0. 00023s 

0 — 

I 

— 0. 010295 

— 0.  000278 

— 0.022910 

+0.000914 

+0. 0100593 

— 0.  0021698 

0— 

2 

— 0.  000163 

— 0.000016 

— 0. 000108 

+0.000008 

+0.000184 

— 0. 000070 

0 — 

3 

—0.000004 

— 0.000002 

— 0.000004 

+0.000001 

—0.000009 

—0.000003 

1  + 

2 

+0.000002 

+0.000001 

— 0.000002 

— 0.000001 

1  + 

I 

— 0.000016 

+0.000154 

+0.000193 

+0.000519 

+0.000112 

— 0.  000210 

0 

— 0.008189 

—0.014317 

— 0.003911 

+0. 002695 

I  — 

I 

+0.0291 1 1 

— 0.031368 

+0.091516 

+0.  098263 

+0. 000035 

+0. 000380 

I — 

2 

— 0.001719 

+0. 003974 

—0. 003027 

— 0. 005226 

+0. 002070 

—0. 003438 

I — 

3 

— 0.000070 

+0.  000232 

—0.000071 

— 0.000168 

+0. 000089 

—0.000163 

I— 

4 

— 0.000004 

+0.  000015 

— 0.000002 

— 0.000008 

0.  000000 

— 0.000009 

2+ 

I 

— 0.000002 

— 0.000017 

+0.  OOOOI I 

— 0.000041 

0.000000 

+0.000009 

2 

0 

—0.000558 

+0. 004478 

+0.000041 

—0.000905 

2— 

I 

+0.  003626 

+0-043777 

+0. 008527 

— 0.092219 

—0.001529 

+0. 010172 
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Arg=»'9'+»5 

dr 

dZ 

sin. 

COS. 

009. 

sin. 

Bin. 

COB. 

i'   i 

2—  2 

—0- 033527 

— 0. 5I920I 

-0.035223 

+0.543491 

+0.  0001 20 

+0.  000424 

2—  3 

—0.001392 

-0. 040579 

— 0. 000494 

+0.026512 

—0. 000398 

— 0. 001401 

2—  4 

— 0.  000066 

— 0.  002986 

— 0.000004 

+0.001456 

— 0.000030 

—0. 000104 

2-  5 

—u.  000003 

— 0.000219 

+0.000001 

+0. 000084 

0.000000 

— 0.000007 

3—  6 

0.000000 

— 0.000016 

0.  000000 

+0.000003 

3   ° 

+0.000134 

+0.  000019 

+0.  000027 

0.000000 

3—  ' 

—  0.  001140 

+0. 000303 

—0.  003689 

+0.  000392 

— 0. 000496 

— 0. 000246 

3 —  2 

+0.026185 

+0. 006754 

+0.041375 

— 0.01835: 

+0. 002474 

+0.003151 

3—  3 

—0.  158099 

— 0.  131279 

—0. 1 6334 1 

+0.  135122 

+0.000241 

+0.000167 

3—  4 

— 0.  O16271 

— 0.  014369 

— 0.012067 

+0.  010869 

— 0.  00045 1 

— 0.000231 

3-  5 

-0.001373 

— 0.001250 

— 0. 000810 

+0.000754 

— 0.000046 

— 0.000024 

3—  6 

—0. 000108 

— 0.  oooioo 

— 0.000052 

+0.  000050 

3—  7 

—0.000007 

— 0.  000007 

—0.000004 

+0.000003 

4   o 

—0.00000 1 

— 0.000004 

4 —  I 

-|-o.  000005 

—0. 000023 

+0.  000069 

+0.  000109 

+0.  ooooiS 

— 0.000015 

4 —  2 

— 0.  000576 

+0.  000853 

—0.001757 

— 0.  001615 

— 0.000277 

+0.000106 

4—  3 

+0.01 248 1 

—0. 008097 

+0. 019401 

+0. 009248 

+0.  001455 

+0.000134 

4—  4 

—0. 074808 

+0. 009034 

—0. 076537 

—0.009460 

+0.000151 

— 0.  000024 

4-  5 

— 0. 010014 

+0. 000908 

— 0. 008037 

— 0.  000675 

— 0.  000160 

+0. 000059 

4—  6 

— 0.000988 

+0.000072 

— 0.  000654 

— 0.000040 

— 0.  000021 

+0.000007 

4—  7 

—0.000088 

+0.  000007 

— 0.000049 

— 0.000002 

4—  8 

— 0.000004 

0.000000 

5—  2 

— 0.000019 

— 0.000030 

— 0.000035 

+0.  000098 

5—  3 

+0.000174 

+0.  000691 

+0.  000064 

—0.001338 

S—  4 

+0.  OOI2II 

— 0.006912 

+0. 002589 

+0.  008973 

5-  5 

— 0.  OI583I 

+0.  021307 

—0.016037 

— 0.021752 

5—  6 

— 0. 002654 

+0. 003368 

— 0.002232 

— 0. 002812 

5-  7 

— 0. 000304 

+0. 000370 

— 0.000219 

— 0.000261 

S—  8 

— 0.  000029 

+0.  000035 

—0.000019 

—0.  000022 

6-  3 

— 0.  000028 

— 0.  000004 

—0.000062 

+0.  000022 

^4 

+0.000359 

+0.000194 

+0.000531 

—0.000415 

6-  5 

—0.001823 

—0. 002423 

—0.002016 

+0.00325S 

6—  6 

+0.  001550 

+0. 008976 

+0.  OOI6I5 

— 0. 009098 

6-  7 

+0.  000256 

-l-o.  001718 

fo.  000213 

— 0.  001477 

6—  8 

+0. 000026 

+0.  000215 

+0.000019 

—0.  000161 

7—  4 

— 0.000015 

+0.000013 

— 0.000033 

—0.000019 

7-  5 

+0.000196 

— 0.  000070 

+0. 000309 

+0.  000057 

7-  6 

—0.00123 1 

— O.OOOI3I 

— 0.  001481 

+0.000281 

7—  7 

+0.  002546 

+0.00I7II 

+0. 002586 

— 0.  001716 

7-8 

+0. 000553 

+0.  000390 

+0.  000485 

—0.  000342 

8-S 

0.000000 

+0.000012 

— 0.000004 

— 0. 000020 

8—  6 

+0. 000042 

— 0.  000090 

+0.000072 

+0.000118 

8-  7 

— 0.  000367 

+0.000316 

— 0. 000462 

— 0.  000342 

8—  8 

+0. 000994 

— 0.000215 

-i-o.  000997 

+0.000221 
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The  expressions  by  which  these  forces  must  be  multiplied  in  order  that  we  may 
1  dB 
n  dt 


obtain  T  and  ^  "^  have  already  been  given  (page  74),  and  the  resulting  developments 


are 


T 

1 

Xig=xy+i'g'+ig 

Aig=xr+i'g'-{-ig 

sin. 

COS. 

sin. 

COS. 

H       V       i 
I       0—  I 

// 
—0.  37621 

+0.00003 

X       i'      i 
—I       2—  4 

0.  00000 

—0.00019 

— I       0      0 

—0-  032935s 

—0. 0014737 

0      2—  5 

+0.00001 

+0.00066 

0      0—  I 

+0. 03088 

+0. 00083 

I       2—  6 

— 0.  OOOOI 

— 0.00042 

I       0—  2 
— I       0 —  I 

I       0-  3 
— I       0—  2 

0  0—3 

1  0—  4 

— 0. 00823 
4-0. 00037 
-\-o.  00049 
— 0. 00032 
+0.00001 

-|-o.  OOOOI 
— 0.  ooooi 

+0. 00036 

—0.00003 

+0.00005 

0.00000 

0.  00000 

+0.  OOOOI 

0.00000 

-I       3+  I 

I       3—  I 

-130 

0  3-  I 

1  3—  2 
-.       3-  I 

0      3—2 

+0.00004 
+0.00013 
—0. 00439 
+0. 00342 
—0. 00343 
+0. 08492 
-0.07855 

0. 00000 

0.  OOOOI 

+0.00066 
— 0. 00091 
— 0.00047 

f 0. 02437 

— 0. 02026 

-I       1+  2 

+0.00006 

+0.00005 

I       3-  3 

+0.  03787 

+0.01740 

0       1+   I 

+0.00005 

— 0.00046 

-1       3—  2 

— 0. 48361 

— o-  39943 

I       I       0 

+0.00001 

+0. 00043 

0      3-3 

+0.  47430 

+0. 39384 

-I       1+   I 

— 0. 00480 

+0. 01068 

I       3—  4 

—  0.  15090 

—0.  12563 

I       I —  I 

+O.OOIS3 

—0.00717 

— '       3—  3 

—0.02713 

—0. 02509 

— I       I       0 

+0.  14961 

— 0.  16060 

0      3—4 

+0.  04881 

+0.043 1 1 

0       I—  I 

—0.08733 

+0. 09410 

'      3—  S 

— 0.  02017 

— 0.01760 

1       I —  2 

—0. 03279 

+0. 03447 

—I       3—  4 

— 0.00162 

-0.00155 

— I       1 —  I 

— 0. 00799 

+0. 01484 

0      3-  5 

+0.00412 

+0.00375 

0       I —  2 

+0.00516 

— 0.01192 

I       3-6 

—0.00197 

— 0.00177 

I       I-  3 

— 0. 00214 

+0. 00456 

-I       3—  5 

— 0.  OOOIO 

— 0.  00009 

—  I       I—  2 

— 0.  00006 

+0.00022 

03-6 

+0. 00032 

+0. 00030 

0       1—3 

+0.00021 

— 0.00070 

«       3—  7 

— 0.00018 

— 0.00015 

I       1—  4 

— 0.00013 

+0. 00035 

—  140 

+0.00004 

—0.  0001 1 

-I       2+  2 

0. 00000 

— 0.  00003 

0      4—  I 

— 0.  OOOOI 

+0.00007 

0      2+  I 

+0.00001 

+0.00005 

I       4—  2 

+0.00007 

— 0.  0001 1 

I       2      0 

+0.00001 

+0.00006 

—  I       4—  I 

— 0.00217 

+0. 00286 

—I       2+  1 

—0.00029 

— 0.00172 

0      4—2 

+0.00173 

—0. 00256 

I       2—  I 

— 0.00019 

— 0. 00425 

>       4—  3 

— 0. 00169 

+0. 00149 

— I       2      0 

+0.01386 

+0. 15007 

—  I       4—  2 

+0. 04020 

— 0. 02503 

0       2—  I 

—0. 01088 

—0.  13133 

0      4—3 

—0. 03744 

+0. 02429 

I       2—2 

+0.  00445 

+0. 08363 

I       4-  4 

+0. 01826 

— 0.00853 

— I       2 —  I 

— 0.  10276 

-1. 58983 

-I      4-  3 

— 0. 22822 

+0.02851 

0       2—  2 

+0.  10058 

+1.55760 

0      4—4 

+0.  22442 

— 0.02710 

1       2—  3 

— 0. 03181 

—0.49060 

I      4-  5 

—0.07174 

+0. 00850 

— I       2 —  2 

+0.00044 

—0. 05033 

—I      4—  4 

— 0.  OI98I 

+0.  00150 

0      2-3 

+0.00418 

+0.  I2I74 

0      4—5 

+0. 03004 

— 0.  00272 

I       2—  4 

— 0. 00225 

—0. 05367 

I      4-6 

— 0. 0II8I 

+0.001 1 1 

—I       2—  3 

+0.00006 

— 0.00249 

-I      4—  5 

— 0. 00145 

+0.00007 

0      2—4 

+0. 00020 

+0. 00896 

0      4 —  6 

+0. 00296 

— 0.00022 

I      2—  s 

— 0.00015 

— 0. 00466 

I      4—  7 

— 0.00134 

+0.  OOOI I 
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1   ../ _/   ■   .■- 

T 

Arg=xx+iV'+«? 

T 

Aig=xr-r»  y  t-h/  | 

sin. 

COB. 

sin. 

COS. 

X 

i'    i 

4—  6 

—  0.  OOOII 

0.00000 

X       i       i 

I      6-  7 

// 
+0.00144 

+0. 00861 

0 

4—  7 

-|-o.  00026 

— 0.00002 

—I       6—  6 

+0. 00054 

+0.00393 

4—  8 

— 0.00014 

-|-o.  OOOOI 

0      6—  7 

—0.00077 

— 0.00515 

o 

5 —  ' 

5 —  2 

5—  3 
5 —  2 

—0.00007 
+0.00006 
— 0.00003 
+0. 00048 

— 0.00015 
+0.  00009 

— 0.  OOOIO 

+0. 00233 

I       6-  8 
-I       6-  7 

0  6—8 

1  6-9 

+0.  00030 
+0.  00004 
— 0.00008 
+0.00003 

+0.00191 
+0. 00039 
— 0. 00064 
+0. 00029 

5—  3 

— 0.00052 

— 0. 00207 

—I       7—  3 

— 0.00004 

+0.00005 

5—  4 

+0.00005 

+0.00126 

0      7—4 

+0.  00004 

— 0.00004 

—I 

S—  3 

+0. 0041 1 

— 0. 02168 

I      7-  5 

—0.00004 

+0.00002 

5—  4 

—0. 00363 

+0. 02074 

—  I       7—  4 

+0.  00063 

— 0.00021 

5-  5 

+-0. 00251 

— 0. 00847 

0      7-  5 

— 0.  00059 

+0. 00021 

—I 

5—  4 

— 0.04800 

+0. 06536 

I       7-  6 

+0.  00029 

— 0.00005 

5-  5 

+0. 04749 

— 0. 06392 

—I       7—  5 

—0.  00383 

—0.00043 

5—  6 

— 0.01526 

+0.  02041 

0      7-6 

+0.  00369 

+0. 00039 

-I 

5-  5 

— 0.  00580 

+0.00721 

I       7—  7 

— 0.  00142 

— 0.00027 

5—  6 

+0. 00796 

0.  OIOIO 

—  I       7—  6 

+0.  00785 

+0.00518 

S—  7 

— 0. 00301 

+0. 00387 

0      7—  7 

— 0. 00764 

—0.00513 

—I 

S—  6 

— 0.  00052 

+0.00062 

I       7—  8 

+0.  00243 

+0.  00166 

S—  7 

+0.00091 

— 0.  001 1 1 

—  I       7-  7 

+0.  00131 

+0.00093 

S—  8 

— 0.  00039 

+0. 00048 

0      7—8 

— 0.00166 

— 0.00117 

—I 

5—  7 

—0.  00005 

+0.00005 

I       7-  9 

+0.00062 

+0.  00044 

5—  8 
5—  9 

+0.  oooog 
— 0.00004 

— 0.  OOOIO 
+0.00005 

-I       8-  4 
0      8-  5 

0.00000 
0.00000 

+0.  00004 
— 0.00004 

—I 

6-    2 

— 0.  OOOIO 

0.  00000 

I       8-  6 

— 0.00001 

+0.  OOOOI 

6-3 

+0.00008 

+0.  OOOOI 

-.       8-5 

+0.00013 

—0. 00028 

6-4 

—0.00006 

— 0.  00003 

0      8—6 

— 0.  00013 

+0. 00027 

—I 

6-  3 

+0.00114 

+0.  00066 

I       8-  7 

+0.00007 

—0. 0001 1 

o 

6-4 

— 0.00108 

—0. 00058 

—I       8-  6 

— 0. 00115 

+0.  00096 

6-  5 

+0.  00051 

+0. 00040 

0      8—7 

+0.  00110 

— 0.  00095 

—I 

6-  4 

—0.  00563 

— 0.  00762 

I       8-  8 

— 0.00045 

+0. 00033 

o 

6-  5 

+0.  00547 

+0.  00727 

-I       8-  7 

+0. 00303 

— 0.00068 

6—  6 

—0.00189 

— 0.0031 1 

0      8—8 

— 0. 00298 

+0.  00064 

—I 

6-  5 

+0.  00494 

+0. 02743 

I       8—  9 

+0.00099 

— 0.00021 

o 

6—  6 

— 0.  00465 

— 0. 02693 
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Axg=xy+i'g'+ig 

IdR 

n  dt 

Aig=xr+i'g'-{-ig 

IdR 
n  dt 

COS. 

sin. 

008. 

sin. 

X      i'      i 
I       0—  I 

+0.  00056 

-fo.  00029 

K      i'      i 
—I       2—  2 

// 
— 0.00021 

+0.  00072 

—  I       0      0 

+0. 0050243 

+0. 001 1042 

I       2—  4 

+0. 00020 

— 0.00068 

I       0—  2 

— 0.00500 

— 0.00109 

-I       2-  3 

aooooo 

— 0.  OOOOI 

— I      0 —  I 

-0.  00033 

— 0.00006 

I       2-  5 

+0.00003 

— 0.00007 

I       0—  3 

—0.  00023 

—0.00006 

-I      3+  • 

0.00000 

0.00000 

-I       1+  2 

0.00000 

+0.00006 

I      3-  ' 

— 0. 00003 

+0.00001 

I       I       0 

— 0.00022 

— 0.00021 

—130 

— 0.00022 

+0.00008 

-I       1+   I 

— 0.00195 

—0.00137 

I      3-  2 

+0. 00035 

— 0.00025 

I       I —  I 

-|-o.  00195 

+0.00133 

—I      3-  I 

+0. 00126 

— 0.00158 

— 1       I       0 

+0. 00021 

— 0.00003 

«      3-  3 

— 0.00122 

+0.00156 

I       I —  2 

+0.00013 

+0. 00037 

—  I       3—  2 

+0.00001 

+0.00005 

—I       I—  I 

+0. 00103 

+0.00174 

■       3—  4 

—0.00017 

+0.00013 

I       I—  3 

— 0. 00103 

—0.00170 

—I       3—  3 

— 0.00023 

+0.00013 

—1       I—  2 

— 0.00005 

— 0.00006 

I       3-  5 

+0. 00022 

— 0.00012 

—I       I—  4 

— 0.00007 

— 0.00013 

—I       4—  I 

— 0.00012 

— 0.00005 

I       2      0 

0.00000 

+0.00004 

I       4—  3 

+0. 00020 

+0.00004 

-I      2+  I 

u.  00000 

+0.00031 

—I       4—  2 

+0. 00074 

— 0.00007 

I      2—  I 

—0.00008 

—0.00088 

I       4—  4 

— 0. 00072 

+0.00007 

—  120 

—0.  00076 

— 0.00513 

—  I       4—  3 

+0.00002 

+0.00002 

I      2—  2 

+0.  00077 

+0. 00505 

I       4-  5 

— 0. 0001 1 

—0.  OOOOI 

—  I       2—  I 

-|-o.  OOOIl 

+0. 00024 

—  1       4—  4 

— 0.00009 

— 0.00003 

J      2-  3 

— 0. 00006 

+0. 00041 

I       4-  6 

+0.00008 

+0.00003 

The  table  of  logarithms  of  the  integrating  factors  follows ; 


Arg. 

log  .,    "  . 

Arg. 

I  n  +tn 

Arg. 

log  .,  ,1- 
«  n  +in 

Arg. 

log   ,--_" 

»'      » 

i'      i 

i'       i 

t       » 

0—  I 

0. ooooow 

2—  4 

9.  4386o« 

4-  5 

9. 368o6» 

6-  6 

9.  3074n 

0—  2 

9. 69897« 

2-  5 

9-  3332» 

4-6 

9. 2770« 

6-  7 

9.  227I» 

0-  3 

9.  5229» 

2—  6 

9.  2485« 

4—  7 

9.  201 7» 

6-  8 

9. iS94» 

4-  8 

9. i376» 

6-9 

9.  ioo9» 

1+  2 

9.6618 

3+  > 

9-8'3S 

1+  I 

9. 9286 

3      ° 

0.  2706 

5-  I 

0.  9740n 

7—  3 

9. 7574" 

I      0 

0.  74772 

3-  I 

0-3337S" 

5—  2 

9. 9562» 

7-  4 

9.  56o9« 

I—  I 

0.  o8553« 

3-  2 

9-  834S5« 

5—  3 

9.  6765n 

7-  5 

9.426in 

I—  2 

9- 73963" 

3-  3 

9.  6084 1 « 

5—  4 

9.  5078« 

7—  6 

9- 3234" 

I—  3 

9.  54956" 

3—  4 

9.  46o46« 

5-  5 

9.  3866« 

7-  7 

9.  2404n 

I—  4 

9. 4I78« 

3-  5 

9- 35031" 

5-6 

9. 29l9n 

7—  8 

9.  i7o8« 

I—  5 

9.  3i68« 

3-6 

9.  2625K 

5—  7 

9.  2I42B 

7—  9 

9.  iio8« 

2+  2 
2+  I 

9. 6275 
9-  8673 

3-  7 
4      0 

9.  i895» 
0. 1457 

5-8 
5-  9 

9. I484« 
9.09i2n 

8-4 
8-5 

9.  sgoin 
9-  4473" 

2      0 

0. 44669 

4—  I 

0.  54525" 

6-  2 

0.  0327» 

8-  6 

9. 340i« 

2—  I 

0.  i92i5» 

4—  2 

9.  89H2« 

6-3 

9-7I50" 

8-  7 

9.  254I» 

2 —  2 

9.  7  845o« 

4-  3 

9.  64II2n 

6-4 

9-  5335" 

8—  8 

9.  I924n 

2—  3 

9-  S7799» 

4—  4 

9. 48347" 

6-5 

9. 4059« 

8-9 

9.  I209n 

25  AST- 


-12 
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In  integrating  we  put 

Jco=  +  o".3763         fci  =  —  o".o492         fc,  =r  —  o".oo2S         hj=  -\-  o".ooa5 

And  we  have 


^4  =  +  o".ooo5 


Aig=i'g'+is 

d.St 
dt 

1  dv 
ndt 

COB. 

sin. 

sin. 

COS. 

i'      i 
o      o 

" 

" 

" 

+0. 0000207 

O —    I 

— 0. 0329 

+0.0015 

—0.  0162 

+0.  0014 

— 0.  ooi4737n/ 

_o.o3293SS«/ 

— 0.  ooo7368n/ 

+0.  oi64677«/ 

O—    2 

— 0.0012 

+0.0001 

+0.0018 

+0.0001 

— 0.00004 1 2«/ 

—0.  00092  24»^ 

—0. 00004 1 2«/ 

+0. 0009224K/ 

1+    I 

0.0000 

+0. 0024 

+0.0001 

—0.0014 

I        o 

+0. 00543 

+0.01726 

— 0. 00161 

+0.  00070 

I —  I 

— 0.9611 

—1. 0316 

+0.  4094 

— o.  4394 

I —   2 

— 0.0311 

-0. 0384 

+0. 0279 

—0. 0334 

'-  3 

— 0.0012 

— 0.0016 

+0.0018 

—0. 0022 

2+    I 

0.0000 

+0.0002 

0.  0000 

— 0. 0001 

2        0 

— 0.00002 

+0. 00413 

— 0. 00020 

— 0. 00284 

2—    I 

—0-  0533 

+0. 5784 

+0. 0205 

+0.  2302 

2—   2 

— 0.  1 1 18 

+1.7242 

+0.0751 

+  ••'559 

2—   3 

— 0.0032 

+0. 0690 

4  0.  0042 

+0. 0779 

2—  4 

— 0. 0001 

+0. 0032 

+0.0003 

+0. 0053 

3      o 

+0.0002 

0.0000 

0.0000 

0. 0000 

3-  ' 

+0.01360 

+0.00335 

— 0.00491 

+0.00060 

3—  2 

+0. 1438 

— 0.0448 

—0.  0852 

— 0. 0238 

3-  3 

-0.  1765 

+0.  1479 

+0.  1382 

+0.  1 167 

3-4 

— 0. 0105 

+0.0092 

+0.0122 

+0.0106 

3-  5 

—0.0007 

+0.0006 

+0.  0009 

+0.0008 

4—   1 

— 0.00008 

— 0.00033 

+0.00003 

— 0. OOOIO 

4—  2 

—0.0068 

—0.0086 

+0.  0036 

—0. 0048 

4—  3 

+0.0198 

+0.01 1 1 

—0.  01 3 1 

+0.  0082 

4—  4 

—0. 0475 

—0.0058 

+0.  0405 

—0. 0047 

4—  5 

—0.0040 

— 0.0005 

+0.  0047 

— 0.  0005 

4-6 

+0.0002 

0.0000 

+0.0007 

0.0000 

5-  2 

— 0.0006 

+0.0013 

+0.0003 

+0.0007 

5—  3 

+0.  0002 

— 0.0014 

— 0.0002 

— 0.  0010 

5—  4 

+0.0013 

+0. 0055 

— 0.0008 

+0.  0041 

5-  5 

—0.0068 

— 0.  0091 

+0.  0061 

—0. 0082 

5-6 

— 0.0006 

— 0. 0010 

+0.0008 

— 0.0012 

6-4 

+0.0003 

—0.0002 

— 0.0002 

— 0.  0001 

6-s 

— 0.0009 

+0.0013 

+0.  0008 

+0.0010 

6—  6 

+0.0005 

— 0.0029 

—0.0004 

— 0.0027 

^7 

0.0000 

— 0.0004 

—0.  0001 

— 0.0005 

7-  S 

+0.0001 

0.0000 

— 0. 0001 

0.0000 

7-  6 

— 0.0004 

0.0000 

+0.0004 

+0.0001 

7—  7 

+0.0008 

—0.0004 

— 0.0006 

— 0.0004 

7-  8 

+0.0001 

— 0. 0001 

— 0.  0001 

— 0. 0001 

8-  7 

—0.0002 

— 0. 0001 

+0.0001 

— 0. 0001 

8—  8 

+0.0001 

0.0000 

— 0.0002 

+0.0001 
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In  fine  we  have  the  perturbations  of  Saturn  by  Neptune.  Here  we  give  a  single 
accent  to  the  symbols  belonging  to  Saturn  and  three  accents  to  the  mean  anomaly  of 
Neptune. 


n 

Sz' 

V 

' 

u' 
cosi' 

Arg=»y"+i9' 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

i'      i 
0      0 

" 

" 

// 

— 0. 0620 

+0.  OO0O207«'/' 

// 

// 

+0.0003 

— 0.  oo0423o»'/ 

0 —  I 

0.0000 

0.0000 

-0.0327 

—0.0007 

0.0000 

0.0000 

-J-o.  ooi4737«'/ 

— 0.  o329355«'/ 

+0. 0007363B''/ 

+0.  oi64677«'/ 

+0.  ooii042n'/ 

-fo.  oo50243«'/ 

0—  2 

+0.0004 

0.0000 

+0.0007 

0.0000 

+0.  0001 

—O.OOOI 

-|-0.  0000206«'/ 

— 0. 000461 2«'/ 

+0.  0000206»''< 

+0.00046 1 2«'/ 

+0.  oooo309n'^ 

+0.  oooi407«'/ 

«+  I 

0.0000 

— 0.  0020 

—0.  0001 

— 0.0012 

— 0.  0013 

+0.0012 

I      0 

+0. 0304 

—0. 0965 

+0. 0090 

+0.0039 

—  0.0041 

+0.  0028 

I  —  I 

+11703 

—I.  2561 

+0.  4984 

+o-  535° 

+0.0013 

+0.0001 

1  —  2 

+0.01 7 1 

— 0. 021 1 

+0-OI53 

+0.0183 

—0.0009 

+0.0015 

t-  3 

+0.0004 

—0.0006 

+0.0006 

+0.0008 

2      0 

— 0. 0001 

— 0. 0116 

+0.0006 

— 0. 0079 

+0.  0003 

—0. 0027 

2 —  I 

+0. 0829 

+0.  9001 

+0.0319 

-0. 3582 

—0.  0026 

+0.0175 

2 —  2 

+0. 0681 

+  1.0498 

+0. 0457 

—0.  7037 

—0.0003 

+0.0008 

2-  3 

+0.0012 

+0. 0261 

+0.0016 

—0. 0295 

2—  4 

0.0000 

+0.0009 

+0.0001 

—0.0015 

3      0 

+0.0004 

0.0000 

0.0000 

0.0000 

3-  I 

— 0. 0293 

+0. 0072 

— 0.0106 

— 0.0013 

— 0.  0004 

0.0000 

3-  2 

— 0.0982 

— 0. 0306 

—0. 0582 

+0.0163 

— 0.0022 

—0.  0028 

3-  3 

+0.0716 

-|- 0.0600 

+0. 0561 

—0. 0474 

O.OOOI 

— O.OOOI 

3—  4 

+0. 0030 

+0. 0027 

+0. 0035 

— 0. 0031 

3—  5 

+0.0002 

+0. 0001 

+0.0002 

— 0.0002 

4—  I 

+0.0003 

— 0.0012 

+0. 0001 

+0.0004 

4—  2 

+0. 0053 

— 0.0067 

+0. 0028 

+0. 0037 

+0.0004 

—0.0002 

4-  3 

—0. 0087 

+0. 0049 

—0.0057 

—0. 0036 

— 0.0004 

—O.OOOI 

4—  4 

+0.0145 

—0.0018 

+0.0123 

+0.0015 

4-  5 

+0.0009 

— O.OOOI 

+0. 001 1 

+0.0001 

5-  2 

+0.0005 

+0.0012 

+0.0003 

— 0.0006 

S-  3 

— 0. 0001 

-U.OO07 

—O.OOOI 

+0.0005 

5—  4 

^.0004 

+0.0018 

— 0.0003 

— 0.0013 

5-  S 

+0.0017 

—0. 0022 

+0.0015 

+0. 0020 

5-6 

+0.0001 

— 0.0002 

+0.0002 

+0.0002 

6-4 

— O.OOOI 

—0.0001 

— O.OOOI 

0.0000 

6-s 

+0.0002 

+0.0003 

+0.0002 

— 0.0003 

6-  6 

— O.OOOI 

— 0.0006 

— O.OOOI 

+0.0005 

6-  7 

0.0000 

— O.OOOI 

0.0000 

+0.0001 

7-6 

+0.0001 

0.0000 

+0.0001 

0.0000 

7—  7 

— O.OOOI 

— O.OOOI 

— O.OOOI 

+0.0001 

CHAPTER  VI. 


PERTURBATIONS  OF  JUPITER  BY  NEPTUNE. 


In  this  case  also  first-order  terms  suffice.  The  elements  of  the  two  planets  have 
already  been  given  (pages  19,  161).  The  coefficients  of  the  terms  of  the  develop- 
ments of  the  reciprocal  of  the  distance  between  Jupiter  and  Neptune,  and  its  odd  powers, 
are  functions  of  the  six  elements 


log  a  =9.2380919  J    =      o     56     53.38 

e  =  0.04824277  Tl  =  196      4      4.53 

e' =  0.0084962  72'=  227     24    47.47 

H  and  IT  are  measured  from  the  ascending  node  of  the  orbit  of  Neptune  on  that  of 
Jupiter.  The  developments  will  be  made  first  in  terms  of  the  eccentric  anomaly  of 
the  latter  planet. 

The  values  of  the  auxiliary  constants  are 


0 

/ 

II 

log  fe      =  9-9999955 

K    =31 

20 

5°-47 

log  ii     =  9.9999450 

K,  =31 

20 

35-43 

log  J)      =9-2675773 

P     =13 

53 

1.47 

\Qgv      =9.5387100 

V    =31 

22 

43-86 

log  w     =  9.5385860 

W   =  17 

26 

35-35 

log  M-i       =  9.5390766 

W,  =  i7 

28 

47-54 

log  \y%  =  5.5420182 

D  =  1.0298308  —  [8.2302547]  cos  e'  -f  [5.8584494]  cos*  f'  +  [8.6834322]/co8  F 

The  circumference  will  be  divided  into  eight  parts  with  reference  to  g' ,  the  mean 
anomaly  of  Neptune.     For  three  points  of  division  we  have 


9' 

e 

45° 

45° 

20' 

46".64 

90 

90 

29 

12   .40 

135 

135 

20 

31    -76 

160 
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We  get  the  following  table  of  values  of  D,  log/,  and  F  : 


i8i 


9' 

•d 

log/ 

F-9' 

0 

o 

1.0271856 

9-  5383650 

0 

3« 

3  45-80 

45 

I.02I784S 

9. 5368144 

3t 

33   22-27 

9° 

1. 021 1885 

9.  5368308 

3« 

56  48. 30 

'35 

1.0257276 

9.  5381879 

31 

56   6.93 

i8o 

1.0326568 

9-  5395481 

31 

33  35- 96 

225 

I- 0379352 

9. 5403230 

3« 

6  29.59 

270 

1.0385560 

9.  5405918 

30 

48  57.11 

315 

I. 0341396 

9. 5400099 

30 

47   8. 07 

S 

4. I 195869 

8- 1553357 

125 

23   7-  «7 

S' 

4. I 195869 

8-  J553352 

125 

23   6. 86 

Employing  the  same  method  as  in  the  preceding  chapter,  we  have  the  following 
values  of  log  «!"': 


lOgOo 

1   <" 
log  a. 

log  Oil 

loga^ 

logoi 

log  Ob 

i 

logoe 

(0) 

0. 0038932 

8.  9430342 

8.0571682 

7- 2167845 

6.  397480 

5- 5903s 

4.  791 17 

(0 

0. 0050731 

8. 9450050 

8.  0599259 

7. 2203281 

6.  401808 

59546 

4-  79706 

(2) 

0.0052126 

8.9454332 

8.0606412 

7-  2213302 

6.403097 

59705 

4. 79894 

(3) 

0. 0042225 

8.  9438341 

8. 0584363 

7.2185203 

6.  399684 

59303 

4.  7943" 

(4) 

0. 0026867 

8.  9406253 

8. 0535630 

7.2119846 

6.  391486 

58317 

4.  78279 

(5) 

0.0015122 

8.9379116 

8-  0493179 

7. 2062100 

6. 384182 

57433 

4.  77243 

(6) 

0.0013828 

8.  9377920 

8. 0492080 

7. 2061098 

6. 384092 

57425 

4-  7723s 

(7) 

0. 0023676 

8.9401337 

8. 0528997 

7.21114^8 

6.  390480 

58199 

4. 78144 

S 

0.0131753 

5. 7668847 

2. 2205804 

88. 8562091 

85.576155 

82 

34482 

79- 1452s 

S' 

0.0131754 

5. 7668844 

2.  2205798 

88.  8562082 

85.576154 

82 

34481 

79.  14524 

(S) 

logOo 

(3) 

logai 

(3) 

log  Oa 

logOj 

,     (S) 

(3) 

1   <" 
logos 

(°) 

0.0314812 

9.4412053 

8. 7749893 

8. 0796296 

7-  368805 

6. 64838 

5- 92143 

(I) 

0. 0350934 

9. 4455847 

8. 7801476 

8. 0855698 

7-375529 

6.65590 

s-  92973 

(2) 

0. 0355384 

9. 4463096 

8. 7811567 

8. 0868642 

7.377108 

6.65776 

S-93«88 

(3) 

0.0325122 

9. 4426928 

8. 7769403 

8. 0820459 

7.371687 

6.65172 

s-  92523 

(4) 

0.0277517 

9. 4363094 

8.  7689093 

8.0723610 

7.  360346 

6-  63873 

5. 91058 

(5) 

0. 0240883 

9.4311526 

8.  7622367 

8.0641668 

7. 350628 

6. 62750 

5-89782 

(6) 

0.  0237010 

9-4307747 

8.  7618684 

8. 0638081 

7-  350278 

6.62715 

5.89748 

(7) 

0. 0267786 

9.4351689 

8.  7675989 

8.0708801 

7- 358694 

6. 63690 

5. 90858 

S 

0. 1184723 

7- 7545990 

5.0869237 

92. 3026629 

89-  456537 

86. 57202 

83.66137 

S' 

0.1184725 

7- 7545990 

5- 086923s 

92. 3026626 

89.456538 

86. 57202 

83. 66136 

l82 
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The  values  of  the  coefficients  A  for  the  development  of  [D— /cos  («— F)]    '  and 

_3 

[D— /cos  («— F)]   ',  no  division  by  an  integer  being  made,  are 


Ai^' 

Ai 

a1" 

a;" 

Ai" 

A^ 

(°) 

1.0090047 

+  7'5'30i 

-  4'52547 

+  53332 

_ 

7 
100834 

7 
—  916 

(') 

1. 01 1 7498 

750774 

461089 

51915 

102386 

'352 

(2) 

I. 0120748 

748351 

466655 

50598 

'03254 

1694 

(3) 

1.0097700 

745694 

464791 

50383 

10271 1 

'673 

(4) 

1.0062056 

7432" 

456511 

5  "47 

100903 

'329 

(S) 

1. 0034881 

742136 

447830 

52219 

99111 

932 

(6) 

1.0031891 

744206 

4439 » 5 

53214 

9854S 

686 

(7) 

1.0054665 

+  748465 

—  4459'9 

+  53773 

— 

99332 

—  669 

S 

4. 0304742 

+2987069 

-1819628 

+208291 

— 

403539 

—4625 

S' 

4. 0304744 

+2987069 

—  1819629 

+208290 

— 

403540 

— 4626 

A^" 

aI" 

a1" 

A 

(c) 
^6 

aI" 

a"" 
A» 

Ai" 

(o) 

7 
— 16448 

7 
— 1406 

7 
—2064 

354 

-163 

7 
—  61 

7 

+  7 

(0 

16553 

1491 

2035 

365 

149 

62 

10 

(2) 

16560 

1550 

1999 

37" 

137 

62 

'3 

(3) 

10455 

1536 

1985 

367 

136 

61 

'3 

(4) 

16238 

1456 

1987 

355 

«4S 

60 

10 

(S) 

16050 

1369 

1998 

342 

'55 

59 

7 

(6) 

16059 

1328 

2025 

337 

164 

59 

5 

(7) 

—16247 

-«343 

—2058 

— 

343 

—168 

-  60 

+  5 

S 

-6530s 

-5740 

-8075 

— 

1417 

— 609 

—242 

+35 

S' 

—65305 

—5739 

-8076 

— 

1417 

-608 

—242 

+35 

Ai" 

aI" 

a!" 

a;" 

Ai" 

Ar' 

(0) 

1. 0751800 

+2365838 

7 
— 1425066 

+  278487 

-  526537 

—  6681 

(0 

1.0841600 

2377329 

1460037 

272595 

537603 

99' 2 

(2) 

1.0852715 

2371275 

1478675 

265858 

542528 

12429 

(3) 

I-07773S5 

2351904 

1465940 

263505 

537'8' 

12219 

(4) 

1. 0659865 

2326990 

1429340 

265562 

523905 

9638 

(5) 

1.0570324 

2310597 

'394294 

269616 

511729 

6723 

(6) 

1.0560902 

2315666 

1381283 

274592 

508519 

4946 

(7) 

1.0636007 

+2339952 

-1394093 

+  278783 

- 

-  5 '4979 

—  4841 

S 

4.  2825282 

+9379778 

—5714364 

+1084499 

_ 

-2101489 

—33694 

S' 

4.  2825286 

+9379782 

—5714364 

+1084499 

- 

-2101492 

-3369s 
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Ai" 

Ai=' 

Ai" 

As 

As 

Ae 

Ai" 

(o) 

—119938 

7 
—13157 

— "9324 

7 
—  4044 

-1859 

—  829 

+  93 

(«) 

121374 

14031 

19153 

4192 

1712 

839 

•38 

(2) 

121508 

14601 

18832 

4266 

1575 

837 

173 

(3) 

12017s 

14405 

18610 

4205 

1558 

825 

169 

(4) 

1 1 7736 

I3SS4 

18492 

4030 

1645 

803 

132 

(5) 

115727 

12677 

1 849 1 

3861 

1756 

785 

92 

(6) 

115721 

12287 

18731 

3812 

1852 

787 

67 

(7) 

-1 17629 

-12487 

— 19124 

-  3893 

-1905 

-807 

+  67 

S 

—474903 

— 53S99 

-75379 

-16152 

—6931 

-3256 

+46S 

S' 

—47490s 

—53600 

-75378 

—16151 

-6931 

-3256 

+466 

The  following  are  the  formulae  for  mechanical  quadratures  in  the  case  of  the  di- 
vision of  the  circumference  into  eight  parts : 

If 

(0,4)  =  To  +  Y4  (i)  =  To  -  Y4 

(i.S)  =  Ti  +  T5  (i)  =  Ti-T= 

(2.6)  =  T^  +  Ts  (I)  =  T^  -  Te 

(3.7)  =  Ts  +  T,  (^)  =  T3  -  T, 

(0.2)  =  (0.4)  +  (2.6) 
(i-3)  =  (i-S)  +  (3-7) 


Then 


2(Co  +  C4)  =  (0.2) 
2(60  —  04)  =  (1.3) 

4  Cj  =  (0,4)  —  (2.6) 

4»J  =(i-S)-(3-7) 


2(c,  +  (h)  =  (i) 

2(c,  -  C3)  =  [(i)  -  m  COS  45° 

2(8,  +  «3)  =  [(i)  +  (f )]  COS  45° 
2(S,-S3)=     (I) 


The  quantity  J/j  is  so  small  that  we  may  neglect  the  terms  multiplied  by  it,  and 
thus  may  take  [D  —/cos  (c  —  F)J    '  as  the  equivalent  of  -^  . 


a' 

A 

(" 

ir 

Arg=i'ff'+»£ 

COS. 

ein. 

COS. 

sin. 

i'      i 
0   0 

1. 0076186 

1. 0706321 

0—  I 

—0. 0007326 

— 0.0000090 

— 0. 0029278 

— 0. 0025664 

0 —  2 

+0. 0000303 

+0.0000021 

+0.0001607 

+0.0000170 

0-  3 

0.0000000 

0.0000000 

—0.0000002 

—0.0000005 

1+  2 

+0.0000001 

+0.0000002 

+0.0000007 

+0. 0000018 

«+  » 

+0. 0000937 

—0. 0000690 

+0. 0002899 

— 0. 0002370 

I   0 

+0.0013995 

+0. 0044427 

+0.0045952 

+0.0145895 

I—  I 

+0. 1493534 

—0. 0909814 

+0. 4689890 

—0.  2857182 

I—  2 

— 0.  OOOI26I 

+0.0001343 

—0. 0010542 

+0.0003051 

«—  3 

+0. 0000059 

— 0.0000031 

+0. 0000440 

— 0.0000217 

I—  4 

— 0.0000002 

— 0.  OOOOOOI 

— 0.  OOOOOOI 

0.0000000 
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Aig=i'g'+ii 

a' 

A 

(z 

)' 

COB. 

sin. 

COS. 

sin. 

i'      i 

2+  I 

+0.  ooooon 

+0.0000002 

+0.0000051 

+0.0000017 

2   O 

— o.  OOOOI34 

+0.0000003 

— 0. 0000488 

— 0. 0000359 

2—  I 

-fo.  0015404 

+0. 0004056 

+0. 0068064 

+0.  0029958 

2 —  2 

+0. 0104145 

— 0.0201770 

+0. 0542249 

—0.  1050745 

2—  3 

—0.0000045 

+0. 0000399 

— 0.  OOOI4I5 

+0. 0002640 

2—  4 

+0.0000006 

— 0.0000012 

+0.  0000066 

— 0.0000109 

3   o 

+0.0000001 

— 0.0000002 

+0.0000015 

— 0.  OOOOOI I 

3-  ' 

+0. 0000041 

+0. 0000066 

+0. 0000049 

+0. 0000406 

3—  2 

+0. 0003445 

— 0. 0001271 

+0. 0023460 

— 0. 0005665 

3—  3 

— 0. 0002313 

—0. 0032652 

— 0. 0016847 

—0. 0237452 

3—  4 

+0. 0000036 

+0. 0000074 

+0.0000148 

+0. 0000741 

3—  5 

0.0000000 

— 0.0000003 

0.  0000000 

— 0.0000030 

4—  2 

+0.0000031 

+0.  OOOOOI  I 

+0. 0000193 

+0. 0000132 

4-  3 

+0. 0000457 

— 0.0000609 

+0. 0004375 

—0. 0004838 

4—  4 

— 0. 0002870 

— 0. 0004038 

— 0. 0026800 

— 0. 0037689 

4-  5 

+0.0000013 

+0.0000008 

+0. 0000131 

+0. 0000120 

4-  6 

—u.  0000003 

— 0.0000006 

5-  3 

+0.0000009 

— 0.0000003 

+0. 0000088 

— 0.0000005 

S-  4 

+0.0000014 

— 0. 0000148 

+0. 0000250 

— 0.0001573 

5-  5 

—0. 0000708 

— 0. 0000304 

— 0. 0008076 

—0. 0003465 

5-6 

+0. 0000004 

— 0.  OOOOOOI 

+0. 0000040 

+0.0000005 

6-4 

+0.0000002 

— 0.0000002 

+0.  0000022 

— 0.0000017 

6-5 

— 0.0000013 

— 0. 0000026 

— 0. 0000145 

— 0. 0000334 

6—  6 

— 0. 0000121 

+0. 0000017 

— 0.0001628 

+0.0000233 

7-  S 

0.0000000 

— O.OOOOOOI 

+0. 0000002 

— 0. 0000008 

'-' 

— 0.  0000004 

— 0.  0000003 

— 0.0000066 

—0. 0000045 

These  expressions  are  now  changed  into  others  dependent  on  the  argument 
i'g'-\-ig.  The  formulae  and  data  for  this  transformation  have  already  been  given 
(pages  52,  53). 


Aig=i'g'+ig 

A 

(1)' 

COS. 

sin. 

COB. 

Bin. 

i'      i 

0  0 

0 —  I 
0 —  2 
0—  3 

1+  2 

1+  • 

1  0 

1.0076363 

—0.0007335 

+0. 0000125 
+0.0000009 

+0.  OOOOOIO 
+0.  OOtX1502 

— 0. 00.^2054 

— 0.0000091 
+0. 0000019 
+0.0000001 

— 0.0000006 
— 0.0000431 
+0. 0066390 

I.  0707027 
— 0.  0029329 
+0.  0000898 
+  0.  0000049 

+0.  0000033 
+0.  0001533 

— 0. 0067243 

— 0. 0025664 
—0.0000448 
— 0.0000019 

— 0.0000013 
— 0.0001539 
+0.0214871 
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Aie=i'g'+ig 

a' 
A 

(S 

' 

• 

COS. 

sin. 

COS. 

BID. 

%•     i 
I —  I 

+0. 1492726 

-0.0909350 

+0. 4687669 

—0.  2855666 

I —  2 

+0. 0034722 

— 0. 0020578 

+0. 0102446 

— 0.  0065780 

"—  3 

-f-o.  0001299 

— 0. 0000728 

+0. 000,1016 

—0.  0002558 

I—  4 

+0. 0000055 

— 0.0000034 

+0.0000183 

—0.0000115 

2+  I 

+0.0000007 

+0.0000001 

+0. 0000028 

+0.0000013 

2      0 

— 0. 0000506 

— 0.000009s 

^.0002131 

—0.  0001082 

2—  I 

+0. 0010373 

+0.0013786 

+0.0041871 

+0.  0080620 

2 —  2 

-|-o.  0104277 

— 0. 0201231 

+0. 0542730 

—0.  1047770 

2—  3 

+0. 0004978 

—0. 0009306 

+0. 0024736 

— 0. 0047896 

2—  4 

+0. 0000246 

—0.0000451 

+0.0001224 

— 0. 0002355 

2-  5 

-|-o.  0000013 

— 0.0000022 

+0.0000063 

— 0.0000121 

3—0 

0.0000000 

— 0.0000004 

+0.0000014 

— 0.0000021 

3—  « 

— 0.0000127 

+0.0000099 

— 0.0001097 

+0. 0000472 

3—  2 

-)-o.  0003605 

+0. 0001094 

+0. 0024622 

+0.0011523 

3—  3 

— 0.0002138 

—0.0032549 

—0.0015644 

—0.0236554 

3—  4 

—0.0000123 

— 0. 0002282 

— 0.0001012 

— 0.0016378 

3-  5 

— 0.0000007 

— 0. 0000138 

—0. 0000057 

— 0.0000991 

3-6 

0.0000000 

—0.0000007 

— 0.0000003 

— 0.0000059 

4—  I 

0.0000000 

— 0.0000002 

— 0.0000004 

— 0.0000013 

4—  2 

—0.0000009 

+0. 0000046 

— 0.0000186 

+0. 0000393 

4—  3 

+0. 0000732 

0.0000216 

+0. 0006941 

— 0.0001179 

4—  4 

— 0.0002812 

—0. 0004045 

— 0.0026252 

—0. 0037701 

4-  5 

— 0. 0000257 

— 0. 0000382 

— 0.0002419 

— 0.0003512 

4-6 

— 0.0000018 

— 0.0000027 

— 0.0000172 

— 0.0000252 

4—  7 

— 0.  OOOOOIl 

— 0.0000017 

S-  3 

-|-o.  0000006 

+0.0000010 

+0. 0000028 

+0.0000131 

S—  4 

+0.0000100 

— 0.0000112 

+0.0001223 

— 0.0001142 

s-  S 

—0. 0000697 

— 0.0000314 

— 0.0007941 

— 0. 0003567 

S-6 

— 0.0000080 

— 0.0000038 

— 0.0000923 

— 0.0000420 

S-  7 

— 0.0000007 

— 0.0000003 

— 0.0000076 

— 0.0000034 

6-4 

+0.0000004 

+0.0000001 

+0. 0000028 

+0. 0000025 

6-5 

+0.0000004 

— 0.0000029 

+0.0000093 

— 0. 000036s 

6-  6 

— O.O0OOI2I 

+0. 0000014 

— 0.0001611 

+0. 0000188 

6-7 

—0.0000017 

+0.0000003 

—0. 0000233 

+0. 0000029 

There  are  now  computed  certain  values  of  the  Besselian  function  J/  corresponding 
to  the  multiples  of  half  of  the  eccentricity  of  Neptune's  orbit,  by  the  method  of  page  52. 


Values  of  log  Jj" 

t 

2 

1  =  ^ 

1  =  ^ 

2 

0 

9.9999922 

9.9999686 

9.9999295 

I 

7.6281908 

7.9292090 

8.1052808 

3 

4-9554 

5-5574 

5-9096 

3 

2.1064 

3-0095 

3-5378 
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With  these  we  obtain  the  expressions  for  the  two  multipliers  of  (  ^  . 


a'Y 


rrsin  {/  +  !!)  = 


+  2[6.8s846    ]  cos  (—  g)  —  2[7.628i9]  cos  g' 
+  2[4.9396      ]  cos  (-2g)  -  2[4.9SS3  J  cos  251' 

17-97234     ] 

-  2[9-S2935o8]  sin    g'  -  2[9.s6s9853]  cos  g' 

—  2[7-iS754    ]  sin  2p' -  2[7.i94i7     Jco8  2tf' 


The  expressions  for  the  products  are 


Arg=i' 

?+<? 

Arg=i' 

9'+i9 

COS. 

sin. 

COB. 

sin. 

i' 

i 

t' 

i 

0 

0 

+0.5193540 

3— 

3 

0.  0007705 

— O.OII4S33 

0 — 

I 

—0.0018686 

—0. 0000325 

3— 

4 

0. 0000395 

— 0. 0007946 

0 — 

2 

+0. 0000161 

+0. 0000053 

3- 

5 

—0.0000019 

— 0. 0000479 

0— 

3 

+0.0000012 

+0.0000002 

3- 

6 

0.0000000 

— 0. 0000029 

>  + 

3 

+0.000001 1 

— 0. nooooii 

4— 

I 

+0.0000003 

— 0.0000009 

1  + 

I 

+0.0000818 

— 0.0000751 

4— 

2 

0.0000200 

+0. 0000151 

0 

—0. 01 20187 

+0. 0102154 

4— 

3 

+0.0003415 

+0. 0000406 

I— 

I 

+0.  2273652 

— 0. 1385221 

4— 

4 

0.0012736 

—0.00182 1 6 

I— 

2 

+0. 0050765 

—0. 0029533 

4— 

5 

— O.OOOII58 

— 0. 00017U 

I— 

3 

+0.0001958 

— 0. 0001 108 

4- 

6 

0.0000081 

— 0.0000123 

I  — 

4 

+0. 0000088 

— 0.0000049 

4— 

7 

0.0000005 

—0.0000008 

2+ 

I 

+0.0000006 

+0.0000013 

5— 

3 

— 0.  0000014 

+0. 0000070 

3 

0 

— 0.  0000906 

— 0.0001389 

5- 

4 

+0. 0000699 

— 0. 0000397 

2 — 

I 

+0.0000790 

+0. 0050475 

5- 

5 

— 0. 0003842 

— 0.0001714 

2 — 

2 

+0.0262751 

—0.0507951 

5- 

6 

— 0.  0000446 

— 0. 0000207 

2— 

3 

+0.0012440 

— 0.0022972 

5— 

7 

— 0.0000037 

— 0. 0000016 

2 — 
2— 

4 
5 

+0. 0000620 
+0.  0000032 

— 0.0001116 
— 0.0000057 

6— 
6— 

4 
5 

+0.0000009 
+0. 0000078 

+0.0000017 
— 0. 0000162 

3 

0 

+0.0000016 

— 0.0000017 

6— 

6 

— 0.0000777 

+0. 0000093 

3- 

I 

— 0.0000734 

— 0.0000081 

6— 

7 

— 0.0000II4 

+0.  0000014 

3- 

2 

+0. 0009624 

+0. 0009868 

Arg. 

^sin(/  +  ir')(^')' 

sin. 

COS. 

i'       i 
0      0 

0 —   1 

0 —  2 

0—  3 
0—  4 

+0.  2635842 
+0.0061272 
+0.0002412 
+0.00001 10 

+0.0052523 
-0. 0759927 
— 0.0014797 
— 0. 0000582 
— 0.0000027 
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For  the  computation  of  a'paH  we  have 
log  h  =  9.169560P 

log  A]  =  9.1690072 

And  the  expression  for  a'pH  follows 


log  {  =  8.9536702 
log  li  =  8.9542630 


-'; 

> 

-a'^H 

A.Tg=i'g'+ig 

Arg=i'g'+ig 

COS. 

Bin. 

COB. 

sin. 

i'      i 

i'      i 

1+  2 

—0.0000008 

+0.0000007 

2      0 

+O.OOO1817 

— 0. 0001 107 

1+  I 

— 0. 0000497 

+0. 0000360 

2 —  I 

— 0.  0025076 

+0.0015274 

I      0 

+0.0106923 

—0.0065130 

2 —  2 

— 0.0000604 

+0. 0000368 

I—  I 

—0. 147578s 

+0.0898888 

2—  3 

— 0.0000022 

+0.0000013 

I—  2 

-0.0035576 

+0.0021669 

3      0 

+0. 0000026 

— 0.0000016 

»-  3 

— 0.0001286 

+0. 0000784 

3-  ' 

—0.  0000360 

+0.0000219 

I—  4 

— 0. 0000055 

+0.  0000034 

3—  2 

—0.0000009 

+0.0000005 

'-  5 

—0.0000003 

+0.  0000002 

4—  I 

— 0.0000005 

+0.0000003 

2+  1 

—0.0000008 

+0.0000006 

The  logarithms  of  the  factors  which  depend  on  the  mass  of  Neptune  are 
log  fi  =  0.2576408  log  (>*«  sin  J)  =  7.7144717 

The  expressions  for  the  forces  are 


Aig=i'g'+ig 

ar 

dii 

dr 

sin. 

COS. 

COS. 

sin. 

i'       i 

// 

1 

// 

„ 

0      0 

+0.028117 

0—  I 

—0.0013275 

+0.0000165 

— 0.0027182 

+0. 0000507 

0 —  2 

+0. 0000452 

— 0.  0000069 

+0.0000179 

+0. 0000079 

1+   I 

— 0.000001 

— 0.000013 

+0.000013 

— 0.000032 

I       0 

— 0. 000405 

+0.000693 

I —  I 

+0. 003066 

+0.001893 

+0. 009321 

—0. 005730 

I —   2 

—0. 000309 

— 0. 000395 

—0. 000393 

+0. 000439 

I—  3 

+0.000007 

— 0.000014 

+0.000004 

+0.  OOOOIO 

2      0 

+0.000211 

— 0.000443 

2—  I 

— 0. 002661 

— 0. 005259 

—0. 005334 

+0. 01065a 

2 —  2 

+0. 037527 

+0. 072707 

+0. 038008 

—0. 073655 

2—  3 

+0.002691 

+0. 005046 

+0.001797 

-0.003313 

2—  4 

+0. 000177 

+0. 000326 

+0. 000089 

— 0.000161 

2-  5 

+0.000012 

+0. 000020 

0.000000 

— 0.000008 
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Aig=i'g'+ig 

ar 

in 

dr 

ain. 

COS. 

COS. 

SID. 

i'       i 
3   o 

" 

// 

+0.  000008 

—0.  000006 

3—  I 

—0.000088 

— 0.000058 

—0.000187 

+0.000016 

3-  2 

+0.001302 

—0.  000398 

+0.  001414 

+0.001688 

3—  3 

— 0.001161 

+0.017672 

—0  0OI201 

—0.017783 

3-  4 

— 0.000089 

+0.001652 

— 0. 000060 

0.  OOI23I 

3-  5 

—0.000006 

+0.000125 

0. 000000 

—0.  000074 

3-6 

0.000000 

+0.000007 

4—  2 

— 0.000003 

— 0.000017 

—0.000035 

+0. 000023 

4—  3 

+0.  000397 

+0.  0001 17 

+0. 000552 

+0.000093 

4—  4 

— 0. 002036 

+0.  002928 

—0.002051 

— 0.002931 

4-  5 

— 0.  000233 

+0.  000346 

— 0. 000186 

—0.  000275 

4-6 

— 0.000019 

+0. 000030 

— 0,000013 

— 0,000020 

5-  3 

+0.000003 

— 0. 000005 

0.000000 

+0.000012 

5—  4 

+0.  000072 

+u.  000081 

+0.0001 17 

— 0.000062 

5—  5 

— 0.000631 

+0. 000284 

— 0. 000632 

— 0.  000282 

S-6 

— 0.000087 

+0. 000042 

— 0.  000074 

— 0.000034 

5-  7 

— 0.  000009 

+0.  000004 

—0.000006 

0.  000000 

6-4 

+0.  000003 

— 0.  OOOOOI 

6-5 

+0.000004 

+0. 000026 

+0.  000014 

—0.000027 

6-  5 

— 0.  000131 

— 0.000015 

— 0.  000130 

+0.  000015 

6-7 

— 0  000021 

— 0.000002 

— 0.  000019 

0.000000 

Arg. 

dZ 

sin. 

COS. 

i'  i 
0       0 

0—  I 

0 —  2 

0—  3 

+0.0013659 
+0. 000032 
+0.000001 

+0.  000034 

—0. 0003937 
— 0.000008 
0.000000 
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The  expressions  for  the  multipliers  A,  B,  and  C  have  already  been  given  (page 


73),  and  we  obtain  the  following  expressions  for  T  and  - 


m 

n  dt 


Alg  =  K 

y+i'9'+ig 

T 

Ai:g=Ky+i'g'+ig 

T 

sin. 

COS. 

sin. 

COB. 

X 

i'      i 
0 —  I 

// 
—0.  05597 

— 0.00002 

H      V      i 
0      3—2 

// 
— 0.00391 

// 
+0.  OOII9 

— I 

0      0 

— 0.0040184 

+0. 0000833 

I      3-  3 

+0.  00136 

—0.  00167 

0 

0—  I 

+0. 00398 

— 0.00005 

—I       3—  2 

—0,00365 

+0-  05327 

I 

0—  2 

— 0.  00131 

— 0.00002 

0      3—3 

+0. 00348 

—0. 05302 

— I 

0 —   I 

+0.  00020 

— 0.00004 

I       3-  4 

— 0.  001 1 1 

+O.OI739 

0 

0 —  2 

— 0.  00014 

+0.00002 

—I       3—  3 

— 0.00013 

+0. 00284 

I 

0—  3 

+0.00006 

0.  OOOOO 

0      3—4 

+0.  00027 

— 0. 00496 

—I 

0 
I 

1+  2 

1+  I 
I       0 

«+   « 

+0.00001 
0.00000 
0.00000 

— 0.00012 

— 0.  00002 
+0.00004 
— 0.00004 
— 0.00050 

I       3—  5 
— •       3—  4 

0  3-  5 

1  3-6 

— 0.00012 

0.00000 

+0.00002 

— 0.  OOOOI 

+0. 00206 
+0.00015 
—0.00037 
+0. 00018 

I 

I —  I 

— 0.00019 

+0. 00032 

—I      4—  I 

— 0.00002 

— 0.00005 

— I 

I       0 

+0.01544 

+0. 00949 

0      4 —  2 

+0.00001 

+0.00005 

0 

I —  I 

— 0.  00920 

—0. 00568 

I       4—  3 

—0.0000 1 

—0.00002 

I 

I  —  2 

—0.00313 

— u.  00187 

—  I       4—  2 

+0. 00125 

+0. 00028 

— I 

1 —  I 

— 0.  00115 

— 0.00132 

0      4—3 

— 0.00119 

—0.0003s 

0 

I —  2 

+0. 00093 

+0.001 18 

I       4—  4 

+0. 00055 

— 0.  OOOIO 

I 

1—  3 

—0.  00038 

— 0.00044 

._,       4-  3 

— 0.00617 

+0. 00880 

— I 

I —  2 

+0.00004 

0.  OOOOO 

0       4—4 

+0.0061 1 

—0.00878 

0 

I-  3 

— 0.00002 

+0.  00004 

I      4-  5 

— 0.00200 

+0. 00288 

I 

I—  4 

0.00000 

— 0.00002 

-I       4—  4 

— 0.00046 

+0. 00069 

—I 

I 
— I 

0 

I 

2+  I 
2 —  I 
2      0 
2 —  I 
2—  2 

+0.00007 
+0.  00024 
—0.  00883 
+0.  00798 
—0. 00545 

+0.00015 
+0. 00046 
— 0.01766 
+0.01578 
—0. 01045 

0  4—5 

1  4—  6 
-I       4-  5 

0      4 —  6 
i           14-7 

+0. 00070 
—0. 00028 
— 0.  00002 
+0.00006 
— 0.00004 

— 0. 00104 
+0. 00041 
+0.00005 
— 0.00009 
+0.00004 

— I 

2 —  I 

+0.1 1348 

+0.  21990 

-.      5-3 

+0. 00024 

+0. 00023 

0 

2—  2 

—0.  1 1258 

— 0. 2I8I2 

0      5-4 

—0. 00022 

— 0.00024 

I 

2—  3 

+0. 03680 

+0.07128 

I      S-  5 

+0.00012 

+0.00006 

— I 

2—  2 

+0.00358 

+0. 00643 

-1      5-  4 

— 0.00192 

+0.00085 

0 

2-  3 

— 0.00807 

— 0.  OI5I4 

0      5-  5 

+0.00189 

— 0.00085 

I 

2—  4 

+0.  00356 

+0. 00672 

I      5-6 

— 0.00062 

+0. 00028 

— I 

2-  3 

+0.00017 

+0. 00028 

-1      5-  5 

—0.00018 

+0.00009 

0 

2—  4 

—0.00053 

— 0.00098 

0      5—  6 

+0. 00026 

— 0.00013 

I 

2-  S 

+0.  00028 

+0.00051 

I       S-  7 

—0.00012 

40.00006 

—I 

2—  4 

0.00000 

+0.00001 

—  I       6—  4 

+0.  onnoi 

+0.00008 

0 

2—  5 

— 0.00004 

— 0.00006 

0      6—  5 

—0.0000 1 

— 0.00008 

I 

2—  6 

+0.00002 

+0.00004 

I       6-  6 

+0.00001 

+0.00002 

— I 

3      0 

—0.00031 

— 0.00016 

-1       6-5 

— 0.00039 

— 0.00005 

0 

3—  I 

+0.  00026 

+0.00017 

0      6—6 

+0. 00039 

+0.00004 

I 

3-  2 

— 0.00018 

0.  OOOOI 

I       6-7 

—0.  00013 

—0.  OOOOI 

—I 

3-  • 

+0. 00398 

— 0. 00162 
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-  -3T  =  +o".ooo6825  COS  (  — ;/)4-o".oooi987  sin  {—y) 
The  logarithms  of  the  integrating  factors  follow  : 


Arg. 

log  ,  ," 
^  t'n'  +  in 

Arg. 

log   " 
'^i'n'  +  in 

Arg. 

log   ," 
^i'n'  +  in 

Arg. 

log    " 
^i'n'  +  in 

t'   i 

i'   i 

i'  i 

i'   i 

0 —  1 

0.  oocxxJn 

2   0 

0.  84172 

3—  3 

9- 55532" 

4-  6 

9. 24321" 

0—  2 

9.  69897K 

2—  I 

0.  0675  IK 

3—  4 

9. 42204« 

5—  3 

9. 5784" 

0-  3 

9.  52288" 

2—  2 

9-73>42« 

3-  5 

g. 3202i» 

5-  4 

9.  4389" 

1+  I 

9. 96981 

2-  3 

9.  54424" 

3-  6 

9.  23777« 

5-  5 

9-  3335" 

I   0 

I.  14275 

2—  4 

9. 4I386» 

4—  I 

0.  14749" 

5-6 

9. 2487"    1 

I—  I 

0.  03245n 

2-  5 

9- 31372" 

4—  2 

9.  76649« 

5-  7 

9.  1778" 

I—  2 

9. 7i489n 

3   0 

0.  66563 

4—  3 

9.  5667o« 

6-  4 

9. 4476» 

«—  3 

9-  S3343« 

3-  I 

0.  io566» 

4—  4 

9-  43039" 

^  5 

9-  3403" 

2-1-  I 

9.94158 

3—  2 

9.  7486cm 

4-  5 

9.  32679" 

6—  6 
6-  7 

9. 2542» 

9. 1825" 

In  integrating  we  put 

/!;o=  +  o".o56o 


fci=:  — o".Oo6o 


fe2=+o".OOOI 


Aig=i'g'+ig 


+  ' 
o 

—  I 

—  2 

—  3 

2 —  O 
2 —  I 
2 —  2 

"—  3 

2—  4 

3—  I 
3—  2 
3—  3 

3—  4 

4—  3 
4—  4 

4-  5 


dSz 
If 


— o. 0040 
-|-o.  0000833K/ 

0.0000 
-(-o.  ooooo20nr 

o.  0000 
— o.  00013 
— o.  2259 
— o.  0060 

— u.  0002 

-fo.  00016 
-|-o.  0680 
+0. 0863 
+0. 0033 

-f-o.  0002 
+0.0016 

+0. 0034 

— 0.0009 
-|-o.  0001 

+0.0004 

— u.  OOII 

— o.  0001 


— o.  0001 

— o.  0040 1 84n/ 

o.  0000 
— o.  oooo968«/ 

— 0.0005 
— 0.00079 
+0.  1389 
+0.  0042 
+0.0001 

— o.  00029 
— o.  1 361 
— o.  1674 
— 0.0062 
— o.  0002 

— 0.0009 
+0.  0019 

—0.0155 

— 0.0008 

— u.  0001 

— 0.0014 
— 0.0002 


1  dv 
n  dt 


+0.  0040 
— o.  00004 1  6m/ 
u. 0000 

— O.  r-ooOOZOnl 

o.  0000 
— o.  00020 
+0.  1064 

+0.0057 
+0.0003 

+0.00012 
—0.0319 
— u.  0614 

— o.  0038 
— o.  0002 

— 0.0008 

— 0.0023 

+0.0008 

0.0000 

— 0.0003 
+0.  0009 
+0.0002 


- -0.  OOOOOIO 
o.  0000 

— u.  0020092n/ 

o.  0000 
— o.  oooo968«/ 

+0.  0003 
— o.  00008 
+0.  0654 
+0.  0038 
+0.  0002 

+0. 00023 
— o.  0635 

— O.  1 1 89 

— o.  0072 
— 0.0003 

— o.  0004 
+0.0008 
— 0.0126 
— 0.0010 

— o.  ooot 
— 0.0013 
— 0.0002 
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Aig=i'g'"+ig 

nSz 

V 

u 
cost 

sin. 

C08. 

COS. 

sin. 

sin. 

cos. 

«'     > 

// 

// 

II 

/» 

// 

// 

0     0 

—0.0093 

— 0.  oooooion/ 

— 0. 0000494M/ 

0—  I 

0.0000 

0.0000 

+0. 0020 

0.0000 

—0.  oooo833«/ 

— 0.00401 84»/ 

—0. 00004 1 6«/ 

+0.  0020092W/ 

+0.  oooi987«^ 

+0.  ooo6825»/ 

0 —  2 

— 0.  OOOOOIOB/ 

— 0. 0000484^1/ 

— 0.  O0O0OIO«/ 

+0.  oooo484«/ 

+0.  ooooo48n/ 

+0.  ooooi65n/ 

J+  « 

0.0000 

+0.0005 

0.0000 

+0.0003 

I      0 

— 0.0018 

+0.0110 

+0.0028 

— 0. 0011 

I —  I 

+0.  2434 

+0. 1497 

+0.1 147 

— 0. 0705 

I —  2 

+0.0031 

+0. 0022 

+0. 0030 

—0.0020 

2      0 

+0. 001 1 

+0. 0020 

—0.0008 

+0. 0016 

a—  I 

—0. 0794 

— 0. 1590 

— 00373 

+0.0742 

2 —  2 

— 0. 0465 

— 0. 0902 

—0. 0331 

+0. 0641 

*-  3 

— 0.  OOI2 

— 0.0022 

— 0.0013 

+0. 0025 

3-  » 

— 0.0020 

— 0. 001 1 

— 0. 0010 

+0.0005 

3—  2 

— 0.0019 

+0. 001 1 

— 0.0013 

— 0.0004 

3—  3 

+0.0003 

— 0.0056 

+0.0003 

+0. 0045 

3—4 

0.  onoo 

—0.0002 

0.0000 

+0.0003 

4—  3 

— 0. 0001 

0.0000 

— 0. 0001 

0.0000 

4—  4 

+0.0003 

—0.0004 

+0.0002 

4-0.0004 

CHAPTER  VII. 

PEETUEBATIONS  OF  JUPITER  AND  SATURN  BY  THE  FOUR  INTEKIOR  PLANETS. 

Here  we  need  take  account  only  of  the  secular  terms,  toe  constant  terms  of  v, 
and,  m  the  action  of  Venus  and  the  Earth,  of  the  terms  of  nSz  and  v,  which  depend 
on  the  single  multiple  of  the  elongation  of  the  disturbing  planet  from  the  disturbed. 
The  terms  to  be  derived  are  so  few  and  small  that  they  may  most  readily  be  got  by 
an  algebraical  development  of  ■^• 

The  elements  of  the  interior  planets  for  the  epoch  1850.0  needed  for  the  compu- 
tation are 


Mercury. 

VennB. 

Earth. 

Mars. 

7t 

75°     7'  i3"-62 

129°  27'  42".83 

100°   21'  39". 

73 

333°  17'  5«"-74 

i 

7°     0'     7".7i 

3°  23'  35"-oi 

000 

1°   51'      2".24 

Q 

46°  33'     8".63 

75°  19'  53"-o8 

480  23'  54".S9 

e 

0.20560476 

0.006843 1 1 

0.01677114 

0.09326803 

n 

5381016". 260 

2io664i".3S7 

i29S977"-4i6 

68905o".784 

log  a 

9.5878217 

9-8593378 

0.0000000 

0.1828971 

m 

I 

I 

I 

I 

5000000 


425000 


322800 


3093500 


In  this  case 


Action  of  Mercury  on  Jupiter. 


log  a         =8.8715885     logfc^"'      =0.30163         log6|"        =8.87249 


dft' 


db^ 


<r6i' 


^*^^  ""d^  =  7-74588        log  a-g^  =  8.87430        log  a'-gJ   =7.75129 
The  constant  term  of  v  is  given  by  the  formula 

6  m'\_  i   ^     da  J 


and  in  this  case  is 


y  =  +  o".oi38 


log  afc^"     =  8.22481 

•J i_ 

dof 


^og  <^-A-  =  6-9720 


We  have  also  the  following  terms  in  — 

a'  I 

-^  =  [7-32172]  («^  +  O  -  [7-92378]  sin*  -J  -  [6.S9io6]ec'  cos  {IT  - 11) 
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In  which  we  have 

log  sin  ^J  =  8.7391  TI'  —  n=  296°  4^ 

From  this  expression  it  is  easy  to  find  that  the  secular  terms  of  nSz,  y,  and  --—■  are 

//  If 

n6z-=  —  o.ooooos9«/ sin  (— </)  —  o.ooooi37«/co8  (— </) 

V  =  —  o.ooooo30«/  COS  {—g)  +  o.ooooo69«/  sin  {—g) 

u 

+  o.ooooo8o«/  sin  ( — g)  —  o.ooooi7i«/  cos  { — g) 


cos  % 


Action  of  Venus  on  Jupiter. 


In  this  case 


log  a  =  9.1431046         logfcj"'       =0.30315  logfcj"       =9.14628  logftj"       =8.16479 

loga-g^  =8.29574  log«^  =9.15264  loga-g*-  =8.46937 

d'fc'"'  <f6*"  <?&'" 

^°^  "^"3^  ^  8-31457  log  o*-^  =  7-79914  log  a»-g^  =  8.48344 

^^     '3^'^^"^^'°'  log  «^-^- =  7-83341  log  tr>-g^  =  7-47526 

3<l(0)  /?*?)'"  /?*/l"' 

log  <if*-5Jj- =  7.48662  log  a*-^-i- =  7.20768  log  o^-j-A- =  7.52801 


.<i&'°'       .  ,        ,'^61'* 


log  a  6","     =8.77923  loga"6;°'     =8.63965 

log  a^^^  =8.41003  log  a*-ji-  =8.81022  loga'6'"     =7.54622 

da  "'Ot 

j2r(o)  d'6'"  dft'" 

log  a^-^  =  8.46044  log  «'-5^  =  8-14175  '^g^'-S^  =8-33395 

log  o^-g^  =  8.38980 

The  constant  term  of  v  is 

V  =  -|-  o".i640 

The  non-periodic  portion  of  ^  contains  the  following  terms : 

—  =     [7,87614]  (c^  +  O  -[8.47820]  sin*  ^J  -  [7.41622]  ee' cos  (IP  -  7T) 

+  [8.53188]  sin*  ^J  +  [6.03454]  e*  +  [8.08876]  e»e" 


A 

I 
2 

+  [7.99054] e'«  - [8.69081] (e'-|-e'*)sin»ij  - [7.32535] e^e' cos  (IT- IT) 

-  [7.83041]  ee"  cos  {H'  -  JI)  +  [8.48167]  ee'  sin'  ^J  cos  (71'  -  /T)  +  [6.69417]  e'e'^  cos  2(71'  -  il) 

+  [8-89363]  e"  sin*  -J  cos  277-  [8.21647]  ««'  sin'  ^J  cos  (77'  +  11)  +  [6.93763]  e"  sin'  -J  cos  272' 
25  AST 13 
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In  which  we  have 

J  =  2°  is'  ii".34  it  =  310°  4'  33".ii  77=67"  36'  sa".64 

From  this  expression  we  find 

~^^i7^^"^°'°°°°'^*  _ -^^  =  ~  0.0007369 


oJ  8111 J  L     dJ7  d77'    J 


=  +  0.000000 1 


From  these  four  quantities  it  is  easy  to  conclude  that  the  secular  terms  are 

n6z  =  —  o.ooooi53m(  sin  ( —  g)  —  0.000714411*  cos  ( —  g) 

V  =  —  o.ooooo77nt  cos  (—  g)  +  o.ooo3S72M<  sin  (—  g) 
u 

-  =  +  o.ooo22oin.t  sin  ( —  g)  —  o.oooi852«(  cos  ( —  g) 


cos  I 


The  terms  of  ndz  and  v,  which  depend  on  the  elongation  of  Venus  from  Jupiter, 
are* 

nSz  =  +  o".o67s  sin  (  9  —  y )  y=  +  o".o675  cos  {  9  —  U ) 

Action  of  the  Earth  on  Jupiter. 
In  this  case 

log  a  =  9.2837668          log  6j°'         =0.30511  log^y*         =9.28988  log  6^"         =8.44939 

^^"~^    =8.58591  loga-g^    =9.30214  loga-i-    =8.75728 

d'ft'"'                                         d'6'"  <f6'" 

^°^  ""'"S^  ="  ^•^"*'  ^""^  '^'Ha'-  =  ^-^3752  log  a2_  J^  =  8.78433 

j3l(0)                                                                  /j'h'"  ^^'" 

^°^ '^'a^  "  ^■°^°9^  log  ""-J^  =  8-30187  log  ar'-g-±- =  8.06368 

<^6"°'                                       ^6'"  (i*6'" 

^°^  '^'a^  =  8.12288  log  a*-^  =  7.95070  log  «*-g^  =  8.16093 

logofft^"      =9-°7S33  loga^ft^"'     =8.96871  log  o^'t^"     =8,13844 

^6""                                         dfc'"  /?h*" 

^''^  '^  d^    =  ^-^S^SS  log  a'-^  =  9.13378  log  a»^    =  8.78328 

d'6""                                         /7*fc*'  j'».(' 

^°^  '^^  =  *-9'^979  log  fl^-g^V  =  8.74229  log  o^A:  =  8.88564 

The  constant  term  of  v  is 

V    ^-    J.    «" 


=  +  o".2i89 


•  For  the  fonnulte  of  computation  see  M^canique  Cflegte,  Tome  I,  pp.  279,  280. 
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The  non-periodic  portion  of  ^  contains  the  following  terms : 

a'  I 

^  =     [8.17224]  (e^  +  e'*)  -  [8.77430]  sin'  -J  +  [7,53817]  c"  sin'  ij  cos  272' 

+  [8.87474]  sin*  ^J  +  [6.63508]  e«  -  [7.85190]  ee' cos  (TT-ZZ") 

+  [8.30292]  e'*  -  [9.01985]  (e»-|-e'2)  sin' ^J  +  [8.41780]  e»e" 

-  [8.28145]  ee"  cos  (77'  -  77)  +  [8.93970]  ce'  sin'  ij  cos  (71'  —  7T)  -  [7.79205]  ed  cos  (71'  -  71) 

+  [9.20601]  e' sin' -J  cos  271  — [8.67277]  ce'  sin* -J  cos  (77' +  77)  +  [7.28650]  e*c"  cos  2{n' —  II) 

In  which  we  have 

J  =  I"  18'  42".io  77'  =  92°  59'  49"  77=  181"  25'  20" 

From  this  expression  we  find 

~  e'     dW     ~  "^  °-°°°^^9^  gp —  =  —  0.0014994 

<l)      ^        .  r<i)     /(i)i 

dS     =  -  °°°°6832  ^^  |_  -g^^  +  cos  J  -J^JJ^-  J  =  -  0.0000003 

From  these  four  quantities  it  is  easy  to  conclude  that  the  secular  terms  are 

ndz  —  —  0.000153071*  sin  (—  g)  —  o.ooi8372n<  cos  (  —  g) 
V  =  —  o.oooo'jSt^nt  cos  (—  g)  •\-  o.ooo9i86w<  sin  (  —  g) 

til 

:  =  —  o.ooo4354Ji<  sin  {  —  g)  +  0.000023071*  cos  {  —  g) 

COB  * 

The  terms  of  nSz  and  v,  which  depend  on  the  elongation  of  the  Earth  from  Ju- 
piter, are 

nSz  =  +  o".i225  sin  (  5  —  K)  ''  =  +  o".i225  co8(  s  —  H) 


Action  of  Mars  on  Jupiter. 


In  this  case 


log  a  =  9.4666639  log  6^°'       =  0.3107 1  log  l>\         =  9.481 19  log  ab\   =  9.48360 

^^S  a  j^  =  8.97105  log  «g^=  9-51039 

*°^  '^d^=  9-°5994  log  ^dJ-  =  8-833" 

The  constant  term  of  v  is 

y  =  +  o".o238 
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a' 
The  non-periodic  portion  of  -^  contains  the  terms 

a'  I 

—  =  [8.58050]  (e»  +  e")  -  [9.18256]  sin'  -J  -  [8.44029]  ee*  cos  (IP  -  77) 

In  which  we  have 

log  sin  J  =  8.3988  71'  =  8°  24'  71  =  329"  46' 

Whence  we  conclude  that  the  secular  terms  are 

nSz  =  +  o.ooo2i38n<  sin  (—  g)  —  0.000221711*  cos  {—  g) 
V  =  4-  0.000  io69nt  cos  (  —  g)  +  0.000 1  io8nt  sin  (  —  g) 
=  —  o.ooooi867i<  sin  (—g)—  o.oooi257n<  cos  (  —  g) 


cos  I 


Action  of  Mercury  on  Saturn. 

In  this  case 

it"" 
log  a  =  8.6081398  log  6j°' =  0.3012  log  a--j-L  =  7.1171 

The  constant  term  of  y'  is 

•  =  +  ©".0138 

a' 
The  non-periodic  portion  of  —  contains  the  terms 

^=  [6.7918] (e"  +  e")  -  [7.3939]  sin'  ^J  -  [5.7977]  e&  cos  (71'  -  77) 

In  which  we  have 

log  sin  J  =  9.0469  77' =  64°  18'  77=49°  27' 

Whence  we  conclude  that  the  secular  terms  are 

II  II 

n'Szl  =      o.oooooon't  sin  g'  —  0.00000571'*  cos  g" 

y'  ^       o.oooooon't  cos  g'  —  o.ooooo2tt'<  sin  g' 

u' 
=  +  o.ooooo5»'*  sin  g'  +  o.ooooo2n'*  cos  g" 

COB  ♦ 


Action  of  Venus  on  Saturn. 


In  this  case 


d6i" 


log  a  =  8.8796559  log  6^°' =0.3017  loga-ji-=7.76»i 

The  constant  term  of  v'  is 

»''  =  -J-  o".i624 
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-  =  [7.338o](e«  +  e'^f-  [7.9401]  sin^  ^J  -  [6.6iS3]ee'  cos  (IT  —  H) 


In  which  we  have 

log  sin  J  =  8.5544  IF  =  61°  44'  TZssioi"  4' 

Whence  we  conclude  that  the  secular  terms  are 

n'dz'  =  +  o,ooooo2m'«  sin  g'  —  0.000235m'*  cos  g' 

v'  =  —  o.oooooi«'<  cos  g'  —  o.oooi  lyn'f  sin  g' 

u' 

.,  =  +  0.000067W'*  sin  g'  —  o.oooo36n't  cos  gf 

COS  * 

The  terms  of  «'5/  and  v',  which  depend  on  the  elongation  of  Venus  from  Sat- 
urn, are 

n'Szf  =  -H  o".o369  sin  (  9  —  ^  )  v*  =  +  o".o369  cos  (  9  —  ^> ) 

Action  of  the  Earth  on  Saturn. 
In  this  case 

log  a  =  9.0203181  log  ftj   =  0.3022  log  ot-^  =  8.0460 

The  constant  term  of  v'  is 

v'=  +  o".2i47 

a' 
The  non-periodic  portion  of  -^  contains  the  terms 

^  =  [7.6236]  {e*  +  c")  -  [8.2257]  sin'  JJ  -  [7.0413]  eC  cos  (IT-n) 

In  which  we  have 

log  sin  J  =  8.6387  IP  =  157"  46'  n=  168°  i' 

Whence  we  conclude  that  the  secular  terms  are 

n'dz'  =  +  o.ooooo4«'/  sin  g'  —  o.ooo^'jgn'/  cos  g" 
v'  =z  —  o.ooooo2«V  cos  g'  —  o.ooo289«'/  sin  gf 

u' 

ij=  +  o.oooo86«V  sinji'  +  0.0002 i2«V cosy* 


cost' 


The  terms  of  n'di^  and  v',  which  depend  on  the  elongation  of  the  Earth  from 
Saturn,  are 

n'dzf  =  +  o".o672  sin  (  $  —  ^» )  •  =  +  o".o672  cos  ( $  —  V ) 
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Action  of  Mars  on  Saturn. 


In  this  case 

da 


jt(0) 

log  a  =  9.2032152  log  ft'*' =  0.3038  log  a^-^  =■  8.4190 


The  constant  term  of  v'  is 

V  =  -|-  o".0226 

a' 
The  non-periodic  portion  of  -^  contains  the  terms 

^=  [8.0014]  (e^  4- O  -  [8.6035]  8in»^  J— [7.601 2]  ec'  co8(77'-ir) 

In  which  we  have 

log  sin  J  =  8.6153  77'=  113°  5'  j/=356°ig' 

Whence  we  conclude  that  the  secular  terms  are 

II  II 

n'S:^  =  —  o.oooo44«'/  sin  ^  —  o.oooi^in  t  cos  g- 

v*  =  +  0.00002  2«'/  cos  g'  —  c.oooo86«'/  sin  g" 

«' 
— r-j7=  +  o.oooosi«'/  sin  g'  +  0.000022^'/  cos  ^ 


CHAPTER  VIII. 

PERTURBATIONS  OP  THE  SECOND  ORDER  WITH  RESPECT  TO  DISTURBING  FORCES  IN  THE  LONGI- 
TUDES AND  RADII- VECTORES,  ARISING  FROM  THE  MUTUAL  ACTION  OF  JUPITER  AND  SATURN- 
DERIVATION  OF  THE  FACTORS  OF  5T  AND  5T'. 

Having  completed  the  determination  of  all  the  perturbations  of  the  first  order 
with  respect  to  the  disturbing  forces,  we  now  arrive  at  the  consideration  of  those  of 
the  second  order.  And,  in  the  first  place,  we  confine  our  attention  to  those  of  the 
fundamental  arguments  and  radii- vectores  which  arise  from  the  mutual  action  of  Jupiter 
and  Saturn.  The  more  important  part  of  these  perturbations  arises  from  attributing 
to  the  variables  involved  in  T  and  T'  no  longer  elliptical  values  but  elliptical  values 
augmented  by  the  perturbations  of  the  first  order. 

In  a  similar  manner  to  Hansen's,  we  can  put  for  Jupiter 

<JT  =  AnSz  +  Bv  +  c4^  +  D^^  +  E^  +  Fn'Sz'  +  GV  +  H^, 
and  for  Saturn 

ST  =  A'n'Sz'  +  BV  +  G'6^^,  +  D'^-^,  +  W^,  +  Y'nSz  +  GV  +  H'^ 

Here  Mi  and  «/  denote  the  difi'erential  coefficients  of  u  and  u'  with  respect  to  the 
time.  In  the  present  chapter  we  shall  be  engaged  in  determining  the  factors  entering 
into  the  right  members  of  these  two  equations. 

Of  these  factors,  two  are  very  readily  found,  viz,  A  and  F.     For,  evidently, 

K-^T  dT 

^-d^  dg' 

As  to  B,  we  have 


Then,  supposing  T  to  have  the  form 


_,         dn  ,  ^    dn 


(where  the  reader  is  asked  not  to  confound  this  A  and  B  with  the  same  symbols  de- 
noting two  factors  of  ST),  we  can  suppose  that  B=:V-f  X,  where  V  denotes  the  por- 
tion of  B  which  arises  from  making  the  forces  in  T  variable  with  respect  to  r,  and  X 
the  portion  which  arises  from  making  the  multipliers  A  and  B  so  variable.  Then  it  is 
plain  that  V  has  the  expression 


an  ,     dfl 

d  .  ar-j—  d  ■  r-j— 
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In  order  to  find  X  we  take  the  expression 
whence 

^  =  -  55F^L^r  ««»  ^-  '^^W^r  «^°  (^-  -^^  '^} 

But  we  have 

dli  _       r*        dli       er  sin/    dQ 
df"  ~  a'  cos  q)  dg       a  cos'  ip    dr 

Thus 

X  =  _  -^i!V  cos  (/-  oo)  a^  -  -^  fsin  (f-^)-e  sin  a,~|  ar^ 
a^  cos^  93        ^"^  '     dg       a  cos'  "P  L  Jar 

Since,  in  computing  the  forces  we  have  supposed  log  r  to  be  augmented  by  the 
constant  term  of  its  perturbations,  but  in  deriving  the  multipUers  A  and  B  have  given 
to  r  its  elliptic  value,  it  follows  that,  calling  the  constant  term  of  v,  c,  we  ought  to 
write  B(y  —  c)  4-  cK  for  Bv. 

h 

Differentiating,  partially  with  reference  to  t-  ,  the  expression  for  T,  we  get 


0=— l^rcos(/-c.)-i1^ 

COS^  (p\_         ^  Jo/ 


We  note  that 

Ta      dn 
~  cos  (p  df 

Whence,  it  follows  that* 

0==2[T  +  X  +  t] 


As  to  the  other  factor  it  can  be  got  from  either  of  the  two  equations  f 
We  get  D,  E,  and  H  from  the  following  equations :  J 


2<zn     r  ,?  ^        1 

^      ,■"'  dZ   ,  -^      .^-  dZ  ,    ,dn,  \ 


,  dn  dn 

„     .    ,^-dz/,^  ,^-m> 


dg  dr 


•Auseinandersetzung,  Abth.  I,  8.  128,  gl.  (69). 

t  AuseLoandersetzung,  Abth.  I,  as.  128,  129,  gl.  (70),  (71). 

}  Anseinandersetznng,  Abth.  I,  e.  130,  gl.  (73). 


FACTORS  OF  THE  SECOND  ORDER  TERMS.  20I 

Lastly,  we  have* 

In  all  these  equations  A  and  B  denote  the  same  multipliers  as  appear  in  T. 
In  these  expressions  four  functions  of  the  co-ordinates  are  present  which  did  not 
appear  in  the  determination  of  the  first-order  terms. 
For  Jupiter  we  have  t 

.if)=-l...in.j(4-S)(9V(0ji;sM/.+ii-, 

For  Saturn  the  similar  quantities  are 

dDJ  I  /  a'\       I  /^a\'  j  r' 


aa' 


For  the  principal  multiplier  involved  in  these  expressions,  from  the  data  at  page 
59,  we  have 

"'a^'iT'^"    [9-8490745] 

+  2[8.7484s82]  cos  g'  —  2[8.i564o87]  cos  g 
+  2[6.8947428]  cos  2g'  —  2[6.2375704]  cos  2g 
+  2[S-3420289]  cos  zg'  -  2[4.6i974io]  cos  zg 
+  2[3.9i424ii]  cos  ^g'  —  2[3. 1268416]  cos  4jr 

'Anseinandersetzang,  Abth.  I,  a.  130,  gl.  (74). 
t  AnseinandeTsetzang,  Abth.  I,  a.  120. 
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We  then  multiply  the  expression  for  (  2i  )  >  given  at  pages  53-56,  by  this  factor, 
and  the  product  again  by  three-fourths  of  this  factor,  and  thus  obtain 


Arg=i'j'-M5 

^^)(!)' 

;(«'ii-is)     (a) 

-.")x 

if  +  n') 

(|)'l8in(/+77) 

C08. 

sin. 

COS. 

Bio. 

ein. 

COS. 

sin. 

COS. 

i'       i 
0       0 

—S.  02721 

+2.  59302 

— 0.  29 

+0.35 

0 —   I 

fo.  567068 

+  1.175051 

— 0.  264241 

—0.  244635 

-1.78 

+4.07 

+  1.98 

-4-57 

0 —  2 

+0.  07576 

— 0.  06441 

— 0. 01099 

+0.  01861 

— 0-3S 

—0.27 

+0.46 

+0-39 

0-  3 

— 0. 00476 

—0.  00399 

+0. 00103 

+0.00051 

+0.02 

— 0.  01 

— 0.04 

+0.04 

0—  4 

— 0.00018 

+0.  00031 

+0.00002 

— 0.00005 

'+  3 

— 0.00080 

+0.00015 

+0.00014 

0.  00000 

1+  2 

+0.00431 

+0.  01246 

— 0.00008 

—0. 00258 

+0.  02 

— 0.  06 

—0.03 

+0.08 

'+  I 

+0. 16021 

—0.  09824 

— 0.04441 

+0.  00915 

+0-63 

+0-43 

-0.76 

—0.52 

I      0 

-1.531692 

—  I.  210440 

+0.401926 

+0. 535226 

— 4.01 

+2.80 

+3.66 

—2.50 

I—  I 

—1.825288 

+8.  852622 

+0. 925569 

—4. 560693 

+0.58 

+0.42 

— 0.  70 

—0.49 

I —  2 

+0.  709941 

—0.097781 

—0.075858 

+0. 075590 

-3-47 

-0.73 

+4.40 

+0.92 

I-  3 

—0. 01743 

— 0. 04487 

+0.  00869 

+0. 00836 

+0.05 

—0.  24 

—0.08 

+0.32 

I—  4 

— 0. 00255 

+0.  00146 

+0. 00053 

— 0.00026 

+0.01 

+0.01 

—0.02 

— 0.01 

'-  5 

-|-o.  00013 

+0.  00014 

—0.00003 

— 0.  00002 

2+  3 

— 0.  OOOIO 

— 0.00001 

+0.00002 

0.00000 

2+  2 

— 0.  00033 

+0.  00168 

+0.  00013 

— 0. 00028 

0.  00 

+0.01 

2+   1 

+0. 02574 

—0.00012 

— 0. 00526 

— 0. 00182 

+0.  10 

— 0.  01 

-0.15 

— 0.  01 

2      0 

—0. 094530 

— 0.  301683 

— 0. 001913 

+0.089814 

—0.38 

+  1.  00 

+0.44 

— 1.04 

2—  I 

—1.760858 

+  1-573472 

+0. 768184 

— 0. 486025 

—3.10 

—2.97 

+2.44 

+2.42 

>i —  2 

+6.575664 

+2.  851119 

—3. 383346 

—1.442006 

— 0.65 

+0.62 

+0.78 

-0.79 

3—  3 

-j-o.  123630 

—0.  299932 

—0. 007497 

— 0. 053802 

+0.02 

-2.61 

— 0,  01 

+3-55 

2—  4 

—0.  02072 

+0.  00326 

+0. 00634 

— 0.00731 

+  0.  11 

— 0.07 

—0.17 

+0.08 

■'-  5 

+0.  00024 

+0.  00146 

+0.00013 

— 0.  00046 

2—  6 

+0.00010 

— 0.00002 

— 0.0000 1 

0. 00000 

3+  2 

— 0.00014 

+0.00016 

+0.  00003 

— 0.00001 

3+  ' 

+0. 00294 

+0.  00170 

— 0.00044 

— 0.  00051 

+0.01 

— 0.01 

— 0.  02 

+0.02 

3      0 

+0.  01214 

— 0.  04496 

— 0.00670 

+0. 00934 

+0.04 

+0.  17 

— 0.  04 

— 0.  21 

3—  I 

—0. 443932 

+0.054753 

+0. 143260 

+0.  019989 

— 1.  22 

— 0.  20 

+  1.14 

+0.24 

3-  2 

+1.264647 

+  2,048382 

— 0. 422232 

— 0. 897606 

+  1-77 

-2.81 

-1-33 

+  1.99 

3—  3 

+3. 04058 

—4.  27059 

-'•53345 

+2.  19691 

—0.67 

—0.  69 

+0.88 

+0.82 

3—  4 

—0.  02192 

— 0. 16314 

—0. 12479 

+0. 01842 

+  1.76 

—0.  37 

-2-55 

+0.52 

3-  5 

+0. 00413 

+0.00813 

— 0. 00839 

— 0.00637 

+0.  10 

+0.01 

— 0, 14 

—0.03 

3-6 

+0.00099 

+0.00016 

—0. 00046 

—0. 00045 

3—  7 

+0.00019 

— 0.00008 

— 0.  OOOII 

+0.00001 

4+  ' 

+0.00021 

+0.  00037 

—0.00001 

— 0.00008 

4       0 

+0. 00469 

— 0.00445 

—0. 00133 

+0. 00054 

+0.01 

+0.02 

— 0.01 

—0.02 

4—  I 

—0.065543 

— 0.  032528 

+0.014718 

+0. 014596 

-0.23 

+0.  10 

+0.24 

— 0. 10 

4—  2 

— 0. 023878 

+0.  535892 

+0.046419 

— 0. 183692 

— 0. 01 

—1.22 

— 0.03 

+  1.02 

4-  3 

+2.  030304 

—0-  783534 

—0.898122 

+0.  263698 

+2.18 

+0.81 

—'•43 

—0.59 

4—  4 

—2.  43782 

—2. 68073 

+1.25694 

+1.34814 

+0.56 

—0,68 

—0.67 

+0.90 
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^:)x 

/a'\6  r     . 

-5-:)x 

(«^S- 

5:)(!)' 

4\     «' 

'^'  (z)' 

Aj:e=i'g'+%g 

(a)    a'  «•" 

if+n') 

(a)   i  ''^ 

if+IT) 

COS. 

sin. 

COS. 

sin. 

sin. 

COS. 

sin. 

COS. 

i'      i 
4-  5 

^.  II4I 

—0.  1218 

— 0.  0020 

+0.  1438 

+0.50 

+1. 10 

—0.73 

--63 

4—  6 

+0.  0048 

— 0.  0082 

— 0.0077 

+0. 0086 

+0.04 

+0.09 

— 0.06 

— 0.  12 

4—  7 

+0.0003 

—0.0007 

— 0.0006 

+0.0006 

S      0 

+0.0009 

—0.0003 

— 0.0002 

+0.0001 

5 —  I 

— 0.00569 

-0.00939 

+0. 00050 

+0. 00273 

^-0.03 

+0.03 

+0.03 

— 0.04 

S —  2 

—0. 058167 

+0.  079796 

+0. 024204 

—0. 019233 

—0.17 

— 0.  24 

+0.  14 

+0.24 

S—  3 

+0.551950 

+0.  120960 

— 0. 197581 

— 0.077911 

+  1.08 

— 0.  22 

—0.83 

+0.15 

5—  4 

— 0.315926 

-1.777410 

+0.090186 

+0. 793893 

— 0.  21 

+  ■■52 

+0.18 

— 0.91 

5—  5 

— 2.  0842 

+  1.  1902 

+1.0454 

—0.  6186 

+0.63 

+0.38 

—0.84 

—0.44 

5—  6 

-0.  1657 

+0.  0437 

+0.  1 29 1 

+0. 0264 

— 0.  62 

+0.46 

+0.95 

— 0.70 

5—  7 

— 0. 0105 

— 0.0056 

+0. 0078 

+0. 0087 

— 0.06 

+0.05 

+0.07 

-0.07 

5-  8 

—0.0006 

— 0.  0009 

+0.0002 

+0.0010 

6—  I 

0.0000 

— 0.0017 

0.  0000 

+0.0004 

6—  2 

— 0. 01517 

+0.  00584 

+0. 00460 

— 0. 00023 

— 0.  04 

— 0.02 

+0.05 

+0.02 

6-3 

+0.08196 

+0.  08361 

— 0. 02069 

-0. 03359 

+0.  20 

— 0.  21 

— 0.  21 

+0.15 

6-4 

+0.  2070 

—0.  4977 

— 0. 1060 

+0.  1836 

+0.34 

+0.81 

-0.23 

—0.59 

6-S 

—1.4045 

— 0.0319 

+0. 6327 

+0.0452 

—0.95 

+0.08 

+0.49 

— 0.02 

6—  6 

+0. 4461 

+  1.4712 

—0. 2381 

—0.  7361 

— 0.22 

+0.53 

+0.24 

—0.72 

&-7 

— 0.  OI2I 

+0.  1528 

+0.0421 

—0.0994 

—0.36 

—0.31 

+0.58 

+0.48 

6—  8 

—0.0079 

+0.0097 

+0.0092 

—0.0053 

—0.06 

— 0.  02 

+0.09 

+0.03 

6-9 

— 0.0009 

+0.0005 

+0.0009 

0.0000 

7 —  * 

—0.0023 

—0.0005 

+0.0006 

+0.  0003 

7—  3 

+0.  0042 

+0.  0206 

+0.0004 

— 0.0064 

+0.02 

-0.05 

— 0. 01 

+0.06 

7—  4 

+0.  1028 

— 0.  0712 

— 0. 0407 

+0.0183 

+0.23 

+0.  16 

—0.  18 

-0.15 

7—  5 

-0.  3985 

— 0. 2611 

+0. 1500 

+0.  1229 

-0-55 

+0.39 

+0.38 

— 0.  24 

7—  6 

— o-  2339 

+  10139 

+0.  1248 

—0.  4598 

—0.17 

— U.52 

+0.06 

+0.23 

7—  7 

+0. 9557 

— 0.  0613 

—0. 4770 

+0. 0408 

— 0.41 

—0.08 

+0.55 

+0.08 

7—  8 

+0. 1159 

+0.0451 

—0. 0677 

—0. 0473 

+0.  12 

— 0.24 

—0.  21 

+0.42 

7—  9 

+0. 0074 

+0.0095 

— 0.0031 

—0. 0088 

+0.03 

—0.09 

0.00 

+0.07 

7 — 10 

+0.0003 

— 0.  0002 

+0.0001 

— 0.0002 

8-3 

— 0.0012 

+0.  0033 

+0.0005 

— 0.0008 

8-4 

+0. 0248 

— 0.0008 

— 0.0079 

— 0. 0016 

+0.06 

+0.01 

— 0.06 

0.00 

8-S 

—0.0513 

— 0.  iii6 

+0.0124 

+0.  0439 

— 0. 10 

+0.23 

+0.07 

—0.17 

8-  6 

-0.  2767 

+0. 2846 

+0. 1260 

—0. 1082 

-0-35 

— 0-33 

+0.  21 

+0.22 

8-7 

+0.6718 

+0.  3124 

— 0.  3064 

-o- 1539 

+0.27 

—0.  18 

— 0.06 

+0.05 

8-  8 

+0. 1004 

-0.5741 

—0. 0430 

+0. 2862 

+0.02 

— 0.  30 

—0.03 

+0.41 

8-9 

+0. 0544 

—0. 0758 

—0.0433 

+0. 0407 

+0.13 

+0.07 

— 0.27 

— 0.04 

8—10 

+0.0091 

—0.0039 

—0.0073 

+0.0009 

+0.01 

+0.02 

— 0. 10 

— 0.02 

8— II 

+0.0009 

+0.0001 

—0.0007 

— 0.0004 

9—  4 

+0.0039 

+0. 0022 

— O.OOIO 

— 0.0009 

9-  5 

+0. 0036 

— 0. 0267 

— 0.0030 

+0. 0087 

+0.01 

+0.06 

— 0.01 

— 0.06 

9-6 

-0.109s 

+0. 0279 

+0.0433 

— 0.0050 

— 0. 19 

— 0.04 

+0.IS 

+0.03 

9-  7 

+0. 1783 

+0. 2592 

—0.067s 

—0. 1 160 

+0.17 

— 0.  29 

—0.  12 

+0.18 

204 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


AiB=t's'+is 

(-^.- 

a^)(!)' 

IK- 

W  (!)' 

(1)^:4  Bin  (/  +  i7') 

{^y  r  sin  (f +11) 

COS. 

sin. 

COS. 

sin. 

sin. 

COS. 

sin. 

COS. 

i        t 

9-  8 

+0.  3082 

— 0.  4072 

— 0.  1482 

+0.  1864 

-ro.  14 

+0.08 

+0.  02 

— 0.  02 

9—  9 

— o-3'77 

— 0. 1409 

+0.  1585 

+0.  0652 

+0.  10 

+0. 18 

-0.25 

+0.04 

9 — lo 

— 0.  0430 

—0.0512 

+0.0212 

+0.  0354 

+0.  II 

— 0.  02 

+0.05 

—0.15 

9—11 

—0.0015 

—0.0080 

—0.0004 

+0.  0056 

+0-03 

0.  00 

+0.02 

— 0. 01 

9—12 

4-0.0002 

— 0.0007 

— 0.0004 

+0.0005 

lo —  4 

+0.0004 

+0.0007 

0.  0000 

— 0.  0003 

lo-  5 

-j-o.  0032 

— 0.0039 

— 0.0013 

+0.0010 

10 —  6 

— 0.  0256 

—0.0081 

+0.  0085 

+0.0044 

— 0.05 

+0.  02 

+0.05 

— 0.  02 

lo-    7 

+0.  0059 

+0.0980 

+0.0024 

—0.  0388 

0.00 

—0.15 

— 0.03 

+013 

lo—  8 

^0.  2205 

-0.0938 

—0.0980 

+0.  0345 

+0.  22 

+0.  06 

+0.  10 

-0.13 

lo —  9 

— 0.  2225 

—0.  2608 

+0.  1020 

+0.  1243 

-0.15 

+0.  18 

-0.25 

+0.04 

lO— 10 

— 0. 1265 

+0.  1594 

+0. 0595 

— 0.  0796 

+0.07 

+0.  01 

+0.13 

— 0.07 

10 — II 

—0.0415 

+0.  0202 

+0.  0263 

—0.0086 

0.  00 

— 0.  06 

— 0.05 

— 0.09 

10 — 12 

— 0.0063 

— 0.0005 

+0. 0040 

+0.  0014 

+0.  01 

— 0.  01 

0.  00 

— 0.  02 

II-  s 

+0.0009 

— 0.0004 

— 0.000^ 

0.  0000 

II—  6 

—0.0038 

— 0.  0042 

+0.0009 

+0.0016 

II—  7 

— 0. 0118 

+0. 0223 

+0.0055 

—0.0075 

— 0.03 

—0.04 

0.  00 

+0.05 

II—  8 

+0.0807 

+0.  0108 

— 0.  0320 

—0,  0075 

+o-  13 

0.  00 

+0.07 

—0.06 

II—  9 

— o-  0347 

-0.  1730 

+0.  Olio 

+0.  0766 

—0.  17 

+u.  01 

— 0.  14 

—0.03 

II  — 10 

— 0.  1989 

+0.  1047 

+0. 0943 

— 0.  0480 

+0.04 

+0. 14 

+0.06 

+0.07 

II  —  II 

+0.0697 

+0.0945 

—0.0351 

— 0.  0444 

+0.02 

— 0.05 

— 0.  01 

— 0.09 

II  — 12 

+0.0065 

+0.  0298 

— 0.  0015 

—0.0177 

—  0.  04 

—0,01 

— 0.05 

-i-o.  01 

12—    6 

— 0.0002 

— O.OOIO 

0.  0000 

+0.  0003 

12-    7 

—0.0051 

+0. 0028 

+0. 0020 

— 0.0007 

12-    8 

+0.0I8I 

+0.0148 

— 0.  0062 

— 0.  0067 

-1-0.  04 

0.00 

+003 

0.00 

12—    9 

+0.  0225 

— 0.  0634 

— 0.0122 

—0.0259 

—0.06 

—0.06 

—0.  03 

—0.05 

12 — 10 

— 0.  1308 

—0.0035 

+0.0602 

+0.  0055 

-0.05 

+0.09 

— 0.  03 

+0.08 

12— II 

-f-o.  0358 

+0. 1474 

— 0.  0154 

—0.  0739 

—0.05 

+0.02 

+0.06 

—  0.  03 

12—12 

+0. 0701 

—0. 0207 

—0. 0372 

+0.  0107 

+0.01 

+0.  01 

—0.08 

— 0.  01 

In  order  to  form  the  expressions  for  the  forces  in  the  second-order  terms  we  still 
need  developments  for  the  two  quantities 

-J-8in(/+77)  __(_J)_sin(/  +  77/) 

The  expression  for  (  ^J   is* 

with  a  similar  formula  for  (  — ,  j 


•Auseiuandereetznug,  Abth.  I,  «.  179. 


FACTORS  OF  THE  SECOND  ORDER  TERMS.  jqc 

When  the  numerical  values  of  e  and  e'  are  substituted  we  obtain 

\7')  =  [0-00205]  +  2[8.9262s]  cos  g'  +  2[7.8soso]  cos  2g'  +  2[6.766o4]  cos  sg' 
{jj  =  [0-00152]  +  2[8.86o66]  cos  g  +  2[7.7i983]  cos  2g  +  2[6.s7045]  cos  sg 

The  expressions  for  the  factors  ^  sin  (/+i7)  and  J  sin  (f  +  n')  have  ah-eady 
been  given  (page  60),  and  we  obtain  the  products 


(pY^^i'^if+n) 

sin  (/+  77) 

Atg=i'g'+ig 

Aig=i'g'+ig 

sin, 

COS. 

Bin. 

COS. 

i'        i 

i'        i 

0      0 

+0.066 

0      0 

—0. 308 

u—    I 

+0-415 

—0.914 

I       0 

—4.  984 

+3-  657 

0 2 

+0.  OIO 

—0.022 

2       0 

— 0.  140 

+0.  102 

0—  3 

0.000 

— 0. 001 

3      0 

— 0.  006 

+0.004 

1+    2 

— 0. 001 

— 0. 002 

—2 —  1 

+0. 010 

+0.007 

1+    J 

—0.03s 

—0.077 

—I—  I 

+0.360 

+0.  264 

I          0 

0.000 

+0.  on 

0 —  I 

0.  000 

-0. 045 

I —    I 

+o-  03s 

—0.077 

I —  I 

—0.360 

+0.  264 

I —    2 

+0.001 

— 0.002 

2 —  I 

— 0. 010 

+0.007 

2+    I 

— 0.003 

— 0.  006 

— 2—  2 

+0.  OOI 

+0.001 

2        0 

0.000 

+0.001 

—  I —  2 

+0. 026 

+0.  019 

.i —    I 

+0.003 

— 0.006 

0 —  2 

0.000 

—0.003 

3+  I 

0.000 

— 0. 001 

I —  2 

— 0. 026 

+0.019 

3—  « 

0.000 

— 0. 001 

2—  2 

— 0.  OOI 

+0.001 

->-  3 

+0.002 

+0.001 

'—  3 

— 0.002 

+0.  OOI 

We  are  now  able  to  get  the  four  functions  severally  for  Jupiter  and  Saturn,  the 
remaining  data  required  being  found  in  Chapters  I  and  II. 


.^'•f 

,  d-'O, 
"^rdZ 

,dn 
+  "-Tz- 

.dn 

""dZ' 

aar,   ,„, 
drdZ' 

Axg=i'g'+ig 

COB. 

sin. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

1'      i 
0      0 

+  21.  2696 

// 

" 

-|-o.  146 

" 

—0.  0279 

" 

-0.150 

0—  I 

3. 22710 

—  3.26268 

+0.900 

—2.060 

—0. 1825 

+0. 4243 

—0.809 

+1.890 

0—  2 

-    0.  1675 

+  0.  269s 

+0.  18s 

+0. 149 

— 0.  0507 

—0. 0376 

—0.  234 

— 0.  219 

0—  3 

+    0.0170 

+  0.  0087 

+0.  oois 

—0. 0028 

+0.  023 

— 0. 023 

0—  4 

+    0.0003 

—  O.OOIO 

+0.0001 

+0.0001 

1+  3 

+    0.  0026 

0.0000 

—0.0003 

— 0.0002 

1+  2 

0.0016 

—  0.0401 

—0.008 

+0. 032 

+0.  0036 

—0. 0066 

+0.015 

—0. 043 

1+  I 

—  0.  5939 

+  0. 1297 

-o-  333 

— 0.  224 

+0. 0767 

+0. 0442 

+0.380 

+0. 234 

I      0 

+  4.69009 

+  5. 11622 

+  '■655 

— >'39 

-0-  5053 

+0-  3533 

-1.852 

+1.269 

2o6 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


./(:«) 

drdZ 

+  "  dZ 

aa 

dn 
d'l' 

aa'r 

drdZ' 

Arg=i' 

f+ig 

COS. 

sin. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

1 

i 
I 

+  6.54843 

-32.  97927 

—0-303 

— 0.  215 

+0.  0995 

+0. 0488 

// 
+0-  372 

+0.215 

I— 

2 

—  1. 19864 

+   "•65391 

+  1.798 

+0.  379 

—0.  6050 

-0. 1315 

—2.  228 

— 0.  464 

1  — 

3 

+  0. 1290 

+  0.  1624 

—0.030 

+0. 128 

— 0.0052 

—0. 0301 

+0.  050 

— 0. 169 

I  — 

4 

+  0.  0096 

—  0.0032 

+0.  0008 

— 0. 0001 

+0.011 

0.  000 

»  — 

5 

—  0.  0010 

—  0.0003 

2  + 

3 

+  0.0003 

0.0000 

2  + 

2 

+  0.0019 

—  0.0045 

0.0000 

— 0.  0009 

2  + 

I 

—  0. 0748 

—  0.0253 

— 0.  050 

+0. 010 

+0.0133 

+0.0005 

+0.  076 

0.000 

2 

O 

—  0.08518 

+  0.98315 

+0-  '53 

—0.486 

— 0.061 1 

+0. 1 189 

— 0.  222 

+0. 541 

^ — 

I 

+10.24927 

—  3- 07938 

+  ..566 

+  '-503 

— 0.  2762 

—0. 2742 

—  1.  265 

-1.258 

2 — 

2 

—48. 84956 

—20.  69473 

+°-  332 

-0. 332 

— 0.  1062 

+0.081 1 

-0.  395 

+0. 414 

2 — 

3 

+  0. 05380 

—  1.03378 

— 0.  012 

+  1-377 

-)-o.  0018 

— 0.  4024 

0.000 

—I.  840 

2 — 

4 

+  0.  1300 

—  0.  1239 

— 0.058 

+0-  033 

+0.0105 

— 0. 0162 

+0.091 

— 0.038 

2— 

5 

+  0.  0032 

—  0.  0077 

0.0000 

— 0.  0003 

3+ 

I 

—  0.0064 

—  0.  0077 

+0.0016 

— 0.0007 

+0,  on 

— 0.  on 

3 

o 

—  o-  0995 

+  0. lOII 

—0. 027 

—0. 085 

+0.0005 

+0.0212 

+0.  023 

+0. 1 1 1 

3— 

I 

+  I- 91765 

+  0.  79348 

+0.  627 

+0.095 

— 0.  1 140 

— 0.  0327 

-0.  598 

— 0.  123 

3— 

2 

—  5. 14840 

—14.  27037 

— 0.  916 

+  1.452 

+0.  1 231 

— 0.  1900 

+0.  702 

—  1. 051 

3- 

3 

—26. 1007 

+37-5759 

+0-  359 

+0.  364 

— 0.0806 

—0.0941 

— 0.  464 

— 0.426 

3— 

4 

—  2.4779 

+  0.1749 

— o- 939 

+0.  198 

+0.  2420 

-0.0515 

+  ■-346 

— 0.  272 

3— 

5 

-  "•  >S9S 

—  0. 1425 

—0.055 

—0.005 

+0.0155 

— 0.  OOII 

+0-  073 

+0.019 

3— 

6 

—  0.  0083 

—  0. 0103 

+0.0006 

— 0.  0003 

3— 

7 

—  0.  0032 

4-    0.  0006 

4+ 

I 

0.0000 

—   0.0013 

+0.0001 

— 0.  0002 

4 

o 

—  0.0193 

+    0.  0042 

+0.  0015 

+0.  0026 

0.  000 

+0.  on 

4— 

' 

+  0. 17361 

+    0.27159 

+0-  123 

— 0.052 

— 0.  0229 

+0.  0057 

— 0.  127 

+0. 054 

4  — 

2 

—   I. 16692 

—    2.82988 

-f-o.  010 

+0.  640 

+u.  0072 

— 0.0918 

+0.015 

—0.  541 

4— 

3 

—  15.95049 

+    3-61154 

—1.145 

—0.430 

+  0.1154 

+o-  0437 

+0.  763 

+0.  318 

4— 

4 

-[-24.  0627 

+  25.6448 

— 0.  298 

+0.  367 

+  0.  0668 

—0.  0746 

+0-  353 

—0.479 

4— 

5 

—  0.  180 

-r   3- 016 

— 0.  267 

—0.  596 

+u.  0612 

+0. 1335 

+o-  387 

+0.  870 

4— 

6 

—  0.  180 

+  0.176 

— 0.  021 

—0.047 

+0.0061 

+0.0108 

+0. 030 

+0.065 

4— 

7 

—  0.013 

+  0.013 

+0.0006 

+0.0005 

5 

o 

—  0.003 

+  0.002 

+0.0003 

+0.0002 

5— 

I 

—  0.0013 

-1-  0.  0446 

+0.  014 

— 0.014 

— 0.0029 

+0. 0026 

—0.015 

+0. 023 

5- 

2 

-r  0.  45743 

—   0.  24968 

+0.093 

+0. 128 

—0.  0091 

— 0. 0202 

—0.  076 

—0.127 

5  — 

3 

—  3  38332 

—  I- 77554 

-0.576 

+0.  118 

+0.  0649 

—  0.  0082 

+0.445 

— 0.081 

5— 

4 

-r    1.07637 

+  15-35642 

+0.  112 

— 0.  812 

— 0.  00S3 

+0.  0623 

—0.  100 

+0.491 

5— 

5 

+21.  509 

—12.841 

—0.341 

— 0.  204 

-j-o.  0627 

+0.0397 

+0.452 

+0. 234 

5— 

6 

+    2.839 

+  0.674 

+0-  338 

—0.249 

— 0.  0674 

+0.0519 

—0.514 

+0.380 

5- 

7 

+    0.  170 

+  0.205 

+0. 032 

—0.  027 

— 0. oo5o 

+0.0071 

—0. 038 

+0. 038 

5— 

8 

+    0.003 

+  0.  026 

— 0.  0002 

+0.0007 

6— 

I 

0.000 

+  0.006 

— 0.  0002 

+0.  0005 

6— 

2 

-+-   0.  0796 

—  0.0109 

—0.0034 

— 0.0025 

— 0.027 

— O.OIl 
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dri 

«^s+«^ii 

„.i'^^ 

""'•dTdZ^ 

•"^      dr                       ■ 

Aig=i'g'+ig 

008. 

sin. 

sin. 

COB. 

Bin. 

COS. 

sin. 

COB. 

i'      i 
6-3 

—  0.  2936 

—  0.6683 

— 0. 106 

II 
+0.  112 

+0.0153 

— 0.0109 

+0.  Ill 

—0.081 

6-4 

—  «•  355 

+  3-417 

—0.  185 

—0.438 

+0.0143 

+0.0412 

+0.  123 

+0.318 

6-s 

+13-074 

+  1-335 

+0.513 

— 0.044 

— 0. 0291 

+0. 0037 

—0.268 

+0.008 

6—  6 

-  5'  267 

— 16. 052 

+0-II9 

—0.287 

—0.0193 

+0. 0482 

— 0.  127 

+0.  391 

6-  7 

+  1.023 

—  2.  268 

+0.  195 

+0.  172 

— 0. 0376 

— 0. 0305 

-0.314 

—0.261 

6-  8 

-f  0.221 

—  0. 115 

+0. 032 

+0.013 

— 0. 0060 

—0. 0026 

— 0.050 

— 0. 015 

6-9 

+  0. 023 

+  0.003 

— 0.0006 

0.0000 

7—  2 

+  0. 010 

-)-  0.006 

— 0.0007 

— 0.  0001 

7-  3 

-|-  0.026 

—  0. 115 

—0.008 

-|-o.  028 

+0.0018 

—0. 0037 

0. 000 

— 0.030 

7—  4 

—  0.  847 

+  0- 279 

— 0.  125 

—0.083 

+0. 0108 

+0.  0100 

+0. 100 

+0. 081 

7-  5 

+  2.977 

+  2.750 

+0.  298 

0.  209 

— 0. 0234 

+0. 0149 

— 0.  207 

+0. 130 

7—  6 

+  2.878 

— 10.005 

+0. 087 

-fo.  282 

—0. 0053 

— u.  0109 

—0. 030 

— 0. 127 

7—  7 

— 10.879 

+  0. 985 

+0. 225 

-fo.  041 

—0.0344 

— 0.0060 

—0. 299 

—0.043 

7—  8 

—  1-595 

—  1. 158 

—0. 063 

+0. 129 

+0.01 15 

— 0. 0245 

+0. 115 

— 0.  230 

7-  9 

—  0.067 

—  0.218 

—0.017 

+0. 046 

+0. 0006 

— 0.0044 

0.000 

—0.038 

7 — 10 

+  0.003 

0.000 

— 0. 0001 

— 0.0005 

8-3 

+    O.OIO 

—  0.013 

0.0000 

—0.0008 

8-4 

—  0. 154 

—  0.051 

—0.033 

—0.007 

+0.0035 

+0.0009 

+0. 030 

0.000 

8-S 

+  0.  186 

+  0.  943 

+0. 054 

—0. 123 

— 0.0056 

+0.0093 

—0.038 

+0. 091 

8—  6 

+  2.887 

—  2.  256 

+0.  181 

+0. 182 

— 0. 0117 

— 0.  OI2I 

—0.  115 

—0. 1 19 

8-7 

—  6. 947 

-  3-  635 

— 0. 148 

+0.098 

+0.0021 

—0.  0034 

+0.034 

-0.027 

8—  8 

—  0. 979 

+  6.767 

—0. 01 1 

+0. 179 

— 0.0004 

—0.  0226 

+0.019 

— 0.  226 

8-9 

—  107s 

+  0.982 

— 0.072 

— 0.041 

+0. 0147 

+0. 0028 

+0. 150 

+0. 023 

8—10 

—  0.  183 

4-  0.016 

+0. 0029 

—0.0004 

+0. 058 

+0.01 1 

8— II 

—  0.016 

—  0.013 

+0.0003 

— 0.0002 

9—  4 

—  0.019 

—  0.019 

+0.0007 

— 0.0002 

9—  5 

—  0.083 

+  0.  176 

— 0.006 

— 0.029 

— 0. 0001 

+0. 0030 

0.000 

+0. 034 

9-6 

+  0.  966 

--  0.051 

-\-o.  102 

-|-o.  021 

—0.0072 

—0. 0025 

—0.081 

—0.015 

9—  7 

—  1-450 

—  2.714 

—0. 089 

+0. 160 

+0. 0053 

—0. 0083 

+0. 065 

— C.  100 

9-  8 

-  3-  562 

+  4-  366 

—0.  078 

—0. 046 

+0. 0012 

— 0.0012 

— O.OII 

+0.011 

9—  9 

+  3-  863 

+   1-562 

— 0.051 

—0. 104 

+0.0139 

—0. 0032 

+0. 138 

—0. 023 

9—10 

+  0.  523 

+  0.  892 

—0.063 

+0.013 

+0.0005 

+0.0081 

—0. 030 

+0.081 

9-11 

—  0.013 

+  0.  141 

—  0.017 

0.000 

+0.0007 

+0.0017 

— O.OII 

0.000 

9-12 

—   O.OIO 

+  0.013 

+0.0002 

+0.0002 

10 —  4 

0.000 

—  0.006 

+0.0001 

— O.OOOI 

10-  s 

—  0.029 

-(-  0.019 

+0.0003 

+0.0006 

10 —  6 

+  0. 180 

-f   0.  112 

+0.  032 

— O.OII 

— 0.0024 

+0.0004 

—0.027 

+0.  on 

10—  7 

+  0. 103 

—  0.  889 

0.000 

+0. 083 

+0.0006 

—0.0052 

+0.015 

—0. 072 

10—  8 

—  2.34s 

+  0.  754 

— 0.  120 

— 0. 032 

+0. 0052 

+0.0018 

—0.062 

+0. 072 

10—  9 

+  2.451 

+  3-048 

+0. 087 

— 0.098 

+0. 0019 

— 0.0003 

+0. 142 

— 0. 023 

10—10 

+  1-467 

—  1.989 

—0.035 

-f  0.006 

+0. 0038 

+0. 0080 

— 0.076 

+0. 034 

10— II 

-j-  0.670 

—  0.  212 

— 0.006 

+0.035 

— 0.0041 

+0.0015 

+0. 030 

+0. 050 

10—12 

+  0. 103 

+  0. 038 

—0.006 

+0.006 

—0.0009 

+0.0007 

0.000 

+0.  01 1 
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ATg=i'g'+ig 

dr 

+-S 

aa' 

da 
dV 

,  ^a 

C08. 

sin. 

sin. 

COS. 

bId. 

COB. 

sin. 

COS. 

»'        i 
II—  s 

— o.  OIO 

0.  000 

" 

" 

+0.0001 

// 
+0.0001 

" 

// 

II—  6 

-f  0.013 

+o.  038 

— 0.0005 

+0.0004 

II—  7 

+0.  138 

— 0.  164 

+0.017 

+0.017 

— 0.0006 

— 0.0017 

0.000 

— 0. 027 

II—  8 

-0.751 

— 0.  209 

—0.  074 

0.000 

+0.  0034 

— 0. 0003 

— 0.042 

+0. 034 

II—  9 

+0.  225 

+  1.867 

+0.098 

+0.006 

— 0.0002 

+0.  0029 

+0. 081 

+O.OIS 

II lO 

+2-358 

+  ..178 

— 0.  029 

—0.079 

+0.  001 1 

+0.0016 

—0. 034 

—0.043 

II — II 

-0.  895 

— I.  120 

— 0.017 

+0-  035 

— 0.0042 

+0. 0033 

+0.008 

+0. 050 

II— 12 

—0.03s 

—0.459 

+0.  023 

+0.  006 

— 0.  0013 

— 0.0020 

+0. 030 

0.000 

12—    6 

0.  000 

+0.006 

— O.OOOI 

+0.0001 

12—   7 

+0. 048 

—0.  013 

— 0.  0004 

— 0.0003 

12-   8 

—0.  141 

—0.  170 

— 0. 023 

0.000 

+0.001 1 

—0.0007 

— 0. 019 

0.000 

12-  9 

—0.324 

+0.  629 

+0.035 

+0. 040 

+0.0007 

+0. 0020 

+0.01S 

+0. 027 

12 — lO 

+  1.521 

+o-  173 

+0.  023 

— 0. 050 

— 0. 0014 

+0.0003 

+0. 019 

— 0.046 

12 — II 

— 0-37S 

—1. 919 

— 0.029 

— 0.017 

— 0. 0010 

+0.0012 

—0. 034 

+0.015 

12 — 12 

-0.  98s 

+0. 282 

— 0.006 

—0.006 

—0.0023 

— 0.0017 

+0.  046 

+0.008 

Aie=i's'+i? 

a'r'-^ 

dr' 

dr'dZ 

^       dZ' 

,da' 

aa  r  — — — 
dr'dZ 

COB. 

sin. 

sin. 

COB. 

sin. 

COS. 

sin. 

COS. 

i'      i 
0      0 

+432.  962 

" 

'/ 

+    1.40 

" 

— U.497 

// 

/I 
—  1.86 

I       0 

+    52.9395 

+78.1156 

+  14.46 

—   9.88 

-7-  536 

+5.621 

—27. 94 

+  19.96 

2       0 

-       1.0354 

+11.9696 

+   '-74 

—    4-03 

+0. 049 

—0.530 

—  1.86 

+  4.15 

3      0 

—      0.956 

+    '-  >43 

—  0.  14 

—    0.82 

— 0.  020 

—0.  108 

+  0. 13 

+  0.67 

4       0 

—      0.175 

+  0.057 

—  0.03 

—    0.09 

— 0. 009 

— 0.  012 

-t-  0.04 

+  0.08 

5       0 

—      0.  02 

+  0.  02 

— 0. 002 

— 0.  001 

—4—  I 

—      0.  002 

+  0.  010 

— 0,  001 

— 0. 001 

—3—  1 

-      0.055 

+  0.061 

+  0.06 

+    0.07 

—0.006 

— 0. 001 

—  0.04 

—  0.04 

— ^—  I 

—      ".637 

+  0.  205 

+  0.58 

—   0.05 

— 0.036 

+0.  029 

—  0. 36 

—  0. 01 

—  1—   I 

-       5-362 

—  1.084 

+  2.97 

—    2.05 

+0. 463 

+0. 935 

— 1-57 

+  2-29 

0—   I 

—  20.  9473 

-83. 7676 

+  14.01 

-31.68 

+  1-534 

-3.  566 

—  7.04 

+  15.98 

I—  I 

+    15-3859 

—93-  2674 

-  2.72 

-    1,95 

-1.  221 

+0.  258 

+  1-39 

+  2.28 

2 —  I 

+  115-7133 

—51.  8406 

+  9-37 

+  9-37 

+2.  666 

+2-534 

—12. 30 

—  II. 71 

3—  I 

+  20. 7068 

+  5. 0202 

+  4-38 

+  0-93 

+0.  883 

+0-  234 

—  4-74 

—  0.82 

4—    I 

+     1.9290 

+  2.3042 

+  0.92 

—  0.  36 

+0.153 

—0. 039 

—  0.89 

+  0.37 

s-  I 

+     0.031 

+  0.  393 

+  0.  12 

—  0. 16 

+0.017 

— 0.016 

—  0.  II 

+  0.  II 

6—  I 

0.  00 

+  0.06 

+0.  001 

—0.003 

—3-  2 

+     0.004 

0.000 

— 2 —  2 

+     0.014 

+  0.037 

0. 00 

+  0.03 

+0.001 

— 0.002 

— I—  2 

—     0. 030 

+  o-  336 

—  0.  12 

+  0.32 

+0. 046 

+  0.023 

—  0. 02 

—  0. 18 

0 —  2 

—     0. 372 

—  3- 003 

+  2.36 

+  0.  21 

+0.217 

+0.096 

—   «-34 

—  1. 01 
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d(r 

dr'l 

if 

"  '^dr'dZ' 

^'"^'S 

,dn' 

'^  dZ 

dr'dZ 

A.Tg=i'g'+ig 

• 

cos. 

sin. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

i'       i 
I—  2 

—  17.0443 

ii 
+  68.5236 

+  ■7-38 

+  3-64 

+2-359 

+0. 569 

-13-51 

—  2.79 

2 —  2 

-562.3187 

— 238.6124 

+  3-09 

—  3-03 

+0.485 

—0.  339 

—  2.54 

+  2.36 

3-  2 

—  64. 3581 

—145.4312 

-5.06 

+  7-61 

— I. 211 

+  1-994 

+  6.85 

—10.90 

4-   2 

+  8-5789 

—  28.4054 

-  0.13 

+  3-88 

—0.045 

+0.  784 

—  0.  01 

—  4.69 

5-  2 

+   3-9135 

-     2.7124 

+  0.51 

+  0.90 

+0. 072 

+0.  150 

—  0.63 

—  0.92 

6—  2 

+   0.700 

+     0. 022 

+  0.19 

+  0.09 

+0. 023 

+0.016 

-  0.15 

—  0.08 

7—  2 

+    0.08 

+     0.06 

+0.004 

0.000 

—2—  3 

■j-     0.004 

0.000 

—I—  3 

+    0.017 

4     0.004 

+0.005 

+0.003 

0—  3 

+    0. 216 

—    0-350 

—  0.09 

+  0. 06 

-0.005 

+0.009 

+  0.07 

—  0.04 

I—  3 

+  0.207 

+     6.  174 

—  0.28 

+  1-23 

+0. 022 

+0.  117 

+  0.16 

—  0.90 

2-  3 

—   4. 1224 

-  15-3762 

—  0.  02 

+  13-75 

—0.005 

+  1-53' 

+  0.07 

—  9-97 

3-  3 

— 261.3672 

+373-  3284 

+  3-35 

+  3-21 

+0. 335 

+0.  434 

-  2.53 

-2.6s 

4—  3 

—149-9928 

+  41.4181 

-  5-39 

—  2.  20 

—1. 310 

—0.452 

+  8.34 

+  3-06 

5-  3 

—  31.8426 

—  13-7741 

—  3-13 

+  0-55 

—0.594 

+0. 088 

+  4-10 

—  0.82 

6-3 

-  3.068 

-    5-571 

—  0.79 

+  0.57 

— 0. 122 

+0.092 

+  0-77 

—  0.79 

7-  3 

+    0. 14 

—     1. 00 

—  0.02 

+  0.23 

— 0.012 

+0. 028 

+  0.08 

—  0.  19 

8-3 

4-    0.08 

—    0.  12 

+0.001 

+0.005 

0—  4 

-{-    0. 010 

—    0.039 

I—  4 

-l-     0. 006 

+    0.356 

—  0.07 

—  0.04 

-0. 003 

+0.001 

+  0.04 

+  0.04 

^—  4 

+   0-  932 

—     I-  349 

—  0.  64 

+  0.32 

—0.038 

+0.063 

+  0.41 

—  0.28 

3-  4 

—  25. 880 

+     4-  025 

-  9-73 

+  1.98 

-0.893 

+0.  194 

+  6.65 

—  I.  40 

4—  4 

+217.452 

+233-907 

-  2.5s 

+  3-39 

— 0. 312 

+0-312 

+  2.13 

-  2.  55 

S-  4 

+  13-7922 

+  .35.5802 

+  0.65 

-  3-39 

+0. 086 

-0.  783 

—  0.78 

+  5-75 

6-  4 

-  18.57 

+  30-46 

—  0.85 

—  2.  21 

—0. 149 

—0-399 

+  '-27 

+  3-06 

7—  4 

—     6.88 

+     2.81 

—  0.67 

-0.57 

—0.095 

— 0.084 

+  0.86 

+  0.61 

8-4 

—     1.28 

-    0.33 

—  0.15 

0.00 

— 0.028 

—0.006 

+  0.  22 

+  0.04 

9—  4 

—    0.15 

-     0.15 

— 0. 005 

+0.  002 

10 —  4 

0.00 

—     0.06 

— 0. 001 

+0.001 

I-  5 

—    0. 010 

+     0. 024 

2-  S 

+     0. 030 

—    0. 083 

0.00 

—  0.04 

0.000 

+0.001 

3-  S 

—     1.652 

—     1 . 090 

—  0-54 

—  0.  II 

—0. 058 

+0.005 

+  0.38 

+  0.03 

4-  5 

—    0.43 

+  27.9' 

-  2.76 

—  6.16 

—0.225 

—0.482 

+  1.88 

+   4-12 

S-  5 

+  183-95 

—  108.48 

—  3- '4 

-  1.66 

—0. 266 

—0.  191 

+  2.35 

+  1-44 

6-5 

+  109.92 

+     8.83 

+  1-83 

—  0.09 

+0. 428 

—0.054 

-3-56 

+  0.31 

7-    5 

+  25.44 

+  21.61 

+  1-4' 

—  0. 90 

+0. 241 

—0.155 

—  2.06 

+  J-45 

8-  5 

+     1. 91 

+     7-53 

+  0.25 

—  0.  61 

+0. 049 

—0.086 

—  0.38 

+  0.85 

9-  5 

—    0.57 

+     1.46 

—  0.04 

—  0.23 

+0.001 

— 0.  025 

+  0.04 

+  0.  22 

10-  5 

—    0. 22 

+    0.15 

— 0.003 

— 0.005 

II—  5 

—    0.08 

0.00 

— 0. 001 

— 0. 001 

3-6 

—    0. 089 

—    0. 087 

— 0.002 

+0,001 

4-6 

—     1.42 

+     1.69 

-  0.25 

—  0.46 

— -^.  023 

—0. 039 

+  0.  IS 

+  0-34 

S-6 

+  24.48 

+     5-07 

+  3-57 

—  2.64 

+0. 238 

—0.188 

-  2.31 

+    1-72 

6—  6 

—  42.  IS 

—130.  96 

+  0.90 

—  2.70 

+0.095 

—0.  208 

—  0.82 

+  1-97 

7-6 

+  22.44 

—  80.96 

+  0.  22 

+  0.85 

+0.083 

+0.  213 

—  0.  64 

—  1-94 
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A.Tg=i'g'+ig 

a'r'— i- 

dr' 

dr'dZ 

^      dZ' 

,da' 

dr'dZ 

C08. 

sin. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

i'       i 
8—  6 

+  22.  33 

// 
—18.63 

+0-77 

+0.81 

+o-  133 

+0.  129 

// 
-1-30 

-1-23 

9-6 

+  7-53 

—  0.73 

+0-55 

+0-  13 

+0.  070 

+0. 022 

—0.71 

—0.15 

10—  6 

+   1-44 

+  0.81 

+0.  20 

—0.07 

+  0.02I 

— 0.004 

—0.19 

+0.07 

II—  6 

+  "■  '4 

+  0.28 

+0.  004 

— 0.  003 

12 —  6 

O.OO 

+  0.06 

0.  000 

— 0. 001 

4—  7 

—    0.  12 

+  0.  12 

— 0.  002 

— 0.  002 

5-  7 

+  I-5I 

+   1-63 

+0.28 

—0.28 

+0.021 

— 0.025 

— 0.  22 

+0.19 

6—  7 

+  7-99 

—18.65 

+2.17 

+  1-79 

+0-  134 

+0. 104 

—  1-34 

—1. 14 

7—  7 

—85.62 

+  7- 18 

+2.05 

+0.32 

+0.  148 

+0-  037 

-1-52 

— 0.  30 

8—  7 

—54-  52 

—27.77 

— u.  24 

+0.19 

—0.094 

+0.  070 

+  1.00 

— 0.  67 

9—  7 

-11.72 

— 20.  69 

—0-43 

+0.65 

— 0.062 

+0. 098 

+0.63 

—1.07 

10 —  7 

+  0.55 

—  6.82 

— 0.  10 

+0.46 

— 0.  005 

+0.  052 

0.  00 

—0-55 

n —  7 

+  0.98 

—  1.28 

0.00 

+0.17 

+0.006 

—0.015 

— 0.  II 

-0.15 

12-7 

+  0-35 

—  0.  12 

+  0.003 

+0.003 

5-8 

+  0.04 

+  0.19 

+  0.001 

—0.002 

6—  8 

+  1-75 

—  I.  00 

+0.3S 

+0-13 

+0.  021 

+0.009 

— 0.  22 

—0.08 

7-8 

—12.65 

—  8.91 

—0.78 

+  1-54 

— 0.038 

+0. 086 

+0.44 

—0.89 

8—  8 

-7.87 

+51.76 

— 0.  II 

+  1.52 

— 0.004 

—0.099 

+0.07 

— i.ei 

9-8 

—26.  85 

+33-  46 

+0.08 

—0.08 

—0.  047 

—0.034 

+0.52 

+0.30 

lo—  8 

— 17.  60 

+  6.02 

+0.28 

^.46 

— 0.067 

— 0.  023 

+0.81 

+0.  22 

11—  8 

—  5.68 

—  1.42 

+0-23 

—0.  21 

—0.035 

+0.  004 

+0.47 

0. 00 

12—  8 

—  1.08 

—  1.22 

+0.  II 

0. 00 

— 0.  on 

+0.  007 

+0.  14 

0. 00 

6-9 

+  0.17 

0. 00 

+0.  002 

0.  000 

7—  9 

—  0.59 

-  1.67 

0. 00 

+0.26 

— 0.002 

+0.015 

+0.  10 

-0.32 

8-9 

—  8.  14 

+  7.  59 

— 1. 00 

—0.16 

—0.051 

—0.008 

+0.48 

+0.25 

9—  9 

+28.83 

+  11.92 

—0.94 

+0.  16 

— 0.062 

+0.  010 

+0.38 

+  0.63 

lo—  9 

+  18.41 

+22.62 

-0.91 

+0.14 

+0.008 

— 0.  026 

—0-53 

+0.65 

II—  9 

+  1.87 

+  13-85 

—0.49 

—0.  13 

+0.  004 

— 0.  042 

— 0.60 

+0. 06 

12-    9 

—  2.  26 

+  4-64 

— 0.  II 

— 0.  21 

—0.008 

—0.025 

— 0.  20 

— 0.  20 

7—10 

+  0.  02 

—  0.  04 

0.  000 

+0.002 

8— lo 

—  1-37 

+  0.17 

-0-37 

—0.07 

— 0.  010 

+0.002 

+0.04 

+0.07 

9— lo 

+  3-97 

+  6.65 

+0.18 

—0-55 

—0.  003 

— 0.  028 

+0.39 

— 0. 06 

lo — lO 

+  10.92 

—14-  53 

+0.45 

—0.28 

—0.014 

—0.035 

+0-25 

+0.05 

II  —  lo 

+  17-27 

-  8.71 

+0.  21 

+0.25 

+0.013 

— 0.002 

+0-13 

+0-49 

12 — 10 

+  11.02 

+   I.  10 

— 0.  10 

+0.28 

+0.031 

— 0.002 

— 0.  19 

+0-32 

8-II 

—  0.  14 

—  0.08 

— 0. 001 

+0.001 

9— II 

—  0.08 

+   1.06 

+0.07 

—0.04 

— 0.003 

— 0.006 

+0.  II 

0.00 

lO — II 

+  4.94 

—  1-59 

— 0.  14 

—0.32 

+0.014 

— 0.006 

— 0. 01 

— 0.  21 

II— II 

—  6.43 

—  8.18 

0. 00 

—0-35 

+0.019 

— 0.013 

+0.06 

—0.17 

12— II 

—  2.77 

-13.69 

+0.  21 

— 0.  II 

— 0.  001 

+0.014 

+0.18 

+0.06 

9—12 

—  0.08 

+  0.  10 

— 0. 001 

— 0. 001 

10 — 12 

+  0.75 

+  0.28 

0.  00 

— 0.07 

+0.003 

— 0.002 

+o-°3 

— 0. 03 

II  — 12 

—  0.28 

—  3-32 

—0.18 

+0.07 

+0.005 

+0.006 

— 0.  14 

— 0. 04 

12—12 

—  6.94 

+  1-97 

-0.25 

— 0.04 

+0.002 

+0.003 

+0.04 

+0.03 
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Before  we  can  write  the  expressions  for  the  first  eight  factors  of  ST  we  have  to 
pass  through  the  intermediate  stage  of  deriving  V,  X,  and  T.  It  will  be  seen  that  in 
all  cases,  except  that  of  X,  the  fectors  involving  y  are  the  factors  A  and  B,  whose  ex- 
pressions have  been  given  at  pages  73,  74.    In  the  case  of  X,  putting 


we  have 


„      ,,  dn  ,  „    d£l 


M  = 2„^„2 —  COS  (/—  oa)  N  = ^ —  [sin/cos  w  —  (cos/+  e)  sin  oo} 

a^  cos^  (p       ^■'         '  a  cos'  cp^      ■'  \      j  ^    1  j 

For  a  similar  reason,  as  in  deriving  the  expression  for  T,  we  can  dispense  with 
any  direct  computation  of  the  terms  of  5T  involving  higher  multiples  of  y  than  the 
first,  as  all  such  terms  in  W  are  computed  very  readily  by  the  formulae  of  page  74. 
This  abbreviation  in  determining  T  is  applicable,  no  matter  how  far  the  approximation 
may  be  pushed ;  it  is  also  true  for  each  portion  of  T  under  restrictions  which  are 
readily  seen.  In  consequence,  availing  ourselves  of  the  quantities  P  and  Q  of  page 
63,  in  M  and  N,  it  suffices  to  put 

-^cos  Gj  =  -Po  +  Pi  cos  y  -L-  sin  03  =  Qi  cos  ^  sin  y 

and  we  also  have 

^COS/=^P„-|-PiC08fif+P2COS  2P  +  P3COS3J7+      ■     •     . 

-^sin/=co8  9)  [QiSin  ^-t- Q2  sin  251  + Q3  sin  3</+    .    .    .] 
— ■^~^—  =  COS  cp  [Qi  cos  g  +  2Q2  COS  zg  +  3Q3  cos  ig-\-     .    .    .] 

COS  (Zf 

^^  =  Pi  sin  g  +  2P2  sin  2g  +  3P3  sin  3</  +     .    .    , 

COS  (p 

From  these  equations  we  derive 

M  =  -  ^^^  QPo  +  Pi  cos  g+'PiCOS2g  +  P3  cos  3^  +     .     .    .  j 


1=0 
Po 


N  =  -  ^^^  [Pi  sin  g  +  2P2  sin  2g  +  3P3  sin  35  +     .    .    .J 


+  X    r  [Q.Q.i^]8in(r=F^P) 
It  is  evident  that  M  and  N  are  connected  by  the  equation 

Applying  these  formulae  to  Jupiter  we  get 
M=-    [8.0210889]  +  2[8.86ois62]  cos  >/  -  2[6.765S9]  cos  (x+    g) 

+  2[8.86ois62]  cos    g  —  2[o.oooooos]  cos  {y—  g)  —  2[s.o686s]  cos  {y  +  zg) 

+  2[7. 2422636]  cos  2g  —  2[8.382i499]  cos  {y—2g) 

+  2[s.8oo4832]  cos  2,9  —  216.9403906]  cos  {y  —  t,9) 

+  2[4.4324972]  cos  4(7  -  2[s.s724i73]  cos  {y  -  ^g) 
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N  =  +  2[8.86oi562]  sin  g 
+  2[7-S432936]  sin  2g 
+  2[6.2776o45j  sin  2,9 
+  2fS'034SS72]  sin  ^9 


And,  similarly  for  Saturn,  we  get 


+  2[o. 0000005]  sin  {y  —  g) 
+  2[8.683i799]  s,m{y-2g) 
+  2[7-4i7S"9]  8in(;/-3fl') 
+  2[6,i744773]sin(/-4</) 

-  2[6.76s59    ]8in(>/+    <?) 

-  2[s.36968    ]  sin  {y  +  2<7) 


M'=-    [8.1518373] 

+  2[8-92S57Si] 
+  2[7-37277S7] 
+  2[s.996o96i] 

+  2[4-6932i3°] 
+  2[8.925S75i] 

—  2[o.O0OO0O9] 

—  2[8.4472585] 

—  2[7. 0706074] 

—  2[s-76774i3] 

—  2[4-S°S73oi] 

—  2[6.8963o     ] 

—  2[s.26447     ] 


cos  g' 
cos  2g' 
cos  z9' 
cos  /\g' 
cos  y' 

cos{y'-  g') 
cos  {y'  —  2g') 
C0B(y'-  zg') 
cos  (y'  -  4p') 
C0B(y'-  S9') 
cos(/+  g') 
cos  {y'  +  2g') 


N'  =  +2[8.925575i] 

+  2[7.6738o57] 
+  2[6.4732i74] 
+  2[s.29S273oJ 

+   2[o.0000009] 

+  2[8.7482885] 

+  2[7.5477287] 
+  2(6.3698013] 
+  2(5.2047001] 

—  2(6.89630     ] 

-  2(5-56550     ] 


sin  g' 
sin  2g' 
sin  3(/' 
sin  ^g' 

sin(y'—  g') 
sin  (y'  —  2g') 
sin  {y'  —  sg') 
sin  (/  -  4g') 
sin  {y'  -  sg') 
sin  {y'  +  g') 
sin  [y'  4-  2g') 


We  can  now  give  the  values  of  V  and  X.  It  is  thought  unnecessary  to  give  the 
partial  derivatives  with  respect  to  g  or  g'  of  any  expression  which  has  already  been 
given,  for  the  reason  that  they  can  so  easily  be  formed.  The  expressions  for  B  and 
G  are  appended : 


V 

X 

B 

G 

Arg= 

sin. 

COS. 

sio. 

COS. 

sin. 

COB. 

sin. 

COS. 

000 

" 

" 

" 

+0.06138 

" 

+0.06138 

" 

" 

I         0 —    I 

-42.  3°7 

— 0.066 

+  14.278 

— 0.025 

—28.  029 

— 0.091 

+56.  586 

+0. 082 

— 100 

—  3-951 

+4-621 

+   '■17913 

—0.84751 

—  2.  772 

+3-  773 

+  5-093 

-5. 638 

0        0 —    I 

+  2.  60940 

—2.04419 

—  1.03659 

—0. 00354 

+   1.57281 

—2-  04773 

-  3-53363 

+2.54858 

I         0 —   2 

+  0.478 

—1.882 

+  0.  127 

+0.510 

+  0.  605 

—1-372 

-    0.389 

+  2.  224 

—  I         0 —    I 

—  0.  269 

—0.447 

+  0.035 

+0.073 

—  0. 234 

—0-  374 

+  0.318 

+0.  530 

0        0 —   2 

+  0.  19153 

+0.  26064 

—  0. 00889 

— 0. 03706 

+  0.  18264 

+0.  22358 

—  0.  24191 

—0.31404 

•       0—  3 

+  0-059 

+0-  034 

—  0.012 

+0.004 

+  0.047 

+0. 038 

—  0.058 

— 0.030 

—  I          0 —    2 

+  0.032 

— o.ois 

—  0.004 

+0.002 

+  0.028 

— 0.013 

—  0.  036 

+0.018 

0      0—3 

—  0.01704 

+0.01396 

+  0.00088 

—0. 00020 

—  0.01616 

+0.01376 

+  0.01850 

— 0. 01740 

I       0—  4 

—  0.  004 

+0.  002 

0.000 

O.OOI 

—  0.004 

+0.001 

+  0.005 

— O.OOI 

—I       0-  3 

-f    O.OOI 

0.  000 

+   O.OOI 

0.  000 

—   O.OOI 

0.000 

0      0—4 

—  0.  OOIOO 

— 0. 00102 

—  0.00004 

+0.00003 

—  0.00104 

— 0.00099 

+  0. OOIII 

+0.  OOI02 

I       0-  5 

+   O.OOI 

+0.001 

+  0.  001 

+0.001 

—   O.OOI 

— O.OOI 

—I       1+  4 

u.  000 

— 0.007 

0.000 

—0.007 

0.000 

+0.007 
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V 

X 

B 

G 

Arg^ 

• 

sin. 

COS. 

sin. 

COS. 

sin. 

COB. 

sin. 

COS. 

■K.         V        i 

0     '+3 

+ 

0. 00236 

+  0.01264 

—  0.  0001 1 

-\-  0. 00008 

+ 

0. 00225 

-f-    0.01272 

0.  00259 

II 

—  0.01285 

I     1+  2 

— 

0.005 

—  0.008 

0.000 

+    O.OOI 

— 

0.005 

—   0.007 

+ 

0.005 

+  0.009 

-I       1+  3 

— 

0.007 

+   0.  012 

+  0.002 

—   O.OOI 

- 

0.005 

-)-    0.  Oil 

+ 

0.  007 

—  0.012 

0      1+2 

— 

0.  00704 

+   0.03441 

—  0.00138 

—  0. 00381 

— 

0. 00842 

-\-    0.03060 

+ 

0.  00996 

—  0.04073 

I       1+  I 

+ 

0.006 

—  0.063 

0.000 

+  0.009 

+ 

0.  006 

—  0. 054 

— 

0.008 

+  0. 073 

-I       1+  2 

— 

0.230 

—  0.  170 

+  0.018 

+  0.052 

— 

0.  212 

—  0. 118 

+ 

0.249 

+  0. 203 

0      1+  I 

— 

0. 36721 

—  0.07128 

+  0.  10334 

-  0.05272 

— 

0.  26387 

—  0. 12400 

+ 

0.  47094 

+  0.08718 

I       I      0 

+ 

0.  726 

+   0.  301 

—  0.  158 

—  0.035 

+ 

0.568 

+  0. 266 

— 

0.885 

—  0. 364 

-I       1+  I 

+ 

4.870 

—  4-  13° 

—  1.426 

+  0.719 

+ 

3-444 

—  3-4" 

— 

6.254 

+  5.054 

0      I      0 

0.00000 

0.00000 

+  0. 16312 

+  0. 78650 

+ 

0. 16312 

-|-  0.  78650 

0.00000 

0.00000 

I       I—  I 

— 

5.0412 

+  3-3090 

+  1-365 

—  1.009 

— 

3.676 

+  2.300 

+ 

6.4715 

-  3. 9986 

—I       I      0 

+ 

9.922 

+49-  739 

—  2-095 

—10. 824 

+ 

7.827 

+38-915 

— 

12.  499 

— 62.  969 

0      I—  I 

— 

4.  91 261 

-25-  32954 

—  0.  08079 

+  0. 00778 

— 

4- 99340 

—25.32176 

+ 

6.  25857 

+32.55616 

I       I —  2 

— 

3-370 

-15.844 

+  '-271 

+  5-956 

— 

2.099 

—  9.  888 

+ 

4-173 

+  19-399 

— I       I—  I 

— 

1.0709 

-  3-6163 

—  0.248 

+  0.902 

— 

i-3'9 

—  2.714 

+ 

0.  5641 

+  4.  7236 

0      1—2 

— 

0.  24520 

+  2.59490 

—  0.08917 

—  0. 43467 

— 

0-  33437 

+  2. 16023 

+ 

0. 96309 

—  3-47275 

I       I-  3 

+ 

I.  229 

—  0.  649 

—  0.  125 

+  0. 205 

+ 

1.  104 

—  0.444 

_ 

1-633 

+  0.  942 

— I       1 —  2 

+ 

0.257 

—  0.  302 

—  0.  040 

-l-  0. 046 

+ 

0.  217 

—  0.256 

0.316 

+  0.  370 

0      I—  3 

— 

0.25009 

+  0.  30458 

4-  0.00917 

—  u. 01476 

— 

0.  24092 

+  0.28982 

+ 

0. 33884 

—  0.  39241 

I       I—  4 

+ 

0.063 

—  0.  045 

—  0.  002 

+   O.OOI 

+ 

0.061 

—  0.044 

— 

0.  098 

+  0.072 

—I       1—  3 

+ 

0.017 

+  0.008 

0.000 

+   O.OOI 

+ 

0.017 

+  0.009 

— 

0.020 

—  0.008 

0      I —  4 

— 

0. 02090 

+  0.00453 

+  0.0001 1 

—  0. 0001 1 

— 

0. 02079 

+  0.00442 

+ 

0.  02744 

—  0.00854 

I       I-  5 

+ 

0.  004 

—  0.  005 

0.000 

0.000 

+ 

0.004 

—  0.005 

— 

0.007 

-|-  0.007 

—I      I—  4 

— 

0.  002 

0.  000 

— 

0.002 

0.000 

+ 

0. 002 

0.000 

0      I-  5 

_ 

0.00038 

-|-  0.00005 

—  0.00003 

0.00002 

— 

0.00041 

-|-  0.00002 

+ 

0.00071 

—  0. 00028 

I       I-  6 

+ 

0.  001 

0.  000 

+ 

0. 001 

0. 000 

— 

0. 001 

0.000 

0       2+3 

+ 

0.  00026 

—  0.00098 

+ 

0. 00026 

—  0.00098 

— 

0. 00026 

+  0.00098 

-I       2+  3 

— 

0.  001 

0.000 

+  0.  001 

—  0.  001 

0.000 

—   O.OOI 

+ 

O.OOI 

0.000 

0      2+2 

+ 

0.  00104 

-f-  0.  00381 

—  0.00036 

—  0. 00027 

+ 

0.00068 

+  0.00354 

— 

0.00102 

—  0. 00446 

I       2+   I 

— 

0.003 

—  0.  007 

0.000 

+    O.OOI 

— 

0.003 

—  0.006 

+ 

0.003 

+  0.007 

—I       2+  2 

— 

0.042 

—  0.  003 

+•0.005 

+  0.  004 

— 

0.037 

-|-    O.OOI 

+ 

0.047 

+  0.004 

0      2+  I 

— 

0. 03928 

+  0.  01 129 

■\-  0.  00691 

—  0.01064 

— 

0. 03237 

-l-  0.  00065 

+ 

0. 04882 

-  0.01335 

120 

-h 

0.  103 

—  0.009 

—  0.018 

+  0-005 

+ 

0.085 

—  0.004 

— 

0. 123 

+  0.010 
+  1.044 

—I       2+   I 

+ 

0.  171 

—  0.  874 

—  0.096 

+  0. 146 

+ 

0.075 

—  0. 728 

— 

0.  224 

020 

0.00000 

0.  00000 

+  0.23489 

+  0. 05967 

+ 

0. 23489 

+  0.05967 

0.00000 

0.00000 

I       2—  I 

— 

0.  5469 

+  0.  8643 

+  0.079 

—  0.  201 

— 

0.468 

+  0. 663 

+ 

0.7447 

—  1.0511 

—120 

+ 

14.  636 

+  4.668 

-  3-224 

—  0. 828 

+ 

II. 412 

+  3-840 

— 

J9-S32 

—  5.243 

0      2—  I 

— 

9.  60269 

—  I- "394 

—   2.  38232 

+  I- 03341 

— 

11.98501 

—  0. 08053 

+ 

13-  32044 

+  0.91722 

1       2—  2 

+ 

I-  5995 

—  4-  6390 

+   0.8718 

+  0.  8956 

+ 

2-4713 

—  3-  7434 

— 

3- "9 

+  6.  loi 

—I       2—  I 

— 119.  8230 

+51-0393 

+32-814 

—14. 067 

— 

87.009 

+36-972 

+  167.6953 

-7'- 5954 

0      2—2 

+  ' 

06.01668 

-45.  27941 

—  0.  04681 

+  0. 00420 

+105.96987 

—45-  27521 

— 

151.09782 

+64.  68104 

I       2—  3 

21.  930 

+  9-  193 

—   2.562 

+  I- 159 

— 

24. 492 

+  10.352 

+  34-297 

—14.464 

—I       2—  2 

+ 

1-5773 

+  3-  3876 

—  0.  2253 

—  0.  9535 

+ 

1.3520 

+  2.434J 

— 

1.499 

—  5.021 

0      2—3 

+ 

2. 35012 

-  s-  49634 

+   0.  1887I 

—  0.08052 

+ 

2- 53883 

-  5.  57686 

— 

4-  15523 

+  7.92094 

I       2—  4 



i-3'3 

+  2.47J 

—  0.  143 

+  0.017 

— 

1.456 

+  2.488 

+ 

2.193 

—  3-443 

-I       2—  3 

+ 

0.329 

+  0.  256 

—  0.  044 

—  0. 045 

+ 

0.28s 

-|-  0.  211 

■ 

0.380 

—  0. 340 
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V 

X 

B 

G 

ArK= 

sin. 

008. 

sin. 

COS. 

sin. 

coa. 

Bin. 

COS. 

K      i'      i 

„ 

,, 

II 

// 

n 

// 

II 

0         2 —    4 

-  0. 15465 

—  0. 49077 

+  0. 01045 

—  0.  OOIOO 

—  0. 14420 

—   0.49177 

+  0.  11231 

+ 

0.  67980 

I       2—  S 

—  0.  025 

+  0.213 

—  0.  004 

+   0.002 

—  0.  029 

+    0.215 

+  0.068 

— 

0.  300 

—  I         2—   4 

+  0007 

+  0.015 

—  0.002 

—  0.  001 

+  0.005 

+    0.014 

—  0.009 

— 

0.019 

O       2 —  5 

—  0.  OU14 

—  0.  03543 

+  0.  00028 

—  0.00014 

—  0.  01086 

—    0.03557 

+  0.  01030 

+ 

0.  04823 

I         2-   6 

+  0.004 

+  0.016 

—  0.  001 

0.000 

+  0.  003 

+    0.016 

—  0.  002 

— 

0.  022 

O        2 —   6 

—  0.00063 

—  0.00167 

+  0.00003 

—  0.00002 

—  0.00060 

—  0. 00169 

+  0.  00064 

+ 

0.00244 

-'        3+  2 

—  0.004 

+  0.003 

+  0.  001 

+    O.OOI 

—  0.003 

+   0.  004 

+  0.005 

— 

0.003 

o      3+  ' 

—  0.  00325 

+  0. 00302 

+  0.00007 

—  0.00140 

—  0.00318 

+   0.00162 

+  0. 00398 

— 

0.  00353 

•       3      o 

+  0.  010 

—  0.  008 

—    O.OOI 

+    O.OOI 

+  0.  009 

—   0.  007 

—  0.012 

+ 

0.  009 

-«      3+  I 

—  0.048 

—  0.  no 

—  0.002 

+  0.017 

—  0.  050 

—  0. 093 

+  0.055 

+ 

0.  130 

030 

0.00000 

0.00000 

+  0.04330 

—  0.  OIOOI 

+  0.04330 

—  0.  OIOOI 

0.00000 

0.  00000 

'       3—  I 

—  0.014 

+  0. 151 

—  0.  004 

—  0.  026 

—  0.018 

+  0. 125 

+  0.031 

— 

0.  185 

-130 

+  2.774 

—  0. 827 

—  0. 596 

+  0. 138 

+  2.178 

—  0.689 

-  3-  652 

+ 

1-  145 

0       3-  1 

—  1.67802 

+  0. 77926 

—  0. 34634 

+  0. 44085 

—  2.  02436 

+  I.  2201 1 

+  2.32527 

— 

1.08947 

I      3-  2 

—  0.  156 

—  1.046 

+  0. 196 

+  0.  050 

+  0.  040 

—  0. 996 

—  0. 024 

+ 

1.418 

—  I       3—  I 

—14.  922 

+28.851 

+  4- 787 

—  6. 057 

—10.  135 

+22.  794 

+21.657 

— 

37-882 

0      3—2 

+  12.87302 

—24. 26454 

—  0.  99807 

—  I. 40617 

+  11.87495 

-25.67073 

—19.  23030 

+ 

32.41300 

'      3—  3 

—  o-  237 

+  6.5II 

—  0.  474 

+  0.666 

—  0.  7 1 1 

+    7-177 

+  1-382 

— 

9.236 

-I      3-  2 

— 69. 022 

—99- 3' 7 

+  13-584 

+19-364 

-55-  438 

-79-953 

+89-055 

+  1 

27.  729 

0      3—3 

+64-65315 

+91.45689 

—  0.  05234 

—  0. 04272 

+64.60081 

+91-41417 

—84-  13717 

— I 

18.41682 

'       3—  4 

-16.577 

-23.  474 

—  0.806 

—  1-074 

-17-383 

-24.  548 

+22.  261 

+ 

31.276 

-I       3—  3 

-  6.  595 

+  1.056 

+  1-  19s 

—  0. 078 

—  5.400 

+  0.  978 

+  8.  559 

— 

0.  940 

0      3—4 

+  9-  10247 

+  2.31940 

+  0.05439 

+  0.08122 

+  9. 15686 

+  2. 40062 

—11.81818 

— 

3.46238 

I       3—  S 

—  3-  450 

—  1.223 

—  0.052 

—  0. 076 

—  3-502 

—  1.299 

+  4-476 

+ 

1-767 

-'       3-  4 

-  0.  532 

+  0.407 

+  0.054 

—  0.  048 

—  0.278 

+  0.  359 

+  0.434 

— 

0.469 

0      3—  5 

+  0. 71640 

—  0. 26172 

+  0.00363 

+  0. 00582 

+  0.72003 

—  0.  25590 

—  0.93326 

+ 

0.  26690 

■       3-6 

—  o-3>9 

+  0.031 

—  0.  004 

—  0.004 

—  0.323 

+  0.027 

+  0.416 

— 

0.  016 

-'       3-  5 

—  0.  014 

+  0.023 

+  0.004 

—  0.  003 

—  0. 010 

+  0. 020 

+  0.019 

— 

0.028 

0      3—  6 

+  0.  04652 

—  0.03167 

+  0.  00027 

+  0.00021 

+  0.04679 

—  0.  03146 

—  0.06108 

+ 

0.  04687 

'       3—  7 

—  0, 024 

+  0.  on 

0.  000 

—  0.  001 

—  0.024 

+  0.010 

+  0.031 

— 

0.  112 

-I       3-6 

—  0.  004 

+  0.003 

—  0.004 

+  0.003 

+  0.004 

— 

0.  003 

0      3—7 

+  0.00216 

—  0. 00285 

+  0.00002 

+  0.00002 

+  0.00218 

—  0.00283 

—  0.00306 

+ 

0.  00326 

—I      4+  I 

—  0.014 

—  0.009 

0.  000 

+  0.002 

—  0.014 

—  0.007 

+  0.016 

+ 

0.011 

040 

0.00000 

0.  00000 

+  0.00501 

—  0.00354 

+  0. 00501 

—  0.00354 

0.00000 

0.00000 

I      4—  I 

-t-  0.009 

+  0.018 

—  0.002 

—  0.002 

+  0.007 

+  0.016 

—  0. 009 

— 

0.  023 

—140 

+  0.  294 

—  0.312 

—  0.068 

+  0.049 

+  0.  226 

—  0.  263 

-  0.  390 

+ 

0-399 

0      4 —  I 

—  0. 15912 

+  0.  20917 

—  0.01243 

+  0. 08450 

-  0.17155 

+  0.  29367 

+  0. 22774 

— 

0. 27809 

I      4-  2 

—  o- 1275 

—  0.  1234 

+  0.  029 

—  0.  008 

—  0.098 

—  0.  131 

+  0.  1295 

+ 

0-  1795 

—I      4—  I 

+  1.076 

+  5-719 

+  0.  173 

—  1. 165 

+  1-249 

+  4-  554 

—  0.913 

— 

7-434 

0      4 —  2 

—  0.  80131 

-  4-  64775 

—  0. 46277 

—  0. 23345 

—  1.26408 

—  4.88120 

+  0.59118 

+ 

6.  16744 

I       4-  3 

+  ••"3 

+  0.841 

—  0.014 

+  0. 165 

+  1-099 

+  1.006 

-  1.287 

— 

1.291 

—  I       4-2 

— 37-5II3 

—  12.8716 

+  6.  362 

+  3-  232 

-31-  149 

—  9.  640 

+46.  9598 

+ 

17-4477 

0      4—3 

+33-88"3 

+  11-94483 

+  0.72197 

—  0.  79007 

+34.60310 

+  11.  15476 

—42.  76022 

— 

16. 35448 

I       4—  4 

-  9- 727 

—  I.  061 

—  0. 463 

—  0.  208 

—  10. 190 

—  1.269 

+  12.570 

+ 

1.919 

—  1       4—  3 

+66.  142 

—70.  334 

—  9-  953 

+  10.  743 

+56. 189 

-59-  591 

— 80. 770 

+ 

86.  232 

0      4—4 

—61  53333 

+67.  26806 

+  0.02210 

—  0. 06522 

— 61.  51123 

+67.  20284 

+75-35198 

— 

82. 84294 

I       4-  s 

+  17.070 

— 18-  743 

+  0.422 

—  0. 498 

+  17.492 

—19.  241 

— 21. 161 

+  23.418 
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V 

3 

B 

G 

Arg=         1 
ny+fg'+ig  \ 

sin. 

COS. 

sin. 

COS. 

sin. 

COB. 

sin. 

COB. 

X 

— I 

i'      i 
4—  4 

—  1.666 

It 

-  7-  835 

+0.157 

+  I.I09 

-  I- 509 

II 

—  6.  726 

// 
+  1.786 

+   9.621 

0 

4-  5, 

—  0. 62573 

+  10.33047 

—0. 03440 

+0.  03220 

—  0.  66013 

+  10.36267 

+  1.16777 

-13-49758 

4-6 

+  0.  541 

—  3-  759 

+0. 034 

—0.  049 

+  0.575 

—  3.  808 

—  0.  762 

+  4-636 

—I 

4-  5 

—  0.  507 

-  0.  373 

+0.053 

+0.  054 

—  0. 454 

—  0.319 

+  0.  584 

+  0.47' 

0 

4-6 

+  0-44699 

+  0. 80753 

—0.  00274 

+0. 00340 

+  0.44425 

+  0.81093 

—  0. 50166 

—  1.00475 

4-  7 

—  0. 115 

—  0.  361 

0.000 

—0.003 

—  0.  lis 

—  0.  364 

+  0.  126 

+  0.448 

—I 

4-6 

—  0.03s 

—  0.  ot6 

+0.005 

+0.  001 

—  0. 030 

—  0.015 

-f   0. 042 

+  0.  020 

0 

4—  7 

+  0.05370 

+  0. 04836 

—0.00009 

+0. 00028 

+  0.05361 

+  0. 04864 

—  0.06209 

—  0.06136 

4-  8 

—  0.024 

—  0.019 

0.000 

0.  000 

—  0. 024 

—  0.019 

+  0.027 

+  0. 026 

—I 

4—  7 

—  0.003 

0. 000 

—  0.003 

0.000 

+  0.003 

0.000 

0 

4-  8 

4-  0. 00746 

+  0. 00266 

+0.00002 

+0.00004 

+  0.00748 

+  0. 00270 

—  0.  00823 

—  0. 00341 

0 

5      0 

0. 00000 

0.00000 

+0. 00039 

—0.00062 

+  0.00039 

—  0.00062 

0.00000 

0.00000 

— I 

5       0 

+  0.014 

—  0. 054 

— 0.  006 

+0.008 

+  0.008 

—  0.046 

—  0.021 

+  0.068 

5—   I 

—  0.00532 

+  0.03191 

+0. 00424 

+0. 01045 

—  0.00108 

+  0. 04236 

+   u.  01005 

—  0.04195 

5-  2 

—  0. 0265 

—   0.  0OZ2 

+0.002 

— 0.004 

—  0. 024 

—  0.006 

+  0.0302 

+  0.0075 

—  I 

5-  I 

+  0.65S 

+   0.615 

—0. 059 

—0.143 

+  0.  599 

+  0.472 

—  0.  760 

—  0.  820 

5-  2 

—  0.  50428 

—  0.48746 

—0. 09999 

+0.  00414 

—  0. 60427 

—  0. 48332 

+  0. 58IOS 

+  0.  66878 

5-  3 

+  0. 2505 

—  0.0502 

+0. 0121 

+0.  0258 

+  0.  2626 

—  0. 0244 

—  0. 312 

+  0.019 

— I 

5—  2 

—  8. 1002 

+   2.  5012 

+  '■378 

-0.055 

—  6.  722 

+  2-446 

+  10. 1287 

-  2.  6538 

5—  3 

+  7.20416 

—  2.07513 

4-0. 10788 

—0. 40042 

+  7.  31204 

-  2.47555 

+  9.09206 

+  2.  1658S 

5-  4 

—  1.698 

+    1.452 

—0. 123 

+0.013 

—  I.  821 

+  1-465 

+    2.  252 

-  1.669 

— I 

5-  3 

+  6.  2989 

—39-  2994 

—1. 5016 

+5-  5027 

+  4-  7973 

-33-7967 

-  8.  396 

+47-  462 

5-  4 

—  6.  02469 

+36-  65055 

+o.  55353 

+0.  31829 

—  5-47"6 

+36. 96884 

+  8.05541 

—44-  45554 

5-  5 

+  0.  102 

—10.  769 

+0. 06s 

-0.  297 

+  0.  167 

—11. 066 

—  0. 425 

+  13.220 

—  I 

S-  4 

+60.  330 

+36-  232 

-7.518 

—4. 406 

+52.812 

+31.826 

—71.476 

-42.  69s 

5—  5 

-58.23577 

—33-40774 

+0.05776 

+0. 00303 

—58.  17801 

-33-4047" 

+69-  17473 

+39-  40340 

5-6 

+  16.908 

+  9.  586 

+0.  28s 

+0. 147 

+  17-193 

+  9-733 

—20.  242 

—  11.368 

—  I 

5-  5 

+  7-371 

—  2. 620 

—0. 863 

+0.  256 

+  6.  508 

—  2.364 

-  8.  749 

+  2.952 

5-6 

—  9-  50437 

+  1.35024 

-0,01759 

—0. 0145  7 

—  9- 52196 

+  1-33567 

+  11.29325 

—  1-45191 

5-  7 

+  3-415 

—  0.  232 

+0.  035 

+0.  010 

+  3-450 

—  0. 222 

—  4. 068 

+  0.225 

—I 

5-6 

+  0.  348 

—  0.58: 

—0. 043 

+0.055 

+  0.  305 

—  0.  526 

—  0. 425 

+  0.665 

0 

5-  7 

-  0.  73758 

+  0.61744 

— 0. 00249 

—0.00106 

—  0.  74007 

+  0.61638 

+  0.88915 

—  0. 70284 

5-8 

+  0.  320 

—  0.  203 

+0.002 

0.000 

+  0.  322 

—  0.  203 

—  0.  386 

+  0.  230 

— I 

5-  7 

—  0.003 

—  0. 048 

0.000 

+0.005 

—  0.003 

—  0. 043 

0.000 

+  0.05s 

0 

5-8 

—  0.  03542 

+  0.07007 

—0. 00023 

+0.00002 

—  0.  03565 

+  0. 07009 

+  0. 04486 

—  0.08092 

5-  9 

+  0.  026 

—  0. 025 

0.000 

+0.001 

+  0.  026 

—  0. 024 

—  0. 031 

+  0.  029 

1 

6      0 

+  0.002 

—  0.007 

— 0. 001 

+0.001 

+  0.  001 

—  0.006 

—  0.002 

+  0.009 

6-  I 

-j-  0.  00121 

+  0.00347 

+0. 001 1 1 

+0. 00082 

+  0.00232 

+  0.00429 

—  0.00112 

—  0. 00460 

6—  2 

—  0.007 

+  0.003 

0.000 

— 0. 001 

—  0.007 

+  0.002 

+  0.008 

—  0.003 

— I 

6—  I 

+  0.  127 

+  0.018 

—0. 015 

— 0.012 

+  0. 112 

+  0.006 

—  0. 151 

-  0.  033 

6—  2 

—  0.  09454 

—  0.01527 

—0.01336 

+0. 00844 

—  0.  10790 

—  0. 00683 

+  0. 11348 

+  0.0289s 

6-  3 

+  0.023 

-  0. 03s 

+0.004 

+0.003 

+  0.027 

—  0. 032 

—  0.032 

+  0.037 

— I 

6-  2 

—  0.  906 

+  I.  187 

+0. 183 

— 0. 115 

-  0.  723 

+  t-072 

+  I- 170 

-  1-373 

0 

6-3 

+  0.8073s 

—  1.00270 

— 0. 02283 

—0. 09477 

+  0. 78452 

—  1-09747 

—  I-OS474 

+  1.  16180 

I 

6-4 

—  0.035 

+  0.421 

— 0. 020 

+0.014 

-  0.  055 

+  0-435 

+  0.085 

—  0.  506 

2l6 
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V 

X 

B 

1 

ArK= 

Bin. 

COS. 

Bin. 

COS. 

sin. 

COS. 

Bin. 

COS. 

X      i'      i 
-I       6-  3 

—  4-312 

-  9. 070 

+0.313 

+1.306 

—  3-  999 

—  7-  764 

+  4.  826 

+  10.991 

o      6 —  4 

+  3- 83036 

+  8.40510 

+0.  30416 

+0.01677 

+  4-  13452 

+  8.42187 

—  4-  28505 

—10.  23334 

1       ^  5 

—  1.860 

—   2.  128 

—0.025 

—0. 083 

—  1.885 

—  2. 211 

+  2.  138 

+  2-657 

-.       6-4 

+35-  265 

-   0.951 

-4-  179 

—0.245 

+31.086 

—    I.  196 

—41.461 

+  0.666 

o      6 —  5 

-33.42872 

+   0.  92270 

—0.  10883 

-f- 0.35440 

-33-  53755 

+  1.27710 

+39.40245 

—  0.  66207 

I      6—  6 

+  9- 919 

-    1.438 

+0.  180 

+0.001 

+  10.099 

—  1-437 

-11.775 

+   1-541 

-I      6-5 

-15-257 

+45-  748 

+  1-527 

—4. 810 

—13-730 

+40.  938 

+  17-475 

—52.881 

o      6—6 

+  13.48590 

— 44.  28526 

+0.  00850 

+0. 04282 

+  13-49440 

—44.  24244 

-15.41530 

+51.27238 

I       6-  7 

—  3-910 

+  13-158 

— 0.040 

+0.  152 

-  3-  950 

+  13-310 

+  4-470 

—  15-305 

—I       6—  6 

+  3-285 

+  5-909 

-0.297 

-0-593 

+  2.988 

+  5-316 

—  3-710 

—  h.  850 

o      6 —  7 

—  2.  74770 

-  7. 52924 

+0.  00664 

— 0.00916 

—  2. 74106 

-  7-  53840 

+  3-09747 

+  8.  73198 

I       6—  8 

+  0.790 

+  2-699 

0.000 

+0. 023 

+  0.  790 

+  2.  722 

—  0.  890 

—  3-  135 

-I       6-  7 

+  0.609 

+  0.242 

— 0.052 

—0.026 

-T    0.557 

+  0.  216 

—  0.  690 

—  0.  293 

o      6—8 

-  0.  70733 

—  0. 55988 

+0.  00034 

—0.00159 

—  0.  70699 

—  0.  56147 

+  0.80134 

+  0. 66034 

I       6 —  9 

+  0.  246 

+  0.258 

0.000 

+0.001 

+  0. 246 

+  0.  259 

—  0.  279 

—  0.  302 

—I       6—  8 

+  0.054 

—  0.009 

— 0.005 

— 0.001 

+   0.049 

—  0.  010 

—  0.  061 

+  0.008 

o      6—9 

—  0. 08084 

—  0. 02053 

— 0.00004 

— 0.00015 

—  0.08088 

—  0.02068 

+  0.09182 

+  0.02593 

I       6—10 

+  0. 033 

+  0.  016 

— u.  001 

0.000 

+  0. 032 

+  0.016 

—  0.  037 

—  0.019 

—I       6—  9 

+  0.003 

—  0. 002 

+  0.003 

—  0.002 

—  0.003 

+  0.002 

o      6 — lo 

—  0.00895 

+  0.  00154 

0.00000 

+0.00001 

—  0.00895 

+  0.00155 

+  0.  00968 

—  0.  00141 

I       6 — II 

+  0.007 

—  0. 001 

+  0.007 

—  0. 001 

—  0.  007 

+  0.001 

o       7 —  I 

+  0.00028 

+  0.00024 

+0.00017 

+0.00001 

+  0. 00045 

+  0. 00025 

—  0.00031 

—  0.00031 

— I       7 —  I 

+  0.016 

—  0.  004 

— 0.003 

0.000 

+  0.013 

—  0. 004 

—  0.019 

+  0.004 

O        7 —    2 

—  0.01121 

+  0.00514 

— 0.  00103 

+0.00196 

—  0.01224 

+  0.00710 

+  0.  01384 

—  0.  00493 

I       7-  3 

—  0.002 

—  0.  008 

+0.001 

0.000 

—  0.001 

—  0.008 

+  0.001 

+  0.009 

—I         7—   2 

—  0. 01 1 

+  0.  229 

+0.  015 

— 0.027 

+  0.  004 

+  0.  202 

+  0.  029 

—  0. 271 

o      7-3 

+  0. 01481 

—  0.  19650 

— 0.01232 

— 0. 01321 

+  0. 00249 

—  0. 20971 

—  0.03314 

+  0.23289 

■       7—  4 

+  0.046 

+  0.060 

— 0.002 

+0.004 

+  0.044 

+  0.  064 

—   u. 048 

—  0.  074 

-I       7-  3 

—  1-741 

—  I. 015 

+0.  169 

+0. 183 

-  1-572 

—  0.  832 

+  2.003 

+   1-276 

o      7—4 

+  I. 55014 

+   u.  95182 

+  0.  07687 

— 0. 03586 

+  I. 62701 

+  0.  91596 

-  1-78767 

—   1.20325 

I       7-  5 

-  0.  583 

—  0. 072 

— 0.014 

—0.013 

-  0.  597 

—  0.085 

+  0. 685 

+  0.  123 

—  I        7—  4 

+  8. 502 

—  5.904 

—  I.  060 

+0. 490 

+  7-442 

—  5-414 

—10.056 

+  6.668 

o      7-  5 

—  8.04741 

+  5-45171 

+0. 03494 

+0.  20882 

—  8.01247 

+  5-66053 

+  9-S4307 

—  6.  16627 

I       7—  6 

+  2.059 

—  2.206 

+0. 052 

— 0.028 

+  2.  Ill 

—  2.  234 

—  2.484 

+  2.521 

-I       7-  5 

+  6.582 

+27. 992 

—0.468 

—2.  869 

+  6.114 

+25-123 

—  7-312 

-32.  241 

o      7—6 

—  6.  68419 

—26. 75840 

— 0.  21033 

— 0. 01411 

—  6.  89452 

-26.77251 

+  7-39450 

+30.  86979 

1       7—  7 

+  3-059 

+  7-966 

+0. 048 

+0.  102 

+  3- 107 

+  8.068 

—  3-361 

-  9-  232 

—  I       7—  6 

—31.422 

-  3.029 

+2.852 

+0.  222 

-28.  570 

—  2.807 

+35-649 

+  3-328 

o      7—7 

+30.34215 

+  1.89095 

— 0. 02985 

+0.01298 

+30.31230 

+  1- 90393 

—34.46121 

—  2. 0201 1 

I      7-  8 

—  9. 126 

—  0. 464 

-0. 077 

+0.001 

-  9-  203 

-  0. 463 

+10.398 

+  0.482 

—I      7—  7 

—  4-157 

+  3-443 

+0.  362 

—0.280 

—  3-  795 

+  3- 163 

+  4-  732 

-  3-859 

o      7—8 

+  5-26380 

-  3- 32770 

+0.00452 

+0. 00320 

+  5- 26832 

-  3- 32450 

—  5-99072 

+  3-73716 

I       7—  9 

-  1-883 

+  1-034 

— 0.014 

+0.005 

-  1-897 

+  1-039 

+    2-  14s 

—  I.  165 

—  I       7—  8 

—  0. 123 

+  0.581 

+0.013 

—0. 045 

—  0. 110 

+  0.536 

+   0.  149 

—  0.651 

o      7—9 

+  0.34515 

—  0. 70113 

+0.00093 

+0.00003 

+  0. 34608 

—  0.70110 

—  0.40059 

+  0.78708 

I       7—10 

—  0. 163 

+  0.  247 

—0.003 

+0.001 

—  0.  166        +  0.  248 

+   0.  187 

—  0.  278 

FACTORS  OF  THE  SECOND  ORDER  TERMS. 


217 


V 

X 

B 

G 

ArE;= 

^r+i''j'+i3 

Bin. 

COS. 

•  sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

H          V          % 

// 

„ 

„ 

// 

// 

,f 

// 

// 

—  I           7—    9 

+  0.018 

■J-  0.031 

-(-0.  002 

— 0.004 

+  0.  020 

+  0. 027 

—  0.015 

—  0. 038 

0      7 — 10 

—  0.  00414 

—  0.08076 

4-0.00015 

— 0.  00004 

—  0.00399 

—  0. 08080 

—  0.00327 

+  0.09105 

I      7— II 

—  0.  001 

+  O.OS5 

+0.001 

0.000 

0.000 

+  0.055 

+  0.006 

-  0. 059 

— I      7 — 10 

+  0.002 

+  0.002 

+  0.  002 

+  0.002 

—  0.002 

—  0.  002 

0      7— II 

-  0.  00339 

—  0.00688 

— 0.00014 

— 0. 0000 1 

—  o-  00353 

—  0.00689 

+  0.  00285 

+  0.00793 

I       7-12 

+  0.002 

+  0.006 

+  0.002 

+  0.  006 

—  0.002 

—  0.006 

0      8—2 

-     0. 00081 

+  0.00125 

+0.00001 

+0. 00028 

—  0. 00080 

+  0.00153 

+  0.  00105 

—  0.00137 

—182 

+  0.012 

-|-  0. 029 

— 0.  001 

— 0.005 

+  0.  on 

+  0. 024 

—  0.013 

—  0. 035 

0      8—  3 

—  0-OJ377 

—  0. 02428 

— 0.00276 

— 0.00086 

—  0.  01653 

—  0.  02514 

+  0.01755 

+  0. 02950 

I      8—  4 

+  0.016 

+  0.002 

+0.001 

+0.  OOI 

+  0.017 

+  0.003 

—  0.017 

—  0.003 

-I      8-3 

—  0.  347 

+  0. 022 

+0.  038 

+0. 01 1 

—  0. 309 

+  0.033 

+  0.405 

—  0.007 

0      8—4 

+  0.31115 

—  0.01228 

+0.  01058 

— 0.01460 

+  0.32173 

—  0. 02688 

—  0.  36383 

—  0.00347 

I       8-5 

—  0.092 

+  0. 061 

—0.003 

— 0.  OOI 

—  0. 09s 

+  0.060 

+  0.  1 1 1 

—  0.  064 

—I       8—  4 

+  0.870 

—  2. 166 

— 0.  146 

+0.  201 

+  0.724 

—  '-965 

—  1.078 

+  2.472 

0      8 —  5 

—  0.  84496 

+  '•99985 

+0.  04055 

+0.05451 

—  0. 80441 

+  2.05436 

+   1.04920 

—    2.  28587 

I      8—  6 

+  0.052 

—  0.  710 

+0.  009 

—0.012 

+  0. 061 

—  0. 722 

—  0.  091 

+    0.819 

-I      ^5 

+  6.801 

+  6.823 

-0.556 

-0.752 

+  6.245 

+  6.071 

-  7.  650 

—  7-  924 

0      8—6 

—  6.  38814 

—  6.  52929 

—0.  131 18 

+0.05109 

-  6.51932 

—  6.  47820 

+  7.  20228 

+  7-  59594 

I       8-7 

+  2-3'S 

+  1.662 

+0. 023 

+0.  030 

+  2.338 

+  1.692 

—  2.  629 

-   1.959 

—I       8—  6 

—19. 983 

+  9- 03s 

+  1.803 

—0.694 

—18. 180 

+  8.341 

+22.  650 

—10.093 

0      8—7 

+19.  16027 

—  8.87404 

— 0.  01983 

—0. 1I6II 

+  19. 14044 

—  8.99015 

-21.73985 

+  9-93193 

I       8—  8 

-  5- 693 

+  3-  208 

—0.054 

+0. 024 

—  5-747 

+  3-232 

+  6.480 

—  3.601 

-I       8-  7 

—   :i.  700 

—19.  744 

+0.  252 

+  '-574 

-  2.448 

—18.  170 

+  3-093 

-}  22. 074 

0      8—8 

+    3-40236 

+  18.95337 

—0.  01287 

—0.01628 

+  3-38949 

+  18.93709 

-  3-  89187 

—21.20181 

I       8—  9 

—    I.  123 

-  s-  738 

— 0.  010 

-0.039 

-  ^nz 

-  5-777 

+  1.289 

+  6.431 

—I       8—  8 

-  3-  '27 

-  2.  554 

+0.  231 

+0.  200 

—  2.896 

-  2.  354 

+  3-476 

+  2.871 

0      8—9 

+  3-  23043 

+  3-25042 

— 0.00182 

+0. 00243 

+  3. 22861 

+  3-  25285 

—  3-59601 

—  3-65134 

I       8—10 

—  '053 

—  I.  169 

— 0.  004 

—0.006 

—  1.057 

—  '-'75 

+  '-'74 

+  '-314 

-.       8-9 

—  0.  494 

—  0.007 

+0.  035 

+0.003 

—  0.  459 

—  0.004 

+  0.549 

+  0.015 

0      8—10 

+  0.  62087 

+  0. 14754 

+0.00006 

+0.00058 

+  0.  62093 

+  0. 14812 

—  0.  69044 

—  0. 17265 

I      8— II 

—  0.  228 

—  0.083 

— 0.  001 

— 0.002 

—  0.  229 

—  0.085 

+  0.  253 

+  0.095 

—  1       8—10 

—  0.  041 

+  0.030 

+0.003 

—0.  OOI 

—  0. 038 

+  0.  029 

+  0. 046 

—  0. 032 

0      8— II 

+  0.06913 

—  0. 01641 

+0.00006 

+0.00007 

+  0.  06919 

—  0.01634 

—  0. 07708 

+  0.01704 

I       8—12 

—  0.031 

—  0.003 

+0.  002 

0.  000 

—  0.  029 

—  0.003 

+  0.  034 

+  0.003 

—I       8— II 

0.000 

+   0.  001 

0.000 

+  0.001 

0.000 

—  0.001 

0      8—12 

+  0.00508 

—  0. 00312 

0.  00000 

+0.00001 

+  0.00508 

—  0. 00312 

-  0.00577 

+  0. 00369 

—  I       9—  2 

-f  0.002 

+  0. 001 

+  0.002 

+   0.  OOI 

-  0.  002 

—  0.  OOI 

0      9—3 

—  0.00332 

—  0.00169 

—0.  00042 

+0.  00008 

—  0. 00374 

—  0.  ooi6i 

+  0.00371 

+  0. 00220 

I      9—  4 

+  0.004 

0.000 

+  0.004 

0.000 

—  0.004 

0.000 

-'      9-  3 

—  0.  047 

+  0.031 

+0.006 

— 0.  OOI 

—  0. 041 

+  0. 030 

+  0.  055 

-  0.033 

0      9—4 

+  0.  03943 

—  0. 02830 

+0.  00037 

—0. 00324 

+  0. 03980 

—  0.03154 

—  0.04714 

+  0.03019 

I      9-  s 

—  0.002 

-f-  0. 020 

0.000 

—0.001 

—  0.002 

+  0.019 

+  0.004 

—  0.  022 

—I       9—  4 

—  0.092 

—  0.442 

— 0.004 

+0. 045 

—  0. 096 

-  0.  397 

+  0.087 

+  0.509 

0      9—  5 

+  0.07310 

+  0.40730 

+0.  01493 

+0.  00684 

+  0.08803 

+  0.41414 

—  0.06650 

—  0. 47027 

I      9—  6 

—  0.078 

—  0.  117 

0.000 

—0.003 

—  0. 078 

—  0. 120 

+  0. 084 

+  0.  138 

—I      9-  s 

+   2-  385 

+  0.  530 

— 0.  206 

—0.095 

+  2.  179 

+  0-435 

-  2.  695 

-  0. 662 

0      9 —  6 

-   2.  23738 

—  0. 53064 

— 0. 03406 

+0. 03874 

—  2.27144 

—  0.  49190 

+  2.53222 

+  0. 66261 

2l8 
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V 

X 

B 

1 

Arg= 

sin. 

COS. 

Bin. 

COS. 

sin. 

COS. 

sin. 

COS. 

H        i'       % 
I       9-  7 

+  0.744 

—  0.027 

-|-o.  010 

+0.  004 

11 
+  0.  754 

—  0. 023 

—  0.  849 

+  0.007 

—  I       9 —  6 

—  4- 694 

+  6.878 

+0.  470 

-0.532 

—  4.224 

+  6.346 

+  5-380 

—  7.680 

0      9—  7 

+  4-52390 

-  6.57520 

— 0.  0505 1 

—0.07551 

+  4-47339 

—  6.65071 

—  5- 18999 

+  7-35127 

I       9—  8 

—   I.  112 

+  2.276 

— 0.  014 

+0.018 

-   I.  126 

+  2.294 

+  I.  291 

-  2.553 

—  1       9-  7 

—  9-439 

—12.881 

+0. 688 

+'-039 

-  8.751 

—  II.  842 

+  10.476 

+  14-414 

o      9—8 

4-  9.  291 10 

^12.33229 

+0. 05939 

— 0.  02619 

+  9-  35049 

+  12.  30610 

—  lo.  32496 

—  13.80967 

1       9—  9 

-  3-  165 

-  3-  639 

— 0. 020 

— 0. 027 

-  3-185 

—  3.  666 

+  3-523 

+  4-085 

—  I       9—  8 

+  "-377 

—  4-479 

—0.805 

+0. 342 

+  10.572 

—  4-  137 

—  12.566 

+  4-999 

o       9—9 

— 10.  77926 

+  4-88540 

+0.00831 

— 0.  01058 

—10.  77095 

+  4-87482 

+  11.90855 

—  5-45723 

I       9—10 

+  3-256 

—  I.  561 

-|-o.  oi6 

—0.009 

+  3-272 

—  '-570 

—  3.  602 

+   1-748 

—  I       9—  9 

+  1-340 

—  2.  566 

—0.095 

+0.172 

+  1-245 

-  2.394 

—  1-491 

+  2.828 

o      9 — lo 

—  1-73410 

+  2.73406 

—0.  00139 

—0. 001 1 5 

-  1-73549 

+  2.73291 

+  1.92700 

—  3-01675 

I       9-1 1 

+  0.  628 

—  0.  908 

+0.003 

—0.003 

+  0.631 

—   u.  911 

—   u.  698 

+   1.003 

—I       9 — lo 

—  0. 064 

-  0.  384 

+0.003 

+0.025 

—  0.  061 

—  0.  359 

+   0.  066 

+  0.424 

o      9 — II 

—  0.  00942 

+  0.49580 

—0.  00032 

+0.00008 

—  0.00974 

+  0,49588 

+   0.01515 

—  0.  54704 

I         9—12 

-|-  0. 020 

—  0.  188 

0.000 

0.  000 

+  0.  020 

-    0.  188 

—   0.  024 

+  0.  207 

—I       9 — II 

—  0. 026 

—  0.032 

+0.  002 

+0.002 

—  0.  024 

—  0.  030 

+   0.028 

+  0.035 

O         9 — 12 

+  0.  02472 

+  0.05371 

— 0.00002 

+0.00005 

+  0.  02470 

+  0.05376 

—   0.  02646 

—  0.  05914 

■       9—^3 

—  0.006 

—  0.  024 

0.000 

0.  000 

—  0.  006 

—  0.  024 

+  0.  oo5 

+  0.  026 

0     lo—  3 

—  0. 00047 

+  0.00003 

— 0.  00005 

+0.00004 

—  0.  00052 

+  0.  00007 

+  0.  00054 

0.  00000 

—  I     lo—  3 

—  0.002 

+  0.  010 

—  0.  002 

+  0.  010 

+  0.003 

—  0.  on 

o     lo —  4 

-|-  0.00266 

—  0.  00662 

— 0.00019 

— 0. 00047 

+  0. 00247 

—  0.  00709 

—  0.  00342 

+  0.00737 

I     lo—  5 

0. 000 

0.  000 

0.000 

0.  000 

0.  000 

0.  000 

—  1      10—  4 

—  0. 053 

—  0.  056 

+0.002 

+0.006 

—  0.051 

—    u.  050 

+  U.058 

+  0.066 

0     lo—  5 

+  0.04837 

+  0.05150 

+0.  00330 

— 0. 00027 

+  0.05167 

+  0.05123 

—  0. 05251 

—  0.  06080 

I     lo—  6 

—  0. 025 

—  0.  006 

0.000 

0.000 

—  0.  025 

—  0.  006 

+  0.028 

+  0,008 

—1     lo—  5 

+  0.484 

—  0.  178 

— 0.  046 

+0.004 

+  0.438 

—  0. 174 

—  0.  552 

+  0.  186 

o     lo—  6 

—  0.45740 

+  0. 15826 

—0.00316 

+  0.01357 

—  0.  46056 

+  0.  I7I83 

+  0.52214 

—  0. 16399 

I     lo—  7 

+  0.129 

—  0.  105 

+0.002 

0.000 

+  0.  131 

—  0.  105 

—  0.  149 

+  0.  113 

—  1     lo—  6 

—  0.09s 

+  2.334 

+0. 044 

—0.  187 

—  0.051 

+    2.  147 

+  0. 154 

—  2.  614 

0     10—  7 

-j-  0.  12263 

-  2.22550 

— 0.  03264 

-0.01831 

+  0.08999 

—    2.  24381 

—  0.  18224 

+  2.49493 

I     lo—  8 

+  0.  114 

+  0.719 

— 0.002 

+0.  007 

+  0. 112 

+    0. 726 

—  0.  112 

—  0.  810 

—  I     10 —  7 

—  6.  236 

-  2.  681 

+0.448 

+0.  254 

-  5-788 

—    2.427 

+  6.909 

+  3-048 

O      ID —  8 

-|-  6.  01 140 

+  2.57700 

+0.  03940 

— 0. 04143 

+  6.  05080 

+    2.53557 

—  6.  66624 

—  2-93199 

I     lo —  9 

—  2.012 

—  0.  562 

—  0.014 

—0.006 

—  2.  026 

—    0.568 

+  2.  236 

+  0.651 

—  I     lo—  8 

+  7-428 

-  8.  374 

-0.543 

+0.  564 

+  6.885 

—    7.810 

—  8.  226 

+  9.222 

0     lo —  9 

—  7.067 

+  8.  243 

+0.02192 

+0.  02769 

—  7-045 

+    8.271 

+  7-829 

—  9.086 

I       lO— lO 

+  2.057 

—  2-  723 

+0.  012 

— 0.014 

+  2.069 

-    2.737 

—  2.282 

+  3-005 

—  I     lo —  9 

+  4-264 

+  5-929 

—0.289 

—0-375 

+  3-975 

+  5-554 

—  4.  699 

~  6.481 

O       lO — lO 

—  4-  479 

—  5-497 

+0.00774 

+0. 00358 

—  4-471 

-  5-493 

+  4-  939 

+  6.008 

I       lO— II 

+  1-420 

+   1-652 

+0.007 

+0.007 

+   1-427 

+  1-659 

-  1.568 

—  1.807 

—  I       lO — lO 

+   1.922 

+  0.  528 

—0.  118 

—0. 035 

+   1.804 

+  0.493 

—  2.  103 

—  0.  584 

0      lO — II 

—  2.  084 

-  0.  736 

+0. 00074 

—0. 00085 

—  2.083 

—  0. 737 

+  2.282 

+  0. 811 

I       lO — 12 

+  0.  703 

+  0.280 

+0.002 

+0.001 

+  0.  705 

+  0.  281 

—  0.  770 

—  0.  308 

—  1        lO II 

+  0.  276 

—  0.  113 

— 0.  017 

+0.005 

+  0.259 

—  0.  108 

—  0.  303 

+  0.  120 

O       lO  — 12 

—  0.  36150 

+  0.07393 

— 0.  00021 

— 0.00009 

—  0.  36171 

+  0.07384 

+  0.39615 

—  0.07774 

I      lO — 13 

+  0.  139 

—  0.  010 

— 0.  001 

— 0. 001 

+  0.  138 

—  0.  on 

—  0.  152 

+  0.  010 
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V 

X 

B 

G 

Ar2f= 

«y+i'g'+ig 

sin. 

COS. 

•sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

X      1        i 
0     11—4 

0.00000 

+0.  00097 

" 

// 

0.00000 

+0.  00097 

+0.00004 

— 0.  OOI  10 

—I     II  -  4 

— 0.  017 

— 0.  004 

+0.001 

0.000 

— 0.016 

— 0.004 

+0.018 

+0.005 

0     II—  5 

+0.01059 

+0.00241 

+0.  00049 

—0.00033 

+0.01 108 

+0. 00208 

— 0.01184 

— 0. 00362 

I      II —  5 

-|-o.  001 

+0.  002 

^0.  001 

0.000 

0.  000 

+0. 002 

0.000 

— 0.  002 

-I      II-  5 

+0.  057 

—0.078 

— 0.007 

+0.005 

+0.  050 

—0.073 

—0.  067 

+0. 085 

0     II —  6 

— 0.  05602 

+0.07047 

+0.  00084 

+0. 00298 

—0.05518 

+0. 07345 

+0. 06550 

— 0.  07710 

I     II—  7 

+0.008 

— 0. 030 

0.000 

— 0. 001 

+0.008 

—0.031 

— 0. 010 

+0. 033 

— I     II —  6 

+0.  266 

+0. 472 

— 0.012 

— 0.  042 

+0.  254 

+0. 430 

-^.285 

— <5.533 

0     II—  7 

—0.  2459 

—0. 4521 

— 0.01122 

—0. 00026 

—0.  2571 

—0. 4524 

+0.2631 

+0.5 1 10 

I     II—  8 

+0.  124 

+0.  122 

+0.001 

+0.001 

+0.  125 

+0. 123 

— «-i35 

— 0.  140 

—I     II—  7 

— 2.  076 

+0.  286 

+0.  153 

+0.004 

—1.923 

+0.290 

+2.306 

^.285 

0     II—  8 

+  1.998 

—0.  2633 

+0.  00774 

— 0. 02506 

+2.006 

—0. 2884 

—2.221 

+0.  2606 

I     II—  9 

—0.  628 

+0.214 

—0.004 

+0.001 

— 0.  632 

+0. 215 

+0.700 

— 0.  226 

—I     II—  8 

+  1.081 

-5.217 

— 0.  108 

+0.344 

+0-  973 

-4.871 

—1-233 

+5-732 

0     II —  9 

-1.027 

+5. 007 

^ -0.03033 

+0. 01796 

—0.997 

+5.025 

+  1-173 

—5.510 

I     II — 10 

+0.  142 

-1.587 

+0.002 

—0.008 

+0.144 

-1-595 

—0.  171 

+  1-754 

— I     II —  9 

+6.  645 

+  '•  343 

—0.412 

— 0.  248 

+6.  233 

+  1.095 

—7-  264 

— I. 710 

0     II — 10 

—6. 534 

—3-  462 

— 0.01132 

+0.01530 

—6.  545 

—3-447 

+7- 147 

+3-802 

I     II — II 

+2.123 

+3-331 

+0.010 

+0.005 

+2.  133 

+3-  336 

—2.324 

-3-428 

—  I     II — 10 

—2.714 

+3-  243 

+0. 154 

— 0.  202 

—2.  560 

+3-  041 

+2. 938 

-3-  546 

0     II — II 

+2.412 

-3-  395 

— 0.  OOIOI 

+0. 00503 

+2.411 

-3-390 

— 2.609 

+3-  707 

I     II— 12 

— 0.711 

+  I-I53 

— 0. 001 

+0.005 

— 0. 712 

+  1.158 

+0.  769 

-1.252 

—I     II— II 

— 0.067 

+  i-3°3 

+0.004 

-0. 074 

— 0.063 

+  1.229 

+0. 076 

—  1. 416 

0     II — 12 

+0.1606 

—1.430 

+0.00019 

— 0.00052 

+0.  1608 

—1-43' 

— 0.  1760 

+  1-555 

I     II— 13 

— 0.070 

+0. 497 

0.000 

+0.002 

— u.  070 

+0.  499 

+0. 076 

—0.541 

-.     12-  5 

—0.001 

—0.013 

0.000 

+0.002 

— 0.  OOI 

— 0.  oil 

0.000 

+0. 015 

0     12 —  6 

— 0.00115 

+0.01502 

+0.  00044 

+0.00044 

— 0.00071 

+0. 01546 

+0. 00207 

—<3.  01669 

I      12—  7 

— 0.003 

— 0. 006 

0.000 

0.  000 

—0.003 

— 0.006 

+0.003 

+0.007 

—  1     12—  6 

+0. 107 

+0.052 

— 0.006 

—0.  006 

+0.  lOI 

+0. 046 

— 0.  116 

— 0.061 

0     12—  7 

—0. 09298 

—0. 05255 

— 0. 00244 

+0.00129 

—0. 09542 

— 0.05126 

+0. 10147 

+0.  06083 

I     12—  8 

+0.033 

+0.005 

0.  000 

0.  000 

+0-  033 

+0.005 

—0.037 

— 0.007 

—  I     12—  7 

—0. 424 

+0.  361 

+0. 034 

—0.019 

—0.390 

+0. 342 

+0.  474 

—0.  389 

0     12—  8 

+0. 4020 

— o-  3307 

—0. 00166 

—0.00862 

+0. 4003 

—0. 3393 

—0.  4502 

+0.  3563 

I     12 —  9 

—0. 095 

+0- 133 

— 0.002 

+0.001 

—0.097 

+0. 134 

+0.  109 

-0.14s 

—I     12—  8 

—0.632 

-1-759 

+0. 023 

+0. 119 

— 0.609 

—  I.  640 

+0.669 

+  1-935 

0     12 —  9 

+0.  5847 

+  1.676 

+0. 01815 

+0.00133 

+0. 6028 

+  1.689 

—0.6185 

-1.845 

I     12—10 

— 0.  263 

—0.482 

—0.003 

— 0.  004 

— 0.  266 

—0.  486 

+0.281 

+0.  534 

—I     12 —  9 

+4-  171 

— 0.089 

—0.249 

— 0.019 

+3-  922 

— 0.  108 

—4-  540 

+0. 064 

0      12-10 

-3-  974 

+0. 081 

— 0. 00626 

+0.02100 

-3-  980 

+0.  102 

+4-  330 

—0.058 

I      12 — II 

+  1.190 

— 0.  126 

+0.009 

—0.003 

+  1.199 

—0. 129 

—1.301 

+0. 128 

—  I       12—10 

—1-357 

+5 -235 

+0.090 

-0.285 

—1.267 

+4-  950 

+  1.485 

-5-656 

0      12— II 

+  1.218 

—4-  984 

— 0. 01046 

—0. 00288 

+  1.208 

-4. 987 

-1-332 

+5-  391 

I       12—12 

—0.  314 

+  1-444 

— 0.001 

+0.014 

— 0-31S 

+  1.458 

+0.344 

—1.567 

—  I       12— II 

—2.  673 

-0.881 

+0.  134 

+0. 042 

—2.539 

—0.839 

+2.  872 

+0. 940 

0      12—12 

+2.587 

+0.  664 

+0. 00034 

—0.00093 

+2.587 

+0.  663 

—2.  782 

— 0.  706 

I       12—13 

—0.742 

—0.  166 

—0.008 

0.000 

—0.750 

— 0.  166 

+0.  801 

+0. 176 
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In  order  to  get  the  value  of  C  we  need  that  of  T.  This  can  be  got  by  making 
y  equal  to  g  in  the  expression  for  T,  taking  care  to  derive  the  terms  involving  ±  27, 
±  37,  etc.,  by  means  of  the  process  noted  at  page  74,  or  more  readily  by  the 
equation 


^d6z 


^-ndtydt  ^ 
For  Jupiter  we  have  the  following  expression : 




Arg=i'ff'+is 

T 

Axg=i'g'-\-ig 

T 

sin. 

COS. 

sin. 

COS. 

i'       i 

,, 

,, 

i'       i 

„ 

„ 

0      0 

—0. 0246 

5—    I 

— 0.0008 

—0.0085 

u—    I 

-|-  0.  0380 

+0.  1732 

5 —  2 

+0.  0747 

+0. 0569 

0 —  2 

—  0.0148 

—0. 0094 

5—  3 

—0.6815 

+0.  2266 

0—  3 

4-  0.0005 

— 0. 0010 

5—  4 

+0.4213 

—  2.  7627 

'+  3 

—  0.0003 

— 0.0014 

5-  5 

+3-6051 

+  2.  0622 

1+  2 

-\-  0.0019 

— 0.0017 

5—  6 

+0-5123 

—0-0737 

1+  I 

+    O.OOII 

+0. 0281 

5—  7 

+0.  0349 

— 0.  0284 

I      0 

—  0.  0660 

—0.  3208 

5—  8 

+0.0018 

— 0. 0036 

I—  I 

+  0.47II 

+2.4190 

6-  1 

— 0.0007 

— 0.0004 

I—  2 

+  0-2573 

—0. 2053 

6—  2 

+0.0127 

+0.  0002 

■—  3 

+  0.0197 

— 0.0221 

6-3 

—0.  0702 

+0.  0997 

I-  4 

-l-  0.0014 

— 0.0004 

6-  4 

—0.  2997 

—0.  6185 

2+  I 

+  0. 0020 

+0. 0034 

6-5 

+2.0516 

—0. 0729 

2      0 

—  0.  II8I 

— 0.  0140 

6—  6 

—0.6981 

+  2.  3083 

2—  I 

+  2.3998 

—0. 5665 

6-  7 

+0.  1288 

+0.  3483 

2—  2 

—15.0620 

+6.4637 

6—  8 

+0.  0296 

+u.  0223 

2-  3 

—  0.  3040 

+0. 6788 

6-9 

+0.  0033 

+0.0013 

2—  4 

+  0.0073 

+0.  0396 

7 —  2 

+0.  0012 

— 0.0007 

2-  5 

-\-  0.  0004 

-fo.  0017 

7-  3 

+0.0001 

+0.0183 

3+  I 

+  0.0004 

-f-0. 0002 

7—  4 

—0.  1169 

— 0. 0658 

3      ° 

—  0.0215 

+0.0077 

7—  5 

+0.  4829 

—0-  3396 

3—  " 

+  0. 3784 

—0.3219 

7-  6 

+0.  3286 

+  •-3851 

3-  2 

-  1-6395 

+3-4109 

7—  7 

-1.3668 

— 0. 0836 

3—  3 

—  6. 4194 

— 9. 0498 

7—  8 

— 0.  2099 

+0.  1347 

3—  4 

—  0.  7658 

—0. 1943 

7—  9 

— 0.  0111 

+0. 0253 

3-  5 

—  0.0466 

+0-0133 

7—10 

— 0.  0022 

+0. 0029 

3-6 

—  0.0019 

+0.0014 

8—  2 

0.  0000 

— 0.  0004 

8-  3 

+0.0012 

+0. 0020 

4       0 

—  0. 0024 

+0. 0019 

4—   I 

-\-  0. 0272 

— 0.  0643 

8-4 

—0. 0228 

+0.0016 

4—  2 

+  0. 1581 

+0.6183 

8-5 

+0.  0484 

— 0.  1220 

4—  3 

-3-3166 

—1.0972 

8—  6 

+0.  3348 

+0.3331 

4—  4 

+  4-  6773 

—5. 1280 

8-  7 

—0.8581 

+0.4017 

4-  5 

+  0.0386 

—0. 6765 

8—  8 

-0.  1352 

—0.7512 

8—  9 

— 0.  1156 

— 0. 1161 

4-  6 

—  0.  0233 

—0. 0439 

4—  7 

—  0.0016 

— 0. 0016 

8—10 

— 0.  0201 

— 0.0041 

8-11 

— 0.  0016 

+0.0016 

5      0 

—  0.0002 

+0.0004 

FACTORS  OF  THE  SECOND  ORDER  TERMS. 
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1 

1 

XTg=i'g'+ig 

T 

Arg=i's'+ts 

1 

sin. 

« 

COS. 

sin 

COS. 

i'       i 

// 

-/ 

i'      i 

/ 

// 

9—  3 

+0.0004 

+0.0001 

10 — 12 

+0.  0104 

—0. 0024 

9—  4 

— 0.  0029 

+0.  0021 

n-  5 

— 0.  0008 

0.0000 

9-  5 

—0.  0052 

—0. 0249 

II—  6 

+0.  0030 

—0.0035 

9-6 

+0.  1:52 

+0.0254 

II—  7 

+0.  01 11 

+0. 0206 

9-  7 

—0.  1995 

+0. 2957 

11—  8 

—0. 0786 

+0.01 1 1 

9-8 

—0.  3698 

— 0. 4862 

11—  9 

+0.  0347 

— 0. 1764 

9—  9 

+0.3812 

— o-  1737 

II— 10 

+0.  2095 

+0.  1 142 

9 — 10 

+o-  0555 

—0. 0880 

II— 11 

—0.  0703 

+0.  0986 

9-1 1 

— 0.  0007 

— 0.0147 

II — 12 

—0.0045 

+0. 0386 

9—12 

— 0.0008 

—0.0017 

12—  6 

+0.0002 

—0.0008 

10 —  4 

— 0.  0001 

+0.0005 

12—  7 

+0.  0043 

+0. 0020 

10—  5 

—0.  0028 

— 0. 0031 

12—  8 

— 0.0158 

+0.0130 

10—  6 

+0.0231 

—0. 0087 

12-  9 

— 0.  0200 

—0. 0567 

10—  7 

— 0.0042 

+0.0996 

12 — 10 

+0.  1224 

— 0.0016 

lo—  8 

—0.  2384 

—0. 1005 

12 — II 

—0. 0345 

+0. 1382 

10—    0 

+0.  2481 

—0.  2919 

12 — 12 

— 0.  0652 

— 0.0172 

lO— 10 

+0.  1428 

+0. 1774 

10 — 11 

+0.  0614 

+0. 0209 

The  four  factors  C,  D,  E,  and  H  for  Jupiter  have  then  the  expressions 


Arg=Ky+i's'+i3 

C 

D 

E 

H 

siu. 

CO8. 

co.s. 

siu. 

sin. 

COS. 

COS. 

sin. 

K        i'       i 
000 

" 

+0.  0736 

" 

" 

" 

— 0.  Ill 

" 

" 

I        0 —    1 

—0.002 

— 0.082 

+0.02 

— 0.  II 

^.04 

+  0.  21 

— 0.02 

+0.14 

—  1        0       0 

+0.074 

+u.  340 

— I.  40 

—3-19 

+0.50 

—  I-  13 

+I.I8 

+2-73 

0       0—    I 

—0.  1488 

—0. 6692 

-ro.  75° 

+  1.694 

— 0.  720 

+  1.694 

—0.547 

—1-273 

1          0 —    2 

+0. 076 

+0. 336 

+0.41 

+0-93 

+0.50 

—  I-  13 

—0.45 

— 1.02 

-1          0—    I 

— 0.028 

— 0. 020 

—0.32 

+0.24 

+0.04 

+0. 10 

+0.43 

— <'-37 

0         0 —    2 

+0.  0534 

+0. 0138 

+0.  212 

— 0.  lOI 

— 0.  106 

— 0.051 

—0.304 

+0.  225 

I       "-   3 

— 0. 026 

0.000 

+0.06 

— 0.04 

+0.08 

+0.02 

— 0.05 

+003 

—  I          0—     2 

0.000 

— 0. 002 

+0.  01 

+0.01 

— 0.04 

— 0.04 

0         u—     3 

— 0.0012 

+0.0044 

— 0.007 

— 0.013 

+0.002 

— 0.004 

+0. 014 

+0.025 

I          0—    4 

— 0.002 

—0.004 

0       1+3 

—0.0004 

— 0. 0022 

— 0.002 

+0.001 

1          1+    2 

0.000 

0.000 

-I       1+  3 

+0.004 

—0.002 

0.00 

+0.01 

— 0.02 

0.00 

0          1+    2 

— 0.  0048 

+0.0016 

+0.015 

+0.022 

+0.008 

— 0.  Oil 

— 0.022 

— 0.040 

I          1+    I 

+0.004 

— 0.002 

—0.02 

— 0.04 

+0.01 

+0.02 

+0.03 

+0.07 

-I           1+    2 

— 0.002 

+0. 038 

+0.  16 

-0.15 

— 0. 12 

— 0.  II 

— 0.  19 

+0.17 

0          1+    I 

+0. 0014 

— 0.0810 

+0.  188 

—0.153 

+0.  188 

+0- 153 

— u.  230 

+0. 133 

I          I          0 

+0.002 

+0. 056 

— 0.42 

+0.35 

—0.  18 

— 0.07 

+0.49 

-0-35 

—I          1+    1 

—0.084 

— 0.410 

-1.63 

—1. 17 

+0.76 

-0.51 

+  1.82 

+  1-30 
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C 

D 

E 

H 

ATg=xy+\'g'+ig  - 

sin. 

COS. 

COS. 

sin. 

siu. 

COS. 

COS. 

sin. 

K     i'      i 
O        I        o 

+  0.  1942 

+  0.9314 

0.000 

0.  000 

—1.119 

+0.777 

II 

0.  000 

0.000 

I       I —  I 

—  0.  130 

—  0. 638 

+1-63 

+  1.17 

+0.76 

-0.51 

-1.82 

-1.30 

1         I         o 

+  0-964 

+  4-812 

+0.32 

— 0-35 

—0.  16 

—0.  09 

—0.45 

+0.32 

O          I —    I 

—  1.  9112 

—  9-  S996 

—0. 183 

+0.178 

+0.  183 

+0. 178 

+0.  299 

—0.147 

I          I —    2 

+  0-936 

+  4.  802 

0.  00 

+0.09 

— 0.  16 

— 0.  14 

—0.07 

— 0.  10 

—  I          I —    I 

+  0.518 

—  0.  410 

-3-38 

+0.72 

+0.80 

+0.18 

+4.65 

—0.99 

O         I —    2 

—  I.  0996 

+  0.  4758 

+  2-379 

— o.5>3 

—  I.  184 

-0. 256 

-3-  630 

+0.  789 

I       I—  3 

+  U.558 

—  0.  176 

+0.  21 

— 0.  04 

+0.79 

+0.17 

+0.  20 

—0.07 

—  1          I 2 

+  0.038 

—  0.  044 

+0. 06 

+0-23 

— 0.04 

+0.03 

—0.  12 

—0.33 

o       1—3 

—  0.  1 196 

+  0.  1018 

+0. 039 

— u.  167 

— 0.012 

— 0.  056 

—0.  047 

+0.271 

I        I—  4 

+  0.  066 

—  0.052 

— 0.04 

— 0.03 

+0.02 

+0.04 

+0.  06 

—0.0 1 

-I       1-  3 

-f  0.  006 

+  0.  002 

0.00 

— 0. 01 

—0.02 

+  0.01 

0        1—4 

—  0.  0100 

+  0.  0070 

— 0.005 

—0.001 

+0.001 

0.000 

+0.009 

+0.  001 

1      1-  5 

-1-  0.006 

—  0.  004 

0.  00 

0.00 

-I         2+    2 

0.000 

+  0.006 

+0.03 

0.00 

—0.02 

0.  00 

—0.04 

+0.01 

0         2-|-     I 

—  0.  0012 

—  0.0102 

+0.  029 

— 0.006 

+0. 029 

+0.006 

— 0.  040 

+0.002 

I          2         O 

+  0.004 

+  0.008 

—0.07 

0.  00 

— 0.02 

+0.  01 

+0.  10 

— 0.01 

-I         2+1 

—  0.086 

—  0.  048 

—0.  20 

—0.44 

+0.  06 

—0.  19 

+0.26 

+0.50 

0         2         O 

+  0.  2336 

+  0.  0914 

0.  000 

0.000 

—0. 081 

+0. 301 

0.000 

0.000 

I         2 —    I 

—  0.  238 

—  0.  028 

+0.24 

+0.40 

0.00 

-0.25 

—0.28 

—0.48 

—  I          2         O 

+  3-344 

—  0.  506 

—2.44 

+2.32 

+0.88 

+0.83 

+  1.85 

-1.78 

O         2—    I 

—  7.4004 

+   1.3272 

+  1.316 

—1. 231 

—  I.  316 

-1.231 

—0.  828 

+0.  823 

I          2—    2 

+  4-  784 

—  '-130 

+0.71 

—0.  65 

+0.87 

+0.83 

—0.77 

+0.68 

—  1          .i —     I 

—30.  116 

+  12.978 

— 0.  64 

—0.51 

+0.  II 

-0.15 

+0-83 

+0.66 

O        2 —    2 

+59-  9446 

-25.8674 

+0.476 

+0.  333 

—0.  238 

+0. 166 

— U.637 

—0.  487 

I          2—    3 

—29.858 

+  12.860 

+0.04 

—0.  04 

+0.17 

-0. 13 

+0.  01 

+0.  12 

—  I          2—    2 

—  0.608 

+  >-358 

+0.01 

+2.88 

—0.  01 

+0.51 

—0.  03 

—4.27 

O         2—3 

+  3-  3796 

-  3.6526 

— 0.007 

—2.  24S 

+0. 002 

—0.  749 

+0.017 

+  3.622 

1          2—    4 

—  2.  046 

+  1-978 

0.00 

+0.  13 

0.  00 

+0.50 

0.00 

—0.58 

—  I          2—    3 

+  0.014 

+  0.078 

+0.  II 

+0.05 

— 0. 01 

— 0.  01 

—0.  18 

— 0.  06 

O        2 —   4 

+  0.  1200 

—  0.  3008 

—0. 074 

—0.  124 

+0.019 

— 0.031 

+0.  126 

+u.  195 

I      ^-  5 

—  0.094 

+  0.  178 

— 0. 01 

+  u.  04 

— 0. 01 

+0.03 

0.00 

—0.08 

—  I        2—  4 

0.000 

+  0.006 

O        2-    5 

+  0.0030 

—  0. 0224 

0.000 

—0.003 

+0.  001 

+0.  004 

I         2—   6 

—  0.  006 

+  0.012 

-I          3+    2 

0.000 

+  0.  002 

— 0. 01 

—0.01 

o      3+   ' 

—  0.0004 

—  0. 0014 

+0.003 

+0.001 

+0.003 

— 0.  001 

—0.005 

—0.002 

I       3      o 

+  0.002 

0.000 

+0.01 

+0.01 

-I       3+   > 

—  0.018 

—  0.006 

+0.01 

—0.09 

— 0. 01 

— 0.03 

—0.  01 

+0.  II 

030 

+  0.  0436 

—  0. 0046 

0.000 

0.000 

+0.013 

+0.  049 

0.000 

0.  000 

I       3—  I 

—  0.  042 

+  0.016 

+0.01 

+0.09 

— 0.03 

— 0.03 

0.00 

—  0.  11 

—  130 

+  0. 564 

—  0.360 

-0.89 

+0.23 

+0.28 

+0.09 

+0.80 

—0.  23 

0      3—  I 

—  I.  2302 

+  0.  8582 

+0.  432 

— 0. 114 

—0.432 

— 0.  114 

—0.342 

+0. 098 

I       3—  2 

+  0.752 

—  0.  644 

+0.27 

—0.13 

+0.30 

+0.04 

— 0.  32 

+0.  13 

—I       3—  I 

-  3-  896 

+  5-  948 

+  1.70 

+2.76 

— 0.  42 

+0.65 

—  1.17 

-..83 

0      3—2 

+  7-4394 

—12.2874 

—I.  185 

—1.951 

+0.  592 

—0.  976 

+0.  738 

+  1.  140 
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Aig^Hy+ig'+ig 

C 

D 

E 

H 

sia. 

COS.     * 

COS. 

sin. 

sin. 

COS. 

COB. 

sin. 

X       i'      i 
I       3—  3 

// 
-  3-  238 

+  6.  782 

—0.08 

-0.19 

— 0.  41 

+0.64 

+0.  16 

+0-33 

—I       3—  2 

—12.  898 

—18.096 

—0.  69 

+0.73 

+0.  13 

+0. 10 

+0.90 

—  1. 00 

0      3-3 

+26. 0246 

+35-  7348 

+0. 492 

— 0.  636 

—0,  164 

—0.  212 

—0-  725 

+0.  847 

I       3—  4 

—12.  980 

—17.752 

— 0.07 

+0.05 

+0-13 

+0.15 

+0.  18 

—0.08 

—I       3—  3 

-  I- 538 

—  0.  388 

+2.12 

+0-43 

— 0.  30 

+0.05 

-3- 31 

—0.66 

0      3—4 

+  4.0086 

+  2.0598 

—1.748 

—0-  379 

+0.  437 

—0.  095 

+2-903 

+0.  618 

I       3-  S 

—  2. 156 

—  I . 240 

-1-0.23 

+0.04 

— 0.  29 

+0.06 

—0.58 

—0. 14 

—1       3-  4 

—  0.096 

+  0.028 

+0.09 

0.00 

0.  00 

0.00 

-0.13 

+0.03 

0      3-  S 

+  o- 3478 

-f  0.0278 

—0.  141 

— 0. 012 

+0. 028 

— .0002 

+0.  232 

+0.017 

I       3-6 

—  0.  202 

—  0.038 

+0.03 

+0.02 

—0.02 

0.00 

—0.07 

— u.  03 

-I       3-  S 

—  0.002 

+  0.004 

-  0.  01 

0. 00 

0.00 

0.00 

0      3—6 

+  0.0258 

—  0.0048 

-0.007 

—0.004 

+0.  on 

+0.006 

I      3-  7 

—  0. 014 

0.000 

—0.01 

0.00 

—I      4+  I 

—  0.  004 

0.000 

0.00 

+0.01 

040 

+  0.0052 

—  0. 0032 

0.000 

0.000 

+0.005 

+0.006 

0. 000 

0.000 

I      4—  I 

—  0.004 

+  0.006 

0.00 

-0.01 

— I      4      0 

+  0. 056 

—  0. 076 

—0.17 

—0.03 

+0.05 

— O.OI 

+0.18 

+0.05 

0      4 —  I 

—  0. 1076 

+  0. 1782 

+0. 075 

+0.019 

—0.075 

+0.019 

—0. 069 

— 0.016 

I      4—  2 

+  0.054 

—  0. 128 

+0.07 

—0.01 

+0.05 

—0.03 

—0.08 

— O.OI 

—I      4—  I 

+  0.020 

+  I.  100 

+0.07 

+  1-13 

— 0.  02 

+0.26 

—0.08 

— 0.90 

0      4 —  2 

—  0.  1892 

—  2.  2696 

— 0.044 

—0.  767 

+0. 022 

—0.  384 

+0. 04300 

+0. 55060 

I      4—  3 

+  0.  320 

+    «-230 

—0.07 

— 0.09 

+0.02 

+0.27 

+0.05 

+0.14 

—I      4—  2 

—  6.  174 

—  2.688 

+2-44 

—0.87 

—0.43 

—0. 17 

—  1-47 

+0-57 

0      4—3 

+  12.  5690 

+  5- 0446 

—1.924 

+0.  663 

+0.  641 

+0.  221 

+  '-039 

—0.394 

I      4—  4 

-  6.612 

—  2.  132 

+0.  II 

—  0. 05 

—0.42 

-0.16 

+0.  11 

0.00 

—I       4—  3 

+  9-35° 

—10.  310 

+0-67 

+0,78 

— 0.07 

+0,  11 

-0.88 

—  1.05 

0      4—4 

—18.  2386 

+20.  7634 

— 0.  611 

—0.  611 

+0-  "53 

-0.  153 

+0.801 

+0.  895 

I       4—  S 

+  9. 026 

— 10.  346 

+0.  07 

+0.  10 

— 0.  II 

+0.11 

— 0.  12 

-0.23 

—I       4—  4 

+  0.074 

-  '354 

+0-63 

—  1. 40 

— 0.06 

—0.17 

—0.98 

42.24 

0      4—5 

—  0. 8048 

+  3-4620 

-0.551 

+  1.  178 

+0.  no 

+0-  236 

+0.918 

—2-003 

I       4 —  6 

+  0.510 

—  1.852 

+0.09 

— 0.  20 

—0.07 

— 0.  16 

— 0.  22 

+0.46 

—I      4-  5 

—  0. 048 

—  0.  088 

4-0.06 

—0.  09 

— 0.01 

0.00 

—0.07 

+0-13 

0      4 —  6 

+  0. 0574 

+  0-3134 

— 0.  066 

+0. 115 

+0.011 

+  0.019 

+0.  1 1 1 

—0-194 

I      4—  7 

—  0.022 

—  0.  180 

+0.02 

—0.03 

—0.01 

— 0.01 

— 0.04 

+0.07 

— I       4—  6 

—  0.  004 

—  0.006 

+0.01 

0.00 

— O.OI 

0.00 

0      4—7 

+  0.0134 

+  0.0234 

—0.008 

+0.006 

+0.013 

—0. 010 

1      4—  8 

—  0.  006 

—  0.014 

— 0.01 

+0.01 

050 

4-  0.0004 

—  0.0004 

0.000 

0.000 

0.000 

0.000 

-1      S      0 

4-  0.002 

—  0.012 

— 0.02 

— 0. 02 

+0.01 

— 0.  01 

+0.03 

+0.03 

0      S-  I 

—  0. 0026 

+  0. 0239 

+0.008 

+0.008 

— 0.008 

+0.008 

— 0.009 

— 0.008 

I      5-  2 

—  0.004 

—  0.018 

0.00 

0.00 

+0.01 

—0.01 

—0.01 

— -0. 01 

—I      5—  I 

+  0.086 

+  0.  124 

—0.  12 

+0.23 

+0.02 

+0.05 

+0.  11 

— 0.  21 

0     s-  2 

—  0. 2042 

—  0.  2405 

+0.  070 

—0-  147 

—0.035 

—0.074 

—0. 054 

+0. 121 

I      5-  3 

+  0. 148 

+  0.114 

— 0.  01 

—0.04 

+0.03 

+O.OS 

—O.OI 

+0.05 

-1      5-  2 

—  1-302 

+  0. 196 

+I.I6 

+0.18 

— 0. 19 

+0.03 

—0.84 

—0.  u 

0      5-  3 

+  2.6286 

—  0. 5290 

—0. 872 

— 0. 130 

+0.  291 

—0. 043 

+0. 584 

+0. 074 
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C 

D 

E 

H 

Arg=« 

y+i'g'+ig 

bIu. 

COS. 

COS. 

sin. 

sin. 

COS. 

COS. 

sin. 

K 

i'       i 
5—  4 

—  1-354 

+  0.460 

+0.01 

+0.05 

— 0.  19 

+0.05 

+0.06 

— 0.  01 

—  I 

5—  3 

+  I- "9° 

—  5-  320 

— 0.  23 

—1.84 

-i-0.04 

—0.26 

+0. 16 

+  1.  00 

5—  4 

—   2.  IIl8 

+  10.7212 

+0. 168 

+  1-533 

— 0.  042 

+0-  383 

— 0.  lOO 

—0.747 

5-  5 

+  0.  776 

—  5-496 

—0.04 

— 0.  19 

+0.04 

— 0.  26 

+0.03 

— 0.  02 

—  I 

5—  4 

+  7-256 

+  4- "4 

+0.76 

—0.48 

—0.  09 

— 0.  04 

—  I.  06 

+0.63 

5—  5 

-14.5522 

—  7.  8410 

—0.  650 

+0.  467 

+0.  130 

+0.  093 

+0. 940 

—0-596 

5—  6 

+  7-238 

+  3-  858 

+0.  13 

—0.07 

— 0.  09 

— 0.  06 

—0.  23 

+0.  12 

—  I 

5-  5 

+  1-030 

—  0.  152 

-0.83 

—0.  60 

+0.09 

— u.  06 

+  '•35 

+0.99 

5—  6 

—  2.  5884 

+  0.0268 

+0.  698 

+0.  553 

—0.  116 

+0.  092 

—  1.214 

-0.  935 

5—  7 

.+  '-376 

+  0.034 

-0.13 

— 0.  12 

+0.08 

—0.06 

+0.29 

+0.  22 

—  I 

5—  6 

+  0.068 

—  0.058 

—0.06 

—0.  08 

+0.01 

—0.01 

+0.09 

+0.11 

5-  7 

—  0.  2384 

+  0.  :ii8 

+0.074 

+0.  087 

— 0.  01 1 

+0.  012 

— 0.  127 

—0.  149 

5—  8 

+  0.  136 

—  0. 054 

—0.02 

— 0.02 

+0.  01 

— 0.  01 

+0.05 

+0.  06 

—  I 

5—  7 

-f-  0. 006 

—  0. 004 

—0.01 

0.  00 

5—  8 

—  0.0156 

-f-  0. 0146 

+  0.C03 

+0.010 

— 0.  006 

— 0.017 

5—  9 

+  0. 010 

—  0.006 

0.  00 

+0.01 

6      o 
6—  I 

6—    2 

—  0.002 
+  0. 0006 

—  0.002 

—  0.  002 
+  0.  0030 

—  0.002 

—  I 

6—  I 

+  0.018 

+  0.006 

+0.  01 

-)-o.  01 

+0.04 

—0.02 

6—    2 

—  0.0394 

—  0.  0102 

+0.  023 

—0.  016 

— 0.  oil 

—0.008 

— 0.  020 

+0.015 

6-  3 

+  0. 026 

+  0.002 

— 0.  02 

0.  00 

+0.  01 

+0.01 

—0.02 

0.  00 

—  I 

6—    2 

—  0.  162 

+  0.  142 

+0.24 

+0.  18 

— 0.  04 

+0.03 

—0.  20 

— 0.  14 

6-  3 

+  0.3088 

—  0.  3084 

—0.179 

—0-135 

+0.  060 

—0.045 

+0.  137 

+0.098 

6-  4 

—  0.  140 

+  0.  198 

— 0.  01 

+0.02 

— 0.  04 

+0.04 

+0.  02 

— 0.02 

—  ■ 

6-  3 

—  0. 402 

—  >  ■  230 

+0.35 

—0.97 

-  -0.  05 

—0. 13 

—0.  22 

+0.65 

6-  4 

+  0.9184 

+  2,4530 

—0.  291 

+0.  7S1 

+0.  073 

+0. 195 

+0.  172 

—0.495 

6-  5 

—  0.  606 

—  1.224 

+0.05 

— 0.  07 

—0.06 

-0.13 

— u.  02 

+0.01 

—  I 

6-  4 

+  4-034 

+  0.080 

—  I.  21 

—0.  12 

+0.  14 

—0.  01 

+0.56 

+0.  06 

6-5 

—  8.0618 

+  0.0418 

+  1.048 

+0.  131 

— 0.  210 

+0.026 

-0.  437 

— u.  056 

6—  6 

+  4-072 

—  0.  204 

— 0.  19 

—0.02 

+0.  14 

-0.02 

+0.  01 

— 0.02 

-I 

6-  5 

-  1-382 

+  4.646 

—0.28 

—0.  69 

+0.  02 

—J.  07 

+0.37 

+0-95 

O 

6—  6 

+  2.4796 

—  9.  2720 

+0.280 

+0.611 

—0.047 

+0.  102 

— o-  347 

—0.867 

6-  7 

—  I.  200 

+  4-  598 

— 0.  05 

-0.13 

+0.03 

—0.07 

+0.05 

+0.23 

—  ' 

6—  6 

+  0.256 

+  0.  696 

—0.49 

+0.42 

+0.04 

+0.03 

+0.83 

—0.71 

o 

6-  7 

—  0.4288 

—   1-7272 

+0.  460 

-0.  358 

—0.  066 

—0.  05 1 

-0.  789 

+0.  640 

6-  8 

+  0.  200 

+  0.918 

— 0.  12 

+0.08 

+0.04 

+0-03 

+0.  21 

—0.17 

—I 

6-  7 

+  0.058 

+  0. 050 

— 0.07 

+0.02 

+0.01 

0.00 

+0.13 

— 0.  04 

o 

6-  S 

—  0. 1282 

—  0. 1596 

+0.  084 

-0-  035 

— 0.  on 

— 0.  004 

—0.  145 

+0. 062 

6-  9 

+  0.066 

+  0.  090 

— 0.03 

+0.  01 

+0.  OI 

0.  00 

+0.05 

— 0.02 

—I 

6-  8 

+  0.004 

0.000 

— 0.  01 

0.  00 

0.00 

0.00 

6-9 

—  0.0154 

—  0.0084 

+0.  010 

0. 000 

— 0.016 

+0.  OOI 

6—10 

+  0.006 

-4-  0.006 

+0.01 

0. 00 

—I 

7-  I 

0.000 

0,000 

7—  2 

—  0. 0048 

-)-  0. 0022 

+0.004 

0.000 

— 0.004 

+0.001 

7-  3 

+  0.004 

—  0.002 
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C 

D 

E 

H 

A  VfT^— l/■^/J_«'/l'_l_i/I 

a.rg — xy-f-t  g  -\-ig 

sin.          j 

eos. 

COS. 

sin. 

sin. 

COS. 

COS. 

sin. 

■n      %•       i 
-1       7-  2 

— 0.  006 

+  0.  030 

+0.02 

+0.06 

II 
0.00 

+0.  01 

— O.OI 

II 
— 0.05 

0      7—3 

4-0.  0122 

— 0. 0626 

— u.  018 

—0.  041 

+0.006 

— 0.014 

+0.016 

-f  0. 033 

I      7—  4 

0.000 

+0. 036 

— 0.  01 

+0.  01 

0.00 

+  0.  01 

— O.OI 

+0.01 

-•      7-  3 

—0.  186 

—0. 156 

+0.23 

—0.  20 

—0.03 

—0.03 

—0. 18 

+0.  16 

0      7-4 

+0-  395° 

+0. 2994 

—0. 187 

+0.  165 

+0.  047 

+0.  041 

+0. 130 

—0.  120 

'      7-  5 

— 0.  232 

—0.128 

+0.03 

0.00 

— 0.03 

—0.03 

—O.OI 

—O.OI 

-I      7—  4 

+0. 988 

-0. 548 

—0.  70 

—0.43 

+0.08 

— 0.  05 

+0.44 

+0.28 

0      7-  5 

—  1.9558 

+  1. 1676 

+0. 590 

4-0.  378 

—0.  118 

+0.  076 

-0.351 

-0. 223 

I      7-6 

+o-  954 

—0.686 

—0.08 

—0.08 

+0.08 

— 0.  05 

+0.02 

4-0.03 

-I      7-  5 

+0.  524 

+2.760 

-0.25 

4-0.71 

+0.03 

+0.07 

+0.  II 

—0.27 

0      7 —  6 

— I.  1840 

—5. 4808 

+0.244 

—0. 626 

—0.  041 

— 0.  104 

— 0.  096 

+0. 196 

I      7—  7 

+0.  700 

+  2.  736 

—0.03 

+0.  14 

+0.03 

+0.07 

— 0.02 

+0.01 

-I      7-6 

—z.  750 

-0.154 

-0.56 

+0.  II 

4-0.05 

+0.  01 

+0.78 

—0.  12 

0      7—  7 

+5-445° 

+  0.  H70 

+0. 508 

—0.  128 

-0.073 

—0.018 

—0.  722 

+0.  126 

I      7-8 

—2.  698 

—0.  034 

—  0.  12 

+0.04 

+0.05 

+0.01 

+0.19 

— 0.  01 

-I      7-  7 

— 0.426 

+0.  272 

+0.17 

+0-35 

— 0.  01 

4-0.03 

-U.32 

—0.61 

0      7—8 

4-1.0430 

-0.  5432 

—0.  147 

-o-  338 

+0.  018 

—0. 042 

+0. 277 

+0.  587 

I      7—  9 

-0.  552 

+0.  272 

+0.05 

+0. 10 

— O.OI 

4-0.03 

—0.06 

— 0. 16 

-I       7-  8 

—0.  026 

-|-o.  050 

+0.  02 

4-0.09 

0.00 

—0.  II 

0      7—9 

+0.  0904 

— 0.  I2I2 

— 0.008 

—0. 068 

+0.001 

—0.008 

+0.015 

+0. 119 

I       7—10 

—0.  054 

4-0.  064 

— 0. 01 

0.00 

— O.OI 

—0.03 

—I       7—  9 

— 0.  002 

+0.006 

0.00 

+0.01 

0.00 

— O.OI 

0      7—10 

-f  0.  0107 

—0.  0149 

+0.  002 

—0.008 

—0.003 

+0.014 

I       7— II 

-0.008 

+0.008 

0.  00 

—O.OI 

—I       8—  2 

0.000 

+0.002 

0      8—3 

— 0. 0040 

—0. 0082 

+0.  001 

— 0.008 

I      8—  4 

-|-o.  004 

+0.004 

0.00 

+0.01 

-I       8-  3 

--0.  040 

—0.008 

+0.07 

—0.02 

— 0.  01 

0.  00 

—0.06 

+0.01 

0      8-4 

-(-0.  0810 

+0.  0054 

-"■  055 

+0.012 

+0.  014 

+0.003 

+0. 042 

— O.OI  I 

I       8-  5 

—0.044 

+0.004 

+0.01 

+0.01 

—O.OI 

0.00 

0.  00 

0. 00 

-I      8-  4 

+0. 124 

— 0.  210 

—0.13 

—0.  26 

+0.  02 

—0.  03 

+0. 10 

+0.18 

0      8  -  5 

—0. 2305 

+0.  4640 

+0.  120 

+0.  211 

—0. 024 

+0.  042 

— 0.084 

—0. 140 

I      8—  6 

-fo.  096 

—0.  242 

— 0. 01 

—0.04 

+0.02 

— 0. 03 

+0.  01 

+0.01 

-I       8-  5 

+0. 586 

+0.  698 

—0.44 

+0.44 

+0.04 

4-0.04 

+0.26 

—0.27 

0      8—6 

—  I.  2210 

—  I.  3648 

+0-  392 

-0.  379 

—0. 065 

— 0.  063 

— 0.  211 

+0.217 

I       8-  7 

+0.  674 

+0.  654 

—0.09 

+0,06 

+0.04 

+0.04 

+0.02 

—0.02 

-I       8-  6 

—1.728 

+0.  728 

+0.38 

+0.24 

—0.03 

+0.02 

—0.07 

—0.08 

0      8—  7 

+3-  4034 

—1.5446 

—0.  322 

—0.  239 

+0.  046 

—0. 034 

+0.044 

+0. 072 

I      8-  8 

—1.682 

+0.834 

+0.06 

+0.08 

-0.03 

+0.02 

0.00 

+0.02 

-1      8-  7 

—0. 182 

—1. 512 

+0.  01 

— 0. 09 

0.00 

—0.03 

—O.OI 

— 0-59 

0      8-8 

+0. 6828 

+2.9618 

—0.017 

+0.  388 

+0.002 

+0. 049 

—0. 010 

+0.  541 

I      8—  9 

-0.  352 

-1.468 

— O.OI 

— 0-43 

0.  00 

—0.03 

+O.OJ 

-0.13 

-I      8-  8 

—0.  236 

—0. 234 

+0.  22 

— 0.04 

— 0.  02 

0.00 

— 0.41 

+0.09 

0      8—9 

+0. 4964 

+0.5744 

—0.  224 

+0.  034 

+0.  025 

+0.  004 

+0. 396 

—0.077 

I      8—10 

— 0.  250 

—0.302 

+0.08 

+0.  02 

— 0.02 

0.00 

—0.  II 

+0.04 

—  1       8—  9 

— 0.  040 

— 0. 010 

+0.02 

+0.01 

— 0.  10 

0.00 

L>5  AST- 
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Aig=x} 

C 

D 

E 

H 

'+•'?'+•? 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

COS. 

sin. 

o 

i'      i 
8— lo 

+o.  0992 

+0. 0432 

— 0.  049 

—0.008 

+0.005 

— 0.  OOI 

+0. 086 

+0.012 

8— n 

-0.052 

— 0. 028 

0.  00 

— 0.02 

—I 

8— lo 

— 0.  004 

+0.002 

— O.OI 

0.00 

o 

8— II 

+0.0128 

+0. 0022 

—0.006 

— 0.003 

8-12 

— 0.  002 

0.  000 

— 0.  01 

0.00 

-I 

9—  3 

—0.004 

+0. 002 

9—  4 

-\-o.  0104 

— 0.  0060 

—0. 010 

—0.003 

+0.009 

+0.  002 

9-  5 

— 0.004 

+0.002 

+0.01 

0.  00 

—I 

9—  4 

-|-o.  002 

— 0.  044 

-|-o.  01 

—0.07 

0.00 

—  0. 01 

0.  00 

+0.06 

o 

9-  5 

+0.  0062 

+0. 0898 

+0.001 

+0.062 

0.000 

+  0.  012 

— 0.  002 

—0.  045 

9-  6 

— 0.012 

— 0.  048 

0.  00 

— 0. 01 

0.00 

— 0.  01 

— 0.  01 

0.  00 

— » 

9-  5 

+0. 208 

+0.074 

—0.  24 

+0.  06 

+0.02 

+0.01 

+0. 17 

— 0.  05 

9-6 

—0. 4274 

-0. 1358 

+0. 205 

—0.  065 

—0.  034 

— 0.  on 

—0. 130 

+0.  045 

9-  7 

+0. 230 

+0. 048 

— 0.  05 

+0.01 

+0.02 

+0.  01 

+0.  01 

0.00 

—I 

9-  6 

—0. 432 

+0. 540 

+0.24 

+0.38 

— 0.  02 

+0.03 

— 0.  14 

— 0.  22 

o 

9-  7 

+0. 8322 

—I.  III8 

— 0.  211 

—0-336 

+0.  030 

— 0.  048 

+0.  Ill 

+0.  173 

9-  8 

—0.  386 

+0.  590 

+0.04 

+0.07 

—0.02 

+0.03 

—O.OI 

— 0.  02 

—  I 

9-  7 

—0.698 

—0. 988 

+0.19 

—0.15 

— U.02 

— 0.  01 

— 0.  01 

0.  00 

o 

9-8 

+1,4468 

+1.9300 

—0.  182 

+0.  134 

+0.  023 

+0.017 

+0.029 

+0.  030 

9—  9 

-0. 756 

—0.946 

+0-03 

— 0.  04 

—0.02 

— 0.  01 

—O.OI 

—0.03 

—I 

9-  8 

+0. 768 

-0.356 

+0.  22 

— 0.06 

— 0.02 

0.  00 

—0.39 

—0.08 

o 

9—  9 

—1.4796 

+0. 7750 

—0.  273 

—0.  045 

+0.  030 

— 0.005 

+0.  375 

+0.  087 

9 — lo 

+0. 724 

—0.392 

+0.13 

+0.  14 

—0.02 

0.00 

— 0.  II 

— 0.05 

—I 

9—  9 

+  0.  112 

—0. 1 80 

+0.06 

—0.08 

0.00 

— 0.  01 

+0.04 

+0.24 

o 

9— lo 

—w.  2776 

+0.3871 

—0.017 

+0.  135 

+0.002 

+0.  014 

+0.  016 

—0.244 

9— II 

+0.  146 

—0.  196 

—0.05 

— 0.  10 

0.00 

—0.0 1 

— 0.04 

+0.08 

—I 

9 — lo 

-)-o.  002 

—0.030 

+0.03 

— 0.  01 

— 0.  01 

+0.03 

o 

9-11 

—0.0134 

+0. 0732 

— 0.  014 

+0.031 

+0.  OOI 

4-0.003 

+0.  024 

— 0.056 

9—12 

+0.008 

—0.038 

— 0. 01 

—0.02 

— 0.  03 

+0.04 

—I 

9— II 

0.000 

— 0. 002 

o 

9-12 

9-13 

+0.0018 
0.000 

+0. 0075 
— 0.004 

— 0.004 

+0.004 

—I 

«o—  3 

—0.002 

+0.002 

o 

ID—    4 

lo—  5 

+  u.  0010 
0.000 

— 0.0016 
0.000 

—I 

lo—  4 

—0.  006 

— 0.008 

0.00 

+0.01 

o 

lo—  5 

+0.0092 

+0.01 18 

—0.006 

+0.012 

+0.001 

+0.002 

lo-  6 

—0.006 

—0.004 

0.00 

— 0. 01 

0.00 

+0.01 

—I 

lo-  5 

+  0.044 

—0.008 

— 0.07 

—0.02 

-t-o.  01 

0.  00 

+0.  06 

+0.01 

o 

lo—  6 

— 0.  0896 

+0.  0212 

+0.060 

+0.  on 

— 0. 010 

+0.002 

— 0.  042 

— 0.007 

10—  7 

+0.044 

—0.016 

— 0. 01 

— 0.  01 

+  0.01 

0.00 

0.00 

— O.OI 

—I 

lo—  6 

— 0.  030 

+0.  186 

+0.01 

+0.  20 

0.  00 

+0.02 

— 0.  03 

—0.  14 

lo—  7 

+0. 0456 

—0.3762 

—0.017 

—0.177 

+0.002 

— 0.025 

+0.013 

+0.  108 

lo—  8 

—0.008 

+0.  196 

0.00 

+0.04 

0.00 

+0.  02 

+0.  02 

0.00 

—I 

10—  7 

—0.450 

— 0.  226 

+0.29 

— 0.  10 

— 0.02 

— 0. 01 

— 0.02 

+0.  10 

o 

lo—  8 

+0.  91 16 

+0. 4262 

— 0.  261 

+0.  090 

+0. 033 

+0.  on 

+0.  125 

^^.042 
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C 

D 

^    1 

H                   1 

Axg=Hy+i'g'+ig 

• 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

COS. 

sin. 

H       V          % 
I      10 —  9 

-0.476 

— 0.  190 

+0.05 

u 
— 0.03 

— 0.02 

O.OI 

— 0.  14 

—0.04 

—I     10-  8 

+0.510 

—0.568 

0.  12 

—0.  18 

0.00 

— 0.  01 

— 0.  16 

—0.03 

0    10 —  9 

— 0.  9846 

+1.1566 

+0-  034 

+0. 116 

— 0.004 

+0.013 

+0. 052 

+0.009 

I     10—10 

+0. 474 

—0.  592 

+0.07 

+0.03 

0.00 

— 0.  01 

+0.  II 

0.00 

— 1     10 —  9 

+0.  292 

+o-  354 

+0.08 

— 0.  II 

0.00 

— O.OI 

+0.01 

+0.19 

0    10 — 10 

— 0.6190 

— 0. 6598 

-0.071 

+0. 176 

+0.007 

+0.018 

+0. 114 

—0.239 

I     10— II 

+0.310 

+0.  324 

+0.02 

—0.13 

0.00 

— O.OI 

—0.18 

+013 

— I     10 — 10 

+0.  126 

+0. 042 

— 0.04 

+0.02 

+0.06 

+0.07 

0    10 — II 

— 0.2710 

— 0. 1 106 

+0. 074 

+0. 032 

— 0.007 

+0.003 

— o.'37 

— 0.048 

I     10—12 

+0.  138 

+0. 058 

—0.06 

— 0.05 

+0.  12 

— 0. 02 

— I     10 — II 

+0. 020 

— 0.004 

0.00 

0.  00 

+0.01 

+0.03 

0    10 — 12 

—0. 0488 

+0. 0026 

+0.018 

+0.014 

—0.033 

— 0.025 

I     10 — 13 

+0. 024 

— 0.002 

— 0.02 

—0.02 

+0.02 

+0.01 

—I     II—  4 

0.000 

— 0.002 

0    u—  s 

+0.  0020 

+0.  0012 

1     II—  6 

— 0.004 

0.000 

—I     II-  5 

+0.006 

— 0.004 

+0.01 

0.00 

0     II —  6 

— 0. 0114 

+0. 0122 

+0. 01 1 

+0.009 

I     11—  7 

+0.004 

—0.008 

— 0. 01 

— 0. 01 

+0.01 

0.00 

—I     II—  6 

+0.014 

+0. 038 

—0.03 

— 0. 01 

+0.01 

—0.05 

0     II—  7 

— 0. 0346 

—0.0772 

+0.021 

+0. 052 

— 0.003 

+0.007 

— 0.014 

+o.  035 

I     II—  S 

+0.024 

+0. 038 

0.00 

—0.05 

+0.01 

+0.01 

—I     II—  7 

—0.  154 

+0.006 

+0.16 

+0.01 

— O.OI 

0.00 

— O.OI 

+0.02 

0    II—  8 

+0.  3044 

—0. 0226 

—0. 138 

—0.  016 

+0.017 

— 0.002 

+0. 081 

+0.008 

I     II—  9 

-0.  152 

+0. 026 

+0.02 

+0.02 

— 0.  01 

0.00 

— 0.09 

— 0.04 

-I     II-  8 

+0.  088 

—0.342 

— 0.  12 

— 0.  II 

0.00 

— O.OI 

—0.08 

+0.07 

0     II —  9 

— 0. 1614 

+0.  6888 

+0.019 

+0. 184 

— 0.002 

+0. 020 

—0.005 

— 0.079 

I     II  — 10 

+0.  062 

—0. 350 

+0.09 

—0.13 

0.00 

— O.OI 

+0.08 

+0.03 

-I     II—  9 

+0.  414 

+0.  238 

— 0. 01 

—0.08 

+0.01 

— O.OI 

0     II  — 10 

—0.  8298 

— 0.4210 

+0.062 

+0.009 

— 0.006 

+0.  001 

+0. 032 

—0.047 

I     II— II 

+0.  422 

+0.  204 

— 0.  07 

+0.07 

—0.05 

+0.07 

—  1     II— 10 

— 0.  140 

+0.  202 

— 0.05 

— 0.02 

+0.08 

+0.  12 

0     II — II 

+0.2514 

— 0. 4176 

+  0. 104 

+0. 070 

—0.009 

+0.006 

-0.139 

— 0.  1 10 

I     II— 12 

—0.1 18 

+0.  208 

— 0.  09 

—0.08 

+0. 10 

+0.02 

-  I     II— II 

— O.OIO 

+0. 078 

—0.04 

+0-03 

0.00 

—0.05 

0    II — 12 

+0.  0222 

— 0. 1 746 

+0. 031 

-0033 

— 0.046 

+0.071 

I     11-13 

—0.012 

+0.092 

0.00 

+0.01 

+0.06 

-0.05 

—I     12-  5 

+0.002 

0.000 

0     12 —  6 

— 0.0006 

+0. 0026 

I     12—  7 

0.000 

—0.002 

—I     12—  6 

+0.006 

+0.006 

+0.01 

0.00 

0     12 —  7 

—0.0132 

— 0. 0100 

+0. 01 1 

—0.009 

I     12—  8 

+0.008 

+0.004 

— 0. 01 

+0.01 

+0.01 

0.00 

—I     12—  7 

-0.032 

+0.018 

+0.05 

+0.02 

0.  00 

— O.OI 

0    12—  8 

+0.  0614 

— 0. 0424 

—0. 043 

—0.028 

+0.005 

—0.004 

+0. 026 

+0.017 

I     12—  9 

— 0.032 

+0. 026 

+0.01 

+0.02 

—0.04 

— O.OI 

—I     12—  8 

—0. 028 

—0. 114 

— 0. 01 

— 0.03 

0.00 

— O.OI 

— 0.03 

+0.07 
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C 

D 

E 

=               1 

Aig=>iy+i'g'+ig 

Bin. 

COS. 

COB. 

sin. 

sin. 

COS. 

008. 

Bin. 

H      i'       i 

II 

/. 

// 

,, 

// 

,, 

„ 

// 

O       12—    9 

+0.  0639 

+0.  2280 

—0.035 

+0.  no 

+0.004 

+0.  012 

+0.019 

-0.  05s 

I      12  — lo 

—0.  042 

— 0.  112 

+0.06 

— 0.  II 

0.00 

— 0.  01 

+0.01 

+0.  01 

—  I        12-    9 

-f  0.  240 

-|-o.  012 

—0.  12 

— 0.06 

-|-o.  01 

0.  00 

+0.01 

—0.04 

O       12— lO 

— 0.  4802 

—0.0074 

+0.  150 

-fo.  010 

— 0.  015 

+0.001 

—0.  043 

—0.  010 

I        12—11 

-f  0.  240 

— 0.  010 

—0.08 

+0.04 

+0.01 

0.  00 

+0.05 

+0.06 

—  I        12—10 

— 0.076 

-fo.  272 

+0.04 

+0.03 

+0.05 

+0.05 

O       12— II 

+0.  1388 

— o- 5438 

-0.005 

-0. 077 

0.000 

— 0.007 

—0.034 

— 0.  041 

I        12—12 

—0. 062 

+0.  274 

— 0.03 

-fo.07 

— 0.  01 

+0.01 

—  I        12— II 

—0.  130 

-0. 034 

0.  00 

0.00 

+0.  01 

— 0.03 

O       12—12 

-fo.  2610 

+0. 0470 

+0.  on 

—0.017 

—0. 083 

+0.060 

I        12—13 

—0.  134 

— 0.020 

— 0.02 

-|-o.  02 

+u.  II 

— 0.  05 

All  the  factors  belonging  to  Jupiter  having  now  been  given,  the  similar  quanti- 
ties for  Saturn  are  tabulated : 


v 

X 

B' 

G' 

Arg= 

sin. 

COS. 

Bin. 

COS. 

sm. 

COS. 

Bin. 

COB. 

X     i' 
0     0 

i 
0 

" 

II 

// 

—  1.2588 

" 

1.2588 

" 

II 

—  I      I 

0 

+867. 04 

+ 

2.74 

+5 

16.84 

+  1.90 

+1383.88 

+ 

4.64 

-350.  09 

-    1.67 

— I     2 

0 

+1 

15.60 

— I 

26.41 

+ 

60.57 

-33-59 

+ 

176.17 

—  I 

60.  00 

— 

57.02 

+  83.22 

0     I 

0 

— 

57-  3392 

+ 

73-0254 

- 

43-5'73 

—  0-  3053 

— 

100.  8565 

+ 

72.7201 

+ 

19.8580 

—44.  4869 

I     0 

0 

— 

39- 05 

+ 

29.64 

- 

6-  5936 

+  14-9534 

— 

45.64 

+ 

44.59 

+ 

30.42 

—24.  29 

— '     3 

0 

+ 

2.  12 

— 

27. 17 

+ 

4-03 

-  6.87 

+ 

6.15 

— 

34-04 

+ 

0.90 

+  18.78 

0     2 

0 

— 

0.  I2IO 

+ 

18.5562 

— 

5-  "065 

+  2.8158 

— 

5.2275 

+ 

21.  3720 

— 

2.  1289 

—  12.0027 

I      I 

0 

- 

3°3 

+ 

5-23 

+ 

0.  10 

+    '-72 

— 

2.93 

+ 

6.95 

+ 

2.  22 

—   4.49 

—  I     4 

0 

— 

1.92 

— 

3-36 

— 

0.  02 

-  0.88 

— 

1-94 

— 

4.24 

+ 

1.70 

+    2.3s 

0    3 

u 

- 

1-5755 

+ 

2.  4063 

- 

0.  3401 

+  0.  5783 

+ 

1-2354 

+ 

2 . 9846 

— 

I.  3851 

-    I. 5718 

I     2 

0 

- 

0. 07 

+ 

0.74 

+ 

0.  1 1 

+  0.  14 

+ 

0.04 

+ 

0.88 

+ 

O.OI 

—   0.64 

-I     5 

0 

— 

0. 46 

— 

0.23 

— 

0.05 

—  0.08 

— 

0.51 

— 

0.31 

+ 

0.38 

+   0.15 

0    4 

0 

+ 

0.3615 

+ 

0.  1704 

+ 

0.0007 

+  0.0736 

+ 

0.  3622 

+ 

0.  2440 

— 

0-  2937 

—  0.0991 

'     3 

0 

+ 

0. 04 

+ 

0.09 

+ 

0. 02 

+    O.OI 

+ 

0.  06 

+ 

0.  10 

— 

0.04 

—   0.08 

—I     6 

0 

— 

0.03 

0. 00 

— 

0.  03 

0.00 

+ 

0.02 

0.  00 

0    5 

0 

+ 

0.0520 

— 

0.0045 

+ 

0.0048 

+  0.0068 

+ 

0.  0568 

+ 

0.0023 

— 

0.0416 

+  0.0076 

I     4 

0 

— 

O.OI 

+ 

0.02 

— 

O.OI 

+ 

0.02 

+ 

O.OI 

—   0.02 

0    6 

0 

+ 

0.0053 

— 

0.0032 

+ 

0.0009 

+  0.0005 

+ 

0.0062 

— 

0.  0027 

— 

0.0042 

+  0. 0030 

0—4- 

— 

0.0048 

— 

0.0132 

— 

0.  0024 

—  0.  0019 

— 

0.0072 

— 

0.  OI51 

+ 

0.0038 

+  0.0II4 

— 1 — 2— 

— 

0.06 

— 

0. 03 

— 

0.  01 

—  O.OI 

- 

0.07 

— 

0.04 

+ 

0.05 

+  0.03 

0—3- 

— 

0.0732 

— 

0. 0659 

— 

0.0177 

+  0. 0048 

— 

0. 0909 

— 

0.  061I 

+ 

0.  0598 

f  0. 0564 

1—4- 

+ 

0.15 

+ 

0. 10 

+ 

0.02 

+   0.  01 

+ 

0,17 

+ 

0.  II 

— 

0.13 

—  0.09 

— I — I  — 

— 

0.51 

— 

0.  03 

— 

0.08 

—  0.  Of 

— 

0-S9 

— 

0.  04 

+ 

0-43 

+  0.02 

0 — 2— 

— 

0.  5963 

— 

0.  1559 

— 

0.  1 161 

+  0. 1 1 76 

— 

0.  7124 

— 

0. 0383 

+ 

0.  4790 

+  0. 1294 

1—3- 

-t- 

1.25 

+ 

0.  18 

+ 

0.  22 

—  0.06 

+ 

1-47 

+ 

0.  12 

— 

1.03 

—  0. 16 
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V 

X' 

B' 

G' 

Arg=   1 
xy'+i'g'+ig  \ 

sin. 

COS. 

,  sin. 

COB. 

sin. 

COS. 

sin. 

COS. 

X 

»'   i 

// 

II 

// 

// 

,, 

II 

,, 

II 

— I 

0 —  I 

— 

4.11 

+ 

2.80 

—  0.9s 

—    0.  76 

— 

5.06 

+     2.04 

+   3-12 

-      3-75 

u — 

-I —  I 

— 

2-  7934 

+ 

0.9512 

—  0.  3836 

+    1.4648 

— 

3- 1770 

-f   2.4160 

4-   2.  0982 

—   I-II75 

I— 

-2—  I 

+ 

7-94 

— 

3- 48 

+  1-38 

—   1-39 

+ 

9-32 

-    4-87 

-   6.34 

+   3- IS 

—  I 

I—  I 

— 

47.  620 

— 

42. 884 

-  9-356 

-   4-  845 

— 

56-  976 

—  47-729 

+  49-  88 

+  93-47 

0 

0 —  : 

0.0000 

0. 0000 

+  25-6875 

+  122.2131 

+ 

25-  6875 

-f-  122.2131 

0.  0000 

0.0000 

I- 

-I—  I 

+ 

25-87 

— 

60.65 

+  4-62 

-  17-37 

+ 

30-49 

—  78. 02 

—  15-75 

-f  69. 20 

—  I 

2 —  I 

+  392-406 

+  1 

931-364 

+  79-  204 

+  393-671 

+  471.610 

+2325-035 

-423-  03 

—2060.  97 

0 

I —  I 

— 

575- 7289 

—2 

765.  1410 

+  1-9892 

+   1.4766 

— 

573- 7397 

— 2763.  6644 

+907-  5409 

+  4344-4247 

I 

0—  I 

+  368.  35 

+  «75«-57 

—304-  >9 

—1450. 95 

+ 

64. 16 

+  300.62 

—782.  26 

—3729-47 

—  I 

3—  I 

+  263.90 

+  253-95 

+  55-69 

+  66.67 

+  319-59 

-l-  320.  62 

— 201. 00 

—  226.40 

0 

^ —  I 

— 

215-5265 

— 

260. 4742 

—  6. 4830 

—  33-1287 

— 

222. 0095 

—  293. 6029 

+177-939° 

+  301.  0658 

I 

I—  I 

+ 

0.507 

— 

9.840 

—  14-273 

—  12.695 

— 

13.  766 

—  22.535 

—  1.29 

—  12.77 

—  I 

4—  I 

+ 

58.23 

+ 

4-33 

+  12.42 

+   4-56 

+ 

70.65 

+    8.89 

—  43-  03 

-   3-75 

0 

3—  I 

— 

48. 3766 

— 

6.  7501 

—  4. 6698 

—   5-6234 

— 

S3-  0464 

—  12. 3735 

+  35-8158 

+   9-  3200 

I 

2 —  I 

— 

1-773 

— 

4.097 

-  2.193 

—   0.  148 

— 

3.966 

—   4-  245 

+  2.01 

+   2.31 

—  I 

5-  I 

+ 

7.27 

— 

4.86 

+  1-72 

—   0.27 

+ 

8-99 

-   5- 13 

-   5-21 

+   3-96 

0 

4—  I 

— 

6. 1730 

+ 

4.  on  I 

—  1-0443 

—   0. 3889 

— 

7-2173 

+   3. 6222 

+  4-3387 

—   3-  0443 

I 

3—  I 

— 

0.65 

— 

0.  56 

—  0.  20 

+   0.13 

— 

0.85 

—   0-43 

+  0.62 

+   0.35 

—  I 

6—  I 

+ 

0-43 

— 

I.  16 

+  0.15 

-   0.  15 

+ 

0.58 

—   1-31 

-  0.25 

+   0.94 

0 

5—  I 

— 

0. 3672 

+ 

1.0038 

—  0. 1449 

+   0. 0258 

— 

0.5121 

+   1 .  0296 

-\-    0. 2024 

—   0. 7907 

I 

4—  I 

— 

u.  12 

— 

0.03 

—  0.02 

+   0.03 

- 

0. 14 

0.00 

+  0.  II 

+   0. 01 

— I 

7-  « 

— 

0.02 

— 

0.17 

0.  00 

—   0.02 

— 

0.02 

^   0. 19 

+  0.03 

+   0.14 

0 

6—  1 

+ 

0.  0358 

+ 

0.  1420 

—  0.0134 

-f   0.0130 

+ 

0.  0224 

+   0.  1550 

—  0. 0413 

—   0.1 107 

I 

5-  I 

— 

0.  04 

+ 

0.02 

0.00 

—   0.01 

— 

0.04 

+   0. 01 

+  0.04 

—   0.02 

0 

7—  I 

+ 

0.0132 

+ 

0.0136 

—  0. 0006 

-)-   0. 0022 

+ 

0.0126 

■i-      0.0158 

—  0.0120 

—   0. 0102 

—  I- 

-1—2 

+ 

0.  OI 

— 

0.03 

+ 

0.  01 

—   0. 03 

—  0. 01 

+   0.02 

0 — 2—  2 

+ 

0.0061 

— 

0. 0256 

—  0. 0042 

—   0.0041 

+ 

0.0019 

—   0. 0297 

—   u.  0061 

4-   0. 0205 

I- 

-3-  2 

— 

0.  01 

+ 

0.07 

— 

0.  01 

+   0.07 

-(-   0.  01 

—   0.06 

—  I- 

-0—  2 

— 

0.02 

— 

0.21 

—  0. 02 

—   0. 10 

— 

0.  04 

—   0.31 

—   0.  02 

+   0.07 

0- 

—I —  2 

— 

0.  0272 

— 

0. 0724 

—  0.  05 1 2 

—   0. 0074 

— 

u.  0784 

—   0. 0798 

+   0.0153 

+   0. 0065 

I- 

-2—  2 

+ 

0.  II 

+ 

0-43 

+  0.06 

+   0.03 

+ 

0.17 

+   0.46 

—   0.08 

—   0.33 

—  1 

I—  2 

— 

2.97 

— 

7.89 

-  0.31 

—   0.48 

— 

3-28 

-   8.37 

+   3-70 

+  12.62 

0 

0—  2 

0.0000 

0.0000 

+  1-7529 

+  10.7271 

+ 

1.7529 

+  10.7271 

0.0000 

0.0000 

I- 

—I —  2 

+ 

1.69 

+ 

0-S3 

+  0.61 

+   0.09 

+ 

2.30 

+   0.62 

—   0.99 

+   I- SO 

— I 

2 —  2 

+ 

40.  556 

+ 

46. 70s 

+  11.04 

—   0.28 

+ 

51.60 

+  46.42 

—  40-  390 

—  107.716 

0 

I —  2 

— 

45.2569 

— 

191-3331 

—  5-2535 

+   2.3768 

— 

50.5104 

—  188.9563 

+  80.6048 

+  373- 2938 

I 

0 —  2 

+ 

54-40 

+ 

193-  37 

—  20. 80 

—  127.32 

+ 

33-66 

-I-  66. 05 

—  91-41 

-  379-  50 

—  I 

3-  2 

— 

173-40 

+  502.97 

-244-  49 

4.  104.88 

—1 

417.89 

+  607.  85 

+835-  77 

-  363-37 

0 

2—  2 

+  923.4211 

— 

410.  3923 

-  i-S9»3 

+   10079 

+  921.  8298 

—  409.  3844 

—645.  2088 

+  300.  2177 

I 

I —  2 

— 

54.88 

+ 

26.  72 

+  62.  70 

-  27.74 

+ 

7.82 

—   1.02 

+  24.49 

—  15.18 

—1 

4-  2 

— 

206. 893 

+  353-  200 

—  50-  245 

+  62.573 

— 

2S7- 138 

+  415-773 

+  141-37 

-  267. 87 

0 

3—  2 

+ 

176.  6016 

— 

299.  2082 

+  20.5852 

—   8. 6506 

+ 

197. 1868 

-  307. 8588 

—118.0527 

+  224.6945 

I 

2 —  2 

+ 

5-389 

+ 

28. 123 

+  7-86 

—  11.68 

+ 

13-25 

+  16.44 

-  7-524 

—  18.749 

— I 

5—  2 

+ 

8.777 

+ 

85.869 

—  2.580 

+  IS- 294 

+ 

6-197 

-)-  loi.  163 

—  1 1 .  29 

—  65.49 

0 

4—  2 

— 

7.  2696 

— 

75. 7210 

+  4-2442 

—   5. 2484 

— 

3-  0254 

—  80. 9694 

+  9-  8493 

+  57-1032 

I 

3—  2 

+ 

6.31 

+ 

4- 03 

—  0.04 

—   2. 12 

+ 

6.27 

+   I- 91 

-  S-35 

—   2.33 

—1 

6—  2 

+ 

9-93 

+ 

II. 31 

+  0.84 

+   2.29 

+ 

10.77 

+  13-60 

—  8.62 

-   8.37 
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v 

X' 

B' 

G 

' 

Arg= 
Hy'+fg'+ig 

sin. 

COB. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

K     i'        i 
o     5-   2 

// 

8. 90733 

—  10.  25910 

// 
-j-  0.  2205 

I . 2863 

// 
—    8.6868 

—  11-5454 

+     7-73073 

+ 

7.48003 

I       4—    2 

+ 

1-445 

—     0. 202 

—  0.  171 

— 

0.  231 

+     1-274 

—    0.433 

-     I- "5 

+ 

0.  32 

—  I       7—    2 

+ 

2.28 

+  0.58 

+  0.28 

+ 

0.  22 

+     2-56 

+     0.80 

—     1. 91 

— 

0.32 

O      6 2 

— 

2.  08643 

—  0.53294 

—  0.0715 

— 

0.  1932 

-    2.1579 

—    0. 7261 

+     1.73800 

+ 

0.  28121 

I       5-    2 

+ 

0.  166 

—  0, 177 

-  0.035 

— 

0.013 

+    0.  131 

—    0.  190 

-    0.13 

+ 

0.17 

— .       8—    2 

+ 

0.  30 

—  0.13 

+  0.04 

— 

O.OI 

+    0.34 

—    0.  14 

—    0. 24 

+ 

0.13 

07—2 

— 

0.  2969 

+   0. 1057 

—  0.  0227 

— 

0.0183 

—    0.3196 

+     0. 0874 

+    0. 2404 

— 

0.  IIOI 

I     6-  2 

0.  (X> 

—    0. 04 

0.00 

0.00 

0.00 

—    0.04 

0.00 

+ 

0.04 

-I     9-  2 

+ 

0.  02 

—    0.02 

+    0.02 

—    0.02 

— .    0.  02 

+ 

0.02 

08—2 

— 

0. 0260 

+    0. 0340 

—  0.  0038 

— 

0.0004 

—    0. 0298 

+     0.0336 

+    0. 0198 

— 

0.  0307 

I     7-  2 

+ 

0.  01 

—      0.  02 

+    0. 01 

—    0.02 

—    0. 01 

+ 

0.02 

-.     0-  3 

+ 

0.03 

+      0.02 

+    0.03 

+     0. 02 

—    0.03 

— 

0.04 

01—3 

+ 

0.0054 

—      0.0213 

-)-  0.  0007 

— 

0.0014 

+    0. 0061 

—    0. 0227 

—    0. 0050 

+ 

0.  0163 

1—2-  3 

— 

0.  03 

+       O.OI 

—    0.03 

+      O.OI 

+    0.03 

0.00 

—  I  -I—  3 

+ 

0. 04 

-  0.52 

0.00 

— 

0.02 

+    0.04 

—  0.54 

+    0.06 

+ 

0-93 

00—3 

0.0000 

0.0000 

+  0. 1737 

+ 

0.8449 

+    0,1737 

+    0. 8449 

0.  0000 

0.0000 

I— I—  3 

— 

0.  18 

—    0.06 

0.00 

+ 

0.02 

—    0.  18 

—    0.04 

+    0. 20 

+ 

0.  22 

—  I     2—  3 

+ 

3- 55 

+     2.68 

+  0.57 

— 

0.32 

+    4-12 

+  2.36 

—     3-9> 

— 

8.06 

0     I—  3 

— 

3-99" 

—  14-9472 

—  0. 2141 

— 

0. 0749 

-    4.2052 

—  15.0221 

+     6. 9364 

+ 

31.0546 

I     0—  3 

+ 

2.58 

+  16.28 

-2.06 

— 

10.02 

+    0.52 

+   6.26 

-     5-83 

— 

31-36 

-I     3-  3 

+ 

1-51 

+  61.14 

—  1.92 

-f- 

13-38 

—    0.41 

+  74-52 

-     5-36 

— 

44.01 

0    2—  3 

+ 

16.  7787 

—  33- 3477 

—   I.  6199 

— 

2.  1267 

+  15. 1588 

—  35-4744 

—     9-2355 

+ 

24.  2283 

I     I-  3 

— 

4.69 

-(-   10.  04 

+  2-53 

+ 

0.  91 

—    2.16 

+   '0.95 

+     3-06 

- 

8.23 

-1     4-  3 

—594-  32 

-852.  79 

—95-33 

—I 

34-35 

—689. 65 

—987.  14 

+459  59 

+663. 23 

0     3-  3 

+515-7983 

+725.8970 

-  0.5513 

— 

1-4375 

+515.2470 

+724.4595 

—396-  3397 

—560.5710 

'     2—  3 

— 

80.76 

-112.87 

+  18.66 

+  25. 56 

—  62.  10 

-  87.3" 

+  58-  97 

+ 

82.65 

— '     5—  3 

-392-  325 

— 148.624 

-57.12 

— 

29.23 

—449-  44 

-177.85 

+312.688 

+ 

09.596 

04—3 

4-349-  5288 

+  133-6786 

+  7-8778 

+ 

"-3333 

+357.4066 

+  1450119 

-276.9491 

— 

97.6308 

1     3-  3 

— 

51-65 

-     3-50 

+  8-46 

+ 

3- 69 

-  43-19 

+     0.19 

+  39-56 

+ 

0.  56 

-.     6-  3 

— 

o'-33 

+  25-03 

-15.09 

+ 

0.44 

—  116.  42 

+  25.47 

+  80.77 

- 

23- 79 

0     5-  3 

4- 

92.  8999 

—  22.  1306 

+  4-  7914 

+ 

2. 475') 

+  97- 6913 

—  196547 

-  73.6099 

+ 

21. 2037 

I     4—  3 

- 

9.  60 

+     8.37 

+  1-74 

— 

0.28 

—     7-86 

+     8.09 

+     7-13 

— 

7-23 

-I     7-  3 

— 

13-75 

+   '5-44 

—  2.39 

+ 

'-45 

—  16.  14 

+  16.89 

+   10.60 

— 

13-34 

0    6—  3 

+ 

12.9321 

—  14-2449 

+   1.270Z 

— 

0. 0320 

+   14-2023 

—  14.2769 

-     9.8987 

+ 

12.  2941 

'     5-  3 

— 

0.328 

+     2.509 

+  0.  21 

— 

0.  20 

-     0.  12 

+     2.31 

+    0.097 

— 

2.084 

-I     8-  3 

— 

0.47 

+     3-52 

—  0.  22 

+ 

0.38 

—     0. 69 

+     3-90 

+     0. 21 

— 

2.98 

0    7-  3 

+ 

0. 4738 

-     3-3320 

+  0.  2019 

— 

0.  1210 

+     0.6757 

—     3-4530 

—    0.2118 

+ 

2.8115 

I     6-3 

+ 

0.24 

+     0.29 

+    O.OI 

— 

0.04 

+     0.25 

+     0.25 

—    0.23 

— 

0.  21 

—I     9-  3 

+ 

0.  23 

+     0.51 

+  0.  01 

+ 

0.06 

+     0.24 

+     0.57 

—    0.  22 

— 

0.42 

08—3 

— 

0.2313 

—    0. 4824 

+  0.  0184 

— 

0.0331 

—    0.2129 

-    0.5155 

+     0.2251 

+ 

o-397« 

t     7—  3 

+ 

0.  09 

+      O.OI 

0.  00 

0.  00 

+     0.09 

+     0. 01 

—     0.08 

0.00 

—1   10—  3 

+ 

0.05 

+     0-03 

+     0.05 

+     0-03 

—    0.05 

— 

0.03 

09—3 

— 

0.0680 

—    0. 0404 

—  0.0003 

— 

0.0055 

—    0. 0683 

—     0.0459 

+     0.0611 

+ 

0. 0308 

1     8-3 

+ 

0.04 

•f      O.OI 

+     0.04  . 

+      O.OI 

—    0.04 

— 

O.OI 

0  10—  3 



O.OIIO 

0.0000 

—  0.0004 

— 

0.0006 

—      O.OI  14 

—    0.0006 

+     0.0124 

— 

0.0007 
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Arg= 

x-/+i'g'+ig 

v 

X' 

B' 

G' 

Bin. 

COS. 

•    sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

X    V      i 

// 

// 

// 

// 

// 

„ 

// 

„ 

—1     I—  4 

0.00 

—    0.02 

0.00 

0.00 

0.00 

—    0.02 

+     0.01 

+  0.05 

00—4 

0.  0000 

0.0000 

+  0.0143 

+  0.0656 

+     0. 0143 

+    0. 0656 

0.0000 

0.0000 

I— I-  4 

—      O.OI 

—      u.  02 

+   O.OI 

0.  00 

0.00 

—    0.02 

+     0.01 

+  0.03 

—I     2—  4 

+      0.  21 

+  0.36 

+  0.02 

0.00 

+     0.23 

+  0.36 

—     0. 26 

—  0.75 

0     I —  4 

—      0.  289s 

-   1. 1686 

—  0.0016 

—  0.  0009 

—     0.291 1 

—   1. 1695 

+     0. 5196 

+   2.3213 

I     0 —  4 

+      0.16 

+       I.  12 

—  0.17 

—  0.77 

—      O.OI 

+  0.35 

—     0.41 

—  2.28 

—1     3—  4 

+       2-98 

+     3-42 

+  0.35 

+  0.69 

+    3-33 

+  4.  II 

—     2.60 

—   2.52 

0     2 —  4 

-    0-3S9O 

—     2.1539 

—  0.0445 

—  0. 1286 

—    0. 4035 

—  2.2825 

+     0. 5018 

+   1-6387 

I     i_  4 

—    0. 62 

+    0.17 

+    O.OI 

+    O.OI 

—    0. 61 

+   0.18 

+     0.50 

—      0.  12 

—I     4—  4 

-77.68 

+     2.60 

—12.58 

—  0.82 

—  90.  26 

+  1.78 

+  60.41 

—      4.59 

03—4 

+  54-3386 

+  15-9151 

+  0.8105 

—  1. 0164 

+  55-  «49i 

+  14.8987 

—  41.8511 

—    10.  6560 

I     2-  4 

—  12. 19 

-    4.86 

+  0.51 

+  1-55 

—  11.68 

-  3.31 

+     9.62 

+       3.39 

—I     5—  4 

+522.  so 

-561.53 

+65. 84 

—72.  61 

+588.  34 

—634. 14 

—428.  27 

+457.  45 

04—4 

—461.9541 

+507.  8785 

+  I. 1622 

—  0.4024 

—460.7919 

+507.4761 

+377-2372 

—414.  3948 

1     3-  4 

+  94. 13 

-103.  36 

-  9- 98 

+  11-37 

+  84.  15 

—  91.99 

—  75-33 

+  82.  37 

— I     6 —  4 

+  66.  73 

—371-03 

+  12.36 

—45-  45 

+  79.09 

— 416. 48 

—  50. 22 

+306.90 

05—4 

—  61.7309 

+340.6751 

-  5- 5801 

+  6.0077 

—  67. 3110 

+346. 6828 

+  46.  1689 

—280.  8633 

I     4—  4 

—    0.17 

—  61.37 

-  1.23 

+  5-58 

—    1. 40 

-  55.79 

+     I- 41 

+  49-  83 

—I     7—  4 

-  42-  85 

—100.  22 

—  2.  96 

—12.77 

-  45-  8' 

—112.99 

+  38-  29 

+  82.60 

0    6 —  4 

+  39- 4048 

+  94-  1053 

-  1.0552 

+  3.8132 

+  38.3496 

+  97.9185 

—  35- 2235 

—  77. 2929 

I     5-  4 

—  10.  98 

—  12.61 

+  0.44 

+   1.25 

—  10.54 

—  11.36 

+    9-54 

+   10.05 

—I     8—  4 

—  20.38 

-  «3-43 

_  1.87 

—  2.06 

—  22.  25 

—  '5. 49 

+  17-70 

+    10.67 

0    7—  4 

+  19- 1792 

+   12.9092 

+  0. 2466 

+   1.0752 

+  19-4258 

+  13.9844 

—  16.6308 

—  10.  21 17 

I     6 —  4 

-    3-55 

—    0.59 

+  0.  18 

+  0.14 

—    3-37 

—    0.45 

+     3-02 

+     0.34 

—19—4 

—    463 

+       O.OI 

—  0.49 

—  0.  16 

-    5.12 

-    0.15 

+     3-96 

—     0.20 

08—4 

+    4-  4607 

+     0. 0425 

+  0. 1574 

+  0.  1749 

+    4. 6181 

+     0.2174 

—    3-8149 

+     0.  1506 

I     7—  4 

—    0. 62 

+     0.32 

+  0.04 

+  0.02 

—    0.58 

+     0.34 

+    0.52 

—     0. 30 

— I   10 —  4 

—    0.68 

+     0.43 

—  0.08 

+  0.03 

—    0.  76 

+     0.46 

+    0.57 

—     0.40 

09—4 

+    0. 6501 

—    0.4164 

+  0. 0404 

+  0.0136 

+    0.6905 

—    0. 4028 

—    0.5437 

+     0.3903 

I     8—  4 

—    0.03 

+    0.  12 

0.00 

0.00 

—    0.03 

+     0.  12 

+    0.02 

—     0.  II 

— I  II —  4 

—    0. 05 

+     0.14 

—    0.05 

+     0.14 

+    0.05 

—     0.  14 

0  10 —  4 

+    0.0525 

—    0.  1127 

+  0. 0067 

—  0.0013 

+    0. 0592 

—    0.  1 140 

—    0. 0408 

+     0.  1012 

I     9—  4 

—      O.OI 

+     0.04 

—      O.OI 

+     0.04 

+      O.OI 

—     0. 04 

0  II —  4 

+     0.0006 

+     0. 0142 

+  0.0007 

—  0.0007 

+    0.0013 

+     0.0135 

0.0000 

—     0. 0148 

0    0 —  s 

0.0000 

0.0000 

+  0.0009 

+  0.0048 

+    0.0009 

+     0. 0048 

0.0000 

0.  0000 

— I     2—  5 

0.00 

+     0.03 

0.00 

0.  00 

0.  00 

+     0.03 

0.00 

—     0.06 

01 —  5 

—    0.0190 

—    0. 0860 

—  0.0003 

+  0.0003 

—    0.0197 

—    0.0857 

+    0.0363 

+     0.  1709 

I    0—  5 

-f    0.02 

+    0.08 

—  0.02 

—  0.06 

0.00 

+     0.02 

—    0.04 

—     0.17 

—I     3  -  5 

+     0.16 

+     0.14 

+  0.02 

+  0.03 

+    0.18 

+     0.17 

—    0.13 

—     0.  10 

0      :i—   5 

—    0. 0263 

-    0.1235 

—  0. 0034 

-  0.0029 

—    0. 0297 

—    0.  1264 

+    0.0293 

+     0. 0968 

I     I —  s 

0.00 

—    0.02 

0. 00 

0.00 

0.00 

—    0.02 

0.00 

+     0.02 

—I    4—  5 

—    419 

+     3.89 

-  0.73 

+  0.46 

—    4-92 

+     4.35 

+     3.  J9 

—    3-37 

0    3—  S 

+    3-  4329 

—    0.9817 

+  0. 0596 

—  0.0658 

+     3.492s 

—     1.0475 

-     2.6351 

+    0.9629 

I    2—  5 

—    0.  70 

-    0.31 

+  0.04 

+  0.03 

-    0.66 

—    0.28 

+     0.54 

+    0.24 

-I    5-  s 

—  II.  81 

-  77.78 

—  0.  8t 

—10.  10 

—  12.  62 

—  87.  88 

+  11.20 

+  63.54 

0    4—  s 

—    5.0628 

+  62.3156 

+  0.  6043 

+  0.  2578 

—    44585 

+  62. 5734 

+     3-0690 

-  50.  66sS 
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"V 

X' 

B' 

G' 

Arg= 
KY'+i'g'+ig 

siD. 

COS. 

sin. 

C08. 

sin. 

COS. 

SID. 

008. 

>     3— 

+     2-78 

/I 

—  «4-5o 

—  0-73 

// 
+  0.75 

// 
+     2.05 

-  13-75 

// 
—       2.00 

// 
+    11.81 

—  I     6— 

+456-  97 

+268.  52 

+49-  43 

+27.  88 

+506.40 

+296.  40 

-385-45 

^228.  24 

0     5- 

—424.  0840 

— 241. 5061 

+  0.  3585 

+  0.  8537 

—423.  7255 

— 240.  6524 

+  357.0214 

+  204.  8103 

I     4— 

+  98-  32 

+  56.54 

—  6.47 

—  3-49 

+  91.85 

+  53-05 

—    82.01 

-  47-45 

—I     7- 

+309.  64 

—     4-97 

+32.60 

+  1-76 

+342.  24 

—      3-21 

—263.  24 

+     6.98 

o    6— 

—289.  8739 

+     4.  871 1 

—  4.  0926 

-  2.  3865 

—293.  9665 

+     2. 4846 

+  245.  9267 

-     6.7882 

1     5- 

+  58-5' 

-     8.62 

—  3-45 

—  0. 04 

+  55.08 

—     8.66 

—   49.  22 

+     8.01 

—  I     8— 

+  85,86 

-  56.  25 

+  9-56 

—  4-41 

+  95-42 

—  60.  66 

-    72.55 

+  49-  77 

0     7— 

—  81.9068 

+  52.9242 

—  2.7370 

--  0.  1633 

—  84.6438 

+  52.7609 

+    69.0697 

—  46.  7912 

I     6— 

+  12.60 

—  13.  20 

—  0.81 

+  0.47 

+   "1-79 

-  12-73 

—    10.44 

+  "-55 

-I     9- 

+    IO-49 

—  23.42 

+  '-53 

-  2.05 

+   12.02 

—  25.47 

-       8.46 

+  20.51 

0     8— 

—   10.  2918 

+  22.4218 

—  0.  8052 

+  0.  3684 

—  11.0970 

+  22.  7902 

+     8. 2981 

—  19.  6162 

'     7— 

+     0-43 

—    4-34 

—   u.  10 

+  0.  16 

+     0.33 

—    4.  18 

—    0.  23 

+    3-76 

—  I    10— 

—     0.85 

-     5-34 

+  0-04 

—  0.51 

—    0.81 

-     585 

+    0.91 

+    4-63 

o    9- 

+     0. 7335 

+     5-  1892 

—  0.  1279 

-(-  0.  1716 

+     0. 6056 

+     5-3608 

—    0. 8062 

—     4- 49' 7 

I     8- 

—    0.45 

-     0.75 

—   0.  01 

+  0.04 

—     0. 46 

—    0.71 

+     0.42 

+     0.64 

—  I   II  — 

—    0.67 

—     0.75 

—  0.04 

—  0.08 

—     0.71 

—    0.83 

+       u.  62 

+     0.64 

0    lO— 

+     o-  6437 

+     0. 7452 

—   0.  0054 

-f  0. 0429 

+     0.6383 

+     0.7881 

—  0.5929 

—     0.6312 

I     9- 

—     0.  16 

—    0.07 

0.00 

0.00 

—     0.16 

—    0.07 

+   0. 14 

+     0.06 

—  I     12 — 

—     0. 20 

—     0. 04 

—     0. 20 

—    0.04 

+    0. 18 

+     0.03 

O    II  — 

+     0. 1623 

+     0. 0454 

-|-  0.  0029 

+  0.0070 

+     0.  1652 

+     0. 0524 

—   0. 1454 

—     0.0331 

I     lO — 

-|-     0.02 

—     0. 01 

+     0.02 

—     0. 01 

-      0.02 

+      O.OI 

0    IJ— 

+     0.0212 

—     0.0071 

-f-  0.  0010 

+  0.0007 

+     0. 0222 

—    0. 0064 

—    0.0179 

+    0.0075 

O      2 — 

6 

—    0.0013 

—    0. 0049 

—  0.  0004 

—  0.  0002 

—     0.0017 

—    0.0051 

+    0.0013 

+     0. 0033 

—  I       4— 

6 

—     0,  16 

+     0-30 

0,  00 

+  0.02 

—     0.  16 

+     0.32 

+      0.  12 

—    0. 25 

o    3- 

6 

+     0.1872 

—    0.  1092 

+  0.  0013 

—  0.  0041 

+     0.  1885 

-    0.  1133 

—      0.  1426 

+    0. 0969 

I       :;  — 

6 

—    0.03 

—    0. 01 

+  0.  01 

0,  00 

—    0. 02 

—      O.OI 

+      0.  02 

+      O.OI 

—  I      5  — 

6 

-       4.80 

—    4.22 

—  0.  50 

—  0.  60 

—     5- 30 

—   4.82 

+      4.16 

+     3-35 

o     4— 

6 

+     2. 0503 

+     4-  1065 

+  0.0544 

4-  0.0187 

+     2-  '047 

+   4-1252 

—      1 .  8269 

—     3-  3004 

>     3- 

6 

—    0.06 

—      1.06 

—   O.OI 

-|-  0. 06 

—    0.07 

—     1. 00 

-|-       0.06 

+     0.86 

—I     6— 

6 

+  66.  21 

-  21.15 

+    7-22 

—  1.89 

+  73-43 

—  23.04 

-  55-86 

+   18.78 

o     5- 

6 

-  57.6956 

+     7.4175 

—    0.  0377 

+  0.  3441 

-  57-7333 

+  7-7616 

+  48.  5565 

—     6. 8981 

I     4— 

6 

+   I4-4I 

—     0. 40 

—  0.  64 

—  0.  26 

+  13-77 

—  0.66 

-    12.  n 

+     0.50 

—1     7— 

6 

—  105.94 

+332.  79 

—   9.  02 

+30.  88 

—  114.96 

+363-67 

+  92.81 

—287.  80 

o    6— 

6 

+  94-  5054 

— 3'4.33I4 

—   0.5596 

+  0.  3265 

+  93-  9458 

—314.0049 

—  82.  6770 

+  271.4960 

I     5- 

6 

—  24.42 

+  78.99 

+    0.95 

—  3-50 

—  23.47 

+  75-49 

-r  21.  22 

—  67.  86 

-I     8- 

6 

+  S3-  65 

+232.  74 

+    3-63 

+21.45 

+  57-28 

+254-  19 

-  48.  23 

— 202.  02 

o    7— 

6 

—  52.8883 

— 220. 7926 

+   0.7951 

-  2.5592 

-  52.0932 

—223.3518 

+  47-  8079 

+  191.3864 

I     6—  6 

+  18.36 

+  48.00 

—   0.58 

-  1-97 

+  17.78 

+  46-03 

—  16.80 

-41.38 

-I     9— 

6 

+  61.84 

+  64-41 

+    4-76 

+  6.41 

+  66.60 

+  70.82 

—  54-  93 

—  55-45 

0    8— 

6 

—  58.8726 

—  62.  0903 

—  0.  2938 

—  I.  8018 

—  59.  1664 

—  63.8921 

+  52.2177 

+  56-3714 

'     7- 

6 

+  13-85 

+    10-23 

—   0.39 

—  0.49 

+  13-46 

+     9-74 

-  12.17 

-    8.67 

—  I    10 — 

6 

+  24.  13 

+     6.  12 

+  1-95 

+  0.90 

+  26.08 

+     7.02 

-  21.35 

—    49' 

o    9— 

6 

-  23-  2857 

—    6. 0930 

—  0.  3986 

-  0.  5393 

-  23.6843 

-     6.6323 

+  20.5747 

+     4-8798 

I     8- 

6 

—     4,64 

—    0.09 

-  0.15 

—  0.  05 

+     4-49 

—    0.  14 

—    4.07 

+     0.19 

—  I  II— 

6 

-!-     5-45 

-     1.78 

+  0.49 

—  0.05 

+     5-94 

-     1.83 

-    4.78 

+     '-7' 

O    10 — 

6 

—    5-  3346 

^     1-6757 

—  0.  1644 

—  0.0771 

—     5. 4990 

+     1.5986 

+    4.6731 

—     '-6173 
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V 

X' 

B' 

G' 

Arg= 

xy'+i'g'+ig 

sin. 

-COS. 

• 
sin. 

COS. 

sin. 

COS. 

sin. 

COB. 

X    i'      i 
I     9 —  6 

+    0-83 

—    0.62 

—  0.  04 

+0.01 

// 
+     0.79 

—    0. 61 

// 
—    0. 72 

II 
+      0.57 

— I   12—  6 

+    0.74 

—    0. 90 

+  0.08 

—0.05 

+     0.82 

—  0.9s 

—    0. 63 

+      0.82 

0  II —  6 

-    0.733s 

+  0.8634 

—  0. 0403 

+0. 0025 

—    0.7738 

+   0. 8659 

+    0.6271 

—      0.  7888 

I   10—  6 

+    0.06 

—      0.  20 

0.00 

+0.01 

+    0.06 

—    0.  19 

—    0.05 

+     0.  18 

—I   13—  6 

+    0.03 

—      0.  22 

+     0.03 

—      0.  22 

—    0.03 

+      0.  22 

0  12 —  6 

—    0. 0283 

+      0.2053 

—  0.0065 

+0. 0043 

—    0. 0348 

+      0.  2096 

+     0.0170 

—      0.  1848 

I   II —  6 

+    0, 02 

—      0.07 

+     0.02 

—      0.  07 

—    0.02 

+      0.07 

0     3-  7 

-|-    0. 0080 

—      0. 0086 

+    0. 0080 

—      0.  0086 

—    0. 0056 

+      0.  0074 

—  I     5—  7 

—    0.41 

—      0.17 

—  0.05 

— 0.03 

—    0.46 

—      0.  20 

+    0.35 

+      0.13 

04—7 

+    0.2175 

+     0.2I49 

■j-  0.  0040 

—0.0002 

+    0.2215 

+      0.2147 

—    0.  1881 

—      0.1693 

I     3-  7 

—    0.03 

—    0.02 

-|-  0. 01 

0.  00 

—    0.02 

—      0.02 

+     0.03 

+      O.OI 

—16—7 

+     3-58 

—     5-32 

+  0.43 

-0.51 

+     4.01 

-      5-83 

—    2.94 

+   4. 64 

0    5-  7 

-    38937 

+     3-0776 

-f-  0. OOII 

+0.0368 

-     3-8926 

+     3- "44 

+     3-2301 

—  2.7035 

I     4—  7 

+     I-07 

—    0.48 

—  0.04 

+0.01 

+     1-03 

—    0.47 

—    0.89 

+  0.43 

— •     7—  7 

+  26-43 

+  49-  63 

+  2.24 

+4-67 

+  38.67 

+  54-  30 

-  23-  38 

-  42-  85 

0    6—  7 

—  16.2761 

—  45.8851 

—  0.  i860 

+0. 0386 

—  16.4621 

—  45-  8465 

+   14-4380 

+  39-5650 

I     5-  7 

+    3-09 

-|-   12.22 

+  0.02 

— 0.42 

+     3-1' 

+  11.80 

—    2. 76 

—  10.  52 

— i     8-  7 

—220.  85 

-  16.99 

—17.90 

—0.86 

-238-  75 

-  17-85 

+  194.62 

+  15-74 

07—7 

+211.2685 

+   12.3845 

—  0. 2789 

-0. 3532 

+210. 9896 

+  12.0313 

—186.0160 

—  11.5928 

I     6—  7 

-  56.  18 

-    3-88 

+  '-79 

+0.05 

-  54-  39 

-    383 

+  49-  29 

+     3-56 

—I     9—  7 

-159.  II 

+  71.86 

— 13.02 

+5- '7 

—172-  13 

+  77-03 

+  140-37 

—  64-  25 

08—7 

-1- 152.3186 

-  69.  5874 

+  1-4855 

+0. 1005 

+  153.8041 

—  69. 4869 

—  134.2451 

+  62.  1753 

I     7—  7 

-  34-  85 

+  19-38 

+  1.08 

—0.47 

-  33- 77 

+  18.91 

+  30-  60 

—  17.28 

— I   10—  7 

—  42. 07 

+  60.01 

—  3-84 

+4-35 

—  45- 9> 

+  64.36 

+  36-71 

-  53-72 

09—7 

-t-  40.9072 

—  57-9441 

+  1.0950 

— U.4257 

+  42.0022 

—  58.3698 

-  35-6578 

+  51-8271 

I     &-  7 

—     6. 92 

+  13- 93 

+  0.26 

—0-34 

—    6.66 

+  J3-59 

+    5-95 

—  12.42 

—  I   11—  7 

—     1.42 

+  22.40 

-  0.39 

+  1.69 

—     1. 81 

+  24.09 

+    0.91 

—  19-99 

0  10—  7 

+     1-5933 

—  21.  8425 

+  0.  3222 

— 0. 3622 

+     1-9155 

—  22.  2047 

—     1. 0710 

+  19.4824 

1     9—  7 

+    0.62 

+    4-46 

+  0.03 

—0.  12 

+    0.65 

+     4-34 

—    0.63 

—    3-96 

— I  12—  7 

+     2.60 

+    4-96 

+  0.  13 

+0.41 

+    2.73 

+     5-37 

-    2.43 

—    4-39 

011—7 

-    2.5381 

—    4.9204 

+  0.0339 

—0. 1419 

—    2.5042 

-     5-0623 

+    2.3719 

+    4-3525 

I  10—  7 

+    0.76 

+    0.80 

—  0. 01 

—0.03 

+    0.75 

+    0.77 

—    0. 70 

—    0.70 

-I  13-  7 

+     I. II 

+    0.66 

+  0.06 

+0.06 

+     I.  17 

+    0.72 

—     1.02 

-    0.57 

0  12 —  7 

--     1.0693 

-    0.6373 

—  0. 0094 

—0. 0344 

-     1.0787 

—    0,6717 

+    0. 9802 

+    0.5503 

I  II—  7 

+    0.21 

+    0.04 

0.00 

—0.0 1 

+    0. 21 

+     0.03 

—    0.  19 

—    0.03 

04—8 

+    0. 0258 

+    0. 0105 

+     0. 0258 

+     0. 0105 

—    0. 0234 

—    0. 0081 

-I     6-  8 

—    0.02 

—    0.54 

0.00 

— 0.04 

—    0.02 

—    0.58 

+    0.04 

+    0.47 

0    S—  8 

—    0. 1711 

+    0. 3098 

+  0.0012 

+0. 0028 

—    0.  1699 

+     0.3126 

+    0.1348 

—    0. 2681 

I    4-  8 

+    0.05 

—    0.02 

0.00 

0.00 

+    0.05 

—    0.02 

—    0.04 

+      O.OI 

-I     7-8 

+    5-36 

+     2.33 

+  0.45 

+0.26 

+    5. 81 

+    2.59 

-    4-73 

-     1-93 

06-8 

-    3.6846 

—    3-0367 

—  0. 0223 

+0. 0083 

-    3-7069 

—    3-  0284 

+    3-2523 

+    2.5747 

I     5-8 

+    0.7s 

+     1.02 

0.00 

—0.04 

+    0.7s 

+    0.98 

-    0.66 

-    0.88 

—18—8 

-  33-  IS 

+  26.99 

—  2.74 

+2.09 

-  35-  89 

+  29.08 

+  29.  14 

-  24.07 

07-8 

+  32-  I3S9 

—  20. 0470 

—  0. 0544 

—0.0945 

+  32.0815 

—  20.  1415 

—  28.2365 

+  17-8507 

I     6-  8 

—    9.00 

+    4-53 

+  0.26 

—0.05 

-    8.74 

+    4.48 

+    7.90 

—    4.02 

—I    9—  8 

—  21.89 

—134-  67 

-  1.92 

-9-65 

—  23.81 

—144.  32 

+  19-07 

+  120.47 
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V 

X 

B' 

0^            1 

Arg= 

xy  +i9+ig 

sin. 

COS. 

sin. 

COB. 

sin. 

COS. 

Bin. 

COS. 

X     t'       i 
08—8 

+23-8594 

+  129.9802 

+0.  1968 

— 0.  2210 

+24.  0562 

+  129-7592 

—20.  8585 

— 116. 1964 

I     7-  8 

—  6.  II 

—  36-09 

+0.  18 

+  0.87 

—  5-93 

-    35-22 

+  5-34 

+  32- 19 

—  1   10—  8 

-72.  99 

—  98.  88 

-4.  98 

-7.28 

—77-  97 

— 106.  16 

+65.72 

+  88.  37 

09—8 

+71.2107 

+  95- 2406 

+0.  1408 

+0.  8024 

+  71-3515 

+  96.0430 

—64.  0803 

—  85.0511 

I     8—  8 

—  19.23 

—  22.  60 

+0-39 

+0.54 

—18.84 

—  22.06 

+  17-28 

+  20.  12 

—  I   II—  8 

—52-45 

—  23.01 

-3-55 

-'-99 

—  56.  00 

—  25.00 

+47-32 

+  20.24 

0  10—  8 

+51.  0787 

+  22.4700 

+0-4113 

+0.6128 

+51.4900 

+  23.0828 

— 46.  0609 

—  19.7496 

1     9—  8 

—12.40 

-    3-59 

+0.24 

+0.13 

—  12.  16 

—  346 

+11.  16 

+     3-10 

—  I   12-  8 

—19.05 

+     2.38 

-1-35 

—0.03 

— 20.  40 

+  2.35 

+  17-  14 

—    2.39 

0  II—  8 

+  18.  7200 

—    2. 2004 

+0.  2967 

+0.  1672 

+  19.0167 

—  2.0332 

-16-8393 

+     2. 2242 

I   10—  8 

—  3-94 

+     1.27 

+0.09 

0.  00 

-  3-85 

+       1-27 

+  3-53 

—     1. 20 

-I   13-  8 

—  4- 22 

+     3-44 

-0.32 

+0.  17 

—  4-54 

+  3-61 

+  3-77 

-    3-«9 

0  12—  8 

+  4-  1429 

—     3-2712 

+0.  1 1 14 

+0,0031 

+  4-2543 

—   3.2681 

—  3-  6995 

+     3-0360 

I   II—  8 

—  0.65 

+     0.82 

+0.02 

— 0.  01 

—  0.  63 

+    0.81 

+  0.57 

—    0.76 

05—9 

—  0.  0030 

+     0. 0207 

—  0.  0030 

+     0. 0207 

+  0.  0015 

—    0.0177 

-I     7-  9 

+  0.49 

—     0. 06 

+0.04 

+0.  01 

+  0.53 

—    0. 05 

—  0.43 

+    007 

0     6—  9 

-  0.  3753 

—    0.  1059 

— 0.0018 

+0.  0014 

—  0.3771 

—    0. 1045 

+  0.  3303 

+    0. 0840 

I     5-  9 

+  0.08 

+     0.06 

0. 00 

— 0.  01 

+  0.08 

+   0.05 

—  0. 07 

—    0. 05 

-I     8-9 

—  I.  18 

+     4.90 

—0. 12 

+0.38 

-    1-30 

+     5-28 

+  0.98 

-    4-37 

07—9 

+  I.  9100 

-     3-7525 

—0.0095 

— 0.  Olio 

+   1-9005 

—    3-7625 

—  16457 

+     3-3427 

I     6—  9 

—  0.  67 

+     0.86 

+0. 02 

— 0.  01 

—  0.  65 

+     0.85 

+  0.59 

—     0-  76 

—  1     9—  9 

—23.90 

-  19.55 

—  1.68 

-1-45 

-25.58 

—  21. 01 

+  21.50 

+   17-41 

08—9 

+  19.5961 

+   19.8982 

+0. 0408 

— 0.  0484 

+  19.6369 

+   19-8498 

—  17.  6041 

—  17-7133 

I     7-  9 

—  4.96 

—     5.88 

+0.07 

+0-  14 

-  4.89 

—     5-74 

+  4-45 

+     5-23 

-I   10—  9 

+  75-25 

—  32-42 

+4-79 

-2.32 

+80.  04 

-  34.  74 

—68.  15 

+  29.01 

09—9 

—73.0070 

+  33-4570 

+0.  1624 

+0.  0978 

—72.  8446 

+  33- 5548 

+66.  0839 

-  29.9518 

I     8—  9 

+21.01 

—     9. 20 

—0.38 

+0.  20 

+20.  63 

—     9. 00 

—18.98 

+     8.23 

—  I   II—  9 

+55-16 

—  63.  10 

+  3-69 

-3-96 

+58.85 

—  67.06 

—49.  82 

+  57-27 

0  10—  9 

—53.  3262 

+  61. 8900 

— 0.  4010 

+0.  1807 

—53-7272 

+  62.  0707 

+47-  1332 

—  56.  1510 

I     9—  9 

+  12.97 

—  16.74 

— u.  24 

+0.28 

+  12-73 

—  16.46 

—  11.68 

+  15-17 

-I  12-  9 

+  8.98 

—  42.09 

+0.80 

— 2.  64 

+  9- 78 

—  44-73 

-7-87 

+  38.  26 

0  11 —  9 

—  8.  7822 

+  41.2860 

-0.3123 

+0.  3297 

—  9-  0945 

+  41-6157 

+  7-6905 

-  37-5189 

1   10—  9 

+  0.98 

—  10.  17 

— 0.05 

+0.16 

+  0.93 

—  10.01 

—  u.  81 

+     9-23 

—I   13-  9 

—  5-49 

-  15-55 

—  0.  20 

— 1.00 

-  5.69 

-  16-55 

+  5-19 

+  14-  13 

0  12 —  9 

+  5-0559 

+  15-0834 

— 0.  0679 

+0.  2194 

+  4.9880 

+   15.3028 

—  4. 7796 

—  13.6980 

I   II—  9 

-  1-57 

—    3- 10 

+0.  02 

+0.07 

-  1-55 

-     3-03 

+  1-47 

+     2.81 

0     6 — 10 

—  0.  0358 

+    0.0053 

—  0-0358 

+     0.0053 

+  0.0331 

—    0. 0059 

—  I     8  —  10 

+  0-13 

+    0.34 

0.  00 

+U.03 

+  0.  13 

+     0.37 

—  0.  14 

—    0. 29 

0     7 — 10 

+  0. 0140 

—    0. 3907 

— 0.  0015 

—0.0007 

+  0.  0125 

—    0.3914 

+  0.0178 

+    0.3466 

I     6 — 10 

—  0.02 

+    0. 22 

0.  00 

— 0.  01 

—  0. 02 

+    0.  21 

0.  00 

—    0.  21 

— I     9  —  10 

—  4.03 

—    0.  14 

—0.28 

—0.04 

—  4-31 

—    0.18 

+  3-62 

+    0.08 

0    8 — 10 

+  3-3860 

+    0. 8470 

+0.  0056 

— 0.0081 

+  3-3916 

+     0. 8389 

—  3-  0446 

—    0-7237 

I     7 — 10 

—  0.89 

—     0. 42 

+0.02 

+0.02 

—  0.87 

—    0.40 

+  0.80 

+    0.37 

— I   10 — 10 

+  9.90 

—  19. 10 

+0.65 

-1-23 

+  10.55 

—  20.  33 

—  8.91 

+  17-33 

0    9 — 10 

— 10.  6321 

+  16.6454 

+0.  0361 

+0.0164 

—  10.5960 

+  16.6618 

+  9-5680 

-  15.0857 

I     8—10 

+  3-28 

—     4-49 

— 0.07 

+0.06 

+  3-21 

—     4-43 

-  2-95 

+     4-07 
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V 

X' 

B' 

G 

/ 

Arg= 
xy'+i'g'+ig 

sin. 

008. 

•in. 

COS. 

sin. 

COS. 

sin. 

COS. 

H    t'       i 
— I   11—10 

+29-57 

+37-85 

+  1.86 

+2.17 

+31-43 

+40. 02 

// 
-26.81 

II 

-34-  65 

0  10 — 10 

—30.  2760 

—36.  8380 

—0.  0397 

+0.1 1 17 

—30-3157 

—36. 7263 

+27-4554 

+33-  7060 

I     9 — 10 

+  8.64 

+  11. 01 

—0.  14 

-0.17 

+  8.50 

+  10.84 

-  7- 83 

— 10.  06 

— I   12 — 10 

+48.  89 

+  26.  58 

+2.86 

+  1.66 

+51-75 

+28. 24 

-44-71 

-24.  22 

0  11 — 10 

— 48.  2060 

—25.  6390 

-0.  1465 

—0.  1824 

-  48.  3525 

—25.8214 

+44.0714 

+23-  3455 

I   10 — 10 

+  13-  H 

+    6.29 

— 0.  19 

— 0.  11 

+  12.95 

+  6.18 

—  12.  00 

-  5-72 

—I   13—10 

+33-  25 

—  0.89 

+  1.87 

+0.  II 

+35-12 

—  0.78 

—30.  53 

+  1-04 

0  12—10 

—31.8490 

+   0-4249 

—0.  2339 

—0.  1371 

— 32. 0829 

+  0. 2878 

+29.  2282 

—  0.  5947 

I   II — 10 

+  7-5° 

—   0.62 

-0.13 

+0.01 

+  7-37 

—  0.  61 

—  6.87 

+  0.62 

—I     8— II 

+  0.03 

+   0.02 

+  0.03 

+  0.  02 

—  0.03 

—  0.  02 

0    7 — u 

—  0. 0112 

—  0.  0310 

—  0.  01 12 

—  0.0310 

+  0.0133 

+  0.0268 

— I     9 — II 

-  0.37 

+    0.  21 

— 0.  02 

+0.01 

—  0.39 

+    0.  22 

+  0.33 

—  0.  20 

0    8— II 

+  0.  3436 

—   0.  0760 

+0.  0003 

— 0.  001 1 

+  0-  3439 

-    0.0771 

—  0.  3082 

+  0.0733 

I     7-1 1 

—  0. 10 

—   0.  03 

0.  00 

+0.  01 

—  0.  10 

—    0.  02 

+  0.09 

+  0.03 

— I   10 — II 

—  0.49 

-3-06 

+0.01 

—0.  20 

—  0.48 

-3-26 

+  0.47 

+  2.77 

0    9 — II 

—  0.  07S9 

+    2.  7440 

+0.0057 

+0.0012 

—  0.  0702 

+  2-7452 

+  0.0471 

—  2.  4869 

1     8-1 1 

+  0.  14 

—    0.77 

0.00 

0.00 

+  0.14 

—  0-77 

—  0.  12 

+  0.70 

— I  II — II 

+  14.01 

+  3-73 

+0.82 

+0.23 

+  14-83 

+  3-96 

—12.81 

—  3-37 

0  10 — II 

— 12.  7140 

—  4.  5200 

—0.  0032 

+0.  0246 

—12.7172 

—  4-4954 

+  11.  6130 

+  4-  0997 

I     9— II 

+  3-57 

+  "-53 

— 0.03 

— 0.02 

+  3-54 

+  1-5" 

-  3-  26 

—  1-39 

— I  12 — 11 

—  16.52 

+22.  II 

—0.83 

+  1.26 

-17-35 

+23-37 

+  15.28 

—20.  23 

0  II— II 

+  15.9920 

—22.  7300 

—0.0716 

—0.  0068 

+  15.9204 

—22.  7768 

— 16.  7842 

+20.  8142 

I  10 — II 

-  4-98 

+  6.69 

+0.08 

—0.09 

-  4-90 

+  6.60 

+  4- 60 

-  6.  13 

—I  13—" 

—  9-05 

4-38-  23 

^3.55 

+  I-97 

—  9.  60 

+40.  20 

+  8.27 

-35-37 

0  12—11 

+  8.9080 

—36. 0750 

+0. 0682 

—0,  0999 

+  8.9762 

—36.  1749 

—  8.  1424 

+33-3516 

I  II — 11 

—  2.24 

+  9.08 

+0.02 

—0.  14 

—  2.  22 

+  8.94 

+  2.05 

-8.37 

0    8—12 

+  0.0236 

—  0.0151 

+  0.0236 

—  0.0151 

—  0.  0209 

+  0.0127 

— 1   10 — 12 

—  0.  24 

—  0.27 

0. 00 

—0.  02 

—  0.  24 

—  0.  29 

+  0.  22 

+  0.24 

0    9—12 

+  0. 1216 

+  0.  2719 

+0.0008 

— 0.  0002 

+  0.  1224 

+  0.2717 

—  0.1 135 

—  0. 2470 

I     8-12 

0.00 

—  0. 07 

0.00 

0.00 

0.00 

—  0.  07 

0.  00 

+  0.  06 

— I   11 — 12 

+  2.14 

—  L..86 

+0.13 

— 0.04 

+  2.27 

—  0.  90 

-  1-95 

+  0.81 

0  10 — 12 

—  2. 0240 

+  0-  3954 

0.0000 

+0. 0036 

—  2.0240 

+  0.3990 

+  I ■ 8470 

-  0.  3759 

I     9—12 

+  0.62 

+  0.02 

— 0. 01 

0.00 

+  0.61 

+  0. 02 

-  0.57 

—  0.02 

—  I  12—12 

—  0.  30 

+  9-30 

—0.03 

+0.50 

—  0-33 

+  9.80 

+  0.26 

—  8.56 

0  II— 12 

+  0.9865 

—  8.  7420 

—0.0173 

+0.  0020 

+  0.  9692 

—  8.  7400 

—  0. 9001 

+  8.0373 

I  10—12 

—  0.47 

+  2.56 

+0.  02 

— 0.  02 

—  0.45 

+  2.54 

+  0.43 

-  2.35 

—I  13—12 

-18.  36 

-  4-69 

—0.87 

—0.  18 

-19-23 

-  4-87 

+  17.08 

+  4-41 

0  12—12 

+  17.0600 

+  4-  3260 

— 0.0012 

— 0. 0432 

+  17.0588 

+  4. 2828 

—15.8618 

—  4.0710 

I   II— 12 

-4- 38 

—   1.42 

+0.07 

+0.02 

—  4-31 

—  1.40 

+  3-96 

+  1-33 

. 
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Next  in  order  follows  the  expression  for  T': 


T 

T'                      1 

Aig=i'g'+ig 

^g=i'9'+i9 

sin. 

COS. 

siu. 

COS. 

i'       i 

„ 

,/ 

i'       i 

,, 

,, 

0      0 

+    0.  1478 

8-  5 

-0-  2953 

+  0.  7502 

I       0 

+ 

1,9899 

+  95637 

9—  5 

-f  0.0321 

+  0.  1493 

2       0 

+ 

0.  8926 

+   0. 9746 

10-    5 

-j-o.  0194 

+  0.0174 

3      0 

+ 

0.  1482 

+    0. 0426 

II—  5 

-j-o.  0041 

+  0.  0001 

4       0 

+ 

0.  0172 

—    0.0044 

4-  6 

-|-o.  1482 

+  0.2746 

— 2 —   I 

+ 

0.0058 

—   0.0188 

5-  6 

—3-  1481 

+  0.4643 

—  I—   1 

+ 

0.  0502 

+  0.1843 

6—  6 

+4-  2774 

—  14.  1586 

0 —  I 

— 

II. 6426 

-  55- 5290 

7-  6 

—2.0135 

—  8.  4942 

I-   I 

+  110.  6520 

+527-2337 

8-  6 

—2.0513 

—  2.  0309 

2—  I 

— 

13-3822 

+     9-  8429 

9-  6 

— 0.  7069 

—  0.  1547 

3—  I 

— 

2.4227 

+     1-6236 

10 —  6 

—0.  1421 

+  0.0534 

4—   I 

— 

0.  1852 

+    0.3373 

II—  6 

—0.  0163 

+  0.  0230 

5-  > 

+ 

0.0022 

-f-    0. 0458 

5-  7 

— 0.  2103 

+  0.  1760 

—  1 —  2 

+ 

0. 0161 

+    0-0358 

6—  7 

—0.  7856 

—  2.  1291 

0—  2 

— 

1-0375 

—    5-2269 

7—  7 

+8.383 

+  0.519 

I—  2 

+ 

10.  9496 

+  61.  1107 

8—  7 

+5-  26S 

-  2.455 

2 —  2 

+ 

92.  6790 

—  38.  1746 

9—  7 

+  1.224 

—  I.  821 

3—  2 

+ 

10. 0689 

~  20.  8725 

10—  7 

-|-o.  0162 

-  0.  6112 

4—  2 

- 

0.  9708 

—     3-8075 

II —  7 

—0.  0703 

—  0.  1 186 

5—  2 

— 

0.  4612 

—    0.3546 

12 —  7 

— 0.0193 

—  0.0139 

6—  2 

— 

0.  0792 

—    0.0013 

7—   ^ 

0.  0084 

+     0. 0057 

6—  8 

7-  8 

—0.  1 83 1 

+  1-294 

—  0.  1359 

—  0.821 

0—  3 

0. 0909 

—    0.4232 

8—  8 

+0.  829 

+  4.607 

I-  3 

o-  9394 

+    6. 0984 

9-8 

+2-  258 

+  2.977 

2-  3 

+ 

1.8926 

—     4. 0378 

10—  8 

+  1.566 

+  0.  602 

3-  3 

+ 

39-37>6 

+  55- 5085 

II-  8 

+  0.474 

—  0.  082 

4—  3 

20. 3422 

+     6-  7285 

12-    8 

+0.  096 

—  0.  072 

5-  3 

+ 

4.  1889 

—     I. 3921 

6-  3 

+ 

0.  4345 

—    0.6126 

7-  9 

+0.  073 

0.  148 

7-  3 

0.  0004 

—    0.  1146 

8-  9 

+0.  706 

+  0.  724 

8-  3 

— 

0.  0096 

—    0.0133 

9-  9 

—2.  328 

+   1.046 

9-  3 

0.0020 

—    0. 0007 

10—  9 
ii~  9 

—  1-541 
—0.  223 

+   1-774 
+   1.078 

1—  4 

+ 

0. 0732 

+    0.3879 

12-  9 

+0.  120 

+  0.354 

■:—    4 

— 

0. 0262 

—    0.  2236 

3-  4 

+ 

4.  6982 

+     I.  1890 

8—10 

+0.  134 

+  0.044 

4—  4 

— 

28. 6894 

+  29.4477 

9 — 10 

-0355 

+  0.564 

5-  4 

— 

2-  5835 

+  16.9438 

10 — 10 

—0.  888 

—  >-077 

6-  4 

+ 

I.  8419 

+     37988 

II  — 10 

-1.275 

—  0. 674 

7—  4 

+ 

0. 7184 

+    0.4055 

12—10 

—0.  755 

+  0. 010 

8-4 

+ 

0.  1398 

—    0.0133 

9— II 

+0.004 

+  0.  099 

9-  4 

+ 

0.0171 

—    0. 0:40 

10— II 

-0.  378 

—  0.  135 

10 —  4 

+ 

0.0008 

—    0.0031 

II  — II 

+0.444 

—  0.  617 

3-  5 

+ 

0.  2732 

—    0. 0770 

12— II 

+0.  237 

—  0.  854 

4-  5 

— 

°-  2338 

+    4-1548 

10—12 

-0.051 

+  0.  on 

5-  5 

— 

22.  1066 

—  12.6478 

II— 12 

+0.015 

—  0.  248 

6-  5 

— 

12.  5826 

+    0. 4445 

12—12 

+0.  402 

+  0. 114 

7-  5 

2.9721 

+     2.084s 

FACTORS  OF  THE  SECOND  ORDER  TERMS. 

The  expressions  for  the  factors  C,  D',  E',  and  H'  are: 


237 


C 

• 

D 

/ 

E' 

H 

Aig=xy+i'g'+ig 

sin. 

COS. 

COS. 

sin. 

sia. 

COS. 

COS. 

sill. 

X      i'       i 

// 

II 

// 

// 

„ 

// 

II 

It 

000 

— 

2.  2220 

+  0.981 

— I       I       0 

—    0.  22 

+ 

1.66 

+  0.35 

+  2.61 

+  0.53 

-  '-55 

+  0.8s 

-  1-63 

—120 

+     3-98 

+ 

19.  20 

— 20.  61 

—14.03 

—  6.  16 

+  4-17 

+  12.91 

+  8.62 

0       I       0 

—    8. 0924 

— 

38.  5602 

+  9.296 

+  6-423 

+  9-297 

—  6.  422 

+23-  605 

+  16.862 

100 

+    4-0750 

+ 

19.  2066 

+  8.30 

+  5.60 

—  6.  22 

+  4-40 

-43-  03 

— 3«-24 

-130 

+     2.02 

+ 

3-04 

-  3-74 

-  7-27 

—  0.84 

+  '-50 

+  2.64 

+  6.66 

020 

—    3. 9280 

— 

S-  5262 

+  2.247 

+  4-361 

+   I.  124 

—  2. 181 

—  0.  293 

—  3-  '82 

I       I       0 

+     1.82 

+ 

1. 96 

+  1.09 

+  1-73 

—  0.31 

+  1.16 

-  1.38 

-  1-83 

— 140 

+    0.40 

+ 

0.  26 

+  0.06 

-  1-75 

0.00 

+  0.28 

-  0.17 

+  1-48 

030 

—    0. 7646 

— 

0. 4272 

—  0.025 

+  1. 171 

—  0.008 

—  0.  390 

+  0.  181 

—  o-  973 

I       2      0 

+    0.34 

+ 

0.08 

+  0.03 

+  0.35 

+  0.06 

+  0.16 

—  0.05 

—  0.  29 

-I      s      0 

+    0.06 

0.00 

+  0.  10 

—  0.25 

+  0.02 

+  0.03 

—  0.  II 

+  0.21 

040 

—    0. 0998 

— 

0.0042 

—  0. 109 

+  0.  189 

—  0.  027 

—  0. 047 

+  0.  105 

-  0. 147 

I      3      0 

+    0.04 

0.00 

+  0.04 

+  0.03 

+  0.02 

+   O.OI 

—  0. 02 

—  0.05 

— I       6  '    0 

+    0.02 

0.00 

+  0.02 

—  0.  01 

—  0.02 

+   O.OI 

— 1 —  2 —  I 

0. 00 

— 

0.02 

—  0.04 

+  0.04 

—  0.  01 

—   O.OI 

+  0.08 

—  0.06 

0—  3—  I 

—  0.095 

+  0.028 

+  0.  032 

+  0.  009 

—  0. 054 

+  0.013 

I—  4—  I 

+  0.14 

—  0.09 

—  0.02 

—  O.OI 

—  0. 01 

+  0.03 

— I —  I —  I 

0.00 

0.  00 

—  0.39 

—  0.  10 

—  0.  10 

—  0.02 

+  0.60 

+  0.03 

0 —  2 —  I 

-)-    0. 0140 

+ 

0.  2504 

-  0.  532 

—  0.  no 

+  0.  266 

-  0. 055 

—  0.217 

-  0. 175 

I—  3—  I 

0.00 

— 

0.  16 

+  1.05 

+  0.23 

—  0.  20 

+  0.04 

—  0.28 

+  0.09 

— I       0 —  I 

+    0.08 

+ 

u.  38 

-  2.28 

—  2.05 

—  1.66 

+  2.09 

+  0.84 

+  4-63 

0—  I—  I 

+    0.7236 

+ 

3-  6308 

—  '-657 

-  1-355 

+  J-657 

-  1-355 

+  1-388 

—  2.805 

I—  2 —  r 

—    0.44 

— 

2. 12 

+  4-48 

+  3-84 

—  0-99 

+  0.67 

—  2.71 

—  0.90 

—I       I—  I 

—  23-  2404 

— 

110.8630 

—  14.09 

— 31-76 

+  7-71 

—  16.98 

+  7-21 

+  16.18 

0      0 —  I 

+  28.0898 

+ 

'  3,1-3682 

0. 000 

0.000 

—  II. 681 

+25-  334 

0.  000 

0.000 

I—  I —  I 

—  11.00 

— 

51.84 

+  '3- 98 

+31-76 

+  7-89 

-16.97 

-  7-03 

—16.  24 

—  I       2—  I 

+219.72 

+  1046.  56 

+  3- 61 

—  4.00 

+   I-4I 

+  0.96 

—  4-04 

+  2.62 

0      I —  I 

—438.3416 

— 2I0I.  1468 

—  1.586 

+  1.440 

—  1.586 

—  1.440 

+  3-663 

+  0.  774 

I      0 —  I 

+219.44 

+  1053.90 

—  I.  10 

+  1-70 

+  0.46 

+  2.  10 

—  I.  46 

-  3-07 

-I       3-  I 

—  14- 42 

+ 

78.24 

—16.02 

+  '5-9' 

—  3- 30 

-  3-3' 

+22.  70 

-21.73 

0      2 —  I 

+  35-4446 

— 

127.  7548 

+  10.203 

— 10.000 

+  5-  102 

+  5.000 

—15.996 

+  15.204 

I       I —  1 

—  26.9934 

+ 

19.8396 

+  2.56 

-  2.59 

-  3-50 

-  3-42 

—  1.49 

+  1.56 

—I      4—  I 

-     5-56 

+ 

7.96 

-  8.89 

+  2.51 

—  1-43 

—  0.4s 

+  10.49 

-  2.70 

0      3—  I 

+  10. 9366 

— 

13- 1390 

+  6.  29s 

—  1-795 

+  2.099 

+  0.  598 

-  7-  947 

+  2.  106 

I      2 —  I 

—    4.88 

+ 

3- .30 

+  0.93 

—  0.47 

—  I.  16 

-  0.17 

-  0.55 

+  0.45 

—I       s-  I 

—    0.68 

+ 

1.26 

—  2.  23 

-  0.55 

—  0.  30 

+  0.04 

+  2-31 

+  0.62 

0      4—  I 

+     1. 2096 

— 

2. 0368 

+  1.688 

+  0.  382 

+  0.422 

—  0.096 

—  1-830 

—  0.  468 

I       3-  « 

—    0.34 

+ 

0.68 

+  0.  21 

—  0. 01 

—  0.18 

+  0.08 

-  0.17 

+  0.06 

—I      6—  I 

—    0.06 

+ 

0. 14 

—  0.  36 

—  0.33 

—  0. 04 

+  0.03 

+  0.34 

+  0.28 

0      5-  I 

+    0. 0442 

— 

0.  2830 

+  0.  264 

+  0.  236 

+  0. 053 

—  0.047 

—  0.  252 

—  0.  241 

I      4—  I 

—    0.02 

+ 

0.  lO 

+  U.05 

+  0.03 

—  0.02 

+  0.03 

—  0.06 

+  0.02 

—I      7—  I 

—    0.0a 

+ 

0.02 

—  0. 01 

—  0.04 

+   O.OI 

+  0.04 

0      6—  I 

+  0. 020 

+  0.059 

—  0.016 

-  0.  05s 

I      5-  I 

0.00 

— 

0.02 

0.00 

—  0.03 

+  0.00 

+  0.03 
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C 

D' 

E 

' 

H 

/ 

Arg=xy +i's'+ip 

sin. 

COS. 

COS. 

SID. 

sin. 

COS. 

COS. 

sin. 

X 

i' 

I  — 

i 

2 

0.  oo 

+    0.02 

0.00 

+    0.03 

0.  00 

// 

0.  00 

" 

" 

o — 

^ — 

2 

—  0.003 

+    0.  030 

+  0.  001 

+0.015 

I— 

3- 

2 

o.  oo 

—    0. 02 

0.  00 

—    0.06 

0.00 

—0.  01 

—I 

o— 

2 

-t-     0.04 

+    0.08 

+  0.  10 

+    0.26 

—  0.08 

+0. 13 

—  0.03 

—  0.  16 

o 

I— 

2 

—     0. 0464 

+   0. 1886 

—  0.072 

+    0.  108 

+  0.  072 

+0. 108 

+  0. 137 

—  0.068 

I— 

2— 

2 

-\-     0. 06 

—    0. 14 

+  0.02 

—    0.  40 

—  0.  04 

—0.  II 

—  0. 17 

+  0.26 

—I 

1  — 

2 

-     2,08 

—  10.  42 

—  2.32 

-|-    0.  21 

f   I.  01 

—2.80 

+  1-39 

—    I.OI 

o 

O— 

2 

+     1-4308 

+  II.  0004 

0.000 

0.00 

-  0.729 

+4.  353 

0.000 

0.000 

I— 

I  — 

2 

—    0.  18 

-     3-88 

+  2.74 

—    0.  29 

+  0.39 

—2.92 

—  I.  64 

+  1-07 

—I 

2  — 

2 

+  21-74 

+  121.46 

—24. 82 

+    5-32 

-  7-34 

-1-72 

+  18.24 

—  3-99 

o 

I  — 

2 

—  59-  3036 

—236.  9464 

+11-139 

—    2.407 

+  "-'37 

+2. 407 

-  7- 078 

+   1-707 

O — 

2 

+  32-30 

+  117.62 

+10.07 

—    ;«.00 

—  7-49 

—  1.40 

-8.87 

+   1.64 

—I 

3— 

2 

-4-186.28 

—  69.44 

-6.47 

-5-18 

-  1.51 

+  1.14 

+  5-25 

+  4-13 

o 

2  — 

2 

—374-  2492 

+  146.  0158 

+  3- 90S 

+    2.986 

+   1-954 

—'-493 

—  2.908 

-  2.033 

I  — 

2 

+  186.  18 

-  78.  56 

+  1-41 

+   0.72 

—  0.76 

+  1.08 

—  I.  22 

-  0.71 

—I 

4— 

2 

+  30.54 

—  45-48 

+  9-44 

+  14-  30 

+   1-48 

—2.24 

—  13-99 

— 22.  50 

o 

3— 

2 

—  55.  7896 

+  89.9812 

—  6.  793 

—  10.486 

—  2.237 

+3-  495 

+  10.899 

+  17-946 

2 — 

2 

+  19-98 

—  42.  10 

—  0.  26 

—  0.45 

+  1.60 

—2.42 

—  0.63 

—  I.  19 

— ' 

5- 

2 

—    0.  14 

—  10,  18 

+  0.71 

+    8.65 

+  0.  12 

—I.  14 

—  0.  67 

—11-39 

o 

4— 

2 

+     1-3874 

+  19- '238 

—  u.  527 

—  6-  755 

—  0. 132 

+  1.689 

+  0.  538 

+  9-408 

3— 

2 

—     2.00 

-     7-64 

—  0.  24 

—  0.  09 

—  0.02 

—0.97 

+  0.32 

—  0.43 

—I 

6— 

2 

—    0.94 

—     1.30 

—  1.05 

+  2.31 

—  0.  II 

—0.  27 

+   1-32 

—  2.  64 

o 

5- 

2 

+     I. 8718 

+     2.  2764 

+  0.835 

—  1.862 

+  0.  167 

+0.  372 

—  1-077 

+  2.254 

4— 

2 

—    0. 96 

—    0.68 

—  0.  06 

—  0. 09 

—  0.  12 

—0.17 

+  0.  II 

—  0.  01 

—I 

7— 

2 

—    0.  18 

—    0.08 

—  0.  46 

+  0.33 

—   u.  04 

— 0. 03 

+  0.46 

—  0.33 

o 

6— 

2 

+     0.3954 

+     0.1 144 

+  0.372 

—  0.  279 

+  0.  062 

+0.  047 

—  0.  422 

+  0.  297 

5- 

2 

-     0.  14 

—    0. 04 

—  0.  01 

—  0. 02 

—  0.03 

— 0.  01 

+  0.06 

+  0.  01 

— ' 

S— 

2 

—     0. 04 

—    0. 02 

—   0.  07 

+    O.OI 

—   O.OI 

0.00 

+  0.06 

—   O.OI 

o 

7— 

2 

+     0. 0508 

—    0.0164 

-T-     0.  089 

—  0.012 

+  0.013 

+0.  002 

—  0.  092 

+  0.009 

6— 

2 

0.  00 

0.  00 

0.  03 

0.  00 

—  O.OI 

0.00 

+  0.04 

0.  00 

o 

8— 

2 

—  0.  014 

—  0.  006 

-' 

o — 

3 

0.00 

+     0.04 

o— 

I  — 

3 

+     0.005 

+  0.003 

+  0.016 

—  0.008 

•— 

2— 

3 

0.  00 

—    0. 02 

o 

I  — 

O  — 

3 
3 

—    0.  20 
+     0.  1656 

—    0.86 
+     0. 8434 

+     0.    10 
0.000 

+  0.  06 
0.  000 

+  0.  u 
—  0. 166 

—0.  21 

+0.  357 

—  0.07 
0.000 

—  0.05 
0.000 

— I 

I  — 

z — 

3 
3 

—    0.04 
+     1.86 

—    0.28 
+   10.  12 

—  0.  10 

+  0.22 

—  0.  10 
+  1-30 

+    0.  II 

—  0.05 

— 0.  25 
— 0.02 

+  0.07 
—  0.  12 

+  0.08 
—  0.98 

o 

I  — 

3 

—    4-4400 

—  20. 1678 

+  0.096 

—  0.  553 

+  0.096 

+0-  554 

—  0.  066 

+  0.351 

°— 

3 

+     2.38 

+   10.  12 

—  0.34 

—  I.  II 

—  0.06 

— 0.  42 

+  0.  20 

+  0.86 

0 

o 
I 

3- 

2  — 

1  — 
4— 
3— 

2  — 

3 
3 
3 
3 
3 
3 

+     3-86 

—  14-5410 
+     8.32 
4-   78.80 

—  161.2766 
+  80.90 

-  7-50 
+     5-9098 

-  1.80 
+  110.42 
—222.  5100 
+  111.56 

+    0.  20 
—  0.068 
+   0.06 
-6.57 
+   4-448 
+   0.31 

+23-54 
-14-807 

-  3-98 
+  7-3' 

-  5- '96 

-  0.80 

+  0.09 

—  0. 034 

+   O.OI 

-  1.09 

+  1-483 

—  0.97 

-4.87 
+7-  405 
—4-93 
-1.27 

+  1-732 
—0.80 

—  0.  16 
+  0.0305 
+  0.02 
+  5-05 

—  3016 

—  0.44 

— 16.  04 
+  9-  186 
+  3-94 
-  5-  79 
+  3- 902 
+  0.71 
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C 

D' 

E' 

H 

Arg=wy'+i'5f'H-i9 

sin. 

008.    * 

COS. 

sin. 

sin. 

COB. 

COS. 

sin. 

H      i'      i 

// 

// 

// 

n 

/' 

// 

11 

// 

-I      S-  3 

+  45. 04 

+    19.  60 

+10.75 

—4.21 

+  1-35 

-I- 0.53 

-18.45 

+  6.60 

0      4—3 

-  88.7194 

—   35-9720 

—  8.  494 

+3-219 

— 2.  123 

—0.805 

+15-720 

-  5- 424 

I       3—  3 

+  41.10 

+    13-26 

+  0-54 

—0.30 

+  1-50 

+0.62 

-  2.32 

+  0.82 

—       6-3 

+  10.94 

-       1.60 

+  7-29 

+0.92 

+0.81 

—0.08 

—10.36 

-  1-51 

0      5-  3 

—  20. 6194 

+      4.0212 

-  5-  973 

—0.756 

—1. 195 

+0.151 

+  8.906 

+  1-326 

I       4—  3 

+    8.42 

—      2.84 

+  0.31 

+0.15 

+0.70 

— 0.  14 

—  0.87 

—  0.43 

—      7-  3 

+       1-52 

—       1.30 

+  2.07 

+  1-40 

+0.20 

-0.13 

-  2.43 

—  1.90 

0      6—3 

—    2-6574 

+       2.6124 

-  1.685 

—I.  208 

—0.281 

+0.  201 

+    2-  197 

+  1.653 

I       5—  3 

+    0.88 

—       1.24 

—  0.03 

+0.17 

+0-13 

—0.  12 

—  0.17 

—  0.23 

-I      8-3 

+    0.08 

—      0.32 

+  0.  21 

+0-58 

+0.02 

0.05 

—  0.  29 

—  0.  6i 

0      7-3 

—    0. 1210 

+      0.  5698 

—  0.  228 

—0-476 

—0.033 

+0.068 

+  0. 259 

+  0.582 

I      6-3 

0.00 

—      0.  24 

+   0.03 

+0.01 

+0.01 

—0.04 

+  0-03 

—  0.  10 

— '      9—  3 

0.00 

—      0.  06 

0.00 

+0.08 

0. 00 

— 0.  01 

+  0. 01 

—  0.  10 

0      8-3 

+    0. 0300 

+      0.0778 

+   0.007 

—0. 112 

+0.001 

+0.  014 

—  0.012 

+  0.  125 

I       7-  3 

—    0.02 

—      0.02 

—  0.  01 

+0.04 

0.00 

— 0. 01 

+  0.02 

—  0.04 

0      9—3 

-|-    0.0092 

+      0.0068 

—  0.013 

+  0.018 

—I       I—  4 

—    0. 02 

—      0.06 

+0.01 

— 0.  01 

0      0 —  4 

0.000 

0.000 

— 0.012 

+0.  022 

0.000 

0.000 

I—  I—  4 

+    0.02 

—      0.02 

+0.01 

0.  01 

-I       2—  4 

+     0-I4 

+      0.78 

+  0.08 

— 0.06 

0.00 

+0.01 

—  0.05 

+  0.05 

0      I —  4 

—    0.3170 

-       '•5314 

—  0.014 

— O.OOI 

— 0.014 

+0.001 

+  0.008 

+  0.002 

I      0—  4 

+     0.  16 

+      0-78 

—  0,09 

+0.04 

+0.01 

0.00 

+  0.0s 

—  0.03 

-I       3-  4 

—    0.06 

—      0.42 

+  0.55 

+0.64 

—0.08 

— 0.  16 

-  0.37 

—  0.49 

0      2—  4 

—    0. 4270 

+      0.3300 

—  0. 387 

—0.597 

—0.193 

+0.  297 

+  0.228 

+  0.380 

I       I—  4 

+    0.26 

—      0.08 

—  0.53 

-\-o.  06 

+0.17 

— 0.  21 

+  0.37 

+  0.05 

—I       4—  4 

+     938 

+      2.34 

+18.52 

+3-74 

+2.91 

-0.57 

-11-93 

—  2.47 

0      3—4 

-  13- 9576 

—    10.  1730 

-«3-356 

—2.  842 

—4.452 

+0.  947 

+  8.037 

+  1-743 

I       2—  4 

+     6.16 

+      6.04 

—  0.88 

-0.17 

+2-97 

—0.63 

+  1-34 

+  0.32 

-I       5—  4 

-  56.  78 

+    62.94 

+  6.27 

+  7- 30 

+0.87 

—0.98 

—  4-94 

—  5-51 

0       4—4 

+  H4-3794 

—  128.8768 

—  4-915 

-5.487 

—  I.  229 

+  1-372 

+  3-749 

+  3-  748 

I        3-  4 

-  57- 56 

+    64.  72 

—  0.  18 

+0.14 

+0.61 

—0.87 

+  0.19 

+  0.13 

—I       6—  4 

—    8.30 

+    37-36 

—  1.09 

—6-93 

—0.  10 

+0.71 

+   1.62 

+  13-25 

0       5—4 

+  14-7968 

—  73-  7206 

+  0.  763 

+5-  729 

+0. 153 

—  I.  146 

—  1.289 

-11-745 

I       4—  4 

—    4-94 

+  34-  24 

—  0.  16 

-0.77 

— 0. 16 

+0.83 

+  0.31 

+  2.30 

—  I       7—  4 

+     3-20 

+    9-70 

+  1-84 

-5-37 

+0.17 

+0.50 

-  2.97 

+  8.07 

0       6—4 

-     6.7892 

—  18.4008 

-  I-  584 

+4-  553 

— 0.  264 

—0.759 

+  2.  677 

—  7.  182 

I       5-  4 

+     3-76 

+     7-62 

+  0.26 

—0-44 

+0.19 

+0.45 

—  0.59 

+  1-03 

—I       8—4 

+     1.62 

+     1.40 

+  1.62 

-1.52 

+0.13 

+0.13 

-  2.25 

+  1-93 

0      7—4 

-    3.1668 

-    2.4336 

—  1-394 

+  1.288 

— 0. 189 

— 0.  184 

+  2.004 

—  1-770 

I       6 —  4 

+     1.42 

+    0.78 

+  0.  16 

—0.02 

+0. 12 

+0.08 

-  0.31 

+  0.14 

—I       9—  4 

+     0-36 

+    0.06 

+  0.53 

—0. 12 

+0.04 

+0.01 

—  0.70 

+  0.18 

0      8—4 

—    0. 6972 

—    0. 0630 

—  0.521 

+0. 131 

— 0.065 

— 0.016 

+  0.676 

-  0. 152 

I       7—  4 

+    0.28 

0.00 

-L   0.  12 

— 0. 01 

+0.03 

0.00 

—  0.  12 

—  0.04 

—I     10—  4 

4-    0.06 

0.00 

-1-   0.08 

+0.02 

+0.01 

0.00 

—  0.  II 

—  0.03 

0      9—4 

—    0. 0978 

+    0.0514 

—  0.  120 

— 0.032 

—0.013 

+0.004 

+  0.  143 

+  0043 

I       8—  4 

-f-    0.02 

—    0.02 

+   0.06 

+0.03 

+0.01 

0.  00 

—  0.06 

—  0.04 

0     10 —  4 

—    0. 0084 

-)-    0. 0142 

—  0.018 

—0. 017 

+  0.020 

+  0.021 

^ 

240 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


C 

D' 

E' 

H.                    1 

Asg=Ky'+i'g'+ig 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

COS. 

sin. 

X 

—  I 

i' 

2 — 

i 

o.  oo 

+  0.06 

" 

// 

" 

// 

" 

" 

o 

I 

I— 

o — 

o.  oo 

-\-  0.  06 

—  I 

3— 

—    0.02 

—  0.02 

— 0.02 

—  0.03 

o 

2  — 

— 0.002 

—  0.010 

I 

I— 

0.  oo 

0.00 

— 0.  01 

+  0.06 

—  I 

4— 

+  0-54 

—    0.  12 

+0.98 

+  0.  22 

+0-14 

— 0.  12 

— 0.  65 

—0.16 

o 

3— 

—  o.  9300 

—    0.  2480 

^-854 

—  0. 062 

—0.  285 

+0.021 

+0.519 

+0-  043 

I 

2 — 

+  0.40 

-|-    0.  20 

— 0. 01 

+  0.23 

+0.  20 

+0.01 

+0.05 

—0.  12 

—  I 

5- 

—  0.  40 

+    8.28 

+5- 63 

—  12.61 

+0.70 

+  .,61 

-3.58 

+7-89 

o 

4— 

+  4-  7286 

—  14.4744 

—4-  506 

+  9-  828 

— X. 126 

-2-  457 

+  2.  704 

-5-  779 

I 

3- 

—  3- 02 

+  6.88 

+0.14 

-  0.37 

+0.75 

+  1.65 

+0.13 

—0.27 

—  1 

6— 

-44-18 

—24.80 

+7-22 

—  4-34 

+0.  8i 

+0.51 

-5.36 

+3-48 

o 

5- 

-I-90.  6290 

+49.  8034 

-5-  765 

+  3-652 

-'-153 

-0.  73' 

+3-  984 

-2.  863 

I 

4— 

—45-60 

—  25. 16 

+0-43 

-  0.15 

-4-0.71 

+0.38 

-0.15 

+0.09 

—  1 

7— 

—27.60 

—  0.  50 

-3-74 

—  0.40 

—0-32 

+0.05 

+8.44 

+0.92 

o 

6— 

+54-  5440 

—  0. 0498 

+3-214 

+  0.412 

+0.  536 

—0. 074 

—7.710 

—0.  964 

I 

5- 

-25.44 

+  1-  14 

-0.67 

+  0.04 

—0.40 

+0.  02 

+  .-83 

+0.  16 

— I 

8- 

-  7-50 

+  4   14 

-3-47 

—  2.14 

—0.30 

+0.17 

+5-57 

+3-56 

o 

7— 

+  14.  2560 

—  8.4236 

+3- 017 

+  '■9>7 

+0.43' 

—0.  274 

—5.064 

—3-  246 

I 

6- 

—  5-94 

+  4-24 

— 0.40 

-  0.35 

—0.26 

+0.18 

+0.86 

+0.67 

— « 

9— 

—  1. 00 

+    1-72 

-0.87 

-  1.56 

—0.07 

-fo.  11 

+  ■-27 

+2.28 

o 

8— 

+  1.8064 

-  3-  3740 

+0. 822 

+  1-374 

+0.  103 

— 0. 172 

—  I.  176 

— 2. 065 

I 

7— 

—  0.  60 

+  '-48 

— 0. 12 

—  0.  17 

— 0.  05 

+0.  10 

+0.  II 

+0.34 

—I 

lO— 

—  0.04 

+  0.40 

+0.01 

—  0.  60 

0.  00 

+0.04 

—0.  01 

+0.71 

o 

9— 

—  0.  0460 

—  0.  7472 

+0.  022 

+  0.  502 

-^o.  002 

— 0.  056 

—0.  014 

-0.683 

I 

8- 

-f  0.  04 

+  0-30 

0.  00 

—  0.03 

0. 00 

+0.03 

— 0. 01 

+0.  12 

—I 

1 1  — 

+  0.02 

+  0.06 

+0.04 

—  0.  09 

0.00 

+0.01 

—0.05 

+  0.12 

o 

10  — 

—  0.  0736 

—  0. 1074 

—0.056 

+  0.  114 

— 0. 006 

— 0.  oil 

+0. 075 

—0.143 

I 

9- 

-f  0.04 

+  0.02 

+0.04 

—  0.  05 

0.00 

-fo.  01 

—0.  05 

+0.06 

o 

11  — 

—  0.  0198 

—  0. 0104 

— 0. 023 

+  0.  016 

— 0.002 

— 0. 001 

+0.  028 

— 0.018 

—  I 

4  — 

6 

—  0.08 

—  0.06 

+0.01 

+  0.04 

0. 00 

-0.01 

o 

3- 

6 

—0-033 

—  0.  019 

— 0.  on 

+0.006 

+0.  020 

+0.012 

I 

2  — 

6 

4-    0.  04 

0. 00 

+0.01 

-|-  0.  01 

+0.01 

0.00 

—  I 

5- 

6 

—    0.28 

+  -J- 54 

+0.74 

—  0.83 

+0.  14 

+0.09 

—0.44 

+0.58 

o 

4— 

6 

—   0.0416 

—  1.0256 

—0. 452 

-i-  0.793 

— 0.  113 

—0. 198 

+0.271 

—0. 470 

I 

3- 

6 

—   0.  02 

+  0.52 

+0.09 

—  0.03 

+0.07 

+0,14 

—0.06 

— 0.04 

— I 

6- 

6 

—    6.26 

+  0.96 

—7.64 

-5.69 

—0.81 

+0.60 

+4.63 

+3- SO 

o 

5- 

6 

—  II.  9066 

-f  0.5800 

+6.  203 

+  4-  779 

+  1.241 

—0.956 

-3-  565 

—2. 824 

I 

4— 

6 

-    5.88 

—  0.72 

-0.58 

—  0.46 

—0.84 

+0.64 

+0.08 

+0.  12 

— I 

7- 

6 

+    8.22 

—28.  22 

— 2.46 

—  6.42 

— 0.  24 

+0.61 

+2.00 

+4-72 

o 

6- 

6 

—  16.  2212 

-f  58.  0064 

+2.  129 

+  5-316 

+0-  355 

—0.886 

—  I. 716 

-3-  748 

I 

5- 

6 

+    8.30 

—29.  26 

-0.13 

—  0.56 

—0.  17 

+0.55 

+0.  10 

+0-35 

—  I 

8- 

6 

-3-58 

-18.54 

— 0.  67 

+  I.  61 

— 0.06 

— 0.  II 

+  '•74 

—4-74 

o 

7— 

6 

-  7.7240 

+36.  7056 

+0.  685 

—  1-403 

+0. 098 

+0.  200 

—1.746 

+4-  479 

I 

6- 

6 

—  4.28 

—17.  18 

—0.  II 

+  0-41 

— 0.05 

—0.17 

+0.42 

-1.27 

FACTORS  OF  THE  SECOND  ORDER  TERMS. 


241 


Argrrxy 

+i'g'+ig 

C 

D' 

E' 

H' 

• 

ain. 

COS. 

COS. 

Bin. 

sin. 

COS. 

COS. 

sin. 

— I 

i'     i 
9-6 

-  4-30 

-  5.10 

—1. 91 

+2.01 

-0.13 

-0.15 

+3-41 

-3-36 

0 

8-  6 

+  8.6196 

+  9.  7602 

+1.725 

-1-775 

+0.216 

+0.  222 

-3-  203 

+3-094 

7-6 

—  4-14 

—  4.  10 

-0.32 

+0.29 

— 0.  14 

— 0. 14 

+0.74 

—0.59 

—  I 

10—  6 

—  1.66 

—  0.  62 

-1-37 

+0.45 

— 0.09 

—0.03 

+2.02 

— 0.62 

0 

9-6 

+  3-2108 

+  1.0384 

+  1.  200 

—0.410 

+0.  133 

+0. 046 

—  1.882 

+0.598 

8-  6 

—  1-44 

—  0.30 

-0.  IS 

+0.  OS 

—0.08 

— 0.02 

+0.36 

—0.08 

—I 

II—  6 

—  0.  36 

+  0.04 

—0.  52 

—0. 12 

— 0.03 

0.00 

+0.63 

+0.14 

10—  6 

+  0.7100 

—  0. 1642 

+0.  434 

+0. 070 

+0. 043 

—0.007 

—0. 615 

—0. 114 

9-6 

—  0.30 

+   0.  12 

— 0.  01 

0.00 

— 0.02 

0.00 

+0.  II 

+0.04 

— I 

12-  6 

—  0.06 

+  0.06 

— 0.  05 

-0.05 

+0. 10 

+0.07 

II—  6 

+  0.0996 

—  0. 0982 

+0.096 

+0. 074 

— 0.  125 

— 0. 102 

10—  6 

—  0.02 

+  0.06 

— 0.05 

—0.05 

+0.04 

+0.06 

12—  6 

— 0.014 

-0,034 

__I 

5-  7 

4-  0.02 

+  0.02 

+0.05 

0.00 

+0.02 

0.00 

4-  7 

— 0.  046 

+0. 03s 

— 0.  01 1 

— 0.009 

+0. 027 

— 0.021 

3-  7 

4-  0.02 

+  0.02 

+0. 03 

—0.02 

+0.01 

+0.01 

I 

6-  7 

—  0.42 

+  0.34 

-0.52 

—0.83 

— 0.04 

+0. 12 

+0.36 

+0.51 

5-  7 

+  0. 9088 

—  0.  3226 

+0.  555 

+0.651 

-f  0.  Ill 

—0. 130 

—0.322 

—0. 382 

4—  7 

—  0.44 

+   0.  12 

— 0.07 

— 0.  i8 

—0.08 

+0.08 

—0.03 

+0.08 

1 

7—  7 

-  1.62 

—   4.22 

—4.81 

+3-98 

—0.43 

—0.36 

+2.87 

-2.36 

6-  7 

+  1-7330 

+  8. 4592 

+4. 150 

—3-  363 

+0.691 

+0.560 

—2.419 

+  1.879 

S—  7 

—  0.62 

—  4-24 

—0.54 

+0.49 

— 0.46 

-0.38 

+0.24 

—0.13 

J 

8-  7 

+  16.66 

+  0.78 

-5- II 

+0.90 

—0.44 

—0.08 

+3-73 

—0.81 

7-  7 

-34-  30 

-  J- 25 

+4. 426 

—0.  772 

+0.  632 

+0.  no 

—3- 114 

+0.  787 

6-  7 

+  17-36 

+  0.74 

-0.67 

— 0. 03 

— 0.40 

—0.04 

+0.42 

—0. 10 

I 

9—  7 

+  11.44 

—  4.88 

+0.31 

+0.51 

+0.02 

—0.03 

-2-37 

—1.72 

8-  7 

—22. 65 

+  10.  12 

—0.309 

-0.505 

-0.039 

+0. 063 

+2.  253 

+  1.678 

7—  7 

+  10.66 

-  5-«4 

+0.23 

+0.09 

+0.06 

— 0.03 

—0.68 

—0.39 

1 

10—  7 

+  3-04 

-3-88 

+  1.02 

+1-55 

+0.06 

—0.  10 

-1.78 

-2.83 

9-  7 

-5.87 

+  7-73 

—0.  874 

—1-367 

—0.  097 

+0.  152 

+  1.664 

+2. 647 

8-  7 

+  2.46 

-  3-70 

+0.14 

+0.  22 

+0.06 

— 0. 10 

-0.35 

-O.S9 

J 

II—  7 

+  0.24 

—  1.44 

+0.20 

+  1.11 

+0.01 

— 0.  06 

-0.15 

—1.66 

10 —  7 

—  0.38 

+  2.78 

—0.  no 

— 0.  948 

— 0.  on 

+0. 09s 

+0.  150 

+  1.546 

9—  7 

+  0.08 

—  1.24 

—0.08 

+0.09 

+0.01 

-0.05 

0.00 

-0.32 

_, 

12-  7 

—  0.08 

—  0.32 

—0.09 

+0.42 

— 0. 01 

—0.02 

+0.24 

+0.  IS 

0 

II—  7 

+  0. 2596 

+  0.6148 

+0.  131 

—0. 340 

+0.012 

+0.031 

— 0.  205 

—0.500 

10—  7 

—  0. 14 

—  0.  26 

— 0. 10 

+0.01 

— O.OI 

— 0.02 

+0.04 

+0.57 

, 1 

J3—  7 

—  0.06 

—  0.06 

-0.05 

+0.05 

+0.08 

—0.05 

0 

12—  7 

+  0. I208 

■f  0. 0774 

+0. 083 

—0.071 

— 0.  121 

+0. 100 

II-  7 

—  0.04 

—  0.04 

— 0.04 

+0.04 

+0.07 

—0.07 

_, 

6—  8 

—  0.04 

+  0.06 

+0.01 

-0.05 

+0.01 

+0.01 

0 

5-8 

+0. 022 

+0. 064 

+0.004 

—0.013 

—0.013 

—0. 037 

4-8 

—  0.02 

+  0.02 

— 0. 01 

—0.04 

0.00 

+0.01 

7-8 

—  0.36 

—  0.28 

—0.85 

+0.21 

—0.08 

— O.OI 

+0.51 

-0.13 

9 

6—  8 

+   0.4538 

+  0.  6688 

+0.  668 

—0.  286 

+0.  in 

+0. 048 

—0.386 

+0. 162 

I 

S-8 

—  0.18 

—  0.36 

—0.  II 

+0.05 

— 0.07 

— 0.03 

+0.04 

— 0.02 

. 

242 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


C 

D' 

E' 

H' 

Aig=xy'+i'g'+ig 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

COS. 

sin. 

H       i'      i 
—I       8—8 

+2-55 

-  1.67 

// 

+  '■75 

// 
+3-55 

4-0.15 

II 

—0.28 

—0-95 

—2.24 

0      7—8 

-5-318 

+    2-  562 

—  1.484 

-3- 153 

—0.213 

4-0. 450 

4-0.  788 

4-1. 812 

I       6—  8 

+2.71 

—    I.  12 

+0.2S 

4-0.54 

4-0.  16 

— 0.  30 

— 0.  II 

— 0.  26 

—I       9—8 

+  1.80 

+  9->> 

+0.09 

+3- 80 

— O.OI 

—0.28 

—0.  II 

4-0.50 

0      8—8 

-3-  95° 

-18.796 

+0.  060 

-3-  322 

4-0.007 

4-0.415 

4-0.  107 

-2-379 

1      7-8 

+  1.91 

+  9-55 

—0.  24 

+0.51 

—0.02 

— 0.  26 

4-0.05 

4-2.72 

—  I     10—  8 

+4-59 

+  6.46 

0.00 

+0.13 

4-0.01 

— 0.  02 

—  1.28 

4-0.89 

0      9—8 

—9.462 

—12.  820 

-0. 199 

— 0.  204 

— 0.022 

4-0.  023 

-hi- 258 

-0. 923 

I      8-  8 

+4.68 

+  6-03 

+0-23 

-ho- 03 

4-0.  01 

0.  00 

—0.31 

4-0.24 

—I     II—  8 

+3-  152 

+  '-554 

+0-32 

-0.68 

4-0.06 

4-0.02 

—2.  12 

4-0.72 

0    10 —  8 

—6.  282 

—  3.010 

-0-956 

+0.  323 

— 0.096 

—0.  032 

4-1.998 

-0.693 

I      9—  8 

+2.96 

+  1-24 

+0-93 

4-0.25 

4-0.06 

4-0.02 

—0.45 

4-0.  20 

—I     12—  8 

+  I.II 

—  0.04 

+0.  22 

—0.18 

4-0.04 

0.00 

—  1.28 

— 0.06 

0    II—  8 

— 2. 220 

-f-  0. 122 

-0. 683 

— 0.071 

— 0.  062 

-f-o.  006 

4-1.  162 

4-0. 138 

I     10—  8 

+0.99 

-  0.13 

+0.66 

4-0.29 

4-0.04 

0.00 

— 0.  19 

—0.13 

—I     13—  8 

+0.26 

—  0. 16 

+0.0S 

4-0.09 

— 0.41 

— 0.  17 

0     12—  8 

—0.472 

+  o-  332 

—0.  242 

—0.  158 

— 0.020 

4-0.013 

4-0.  392 

4-0. 261 

I     u—  8 

+0.19 

-  0.  IS 

+0.25 

4-0.  II 

— 0.07 

— 0.  16 

-I      7-  9 

— 0.04 

—  0. 01 

— 0.  04 

— 0.  02 

0      6 —  9 

+0.067 

— 0.002 

4-0.  on 

0.000 

—0.039 

4-0.001 

I      s-  9 

— 0.02 

—  0.04 

— 0.04 

0.00 

—I      8—  9 

+0.  IS 

—  0.30 

— 0.02 

4-0.66 

0.00 

— 0.05 

—0.08 

—0.54 

0      7—9 

— 0.400 

+  0.  S02 

—0.073 

—0.569 

— 0.  010 

4-0. 081 

4-0.  038 

4-0.  326 

I      6 —  9 

+0.  21 

—  0.  21 

+0.04 

-fo.  12 

4-0. 01 

— 0.  05 

4-0.07 

4-0.09 

—  I      9—9 

+  1-44 

+  1-40 

+2.36 

—0.45 

4-0.17 

+0.03 

—  1-23 

-1-0.39 

0      8—9 

—2.490 

—  3- 018 

—2.  is8 

4-0.417 

—0.270 

— 0.  052 

4-1.  221 

— 0.  184 

I      7-  9 

+  1.16 

+  1-58 

+0.44 

-0.  IS 

4-0.  18 

4-0.03 

-0.33 

— 0.  12 

— I     10 —  9 

— 4.61 

+  2- '9 

+  2-54 

+0.51 

4-0.17 

— 0.04 

-1.52 

4-0.43 

0      9—9 

+9-5'4 

—  4-  722 

—2-  303 

-0.536 

— 0.  256 

4-0.060 

4-1. 671 

4-0.  278 

I      8—  9 

—4.82 

+  2.34 

4-0.44 

4-0.  21 

4-0.  16 

—0.04 

—0.68 

-0.85 

— I     II—  9 

—3-306 

+  3-732 

4-1. 19 

4-0.  22 

4-0.02 

0.00 

4-0.66 

4-1- 13 

0    10 —  9 

+6. 502 

-  7-  568 

—0-354 

— 0.061 

—0.035 

4-0.006 

—0.  232 

—0.790 

I      9—  9 

-3.06 

+  3-69 

—0.83 

—0.14 

4-0.01 

0.00 

— o.3« 

— 0. 13 

— I     12 —  9 

— 0.62 

+  2.38 

4-0.48 

-0.52 

0.00 

4-0.04 

4-0.72 

-1-0.95 

0    II —  9 

+  1.114 

-  4-718 

4-0. 038 

4-0.  593 

4-0. 004 

—0.054 

-0. 139 

-1-378 

I     10—  9 

—0.44 

+  2.19 

-0.57 

— 0.  26 

0.00 

4-0.04 

—0.54 

4-0.81 

—I     13—  9 

+0.21 

+  0.84 

4-0.  22 

-0.52 

4-0.01 

4-0.03 

-1-0.03 

4-0.41 

0    12 —  9 

—0.448 

—  1.624 

— 0.  152 

4-0.451 

—0.013 

—0.037 

4-0.290 

—0.896 

I     II-  9 

4-0.24 

+  0.73 

—0.02 

—0.06 

4-0.01 

4-0.03 

—0.42 

+0.74 

—  I      8—10 

-fo.  02 

—  0.0s 

— 0.02 

4-0.04 

0      7—10 

4-0.015 

—0.059 

— 0.009 

-(-o-  034 

I      6—10 

+0.04 

—  0.04 

—0.02 

4-0.04 

—I      9—10 

+0.26 

+  0-04 

4-0.65 

4-0.01 

4-0.04 

— O.OI 

— 0.  21 

4-0.02 

0      8—10 

— 0.  402 

-  0.  17s 

—0.424 

—0.058 

-0-053 

4-0.007 

4-0.  240 

+0-037 

1      7—10 

+0.  21 

+  0-13 

— 0.09 

4-0. 12 

4-0.04 

0.00 

— 0.  II 

—0.08 
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C 

/ 

E 

' 

E 

/ 

H 

Aig=xy+i'g'+ig 

• 

sin. 

008. 

COS. 

sin. 

sin. 

COS. 

COS. 

sin. 

X     i'      i 

-/ 

// 

,1 

/, 

// 

// 

„ 

„ 

—I     10—10 

— 2.09 

+1.09 

-0.15 

—1-39 

+0.01 

+0.09 

—0.44 

+0.39 

0      9 — 10 

+  1.490 

— 1.960 

— 0.091 

+  1-  346 

— O.OIO 

—0.149 

—0.093 

—0. 745 

I      »— 10 

—2.21 

+0.97 

+0.23 

-0-35 

+0.01 

+0. 10 

+0-3S 

+0.57 

— I     II — 10 

—1.80 

—2.07 

0.00 

—  1.37 

+0.05 

+0.  10 

—0.57 

+0.79 

0    10 — 10 

+3-  786 

+4.  334 

— 0.699 

+  1.469 

— 0.070 

—0.147 

+0-433 

—1.082 

I      9 — 10 

-1.90 

-2.24 

+0.93 

— 0.63 

+0.05 

+0.09 

—0.03 

+0.63 

—I     12—10 

— 2.64 

-1.41 

— 0.06 

+0.03 

+0.01 

+0.02 

+0.  10 

+0.5S 

0    11 — 10 

+5.426 

+2.874 

—0.216 

+0.318 

— 0.019 

— 0.029 

— 0.420 

—0.059 

I     10 — 10 

-2.6s 

-1-37 

+0.33 

— 0.39 

+0.01 

+0.01 

+0.44 

-0.51 

—I     13—10 

—  I.  69 

— 0.07 

—0.  12 

+0.24 

+0-93 

+0.38 

0    12 — 10 

+3-  264 

+0. 086 

+0.  320 

+0. 074 

+0.027 

— 0.006 

—I.  100 

— 0.076 

I     II — 10 

-1.52 

+0.03 

-0.31 

— 0-33 

+0.53 

—0.28 

-I      9— II 

+0.04 

— 0. 01 

+0.02 

+0.03 

0      8— II 

—0.045 

— 0.026 

+0.025 

+0.015 

I       7— II 

+0.02 

+0.02 

+0.03 

+0.02 

— I     10 — II 

+0.06 

+0.18 

+0.05 

— 0.  22 

—0.18 

+0.08 

0      9 — II 

+0. 076 

—0.314 

—0.  118 

+0.  283 

—0.013 

—0.031 

+0. 070 

—0.  157 

I       &— II 

— 0.03 

+0.14 

+0.15 

-0.15 

+0.06 

+0.  II 

— I     II — II 

-0.77 

—0.25 

-0-33 

—0.47 

— 0.05 

+0.02 

+0.26 

— 0.  II 

0     10 — II 

+  1.440 

+0. 620 

+0.  763 

+0.  267 

+0. 076 

— 0.027 

— 0.410 

—0.179 

I       9— II 

—0.68 

— 0-33 

—0.66 

+0.15 

— 0.05 

+0.02 

+0.28 

+0.32 

—  I     12 — II 

+0.82 

—1.23 

—0.59 

—0.79 

— 0.05 

+0.04 

+0-37 

+0.13 

0     II — II 

— 1.672 

+2.  584 

+o-  8SS 

+0. 672 

+0. 078 

— 0.061 

—0-637 

—0.430 

I     10 — II 

+0-93 

-1-31 

—0.54 

—0.09 

— 0.05 

+0.04 

+0.47 

+0.46 

— I     13 — II 

+0.47 

-1.78 

— 0.  36 

— 0.  29 

— 0. 19 

— 0.  29 

0     12— II 

— 0.922 

+3-538 

— 0.  230 

+0.  275 

+0.019 

— 0.023 

+0.033 

+0.518 

I     II — II 

+0-43 

— 1.69 

+0.  10 

— 0.04 

+0.13 

—0.43 

— I     10 — 12 

+0-03 

+0.01 

+0.03 

— 0. 01 

0      9—12 

—0.029 

+0. 029 

+0.017 

— 0.016 

I       8—12 

0.00 

+0.01 

+0.02 

— 0.02 

—  I       11-12 

—0.1 18 

+0.  024 

—0. 10 

—0.18 

+0.02 

+0-03 

0     10—12 

+0. 252 

—0.008 

+0.  171 

+0. 126 

+0.017 

—0.013 

— 0.091 

-0.074 

I         9—12 

— 0. 12 

0.00 

—0.  II 

— 0.02 

+0.09 

+0.08 

—  I       12—12 

+0.02 

—0.49 

+003 

+0-32 

+0.26 

—0.  16 

0      II— 12 

—0.176 

+0.  918 

+0.260 

— 0.400 

+0.024 

+0. 036 

—0. 176 

+0. 184 

I       10 — 12 

+0.  II 

— 0.46 

— 0-34 

+0.21 

— 0.02 

-0.08 

— I       13 — 12 

+0.81 

+0.19 

— 0.09 

+0.21 

0.00 

— 0.04 

0      12 — 12 

—1. 594 

—0.368 

+0.512 

—0.367 

+0.043 

+0. 030 

— 0.066 

+0. 103 

I       II— 12 

+0.78 

+0.  22 

—0.58 

+0.27 

+0.07 

— 0.09 
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The  second  factors  of  ST  and  ST'  have  all  been  given  except  Sjj-,  ^^,  and  the 
similar  quantities  for  Saturn.  To  complete  the  matter  of  this  chapter  these  are  now 
given: 


S 

h 

fto 

cos  i 

Aig=i'g'+ig 

C08. 

sin. 

COS. 

sin. 

i'      i 

O        0 

+  4-7195 

" 

— 0.0090 

// 

O —    I 

—  o.  0380 

+0. 1732 

+0. 1248 

+0.  2825 

0 —    2 

+  0.0074 

— 0.0047 

+0.0188 

— 0.  0226 

o—  3 

0.0000 

— 0.0004 

+0.0001 

— 0. 0010 

•+  3 

—  0. 0001 

+0.0004 

1+    2 

+  0.  0008 

+0.0007 

+0.0060 

+0.0014 

1+    I 

+  0.0008 

— 0.0200 

+0- 1379 

— 0.0417 

1         0 

—  0. 1638 

+0.  7967 

+0. 1799 

+0.  1 23 1 

I—    I 

—  0. 7887 

+4. 0498 

+0. 0694 

— 0. 0304 

I —   2 

—  0.  161 1 

—0. 1285 

+0.4137 

— 0. 0936 

>—  3 

—  0. 0076 

—0. 0085 

+0.  0104 

— 0.  OIOI 

1—  4 

—  0.0004 

— 0. 0001 

+0.0004 

+0.0004 

2+    I 

+  0.  OOII 

— 0.0019 

+0. 0088 

+0.0179 

2        O 

—  0. 1467 

+0.0174 

— 0. 0150 

+0.  3003 

2—    I 

—12.3301 

— 2.910S 

— 0. 0902 

+0. 0855 

2 —   2 

+12.6079 

+5.4106 

+0. 1290 

+0.  2279 

2—   3 

+  0.  1385 

+0.  3093 

+0.0031 

-0.  1350 

2—   4 

—  0. 0023 

+0.0124 

— 0.0022 

— 0.0048 

2-    5 

—  0.  0001 

+0.0004 

—0.0008 

— 0.0004 

3+  ' 

-1-  0.0002 

— 0. 0001 

+0. 0029 

^.  OOII 

3      o 

—  0.0178 

— 0. 0064 

+0. 0405 

— 0. 0498 

3-  • 

+  1. 8188 

+  1-5474 

+0. 0394 

+0.  0061 

3-  2 

-f    2.  0702 

+4.3071 

+0. 4384 

+0.  6888 

3—  3 

+    3-5824 

—5-  0503 

+0.0752 

—0.0068 

3—  4 

+   0-  2743 

— 0.0696 

—0.0575 

— 0. 0112 

3-  5 

+   0.0123 

+0.  0035 

—0.0030 

0.0000 

3-6 

-f   0.0004 

+0.0003 

4—  0 

—  0.0015 

— 0.0012 

+0.0051 

— O.OOII 

4—  I 

-j-   0.0446 

+0.  1053 

+0. 0250 

+0.0167 

4-2 

—  0.  4062 

+  1.5885 

+0.0124 

+0. 0564 

4-  3 

+    2.  3874 

—0.  7898 

—0.3186 

+0.  1250 

4—  4 

—  1-9577 

—2.  1463 

—0.0344 

— 0. 0220 

4-  5 

—  0.0114 

— 0.  1996 

— 0.0125 

+0. 0254 

4-6 

+  C-0053 

— 0. 0100 

—0.0009 

+0.  OOII 

4—  7 

-|-  0.  0003 

—0.0003 

5      0 

—  0. 0001 

— 0.0002 

— 0.0032 

— 0.0079 

5-  > 

—  0.0008 

+0. 0084 

— 0.0710 

— 0.  1649 

5-  2 

+  5-  5593 

—4-  2341 

+0. 0038 

+0. 0002 
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«^ 

cos  i 

Aig=i'g'+%g 

• 

COS. 

sin. 

COS. 

sin. 

i'      i 

S—  3 

+0. 6908 

+0.  2297 

// 
+3-  5980 

+0. 3498 

S—  4 

0.  2I2I 

-1.3907 

+0. 1867 

+0.  1039 

S—  5 

—  I.  2071 

+0.  6905 

— 0. 0066 

+0. 0140 

5—  6 

—0. 1285 

— 0.0185 

+0. 0100 

+0. 0088 

5—  7 

—0.  0070 

— 0. 0057 

+0. 0010 

+0. 0010 

5—  « 

— 0.0003 

— 0.0006 

6—  I 

— 0.0005 

+0.0003 

0.0000 

— 0. 0010 

6—  2 

-|-o.  0306 

— 0.0005 

+0. 0030 

— 0.0005 

6-3 

-fo.  1202 

+0. 1707 

+0.0188 

+  0.0102 

6-4 

+0. 1892 

-0-3905 

—0. 0223 

+0. 0698 

6-  5 

—0. 7940 

— 0. 0282 

+0.0315 

+0.0054 

6-  6 

+0. 1948 

+0.  6441 

+0.0051 

+0. 0100 

6-7 

—0.0281 

+0.  0760 

+0. 0050 

— 0.0041 

fr—  8 

—0.0053 

+0.  0040 

— 0.  OOII 

0.0000 

6-9 

— 0.0005 

+0.0002 

7 —  2 

+0.0015 

+0.0009 

-)-o.  0024 

+0. 0010 

7—  3 

— 0.0004 

+0.  1008 

+0.0009 

+0.0004 

7—  4 

+0. 0990 

-0.0557 

—0. 0435 

+o-  0553 

7—  5 

— 0.  2214 

—0.  1557 

+0.0216 

+0. 0I6I 

7—  6 

— o-  1033 

+0.  4354 

+0. 0048 

— 0.0124 

7—  7 

+0. 3269 

— 0.0200 

+0. 0067 

— 0. 0017 

7-  8 

+0. 0405 

+0. 0260 

— 0.  0010 

—0. 0026 

7—  9 

+0.0018 

+0. 0041 

7 — 10 

+0.0003 

+0.0004 

8—  2 

0.  0000 

+0.0003 

8-3 

+0. 0056 

— 0.0092 

+0.0002 

— 0.0002 

8-4 

+0. 0293 

+0.0021 

+0.0086 

— 0.0030 

8-5 

—0. 0272 

—0. 0686 

+0.0076 

+0.01 12 

8-  6 

—0. 1205 

+0.1 199 

+0. 0086 

— 0.0086 

8-7 

+0.  2271 

+0.  1063 

— 0.0045 

—0.0034 

8-  8 

+0. 0283 

—0.  1572 

0.0000 

+0. 0033 

8-9 

+0. 0200 

— 0. 0201 

—0.0017 

+0.0006 

8—10 

+0. 0029 

— 0.0006 

8— II 

+0.0002 

+0.0002 

9-  3 

+0.0006 

— 0.  0001 

9—  4 

+0. 0077 

+0.0057 

+0.0002 

— O.OOOI 

9-  5 

+0. 0038 

— 0.  0181 

—0.0003 

+0.  0066 

9-6 

—0. 0485 

+0.  0107 

+0.0059 

— 0.0019 

0-  7 

+0.0591 

+0.  0876 

— 0. 0030 

—0.0051 

9-8 

+0. 084s 

— 0.  1 1 II 

—0. 0018 

+0.0013 

9-  9 

—0. 0709 

—0.0323 

— 0.  OOII 

—0.0005 

9 — 10 

—0.0087 

—0.0138 

^11 

+0.0001 

—0.0020 

9 — 12 

+0.0001 

—0.0002 
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S 

h 

ho 

Ui 

COS  i 

Aig=i'g'+ig 

COS. 

sin. 

COS. 

sin. 

i'       % 

.. 

// 

it 

ti 

10 —  4 

— 0.  0051 

— 0.0179 

10-  s 

+0. 0029 

— 0.0032 

+O.OOS9 

—0.0147 

10 —  6 

— 0. 0117 

— 0.  0044 

+0.0024 

— 0.0006 

10-  7 

+0.0014 

+o-  0335 

— 0.0006 

—0. 0033 

10—  8 

+0.0600 

—0.  0253 

— 0.0028 

+0.0012 

10 —  9 

— 0. 0499 

-0.  0587 

+0. 000s 

+0. 0010 

10 — 10 

— 0. 0239 

+0.  0297 

10 — II 

—0.0088 

+0. 0030 

10 — 12 

—0.0013 

— 0.0003 

II-  5 

+0. 0014 

0.  0000 

II—  6 

— 0.0019 

— 0.0022 

+0.  0006 

+0.0005 

u—  7 

—0.0043 

+0. 0080 

+0.0005 

+0.0013 

II—  8 

+0. 0220 

+0.  0031 

— 0.0018 

— 0.0004 

II—  9 

— 0.0076 

— 0.  0386 

+0.0005 

+0. 0018 

II — 10 

—0. 0376 

+0. 0205 

II— 11 

+0. 0107 

+0.  0150 

II — 12 

+0.0006 

+0.0051 

12—  6 

— 0.0002 

— 0.0007 

12-  7 

— 0.0020 

+0.0009 

12—  8 

+0. 0050 

+0.0041 

12—  9 

+0. 0048 

— 0.0136 

12 — 10 

— 0. 0237 

—0.0003 

12— II 

+0. 0056 

+0.  0224 

12—12 

+0.0091 

— 0.0024 

<$ 

h' 

« 

K' 

COS  i'                           1 

Aig=i'g'+ig 

COS. 

sin. 

COS. 

BID. 

i'       i 
0       0 

— 173.0111 

II 

—0- 1347 

// 

I       0 

+     1-9899 

—    95637 

+1.  6004 

+1- 1383 

2       0 

+     0. 4463 

—    0-4873 

+0. 1788 

+0. 4386 

3      0 

+   0. 0494 

—    0.0142 

— O.OOII 

+0. 0529 

4      0 

+   0. 0043 

+       O.OOII 

— 0.0031 

+0. 0037 

—3—  I 

—    0.0003 

—    0.0004 

— 0.0027 

+0.0005 

— 2 —  I 

—    0.0013 

—    0. 0042 

— 0.0206 

— 0.0022 

—I—  I 

—    0. 0144 

+  0.0529 

—0. 1508 

— 0.0996 

0 —  I 

+  4.6883 

—   22.  3609 

+I.904I 

+4. 0361 

I—  I 

—  74-  5932 

+355.4266 

+0. 9570 

—0. 6482 

2 —  I 

+  27.6869 

+    20.  3654 

+0.991 1 

—1.0278 

3—  ' 

—    4. 6889 

-    3-«427 

—0. 3682 

+0.  0I02 

4—  I 

—    0.  1221 

—    0. 2223 

+0. 0769 

+0.  0576 

5-  I 

+     0.0009 

—    0.0182 

+0. 0073 

+0.0096 

6—  I 

+     0. 0010 

—      O.OOII 

+0.0018 

+0.  0025 
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4 

«,' 

°h 

)' 

008  i'                                 1 

Arg=»'9'+i<;   . 

w 

COS. 

sin. 

COB. 

sin. 

i'      i 

// 

// 

// 

// 

—  2 —  2 

—  0.0002 

+  0.0002 

—  I —  2 

—  0.0027 

+  0.0060 

— 0.0036 

+0. 0078 

0—  2 

-|-  0.  2089 

—  1.0524 

+0.0452 

+0.  0305 

I —  2 

—  2.7604 

+  15.4062 

— 1.0007 

+0.  2149 

2 —  2 

— 3I-24I5 

-12. 8675 

—0.2513 

— 0.  2065 

3—  2 

—  5.  1200 

— 10.6134 

+0.4513 

+0.  2824 

4—  2 

+  1.0044 

-  3-  9387 

— 1.0240 

—8. 6226 

5-  2 

—13.8398 

-1-10.6323 

— 0.0054 

—0.0206 

6—  2 

—  0.0766 

+  0.0013 

+0.  2446 

—0. 0783 

7—  2 

—  0.  0041 

—  0.0028 

+O.0IS7 

—0.0039 

8—  2 

—  0. 0001 

—  0.0004 

—  >—  3 

—  0.0002 

-t-  0.0003 

0-  3 

4-  0.0122 

—  0. 0568 

+0. 0074 

+0.0156 

I-  3 

—  0. 1456 

+  0.  7903 

—0. 0052 

+0-  0303 

2—  3 

—  0. 3473 

—  0.7410 

+0. 0022 

+0. 4682 

3—  3 

—  8. 8478 

+12-4735 

— o- "53 

+0. 1384 

4—  3 

-  5.8966 

+  1-9503 

+0.  2249 

—0. 0828 

5-  3 

—  1-7097 

—  0.  5683 

+0.  2014 

+0. 0265 

6-  3 

—  0.  2996 

—  0. 4225 

+0. 1305 

+0.0854 

7-  3 

+  0.0008 

—  0.  2547 

— 0. 0107 

—0. 0153 

8-3 

—  0.0175 

-|-  0.0241 

—0.0013 

+0.0016 

9-  3 

—  0.0013 

-\-  0.0004 

0—  4 

-I-  0.0007 

—  0.0032 

I—  4 

—  0.0082 

+  0.0434 

+0.0009 

—0.0009 

2—  4 

+  0.0033 

—  0.0282 

+0.009S 

+0.0127 

3-  4 

—  0. 6779 

+  0. 171S 

+0.  2184 

+0. 0464 

4—  4 

+  4-  8353 

+  5- 3003 

+0.0712 

+0.0795 

S-  4 

+  0.  5238 

+  3-4347 

— 0. 0104 

— 0.0809 

6-4 

—  0.4683 

-I-  0.9656 

+0. 0240 

— 0.0692 

7—  4 

—  0.  2448 

+  0. 1383 

+0. 0258 

—0. 0243 

8-4 

—  0.0723 

—  0.0069 

+0. 0133 

—0. 0048 

9-  4 

—  0.0183 

—  0.0150 

— 0. 0376 

—0.0065 

10 —  4 

+  0.0123 

+  0.0463 

11—  4 

—  0.0006 

—  0.0004 

2—  S 

+   O.OOIO 

—  0.0008 

3-  5 

—  0.0290 

—  0. 0082 

+0. 0104 

+0.0009 

4-  5 

+  0.0278 

+  0.4936 

+0. 0463 

—0.0993 

S-  5 

+  2.9806 

—  1.7054 

+0. 0527 

—0. 0341 

6-5 

+  1.9609 

+  0.0693 

— 0. 0289 

—0.0032 

7-  S 

+  0. 5487 

+  0.  3849 

— 0. 0276 

—0.0173 

8-5 

+  0.0668 

+  0. 1698 

— 0.0084 

—0.0137 

9-  5 

—  0.0094 

+  0. 0437 

—0.0003 

—0.0058 

10-  5 

—  0.0080 

-I-  0.0072 

+0.0007 

— 0.0022 

II-  5 

—  0. 0029 

-)-   O.OOOI 

+0.0010 

— 0. 0010 

12-  5 

—  0.0007 

—  0.0006 

. 
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S 

h- 

008  i' 

Axg=i'g'+ig 

COB. 

sin. 

008. 

sin. 

♦'       » 
3-6 

+0.  0026 

—0. 0010 

// 

// 

4-6 

—0.  0136 

+0. 0252 

+0.0044 

— 0.0065 

5-  6 

+0.3180 

+0.  0470 

— 0. 0426 

— 0.  0327 

6—  6 

—0.4806 

-1.5908 

-0.0133 

— 0.  0338 

7-6 

+0-  2549 

-«-07S3 

— 0.0047 

+0.0095 

8—  6 

+0.  2972 

-0. 2957 

— 0.0117 

+0.  Olio 

9-6 

+0.  1 198 

—0. 0262 

— 0.0083 

+0. 0024 

10 —  6 

-j-o.  0290 

+0. 0109 

— 0.0029 

— 0.0005 

II—  6 

+0. 0042 

+0. 0059 

— 0.0008 

— 0.0008 

12—  6 

+0.0002 

+0.0016 

4—  7 

— 0. 0010 

+0.0018 

+0.0013 

—0.0013 

S-  7 

+0. 0170 

+0. 0142 

-0.0037 

—0.0037 

6-  7 

+0.0690 

—0. 1870 

— 0.0216 

+0.01 7 1 

7-  7 

— 0.  8074 

+0. 0500 

—0.0197 

+0.0031 

8-  7 

— 0.5610 

— 0.  2616 

+0.0009 

+0. 0028 

9—  7 

— 0. 1460 

— 0.  2172 

+0. 0042 

+0. 0067 

10-  7 

— 0.  0022 

—0. 0828 

+0.  0015 

+0.0044 

II—  7 

+0.  Olio 

— 0. 0186 

— 0.0006 

+0. 0032 

12—  7 

+0.  0036 

— 0.0026 

— 0.  OOII 

+0.0005 

6—  8 

+0.0132 

— 0.0098 

7-8 

—0.  1006 

—0. 0638 

+0. 0039 

+0.0116 

8—  8 

— 0.0698 

+0.  3884 

—0.0012 

+0.  0107 

9-  8 

—0.  2078 

+0.  2740 

lo—  8 

—0.  i486 

+0.0610 

II—  8 

-0.  0534 

— 0.0094 

+0. 0027 

0.0000 

12—  8 

— 0.0122 

—0.0092 

7-  9 

— 0.0048 

— 0.0096 

8-9 

— 0. 0492 

+0. 0504 

+0. 0057 

— 0.0014 

9-  9 

+0.  1744 

+0. 0784 

+0.0093 

+0.0013 

10 —  9 

+0.  1248 

+0. 1436 

II-  9 

+0. 0196 

+0. 0950 

12-  9 

— 0. 0116 

+0. 0342 

8—10 

—0.0080 

+0. 0026 

9 — 10 

+0. 0224 

+0. 0356 

10—10 

+0. 0598 

— 0. 0726 

II — 10 

+0. 0922 

—0. 0488 

12 — 10 

+0. 0588 

+0.0008 

9— II 

— 0.0002 

+0. 0054 

10 — II 

+0.0218 

—0.0078 

11 — II 

—0. 0272 

—0. 0378 

12 — II 

-O.0IS4 

—0. 0558 

10 — 12 

+0.0026 

+0. 0010 

II— 12 

—0.0008 

—0.0132 

12 — 12 

—0. 0226 

+0.0064 

CHAPTER  IX. 

CALCULATION  OF  THE  TERMS  OF  ST  AND  ST  WHOSE  ARGUMENTS  ARE  ;'  AND  y'- 

Being  now  in  possession  of  the  several  factors  of  the  terms  of  ST  and  ST',  we 
could  proceed  immediately  to  the  calculation  of  the  terms,  strictly  of  the  second 
order,  which  arise  from  these  quantities.  But  the  more  important  parts  of  these 
functions  are  the  terms  coming  from  the  secular  variations  of  the  elements.  This 
prominence  is  kept  up  in  the  terms  of  the  third,  and  apparently  of  all  higher  orders. 
And  it  is,  perhaps,  the  most  surprising  instance  in  the  planetary  theories  of  a  lack  of 
convergence  that  the  secular  variations  of  the  eccentricities  and  places  of  the  perihelia 
of  Jupiter  and  Saturn  are  augmented  about  a  fourth  part  by  the  terms  of  the  second 
order  with  respect  to  disturbing  forces.  Since  the  mass  of  Jupiter  is  less  than  —^ 
of  that  of  the  Sun  it  would  naturally  be  supposed  that  the  ratio  of  the  second  to  the 
first-order  terms  would  be  somewhere  in  the  neighborhood  of  this  fraction.  It  is, 
however,  250  times  larger. 

By  far  the  larger  portions  of  these  second-order  terms  arise  from  the  terms  of  ST 
and  ST',  having  severally  the  arguments  y  and  y'.  By  computing  these  portions  at 
the  outset,  and  annexing  them  to  the  first-order  terms  corresponding  to  the  same 
arguments  before  proceeding  to  the  general  calculation  of  ST  and  ST',  we  shall 
include  in  the  determination  of  the  second-order  terms  the  more  notable  portion  of 
the  third-order  terms.  In  like  manner,  on  arriving  at  the  general  computation  of  the 
latter,  we  shall  first  compute  the  terms  having  the  arguments  y  and  y',  and  annexing 
them  to  the  second-order  terms,  shall  then  be  able  to  include  the  more  remarkable 
portion  of  the  fourth-order  terms  in  that  of  the  third.  The  modifications  which  this 
mode  of  proceeding  requires  in  the  values  of  the  second  factors  are  readily  per- 
ceived. 

In  this  connection  it  will  be  interesting  to  see  how  much  each  set  of  terms  of  the 
second  factors  of  ST  and  ST'  contributes  to  the  terms  under  consideration.  Hence,  I 
enter  into  some  details  relative  to  them.  Defining  these  sets  of  terms  by  the  argu- 
ments on  which  they  depend,  the  general  form  of  which  is  i'g'  -f  ig,  I  have  arranged 
in  the  following  table  the  component  parts  of  the  coefficients  of  sin  y  and  cos  y  in  ST 
and  of  sin  y'  and  cos  y'  in  ST'.  The  numbers  given  are  in  units  of  the  seventh 
decimal  of  the  second  of  arc  for  ST  and  in  units  of  the  sixth  decimal  for  ST.  They 
arise  from  multiplying  the  terms  in  the  second  factors  having  the  argument  i'g'  -f  ig 
by  the  terms  of  the  first  factors  having  the  two  arguments  ±  x  +  i'g'  +  ig  in  the  case 
of  ST,  or  ±  y'  +  i'g'  +  ig  in  the  case  of  ST'.     Thus,  it  is  plain  that,  since  there  are 
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eight  terms  in  both  ST  and  ST',  the  numbers  tabulated  are  the  sums  of  thirty-two 
component  parts.  However,  in  many  cases  some  of  these  have  no  significant 
values : 


ST 

ST 

ATg=i'g'+ig 

sin  (— y) 

cos  (—  y) 

sin  y 

cos  y' 

i'       i 
O    0 

—    i68 

+        iSS 

—     6194 

-  9863 

0 —  I 

+   1900 

—  4860 

+  64527 

-  7326 

O —  2 

+     I 

—     7 

+   3>5 

—    41 

o—  3 

+     I 

0 

1+  I 

+   ^  31 

64 

-    51 

+    56 

I   o 

+  "0145 

-   573' 

—  9674 

+  24596 

I—  I 

+  27548 

—  24944 

—  90608 

—  5216 

I-  2 

-    S08 

-   275 

+  1184 

+  6988 

'—  3 

+     I 

0 

—    I 

+    '7 

2 —  O 

+    174 

-    59 

—    23 

+   260 

2—  I 

—  1618217 

+  717049 

+  6319' 

—365746 

2 —  2 

-  45163 

+  10046 

+  28304 

+  3690 

2-  3 

+   5291 

—   624 

+   374 

+  J  392 

2—  4 

+     16 

+     6 

+    2 

+     4 

3   o 

—     I 

—     7 

—    8 

+     ' 

3—  " 

-  18475 

+   4121 

+  7070 

-  2983 

3—  2 

—  49846 

+  66600 

+  59124 

-  68574 

3-  3 

—   9443 

+  12882 

+  5280 

-  5075 

3—  4 

+   1050 

—   364 

+   53 

+   184 

3-  5 

+     4 

0 

4—  I 

+     9 

—    12 

—   10 

+    27 

4—  2 

-  303245 

+  1022420 

+944393 

—50841 5 

4—  3 

+  19018 

—  63009 

—  57800 

+  31889 

4—  4 

—   2905 

+   4524 

+  1506 

—  1688 

4—  5 

+    350 

-   189 

+    2 

+    47 

4-6 

+     2 

0 

5—  > 

0 

+     I 

0 

+     I 

5-  2 

—  236978 

+  700335 

+645280 

—373622 

5-  3 

—  41087 

+  145928 

+  137249 

—  71606 

5-  4 

—   1252 

-  13744 

-  13756 

+  1566 

5-  5 

-    948 

+   1581 

+   471 

—   573 

5-6 

+     125 

-    73 

0 

+    14 

6—  2 

+    33 

-     3 

+    3 

+    34 

6-3 

+   420 

—   1516 

—  1414 

+   719 

6-4 

+   8ii 

-   2867 

—  2642 

+  1364 

6-  5 

+   716 

—   2499 

—  2290 

+  1257 

6—  6 

—   292 

+   508 

+   136 

-   179 

^7 

+    42 

-    22 

0 

+    5 
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ST 

ST                          \ 

Aig=i'g'+ig 

8in(-f) 

cos  (—  y) 

•in  7' 

cos  y' 

i'      i 
7-  3 

— 122 

+427 

+403 

— 210 

7—  4 

+  165 

—601 

-563 

+283 

7-  S 

+22S 

-729 

-6SS 

+368 

7-6 

+  168 

—636 

-598 

+322 

7-  7 

—  93 

+  163 

+  40 

-  55 

7-S 

+  14 

—  8 

—  I 

+  2 

8-3 

—  I 

+  ■ 

+  • 

—  I 

^4 

0 

—  I 

—  I 

0 

8-5 

+  29 

-105 

-  97 

+  49 

8-  6 

+  66 

— 230 

— 210 

+  109 

8-7 

+  36 

-163 

— i6j 

+  82 

8—  8 

-  27 

+  51 

+  9 

—  i8 

8-9 

+  5 

-  5 

+  ' 

—  I 

9-  4 

—  10 

+  38 

+  37 

—  18 

9-  5 

+  5 

—  10 

—  II 

+  6 

9-6 

+  " 

—  35 

-  32 

+  17 

9—  7 

+  20 

—  77 

—  71 

+  37 

9-8 

+  9 

—  41 

—  45 

+  20 

9—  9 

—  8 

+  '8 

+  3 

—  8 

10 —  4 

—  4 

+  10 

+  9 

-  5 

10-  5 

—  2 

+  5 

+  5 

—  3 

10—  6 

0 

—  4 

—  4 

0 

10—  7 

+  S 

—  13 

—  12 

+  5 

10—  8 

+  9 

—  27 

-24 

+  12 

10 —  9 

—  I 

—  10 

-  14 

+  7 

11—  8 

0 

-  5 

-  5 

+  4 

II-  9 

+  I 

—  8 

—  8 

+  5 

II — 10 

+  3 

—  4 

—  4 

+  4 

12—  9 

0 

—  2 

—  I 

0 

12 — 10 

0 

—  4 

—  4 

0 

It  will  be  perceived  that  the  arguments  2g'  —  g,  4^  —  2g,  5^'  —  2g,  and  5^'  —  3^ 
contribute  the  largest  portions  to  these  terms  of  the  second  order.  In  the  case  of  the 
three  latter  arguments  the  cause  of  the  largeness  of  the  portions  contributed  is  the 
division  by  the  small  divisor  ^n' —  2«  or  its  square.  But  in  the  case  of  the  first,  2g' — g, 
this  cause  does  not  operate,  and  yet  for  Jupiter  this  argument  contributes  the  largest 
quota.  Hence,  it  is  hardly  correct  to  say  that  the  superior  magnitude  of  the  terms 
we  are  considering  is  due  to  the  smallness  of  5w'— 2n.  However,  2g'  —  g  maybe 
considered  as  an  argument  of  long  period,  since  ^n'—n  ^*  ^t)Out  5.  But  the  actual 
explanation  of  the  magnitude  of  the  coefficients,  whose  component  parts  have  just 
been  given,  appears  to  be  that  the  terms  of  T  and  T'  having  the  arguments  y  and  y' 
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are  exceptionally  small.     This  will  be  apparent  when  we  write  them  in  connection 
with  the  maximum  terms,  as  follows : 

//  // 

T  =  —     i.i42  8in(— ^)  +       1.017  cos(— )/) 

-  4T.8J2  BiQ{-y+  2g'-g)+     20.556  cos (- ;k  +  2^- i/) 

T'=         8.631  sin  y'  —       5.350  cos  y' 

+  413.905  Bin  {y'—g')  +1977.900  cos  (/— 5-) 

With  them  may  also  be  compared  the  largest  terms  of  the  factors  G  and  G' 


G=      167.70  sin  (—;/  + 29'— <7)—     71.60  cos  (— ^  +  25'— <;) 
G'=  -782.26  sin  (y'-g)  -3729.47  cos  {y'-g) 

Adding  the  components  of  6T  and  ST'  given  in  the  preceding  table,  we  obtain 

tfT  =  —  0.2260338  sin  (—  y)  +  0.2563282  cos  (—  y) 
ST'=  +  1.771981    sin  y'       —  1.345783    cos  y' 

It  is  desirable  to  have  the  means  of  readily  changing  these  expressions,  so  as  to 
correspond  to  any  new  values  of  the  masses  of  Jupiter  and  Saturn  that  may  be 
adopted.  Thus,  by  adding  the  five  terms  of  <5T  involving  the  factors  A  to  E,  we 
find  that  the  portion  of  ST  proportional  to  f      .  ^  )  is 

—  o".035i4io  sin  ( —  y)  +  o". 0526059  cos  (—  y) 

and  by  adding  the  three  terms  involving  the  factors  F  to  H,  we  find  that  the  portion 
of  ST  proportional  to  ;;-p^  •  ^-p^  is 

—  o". 1908928  sin  (—  y)  -\-  o". 2037223  cos  (—  y) 

In  like  manner,  the  portion  of  ST'  proportional  to  (  ^  ,^,  )  is 

+  i",337009  sin  y'—  i".o667i3  cos  y' 

11  ,•  ,•        1  ,  wi  m'      . 

and  the  portion  proportional  to  ^  ,  ^,  •  ^  .  ^  is 

+  ©".434972  sin  y'—  o". 279070  cos  y 
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By  joining  the  second-order  terms,  which  arise  from  ST  and  6T,  to  the  principal 
secular  terms  of  the  first  order  of  ndz  and  n'Sg',  obtained  in  preceding  chapters,  we 
have  the  following  exhibit :       , 


Action  of  Mercury 
Action  of  Venus 
Action  of  the  Earth 
Action  of  Mars 
Action  of  Saturn 
Action  of  Uranus 

Action  of  Neptune 

/    m'    \^ 
Terms  factored  by  (  — ; —  ) 


m' 


Terms  factored  by  — rr:-, 

•^  I  +  WJ'      I  +  w 

Sum 


// 

—  o.ooooo59n<  sin  (—</)■ 

—  0.0000 1 53Mf  sin  {—  g)- 

—  o.ooois3on<  sin  (—<;)■ 
+  o.ooo2i38nt  sin  (—  g)  ■ 

—  1. 01 73636*1*  sin  {  —  g)- 

—  0.0021751^*  sin  (  —  gr)  - 

—  o.oooo833n<  sin  {—  g)- 

—  o.o526o59n<  sin  (—  g)- 


■  0.0000 1 37»<  cos  (—  g) 

■  0.0007 i44n<  cos  {—g) 

■  o.ooi8372»*  cos  (—  g) 

■  0,0002 2 1 7M<  cos  (—  gr) 

■  i.i42039iM<  cos  (—  g) 

■  0.021346071*  cos  (—g) 

■  0.0040184*1*  cos  (—  g) 
o.o3si4ion*  cos  (—  gf) 


—  0.2037223M*  sin  (—  g)  —  o.igoS<)28nt  cos  (—  g) 

—  i.27S9io6»*  sin  (—<?)—  1.396224311*  cos  (—^) 


n'Sz' 


Action  of  Mercury 
Action  of  Venus 
Action  of  the  Earth 
Action  of  Mars 
Action  of  Jupiter 
Action  of  Uranus 
Action  of  Neptune 
Terms  factored  by  (      .      ,  j 

Terms  factored  by 


m 


o.oooooom'*  sin  17'- 
+  0.000002/1'*  sin  g'- 
4-  0.00000471'*  sin  g'- 

—  0.00004471'*  sin  g'- 

—  5.35008071'*  sin  ^'- 
+  0.08500071'*  sin  g'- 

—  0.00147471'*  sin  g'- 

—  1.06671371'*  sin  g'- 


0.00000571'*  cos  g' 
0.00023571'*  cos  g' 
0.00057971'*  cos  g' 
0.00017271'*  cos  g' 
8.63106771'*  cos  g' 
0.15565271'*  cos  g' 
0.03293671'*  cos  g' 
1.33700971'*  cos^ 


Sam 


I  +  Tra'  "  T+m         -o-27907o»'<8infif'-   0.43497271'*  cos  fli' 
—  6.61237571'*  sin  g'—  10.59262771'*  cos  g' 


The  expressions  actually  used  in  Chapter  XI  for  determining  the  portion  of  dT, 
which  is  factored  by  nt,  are 

ndz  =  —  1.275913371*  sin  (—  g)  —    1.396220071*  cos  (—  g) 
n'6z'=  —  6.61229871'*  sin  g'        —  10.59264571'*  cos  g' 


The  terms  dependent  on  the  arguments  2g,  3^ 
found  by  the  formulae  of  page  102. 


2/,  3/ 


can  be 
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The  secular  terms  of  rrz--  and  ——77  are,  in  like  manner,  summed  as  follows ; 


Action  of 
Action  of 
Action  of 
Action  of 
Action  of 
Action  of 
Action  of 


Mercury 

Venus 

the  Earth 

Mars 

Saturn 

Uranus 

Neptune 


+  o.ooooo8on<  sin  (- 
-1-  o.ooo22oint  sin  (- 

—  0.00043  S4n<  sin  (- 

—  0.0000 1 86m<  sin  (- 
4-  o.28443i5n<  sin  (- 

—  0.001910311^  sin  (- 
4-  0.000 1 987  »<  sin  (- 


■  g)  —  o.ooooiyiwt  cos  (—  g) 

■  g)  —  o.oooi852W<  cos  (—  g) 

■  g)  4-  o.oooo23ont  cos  {—  g) 

■  g)  —  o.oooi257n<  cos  {—  g) 

■^)+  o.l2S3S14M<C0S(-flr) 

•  g)  —  o.ooo895ont  cos  {—g) 

■  g)  +  o.ooo682sri<  cos  (—  g) 


Sum 


+  0.282494071*  sin  (—  ff)  +  o.i248339n<  co&(—g) 


Action  of  Mercury 
Action  of  Venus 
Action  of  the  Earth 
Action  of  Mars 
Action  of  Jupiter 
Action  of  Uranus 
Action  of  Neptune 

Sum 


w 

cos  »' 


4-  o.ooooosn'< 
4-  0.000067*1'* 
4-  o.oooo86»'< 
4-  0.00005171'* 
4-  1.10642871'* 
4-  0.03279371'* 
—  0.00110471'* 


sin  g'-\-  0.00000271'*  cos  «/' 
sin  ^—  0.00003671'*  cos  g' 
sin  g'+  0.0002 1 27i'*  cos  g' 
sin  g'-\-  0.00002271'*  cos  g' 
sin  g'-\- 1.55226571'*  cos  g' 
sin  g'-\-  0.04289571'*  cos  g' 
sin  ^'4-  0.00502471'*  cos  g' 


4-  1.13832671't  sin  51' 4- 1.60038471'*  cos  g' 


The  secular  term  of  <5^  is  the  same  as  the  non-periodic  secular  term  of  —  2v. 


CHAPTER  X. 


CALCULATION  OF  THE  PORTION  OF  ST  NOT  FACTORED  BY  nt. 


In  determining  the  portion  of  ST,  which  follows,  a  table  of  limits  for  the  retention 
of  terms  for  each  argument  ±  7  +  i'g'  +  ig  was  computed  from  the  formula 


i'n'  +  in     i'n'  +  {iAz  i)n 


X  o".ooo5 


and  only  those  combinations  were  retained  in  which  at  least  one  coefficient  exceeded 
this  limit.  It  has  been  deemed  advisable  to  give  separately  the  eight  products  whose 
sum  forms  ST : 


AnSz 

■B{v- 

e)  +  Xo 

Fn'Sz'                  1 

G(v' 

-C) 

Arg= 

xy+i'g'+ig 

ain. 

COS. 

siu. 

COB. 

Bin. 

COS. 

sin. 

COB. 

X    i'     i 
o     o     o 

// 

— 0. 00041718 

" 

+0.00039938 

// 

+0. 00014725 

// 

— 0.00015832 

I       O —  I 

+0. 0059 

— 0.0012 

+0.  014s 

— 0.0006 

— 0. 0104 

—0.0051 

+0.  0433 

— 0.0019 

— I      o      o 

—0.0274051 

+0. 0386863 

— 0.  0085509 

+0.  OI4I722 

— 0.  1400087 

+0. 1637579 

— 0.  0508789 

+0.  0399329 

O       O —  I 

+0. 0462 

— 0. 0588 

+0.0127 

— 0.0180 

+0.  1348 

— 0. 1529 

+0.  0495 

— 0.0410 

I       O—  2 

—0.017 

+0. 025 

— 0.  005 

+0.006 

— 0.029 

+0.  048 

—  0.  013 

+O.OI5 

—  I        0 —  I 

—0.071 

— 0.056 

— 0.  010 

— 0.007 

—0.324 

— 0.  248 

— 0.069 

—0.045 

O       0 —  2 

+0. 091 

+0.068 

+0. 01 1 

+0.007 

+o-3«7 

+0. 236 

+0.067 

+0. 040 

I     0-3 

-0. 035 

— 0.  022 

— 0.003 

— 0.002 

— 0.  lOI 

— 0.062 

—0.  020 

— 0.014 

—I       O—  2 

+0. 108 

— 0.  081 

+0.316 

—0.244 

—0.016 

+0.007 

o     o— 3 

—0. 128 

+0.  101 

— 0.296 

+0.247 

+0.  018 

—0.006 

I      o— 4 

+0. 046 

-0. 037 

+0.094 

— 0. 076 

—I     0-3 

+0.003 

— 0.019 

+0.007 

—0.044 

o     o— 4 

— 0. 010 

+0.  027 

— 0.019 

+0.053 

I     o— 5 

+0.01 

— 0.02 

—I       1+4 

+0.012 

— 0.008 

+0.019 

— 0.014 

o     1+3 

—0.027 

+0.017 

—0.052 

+0. 034 

I        1+2 

+0.017 

— 0.006 

+o.  043 

—0.015 

-I      1+3 

+0. 035 

—0.073 

+0.071 

—0. 138 

O        1+2 

—0.094 

+o-  "93 

—0.230 

+0. 465 

+0.003 

— 0.022 

I        I+I 

+0. 070 

— 0. 152 

+0. 227 

— 0-493 

—0.007 

+0. 021 

-I        1+2 

+0. 029 

+  0.031 

+0.003 

+0.004 

+0. 085 

+0.090 

+0.  022 

+0. 020 

O        I+l 

—0.087 

—0. 072 

— 0.012 

— 0.  on 

—0.317 

— 0.  271 

-0.073 

— 0.072 

I       I       o 

+0. 0626 

+0. 0535 

+0. 0108 

+0. 0103 

+0-3316 

+0.  2838 

+0.  0790 

+0.0749 

—I    I+I 

— 0. 0196 

+0. 0057 

—0.0083 

+0.0042 

—0.0215 

— 0.0002 

— 0.0124 

+0. 0043 

25s 
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Arg= 
xy-\-i'g'+ig 

An 

S2 

B(v  — c)  +  Xc 

Yn'Sz' 

GCv' 

-C) 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

siu. 

COS. 

X       i'       i 
O        I        o 

-\-o.  0405 

— 0.  0241 

// 
+0.0186 

—0. 0109 

+0.0698 

—0. 0502 

+0.  0209 

—0.0218 

1        1  —   I 

— 0.0218 

+0.  01 17 

—0.012 1 

+0.  0079 

—0.0815 

+0.0572 

— 0.  0169 

+0. 0249 

—  I         I         0 

— 0.  0039 

— 0.  0141 

—0,  0032 

— 0.  0178 

— 0.  0143 

+0.  0450 

— u.  0274 

0.  lOIO 

O         I —    I 

+0.  0077 

+0.  0091 

+0.  0021 

+0.  0102 

+0.0158 

— 0.0390 

+0.  0210 

+0. 0650 

I          I—    2 

— 0.0007 

— 0.0005 

+0. 0020 

+0. 0040 

+0.  0027 

+0.0074 

+0.  0015 

+0.0145 

—  I          I—    I 

—0.  0498 

— 0.  0229 

—0.0138 

— 0.  0047 

— 0.  2019 

—0.  1080 

— 0.  0481 

— 0. 0346 

0         1—2 

+0.  067 

+0.031 

+0.  019 

+0.007 

+0.  193 

+0.  104 

+0.051 

+0.  036 

I       I-  3 

—0.  025 

— 0.  oil 

— 0.  061 

—0.  022 

— 0.015 

—0.  008 

—  I         I —   2 

+o-  °2-i 

— 0. 072 

+0.004 

— 0.008 

+0.  144 

—0.309 

+0.  022 

—0.054 

o       1—3 

—0. 039 

+0.087 

—0.  004 

+0.008 

-o-'33 

+0-  3°3 

—0.  022 

+0. 053 

I       I—  4 

+0.  on 

— u.  034 

+0. 035 

-0.  095 

+0.007 

—0.017 

—  I       I—  3 

+0. 075 

+  0.  064 

+0.214 

+0. 174 

—0.  008 

—0.012 

o       1—4 

— 0.  089 

— 0.071 

—0.  214 

—0. 159 

+0.007 

+0.014 

I       I-  5 

+0.04 

+0.03 

+0.07 

+0.05 

-I          2+    3 

+0.  012 

+0.009 

+0.018 

+0. 014 

O        2+    2 

— 0.022 

— 0.021 

— 0. 040 

-0. 039 

I          2+    I 

-I-0.007 

+0.  014 

+0.017 

+0-  034 

-I         2+    2 

+0.  098 

+0. 023 

+0.  177 

+0. 045 

—0.  007 

+0. 002 

O        2+    I 

— 0. 251 

— 0,  060 

+0.005 

0.000 

—0.61 1 

—0. 145 

+0.  024 

0.000 

1          2         O 

+0. 1755 

+0, 0385 

— 0.0035 

— 0.0002 

+0.  6443 

+0.  I39I 

— 0.  0231 

—0. 0041 

-I          2+     I 

— 0.  0250 

+0.031 1 

-0.0031 

+0. 0060 

— 0.  0608 

+0. 0774 

—0.  0142 

+0. 0228 

0         2         0 

4-0. 0486 

—0. 0838 

+0.  cm 

—0.0197 

+0.  1744 

— 0.  3078 

+0.0600 

—0. 1063 

I          i —    I 

— 0.0292 

+0. 0502 

—0. 0089 

+0.0164 

—0.  1915 

+0.  3287 

— 0.  0655 

+0.  1 156 

—  I         2        O 

+0,0017 

—0. 0074 

—0. 0030 

—0.0053 

+0. 0087 

— 0. 0052 

— 0.  0010 

—0. 0206 

O         2 —    1 

+0. 00899 

+0.  OII47 

+0.00725 

+0.  00839 

—0.00175 

+0.  01928 

+0.  01229 

+0.  01990 

I          2—    2 

— 0.0006 

— 0.0023 

— 0. 0040 

—0.0053 

+0. 0017 

— 0.  0302 

—0.0155 

— 0. 0079 

1          2 —    I 

-f  0.  0091 

— 0.  0097 

+0.0154 

—0. 0068 

— 0.  0656 

— 0. 0098 

+0.  0823 

— 0.  0450 

O         .i —    2 

— 0.  0016 

+0.  0097 

— 0.  0098 

+0.0055 

+0. 0603 

+0.0108 

—0.  o4ii 

+0. 0378 

I          2—    3 

-f  0.  006 

—0.007 

—0.003 

+0.001 

—0.019 

+0.003 

—0.  001 

—0.002 

—  I          2 —    2 

+0.  oil 

-0053 

+0. 001 

— 0.  016 

+0. 054 

—0.  203 

+0.  020 

—0. 05 1 

O        2—3 

— 0.  015 

+0. 069 

— 0. 002 

+0.016 

-0.051 

+0. 199 

—0.021 

+0. 053 

I          2—    4 

+0.  004 

—0.  015 

+0.007 

—0.  059 

+0.004 

—0.016 

-1          2-    3 

-t-o.  065 

+O.OIS 

.  +0. 005 

+0.001 

+0.  260 

+0-  055 

+0.  039 

+0.007 

O        2—   4 

—0. 074 

—0.016 

— 0.  006 

0.  000 

— 0.  251 

—0.  043 

— 0.  040 

— 0.007 

I         2—   5 

+0. 023 

+0.004 

+0.078 

+0.  012 

+0.012 

+0.002 

-I        3+   2 

—0.005 

+0.013 

— 0.007 

+0.015 

o      3+   I 

+0.013 

— 0. 020 

+0.019 

— °-033 

1       3^-  0 

— 0.008 

+0.003 

— 0.  019 

+0.  009 

-I      3+  I 

— 0.  001 

+0.  104 

0.000 

+0.  171 

0.000 

—0.  005 

030 

+0, 0033 

—0.2541 

+0.0010 

-ro.  0039 

+0.  0010 

— 0. 6243 

—0.0012 

+0. 0209 

'      3—  I 

— 0.0006 

+0.1351 

— 0.  0001 

— u.  0029 

— 0.0005 

+0.  6625 

+0.0016 

— 0. 0227 

—  I        3—  u 

— O.OIIO 

— 0.0164 

—0. 0065 

— 0.  0020 

+0.0132 

—0.0215 

+0.  0096 

+0.0051 

0      3—  I 

—0.  04018 

+0.02187 

4-0.02197 

+0.  00701 

+0. 02698 

+0. 04735 

+0.02552 

+0. 00624 

I      3—  2 

— 0.  0185 

— 0.0068 

-0.0175 

—0. 0054 

— 0.  0487 

— 0. 0614 

—0. 0442 

— 0.  0120 

—  I       3—  I 

-i-o.  0019 

—0.0009 

+0.0031 

— 0.0017 

—0.0155 

—0.0075 

+0.0155 

—0. 0143 

0      3-2 

— 0.0019 

+0. 0064 

— 0. 005 1 

—0.  0030 

+0.  Olio 

+0.0072 

— 0.0119 

+0. 0186 

PORTION  OF  ST  NOT  FACTORED  BY  THE  TIME. 
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AnSz                  \ 

B{y  —  c 

)  +  Xc 

Fn'Sz'                 1 

G(i''  — c') 

Arg= 
Hy+i'g'+ig 

sin. 

COS. 

*in. 

COS. 

sin. 

COS. 

sin. 

COS. 

H       i'      i 
I       3-  3 

— 0.0007 

+0.0017 

+0. 0033       - 

— 0. 0038 

+0.0017       +0.0023 

+0. 0002 

-0. 0148 

—I       3—  2 

-|-o.  0092 

+0.0019 

+0.  0075 

•fo.  0090 

— 0. 0057 

-0.0714 

+0. 0806       +0. 0989      1 

0      3—  3 

— 0.009 

—0.003 

— 0.006 

—0.004 

+0. 006         +0. 066         1 

— 0. 072 

-0. 085 

I       3—  4 

+0.  010 

+0.009 

+0.003 

+0.004 

—0.006 

— 0.  022 

+0.017         +0.021 

-I       3-  3 

-f-o.  046 

0.  000 

+U.007 

—0.003 

+0.  176 

^-o.  001 

+0.  047         +0. 004 

0      3—4 

— 0.056 

0.000 

— 0.  167 

+■0.002 

— 0. 047 

— 0.  004 

I       3—  5 

+0.013 

0.000 

+0.051 

—0.006 

+0.013 

— 0.  001 

—I       3—  4 

0.000 

+0.051 

+0.007 

+0. 191 

0. 000 

+■0. 027 

0      3-  5 

0.000 

— 0.  05 1 

-0.  013 

-0.  186 

— 0. 001 

—0.026 

I       3-6 

0.00 

+0.02 

0.00 

+0.06 

—I      4+  I 

+0.001 

— 0.004 

+0.001 

—0.003 

040 

— 0.003 

-t-o.  005 

— 0.003 

+0.006 

I      4—  I 

+0. 022 

—0.023 

+0. 059 

— 0.  046 

—0.005 

+0.002 

— 140 

+0.  0187 

— 0.0034 

+0. 0228 

— 0. 0042 

— 0.0006 

+0.0005 

0      4—  I 

+0.  0188 

— 0.0051 

— 0.0004 

— 0.  0004 

+0.  0452 

— 0. 0100 

— 0. 0025 

— 0.  0013 

I      4-  2 

— 0. 0001 

+0.0004 

+0.0006 

+0.0002 

— 0. 0829 

+0.0173 

+0. 0041 

+0.0010 

—I      4—  I 

—  0.0007 

+0.0064 

— 0.0006 

+0.0005 

—0.0128 

+0. 0078 

—0.0025 

+0. 0342 

0      4 —  2 

+0.0009 

+0.  0040 

—0.0010 

+0.0062 

+0.0093 

+0.0005 

— 0. 0018 

+0. 0066 

I       4—  3 

—0.0018 

+0. 0048 

+0.0007 

+0. 0083 

— 0.0015 

—0.0073 

+0. 0052 

—0.0442 

—I       4—  2 

+0.0190 

— 0.0051 

—0.0003 

+0.0015 

+0.  0926 

— 0. 0532 

— 0.0032 

+0. 0322 

0      4—3 

—0.  031 

+0.008 

0.000 

—0.003 

—0.089 

+0.049 

+0. 006 

— 0.025 

1       4—  4 

+0.014 

— 0. 001 

+0.002 

+0.001 

+0. 023 

—0.013 

+0.002 

+0.006 

—I       4—  3 

+0.018 

— 0.  012 

—0.015 

+0.019 

+0.  069 

— 0.031 

— 0.067 

+0. 083 

0      4—4 

— 0.  030 

+0. 020 

+0.021 

— 0.023 

—0. 070 

+0, 032 

+0.061 

— 0.078 

I       4-  5 

+0.003 

— 0.004 

— 0.005 

+0.006 

+0.  014 

— 0.006 

— 0. 018 

+0. 020 

—  I       4—  4 

+0.008 

+0. 030 

+0.  031 

40. 130 

+0.004 

+0.031 

0      4—5 

— 0.005 

— 0.030 

— 0.032 

--0.  126 

— 0.  005 

— U.030 

I       4—  6 

+0.014 

+0. 037 

— 0. 001 

+0.004 

-I       4-  S 

—0.033 

+0.006 

— 0.  132 

+0. 030 

— 0. 017 

+0.004 

0      4—6 

+0.04 

— 0. 01 

+0.13 

— 0.03 

— 0.02 

0.00 

I       4-  7 

— 0.03 

+0.01 

—I       5       0 

-|-o.  0018 

— 0.0003 

0      5—  I 

-f-o.  0002 

— 0.0027 

+0.0009 

— 0.0008 

I       5—  2 

— 0. 000238 

+0. 000252 

—0. 00004S 

+0. 000058 

—0.001018 

+0.000577 

— 0. 000465 

+0. 000250 

—I       5—  > 

+0. 014627 

+0. 034556 

— 0. 000364 

—0. 000530 

—0.  00485 1 

—0.001226 

— 0. 000659 

—0.002451 

0        5-2 

+0. 0006774 

+0.  0000259 

+0.  0004065 

+0. 0004938 

+0.  0026506 

— 0. 001I94I 

+0.0003514 

+0. 0007744 

I      5—  3 

+0.014445 

+0.034941 

—0. 000250 

—0.000091 

+0.  000247 

+0. 003908 

+0. 000777 

+0.001324 

—I      S—  2 

— 0. 000892 

— 0.  004138 

—0.  004603 

+0. 000805 

+0.  046018 

—0. 037480 

— 0. 039562 

+0.006578 

0      5-3 

— 0.0109 

+0. 0068 

— 0.0019 

— 0.0004 

—0.  0352 

+0.0335 

+0. 0194 

— 0. 0039 

I      S—  4 

—0.0034 

—0. 0023 

+0. 0059 

— 0.0007 

—0.0015 

— O.OIOO 

+0.0175 

— 0.  0010 

—I      S—  3 

+0.009 

+0.031 

— 0.002 

—0.002 

+0.071 

+0.071 

— 0.029 

+0.016 

0      5-4 

—0.013 

—0.045 

—0.001 

+0.002 

— 0.072 

— 0. 070 

+0.033 

— 0.016 

I      5—  5 

+0.004 

+0. 016 

+0.  020 

+0. 023 

— 0.007 

+0.001 

—I      S—  4 

+0.018 

+0.018 

— 0. 024 

— 0.016 

+0.  046 

+0. 054 

— 0.067 

-0.033 

0      5-  5 

— 0.027 

—0.024 

+0. 033 

+0.018 

—0.047 

—0.057 

+0.066 

+0. 030 

25  AST- 
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An82 

B(y  — 

c)  +  Xo 

Fn'Sz' 

G(v' 

-C) 

Arg= 

Bin. 

C08. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

H 

i'      i 
5—  6 

+o.  oi6 

+0.010 

— 0.  007 

— 0.004 

+0.002 

+0.  009 

— 0.019 

— 0.  OIO 

—  I 

5-  5 

— 0.019 

+  0.007 

—0.088 

+0.  047 

—0.  020 

+0.007 

O 

5—  6 
5-  7 

+0.021 

— 0.  OIO 

+0. 086 
— 0.02 

—0. 047 

+0.  01 

+0.  020 

— 0.007 

—  I 

S—  6 

— 0.  OI 

—0.03 

— 0.04 

— 0.09 

o 

5—  7 

5—  8 

6-  2 

+0.01 

+0.03 

+0.04 
— 0.  01 

— 0.0002 

+0.08 

— 0.02 
— 0.  0006 

—I 

6—  I 

+0. 0036 

+0. 0023 

— 0.  0098 

—0.0057 

— 0.0002 

— 0. 0001 

6—   2 

-|-o.  0002 

0.0000 

+0.0005 

— 0.0004 

6-3 

-)-o.  0032 

+0.  0027 

+0.  0079 

+0.0074 

— 0.  0001 

— 0.0003 

—I 

6-   2 

— 0.0001 

—0.0007 

+0.0006 

— 0. 0004 

+0.0757 

—0. 0735 

+0.  0025 

+0.  0183 

^3 

— 0.  0167 

+0.0124 

— 0.  0009 

+0.  0006 

— 0.  0412 

+0.  0468 

— 0.  0024 

—  0. 0070 

6-4 

— 0.  0160 

+0.01 15 

+0.0007 

—0.0005 

— 0. 0236 

+0.  0056 

+0.  0025 

+0. 0046 

—I 

^3 

+0.  oo6i 

+0.0093 

—0.  0031 

— 0.0070 

+0.0857 

+0. 1768 

—0.  0430 

-0.  I2S5 

6-4 

— 0.009 

— 0.017 

+0.003 

+0.004 

—0.  082 

— 0.  167 

+0.  040 

+0. 116 

^  S 

— 0.  001 

—0.004 

+0.  021 

+0,044 

— 0.  on 

—0. 028 

—I 

6-4 

— 0.027 

+0.013 

—0.002 

— 0.002 

— 0.030 

+0.  017 

— 0.027 

— 0.024 

6-  5 

+0. 034 

—0.017 

+0.007 

— 0.002 

+0.  030 

—0.080 

+0.027 

+0. 029 

6—  6 

— 0.  008 

+0.006 

— 0.018 

+0.018 

0.  000 

— 0.006 

—I 

6-  5 

— 0.  01 1 

+O.OI8 

+0.008 

— 0. 021 

—0-033 

+0.044 

+0.  01 1 

— 0.049 

6—  6 

+0.007 

— 0.017 

— 0.008 

+0.022 

+0.  034 

—0.044 

—0.016 

+0. 048 

6-  7 

— 0.  01 

+0.01 

0.  00 

— 0. 01 

—I 

6—  6 

— 0.  01 

0.00 

— 0.04 

— 0.05 

^7 

+0.01 

0.00 

+0.04 

+0.05 

—I 

7—  I 

— 0.0023 

-j-o.  0003 

o 

7 —  2 

+0.0004 

+0.0001 

7—  3 

+0.00065 

+0. 00029 

+  0.00257 

+0.00138 

— 0.  00037 

— 0.00007 

— I 

7 —  2 

+0.00006 

— 0.00012 

— 0.00006 

— 0.00026 

— 0.01954 

— 0.06615 

+0.00007 

+0.00057 

o 

7-  3 

+0.  00427 

+u.  00898 

+0.00002 

+0.  00028 

+0.02252 

+0. 04730 

— <j,  00009 

— 0. 00013 

7—  4 

— 0.  Old 

— 0.0043 

+0.  0001 

— 0. 0001 

— 0.  0268 

— 0.0II9 

+0.0003 

0.0000 

— I 

7-  3 

+0.  IOI5 

+0. 0949 

— 0.0004 

+0.  001 1 

+o-  5323 

+0.4937 

—0. 0083 

-0. 0035 

o 

7—  4 

— 0. 1906 

-0.  1775 

— 0. 0002 

— 0.0019 

— 0.  5002 

—0. 4658 

+0.  0075 

+0. 0039 

7-  S 

+0.  076 

+0.  073 

+0.  139 

+0. 125 

— 0.003 

+O.OOI 

— I 

7—  4 

— 0.017 

+0.018 

+0.  014 

— 0.  007 

-<5->35 

+0.  120 

+0.  094 

— 0.061 

7-  5 

+0.018 

— 0.036 

— 0.019 

+0.008 

+0.  1 1 1 

-0. 133 

— 0.092 

+0.062 

7—  6 

— 0. 001 

+0.016 

+0.005 

— 0.002 

—0. 027 

+0. 040 

+0.  026 

— 0.018 

—  I 

7-  5 

— 0.016 

—0.015 

— 0. 002 

— 0.002 

— 0.063 

— 0.  on 

+0.016 

—0.025 

o 

7—  6 
7—  7 

+0.  020 

+0. 024 

4-0.003 

+0.  CIO 

+0.068 
— 0.017 

+0.014 

— 0.  OIO 

— 0.  020 

+0. 026 

—  I 

7—  6 

— 0.017 

— 0.002 

+u.  016 

+0.003 

—0.039 

— 0.016 

+0.  034 

+0.005 

o 

7—  7 

+0.03 

0.  00 

+0.03 

+0.02 

—0.03 

— 0. 01 

— I 

7—  7 

+0.02 

— 0.03 

0 

7—  8 

— 0. 01 

+0.03 
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Are= 

Ab5« 

BC*--* 

)  +  Xo 

Yn'Sz' 

G(v'- 

-C) 

sin. 

COS. 

•sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

K 
—  I 

V      i 
8—  2 

" 

// 

// 

" 

// 
— 0.0127 

It 

—0. 0138 

" 

" 

0 

8-  3 

+0. 00141 

+0.  CO  1 34 

+0.00006 

+0,00008 

+0.01082 

+0. 00974 

+0.00005 

+0.00006 

I 

8-4 

— 0.0022 

— 0. 0001 

—0.0082 

— 0.  0004 

— 0.0001 

— 0.  OOOI 

— I 

&-3 

+0. 0290 

+0.0069 

+0.0003 

0.0000 

+0.  2220 

+0.0517 

— 0.  0004 

+0.0003 

0 

8-4 

— 0. 0522 

—0.0139 

— 0.0003 

— 0.0002 

— 0.  2024 

— 0.0519 

+0.0001 

—0.0001 

I 

8-  5 

-|-o.  0232 

— 0.  OOOI 

+0. 0594 

— 0.  0010 

0.0000 

+0.  0005 

—I 

8-4 

— 0. 0982 

+  0.  1620 

+0.0007 

— 0. 0020 

—0.3806 

-f  0.6353 

+0.0064 

—0.0158 

0 

8-5 

+0.  139 

— 0.  232 

— 0. 001 

+0.003 

+o-  359 

— 0.  612 

—0.008 

+0. 019 

I 

8—  6 

-0. 053 

+0.090 

—0.099 

+0. 178 

0.000 

— 0.  006 

—  I 

8-S 

—0. 024 

— 0. 01 1 

+0. 01 1 

+0.014 

— 0.  121 

— 0. 067 

+0. 063 

+0. 063 

0 

8—  6 

+0. 037 

+0.003 

— 0.013 

—0.016 

+0.  124 

+0. 045 

— 0.064 

—0.061 

I 

8-  7 

— 0.  012 

+0.004 

—0. 040 

—0.007 

+0.016 

+0.018 

—  I 

8—  6 

+0.001 

— 0.  010 

+0.008 

— 0.003 

— 0.003 

— 0. 048 

+0.023 

+0.006 

0 

8-  7 

— 0.002 

+0.013 

— 0.008 

+0.004 

+0.  002 

+0. 048 

— 0.019 

— 0.  on 

I 

8—  8 

0.00 

— 0.  01 

—  I 

»-  7 

— 0. 01 

—0.02 

0.00 

+0.01 

0.00 

+0.02 

0 

8—  8 

0.00 

+0.02 

0.00 

—0.01 

—  I 

9—  2 

— 0.0030 

—0.0013 

0 

9—  3 

+0. 0023 

+0.0009 

I 

9—  4 

— 0.0003 

+0.0001 

—0. 0013 

+0.0006 

—  I 

9—  3 

+0. 0043 

— 0.0014 

+0. 0436 

— 0. 0142 

— 0.  OOOI 

0.0000 

0 

9—  4 

—0. 00774 

+0.00210 

— 0.  ooooS 

+0.00010 

—0. 03947 

+0.  OIII4 

—0.00009 

+0.00004 

I 

9-  5 

-\-o.  0027 

— 0.0027 

+0. 0091 

— 0.0091 

—  I 

9—  4 

— 0.0028 

+0. 055s 

— 0.  OOOI 

— 0.  OOOI 

— 0. 0112 

+0. 2873 

—0.0008 

— 0.0029 

0 

9—  5 

+0.005 

— 0. 079 

+0.013 

— 0.  269 

+0.001 

+0.001 

I 

^6 

+0.004 

+0.031 

+0.009 

+0.080 

-  0.  001 

— 0. 002 

—  I 

9-  5 

— 0. 169 

— 0. 058 

+0.006 

+0.002 

-0-595 

— 0.  202 

+0. 023 

+0.004 

0 

9-6 

+0. 217 

+0. 073 

— 0.006 

— 0.002 

+0.  574 

+0.  188 

— 0.020 

— 0.007 

I 

9-  7 

— 0.081 

— 0. 026 

— 0.  170 

-0.  054 

+0.010 

+0.001 

—  I 

9-6 

—0.003 

—0.017 

— 0.009 

+0.012 

+0.017 

—0.092 

—0. 037 

+0.060 

0 

9-  7 

+0.013 

+0. 025 

+0.010 

— 0. 013 

+0.006 

+0.096 

+0-  033 

—0.058 

I 

9-8 

— 0.007 

—0.008 

—0.008 

— 0.  029 

—0.  01 1 

+0.015 

—  I 

9-  7 

+0.002 

— 0.007 

+0. 028 

—0.008 

— 0.004 

+0.009 

0 

9-8 

0.00 

+0.01 

— 0. 03 

+0.  01 

+0.01 

0.00 

—  I 

10-   3 

+0. 0003s 

—0.  00041 

+0. 00491 

— 0.  00586 

+0.00002 

— 0.00002 

0 

10—  4 

—0. 0007234 

+0. 0007572 

— 0. 0000064 

+0. 0000076 

— 0. 0045060 

+0.  0047523 

—0.0000156 

+0. 0000140 

I 

10-  5 

— 0.  OOOOI 

—0.  00050 

+0.0001 1 

—0.  00230 

+0.00001 

—u.  00001 

—  I 

10—  4 

+0. 00504 

+0. 00965 

0.00000 

+0.00005 

+0. 03203 

+0.  06083 

—0. 00022 

—0.00014 

0 

JO—  5 

— 0.0065 

-0.0133 

—0. 0274 

— u.  0567 

+0.0001 

0.0000 

I 

10—  6 

+0.004 

+0.004 

+0.013 

+0.013 

—  I 

10—  S 

—0.067 

+0.  OIO 

+0.001 

0.000 

—0.  286 

+0. 047 

+0.004 

— 0.  001 

0 

10-  6 

+0.085 

— 0.  OI2 

+0.  274 

—0.  041 

—0.003 

0.000 

I 

10—  7 

—0.031 

+0.009 

—0. 081 

+0.  023 

— I 

10—  6 

+0.017 

— 0.  142 

— 0. 001 

+0.006 

+o-  053 

—0.476 

—0.002 

+0.  021 
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Arg= 

knSz 

B(v-c)  +  Xc 

Fn'Si' 

G(.y 

-0') 

sin. 

COS. 

BID. 

COB. 

sin. 

COB. 

Bin. 

COB. 

K 
O 

i'      i 
lo—  7 

—0.018 

+0. 17s 

0.000 

// 
— 0.007 

—0.039 

+0.  462 

+0.003 

— 0.020 

I 

lo—  8 

+0.  006 

—0. 0S9 

+0.011 

—0.  138 

0.000 

+0.009 

1 

lo—  7 

+0.007 

— 0. 006 

— O.OIO 

— 0.  oos 

+0.060 

—0.  015 

— 0.  04S 

— 0.  015 

O 

lo—  8 

— 0.  010 

+0.016 

+0.  01 1 

+0.00S 

— 0.060 

+0. 034 

+0.  038 

+0.017 

I 

lo —  9 

0.00 

— 0.01 

+0.01 

— 0. 01 

— 0.  01 

0.00 

o 

10 —  9 

0.00 

— 0.02 

o 

11—  4 

— 0.0002 

+0.0009 

— I 

II—  4 

+0.0014 

+0.0009 

+0.0109 

+0.0068 

+0.  OOOI 

0.0000 

o 

II-  5 

— 0.0019 

— 0.0013 

—0.0097 

—0.006s 

+0.0002 

0.  0000 

I 

11—  6 

+0.  0010 

+0.0002 

+0. 0037 

+0.0004 

— I 

11—  S 

— 0.  0123 

+0.0096 

— 0. 0632 

+0. 0500 

+0.0003 

— 0.0003 

o 

II—  6 

+0.016 

— 0.  on 

+0.060 

— 0. 046 

— 0. 001 

+0.001 

I 

11-  7 

—0.005 

-1-0.006 

— 0.  ois 

+0.018 

— I 

11—  6 

—0.  023 

—0.063 

—0.093 

— 0.  241 

+0.  002 

+0.004 

o 

11-  7 

+0.  028 

+0-  073 

+0. 086 

+0. 232 

— 0.002 

—0.004 

I 

11—  8 

— 0.  012 

—0. 026 

—0.034 

—0.068 

— I 

II—  7 

+0.  106 

— 0. 01 1 

— 0.006 

0.000 

+0.  338 

— 0.038 

—0.019 

+0.002 

o 

II-  8 

— 0.  124 

+0.016 

—0.327 

+0. 046 

+0. 025 

—0.003 

I 

11-  9 

+0.04 

— 0. 01 

+0.  lO 

— 0.01 

— I 

11—  8 

+0.01 

— 0. 01 

+0.02 

+0.04 

0.00 

—0.03 

o 

11—  9 

— 0.  02 

0.00 

—0.03 

—0.03 

0.00 

+0.03 

o 

12-   5 

— 0.00032 

— 0.00002 

— 0.00192 

— 0.00008 

— 0.  OOOOI 

0.00000 

— I 

12-   5 

— 0.  OOII 

+0. 0029 

— 0.0070 

+0.0I7I 

o 

12—  6 

+0.0014 

—0.0033 

+0. 0062 

— 0. 0I4I 

I 

12-    7 

0.000 

+O.OOS 

—  I 

12—   6 

— 0.013 

— 0.012 

— 0.  062 

— u.  054 

+0.002 

— 0. 001 

o 

12—    7 

+0.017 

+0.014 

+0.  059 

+0.052 

I 

12—   8 

—0.008 

—0.004 

— 0.020 

— 0.  012 

—I 

12—   7 

+0. 047 

— 0. 031 

+0.176 

— 0. 113 

—0.003 

+0.002 

o 

12—   8 

—o.oss 

+o-  035 

— 0.  171 

+0.  109 

+0.007 

— 0.004 

I 

12—  9 

+0.019 

— 0.014 

+0.  047 

—0. 034 

—I 

12—   8 

+0. 024 

+0.071 

+0.  078 

+0.218 

— 0.006 

— 0.018 

o 

12 —  9 

— 0.03 

—0.08 

— 0.  07 

— 0.  20 

+0.01 

+0.02 

I 

12 — lO 

+0.01 

+0.  02 

+0.02 

+0.05 
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Axg= 

C< 

COS  i 

008  1 

It' 

^cos  i' 

* 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

X      i'     » 
000 

// 

II 

+0. 00002I9I 

// 

+0.00000013 

II 

—0.00000016 

// 

—0.00000005 

— I      0     0 

+0. 0008224 

— 0. 0002701 

—0.0000073 

+0.0000180 

— O.OOOOOOI 

—0.0000005 

— 0.0000052 

+0.0000315 

0      0—  I 

— 0.0020 

+0.  0004 

-I       1+  I 

+0.0002 

—0.0002 

0      I      0 

— 0.0007 

+0.0003 

I       I—  I 

"l-o.  0001 

— 0. 0001 

— I       1      0 

+0.0001 

— 0.0009 

0      I—  1 

0.  ooou 

+0. 0010 

I       I—  2 

— 0.0002 

— 0.  0006 

—I       I—  I 

+0.0003 

+0.0006 

0      2 —  I 

— 0.00003 

+0. 00021 

+0.00001 

+0.00002 

— O.OOOOI 

— O.OOOOI 

+0.00002 

+0.00002 

—I      2—  I 

— 0. 0001 

+0.0002 

0      2—2 

+0. 0014 

— 0.0006 

0      3—1 

0.00000 

+0.00009 

-I      3-1 

0.0000 

—0.0002 

0      3—2 

— 0.0002 

+0.0003 

0      4-2 

+0.0002 

0.0000 

-I      4—2 

+0.0008 

— 0.0006 

I         S-2 

+0.000003 

—0.000007 

-I      s-i 

+0.000004 

+0.000007 

— 0.000023 

— 0.000043 

0     5-2 

— 0.0000096 

— 0.0000005 

—0.0000046 

— 0.0000II3 

+0.0000072 

+0.0000138 

+0. 0000032 

+0. 0000050 

I      S-3 

0. 000000 

+0.000001 

-I      s-2 

+0. 000053 

— 0.000087 

0      7—3 

— 0. 0001 1 

— 0.00006 

— «      7—3 

—0.0005 

— 0. 0001 

0    10 —  4 

— 0.  0000002 

— 0.0000053 

CHAPTER  XI. 


CALCULATION  OF  THE  PORTION  OF  <JT  FACTORED  BY  nt. 


In  determining  the  part  of  ST  having  the  factor  nt  a  degree  of  precision  300 
times  greater  than  that  used  in  deriving  the  part  not  multiplied  by  nt  has  been 
employed.  In  the  following  table  the  factor  nt  has  been  omitted,  and  for  convenience 
all  the  coefficients  have  been  multipUed  by  looocxa: 


An5z 

B(v 

-c) 

Fn'6z' 

Q(r' 

-C) 

Arg= 

Bin. 

COB. 

Bin. 

COB. 

sin. 

COB. 

Bin. 

COB. 

K       i'       i 
000 

" 

+  0.4688 

" 

+    0.5821 

// 

" 

// 

// 

I       0 —  I 

+  0.  2857 

+  0.  1514 

+  O.SS5" 

—   0.  7368 

—  0. 1425 

— 

0.0984 

+  0.4297 

+      0.  2221 

—  I       0       0 

—  4-  3819 

—  4-8170 

—  4-  2330 

—   4-7314 

+  15.2806 

+ 

5.  6172 

—36-  2745 

—    13-3821 

0       0 —   I 

-  8.4 

— 

3  « 

+  18.7 

+      6.9 

I       0—  2 

—  4.406 

-  4-  835 

+  4.  307 

+  4-744 

—  4.  162 

— 

•-536 

+  11.244 

+      4-  181 

—  I       0 —  I 

+    I.O 

—  0.  I 

—  I.I 

+ 

0.6 

+  3-1 

—     1.8 

0       0 —  2 

+  0.6 

— 

0-3 

—  2.0 

+     1.2 

I       0—  3 

0.0 

—  0.4 

—  0.  2 

+  0.2 

0.0 

— 

0. 1 

+  0.1 

+    0.5 
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-13- 2 

0 

8—  6 

—  3  « 

+  8.4 

-'■5 

+4.6 

-29.5 

+25.6 

-12. 5 

+12.7 

I 

8-  7 

+  1 

—  3 

+  8 

—  8 

+  4 

-  5 

—I 

8—  6 

+  5 

+  7 

+3 

+3 

+20 

+43 

+  8 

+14 

0 

8-7 

—  7 

—  9 

—4 

— 2 

—21 

—41 

— 10 

-19 

I 

8-  8 

+  2 

+   • 

+  8 

+  13 

+  3 

+  5 

—I 

8-7 

—  7 

—  3 

+4 

+2 

—14 

+  3 

+  14 

+  > 

0 

8-  8 

+  9 

+  4 

-5 

— 2 

+  14 

—  4 

-14 

—  I 

I 

8-9 

—  6 

0 

0 

9-  3 

—  0.04 

+  003 

—I 

9—  3 

+  0.08 

+  0.09 

+0.08 

+0.04 

+  0.17 

+  0.61 

+  0-I3 

+  0.25 

0 

9-  4 

—  0. 10 

—  0.  II 

—0.08 

—0.05 

—  0.13 

—  0.  56 

—  0. 12 

—  0.23 

I 

9-  5 

+  o'3 

+  o-  "4 

+  O-07 

+  0.04 

— I 

9—  4 

—  0.  70 

+  0-32 

— 0.41 

+0.30 

—  3-9« 

—  0.  26 

-  1.82 

+  0.1S 

0 

9-  S 

+  0.8 

—  0.4 

+O.S 

— 0-3 

+  3-6 

+  0.  2 

+  '-5 

—  0.2 

I 

9-6 

—  1. 1 

+  0.3 

-  0.4 

+  0-3 

— I 

9-  S 

—  0-3 

—  2.9 

—0.4 

-1-7 

+  5-4 

-13-9 

+  2.0 

—  70 

0 

9-6 

+  0.4 

+  3-3 

+0.4 

+  1.8 

—  4.9 

+  12.9 

—  1.6 

+  6.2 

I 

9-  7 

0 

-  5 

0 

—  a 

—I 

9-6 

+  6 

+  I 

+3 

+  1 

+26 

+20 

+" 

+  8 

0 

9-  7 

—  7 

—  I 

—3 

0 

-25 

-19 

— II 

-  7 

I 

9-8 

+  7 

+  4 

+  4 

+  2 

—I 

»-  7 

—  S 

+  4 

—  I 

+3 

-25 

+20 

—  6 

+  6 

0 

9-8 

+  • 

—  S 

+24 

— 21 

+  6 

—  7 

I 

^-  9 

—  5 

+  5 

—  3 

+  3 

—I 

9-8 

+  2 

—  5 

-  5 

— 12 

+  2 

+  7 

0 

9—  9 

—  I 

+  7 

+  5 

+  8 

—  2 

—  7 
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AnSz 

B(k 

-e) 

Fn'5«' 

G(v' 

-0') 

Arg= 

sin. 

COS. 

sin. 

COS. 

sin. 

COB. 

sin. 

COS. 

X 

i'       i 

// 

„ 

„ 

„ 

,, 

,, 

n 

n 

—  1 

lo—  3 

+0.019 

+O.OOS 

+0.  016 

— 0. 001 

+  0.074 

+    0.071 

+0.  039 

+0.  023 

o 

lo—  4 

— 0.  02068 

— 0.  00889 

-0.01523 

— 0.  00131 

—  0.  06526 

—    0.  07065 

—0.  03376 

— 0.021 7 1 

I 

lo-  5 

+0.010 

—0.002 

+0.005 

— 0.003 

+  0.031 

+    0.007 

+0.012 

-0.005 

—I 

lo—  4 

—0.098 

+0.120 

—0.048 

+0.093 

-  0.  727 

+    0349 

—0.280 

+0.  205 

o 

lo-  5 

+0.1 

— 0.  I 

+  0.6 

-    0.3 

+0.2 

— 0.  2 

I 

10-  6 

—  0.  2 

+    0.  2 

—I 

lo-  5 

-0.5 

—0.6 

—0.4 

-0.3 

—  0.6 

-  3-7 

—0.6 

—1.6 

0 

10-  6 

+0-5 

+0.7 

+  0.5 

+  3.5 

+  0.5 

+  1-5 

> 

lo—  7 

—  0.4 

—  I.  I 

— I 

10—  6 

+2-3 

—0.8 

+  I-3 

—0.6 

+  "2-3 

+   1-9 

+5-7 

+0.3 

0 

lo—  7 

-3 

+  1 

—  I 

+  1 

—  II 

—  2 

—6 

— I 

I 

lo-  8 

+  4 

0 

+  1 

0 

— I 

lo—  7 

0 

+4 

0 

+2 

—  10 

+22 

-3 

+9 

0 

ID—   8 

— I 

—4 

+  10 

— 22 

+4 

—9 

I 

lo-  9 

—  2 

+  6 

— I 

+  3 

— I 

10—  8 

-17 

—14 

—4 

+  > 

o 

lo-  9 

+  '7 

+  14 

+4 

+  ' 

— I 

II—  4 

—  0.07 

+  0.  II 

—0.  01 

+0.05 

o 

II-  5 

+  0.07 

—  0.  10 

— I 

II-  s 

— 0. 1 

— 0.  I 

—  0-5 

—  0.  2 

—0.3 

— 0.  2 

o 

II—  6 

+  0.5 

+  0.7 

+0.3 

+0.2 

— I 

II—  6 

+O.S 

— <5-5 

+  3.3 

—  1.2 

+  1-3 

-0.8 

o 

II—  7 

-   3-2 

+   I.I 

-1.4 

+0.7 

I 

II-  8 

+  > 

—  I 

—I 

II—  7 

+  1 

+  1 

° 

+  9 

0 

+S 

o 

II-  8 

— 2 

— I 

0 

—  9 

0 

—4 

I 

II-  9 

0 

+  3 

—  I 

II-  8 

—3 

+  J 

—16 

—  4 

—8 

—  I 

o 

II—  9 

+  16 

+  4 

+8 

+  ' 

o 

II  —  lO 

-  5 

-hl2 

—  I 

+5 

o 

12-   5 

— 0.  001 

— 0.005 

+  0. 001 

—  0.  020 

— 0.002 

— 0.  007 

—  I 

12-   5 

-  0.15 

—  0.  06 

— 0.06 

0.  00 

— I 

12—   6 

+  0.6 

-  0.6 

+0.  2 

—0-3 

o 

12-    7 

—  0.6 

+  0.6 

— I 

12-   7 

+  1.6 

+  2.6 

+0.8 

+  1.1 

o 

12-    8 

—  2 

—  3 

— I 

—  I 

— 1 

12—   8 

—  7 

+  2 

—3 

+  1 

o 

12-   9 

+  7 

—  2 

+3 

— I 

— I 

12-   9 

0 

—  10 

—  I 

-5 

o 

12— lO 

0 

-i   9 

0 

+5 
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Ari'= 

CS 

io 

COS  i 

^cosi 

H   "' 

COS  i' 

* 

sin. 

COB. 

sin. 

COS. 

sin. 

cos. 

sin. 

COS. 

0 

i'       i 
0      0 

II 

+0.001 1 

" 

+0. 1387 

" 

—0.  1387 

// 

" 

0—  I 

0.0000 

— 0.0012 

— 0.0003 

—0. 1848 

— 0.  0001 

+0. 1850 

— 0.0079 

+0.  0005 

—I 

0      0 

+0.001: 

+0. 005 1 

+0. 0479 

+0. 0077 

— 0.0021 

— 0.  0169 

+0. 1239 

— 0. 0250 

0—  2 

-fo.ooi 

+0.005 

— 0.  on 

0.000 

+0.003 

— 0.007 

—0.024 

— 0.  022 

— I 

1+  « 

+0.05 

+0.09 

I —  I 

— 0.02 

— 0.03 

—O.OI 

—0.04 

—I 

I —  0 

+0.01 

+0.07 

+0.  10 

—0.02 

-0.13 

+0.02 

+0.07 

—0.03 

I —  I 

—0. 03 

— 0.  14 

—0. 18 

+0.03 

+0.19 

— 0.04 

—0.04 

+0.01 

I —  2 

+0.1 

— 0. 1 

— 0.  1 

0.0 

— I 

I —  I 

0.  0 

+0.1 

— I 

I —  2 

2+  I 

+0.3 

+0.1 

—0.7 
+0.4 

-0.5 

+0.2 

2      0 

—0.13 

—0.05 

+0-I3 

+0.05 

2—  I 

—0.07 

— 0.02 

— 0.09 

—0.03 

— 0.  42 

—0. 16 

— I 

2      0 

+0.05 

— 0. 01 

0.  00 

—0.03 

—0.08 

— 0.07 

2 —  I 

— 0.  Ill 

+0. 020 

— 0.018 

+0. 031 

+0.025 

—0.037 

+0.033 

+0. 046 

2 —  2 

+0.07 

—0.02 

+0.03 

—0.02 

+0.06 

—0.04 

— I 

3 —  I 

-0.4S 

+0.19 

— 0.  01 

—0.03 

— 0.05 

— 0.  12 

+0.  21 

+0.46 

2—  2 

+0.9 

—0.4 

—0. 1 

—0.2 

— 0.2 

-0.5 

2-  3 

—0.4 

+0.2 

3-  • 

0.  IO 

+0.01 

I 

3      0 

— 0.04 

+0.24 

+0.01 

—0.06 

—0.08 

+0-53 

3-  ■ 

— 0.018 

+0.013 

+0. 023 

— 0. 170 

—O.OI  I 

+0. 085 

+0. 039 

— 0.  224 

3-  2 

+0.01 

— 0.05 

+0.02 

— 0.  20 

—I 

3—  • 

—0.06 

+0.09 

+0.02 

—0.02 

— 0.02 

— 0.02 

+0.  12 

0.  00 

3—  2 

+0.11 

—0.18 

— 0.06 

+0.02 

— I 

3-  2 

—0.2 

-0-3 

+0.1 

0.0 

—0.4 

+0.4 

3-  3 

+0.4 

+0.5 

+0.6 

—0.4 

I 

4—  0 

+0.1 

+0.1 

4—  I 

— 0.02 

—0.05 

— 0.02 

— 0.06 

4—  2 

—0.02 

— 0.06 

— I 

4 —  I 

— 0.  20 

+0.02 

+0.04 

0.00 

—0.46 

+0.02 

0 

4—  2 

0.00 

— 0.04 

+O.IS 

— O.OI 

— 0.05 

0.00 

+0.29 

— O.OI 

—I 

4 —  2 

—0.09 

— 0.04 

+0.03 

—0.08 

+0.01 

+0. 11 

5 —  2 

0.000 

—0.003 

—0.004 

— 0.002 

— 0.  on 

— 0.012 

— I 

5—  I 

+0.001 

+0.002 

-0.077 

+0.044 

+0.012 

— 0.008 

— 0.  164 

+0.090 

0 

5 —  * 

—0. 0030s 

—0.00359 

+0. 05809 

—0. 03320 

— 0.01824 

+0.  OIOI2 

+0. 0993s 

—0. 05494 

S-  3 

+0.002 

+0.002 

+0.001 

+0.003 

+0.011 

— 0.009 

+0. 032 

—O.OI  I 

— I 

S—  2 

—0.019 

+0.003 

—0. 042 

—0.158 

+0.005 

+0.019 

— 0.072 

—0.3" 

0 

5-  3 

0.0 

+0.1 

0.0 

+0.2 

0 

6-  2 

+0.01 

— 0.02 

I 

6-  3 

—0.05 

— 0.06 

—0.  II 

— 0.  12 

0 

6-3 

+0.04 

+0.04 

+0.07 

+0.08 

—I 

6-3 

+0.2 

+0.1 

. 
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Are= 

C< 

D   "  . 

COB  1 

cos  « 

COS  »' 

Bin. 

COS. 

sin. 

COB. 

Bin. 

COS. 

sin. 

COB. 

X       i'       i 

" 

i, 

„ 

// 

1, 

// 

(/ 

// 

—  1          7—    2 

—0.03 

0.  00 

—0.  04 

— 0.  01 

o      7-3 

+0.018 

+0.005 

+0.  030 

+0.  010 

— •       7-  3 

-(-0.04 

—0.05 

+0.08 

— 0.  10 

o      8—3 

+0.007 

— 0. 001 

-I       8-3 

0.  00 

0.02 

+0.01 

—0.05 

o     lo —  4 

+0.00068 

+0.00067 

+0. 00141 

+0.00132 

-I      lo-   4 

+0.004 

0.003 

+0.009 

— 0.007 

CHAPTER  XII. 


SECOND-ORDER  PERTURBATIONS   OF   THE  MEAN  ANOMALY  AND  RADIUS- VECTOR  OF   JUPITER, 
ARISING  FROM  THE  MUTUAL  ACTION  OF  THIS  PLANET  AND  SATURN. 

When  the  eight  terms  of  «JT,  given  in  the  two  preceding  chapters,  are  added  the 
following  expression  is  obtained : 


Arg=K 

y+i'g'+ig 

«T 

1 

sin. 

COS.                                       1 

X 

i'      i 

,/ 

// 

// 

" 

o 

O        0 

— 0.00000704+    l.0520«^             1 

O —    I 

+o.  OS33 

+  I.  ii97»/ 

—0.0088 

—  0.  4622«/ 

—I 

0       o 

— 0. 2260338 — 29. 43io«/ 

+0. 2563282 

—17. 3424»/ 

O—    I 

+0. 2412 

+  10.  3n/ 

—0. 2703 

+  S-S"' 

O 2 

— 0.064 

+  6.9S2»:f 

+0.094 

+  2.S30«/ 

—I 

O —    I 

—0.474 

+  3ont 

-0.356 

—  I.  me 

O—    2 

+0. 486 

—  I. tint 

+0-35' 

+  0.  gnt 

o—  3 

—0.159 

—  0.  int 

— 0.  too 

+  0.  ZHt 

—I 

O—    2 

+0. 408 

—0.318 

o 

0—  3 

— 0.406 

+0. 342 

o—  4 

+0. 140 

—0.  113 

—I 

o-  3 

+0. 010 

— 0.  063 

o 

o—  4 

— 0.03 

+0.08 

o—  5 

+0.01 

— 0.02 

—I 

>+  4 

+0. 031 

— 0.022 

o 

>+  3 

—0.079 

+0.051 

1+    2 

+0.060 

— 0.02 1 

—I 

1+  3 

+0. 106 

—0.  21 1 

o 

1+2 

— 0.  321 

+0.  636 

1+    « 

+0. 290 

— 0.624 

-  I 

1+    2 

+o-  139 

—  0.  8n( 

+0.  14s 

+    l.2Ht 

0 

1+    I 

— 0.4S9 

—  0.  &ni 

—0.426 

+    2.8«/ 

I         O 

-|-  0. 4840 

+  2.44«/ 

+0. 4225 

—  6.38«/ 

—I 

1+     > 

— 0.0616 

—25.  97»/ 

+0.0138 

-33-  74«^ 

o 

I       o 

+0. 1491 

+  7-97«' 

— 0. 1067 

+  4.g6nt 

I—  I 

—0. 1322 

+23.  OI«/ 

+0.  IOI6 

+3i.88«^ 

—I 

I       o 

—0. 0487 

+  i.83«/ 

—0. 0888 

—  l.ojni 

o 

I—  I 

+0. 0466 

—  2.  36«< 

+0.0463 

—  0.  59«/ 

I     ■   2 

+0.0053 

+  0. 3nt 

+0. 0248 

+  o.3»/ 

—I 

I —    I 

-o-3>33 

+    2.9»/ 

— 0. 1696 

+  8.8«/ 
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<5T 

Aig=xy+i'g'+ig 

sin. 

COS. 

H       i'       i 

,/ 

//                    /' 

0       I —  2 

+0. 330     +     1. 3n( 

+0.  178     —  17.  o«/ 

'        I—  3 

— 0.  loi     —     l.ont 

— 0.  041      +      9.  2»/ 

—  I        I —  2 

+0. 203     -|-     0.  int 

—0.443      +       '■6»'' 

0       1—3 

—0.  198     —     0.  jnt 

+0.451     —     2. 2n/ 

I        1—  4 

+0. 053           one 

— 0.  146     +     me 

-I        I—  3 

+0.  281 

+0.  226 

0       1—4 

— 0.  296 

— 0.  216 

I        I-  5 

+0.  II 

+0.08 

-I       2+  3 

+0.  030 

+0.023 

0       2+2 

— 0.062 

— 0.060 

1       2+   I 

-|-o.  024 

+0.  048 

— I       2+  2 

+0.  268 

+0.  070 

0      2+   I 

-0.  833 

— 0.  205 

I       2      0 

4-0.  7932  —    0.  me 

+0. 1733  —    0. 8«/ 

-I       2+   I 

— 0. 1031  —    8. 4«/ 

+0-  1373  —     2-4«' 

020 

+0.2941  +    2.ss»/ 

— 0.  5176  —      2.  23«/ 

I       2 —  I 

— 0.  2951   +     6.  line 

+0.  5109  +     6, 30«< 

—  120 

4-0.0064  +  55.  i6ne 

— 0.0385  —  82.  i4«/ 

0       2—   I 

+0.02677—  44.8ii«/ 

+0. 05928+  88.  390«/ 

I       2—   2 

— 0.0184  —     3.66n/ 

—0.0457  —  12.  44n/ 

—  1       '^ —  I 

+0.  041 1  —    0.  78n/ 

— 0.071 1   +  12.  15H/ 

0      2—2 

— 0.0108  +     0.  2ne 

+0. 0632  —    9.  me 

■      2-  3 

— 0.017     +      i.o«/ 

—0. 005     +     1 .  6«/ 

—  i       i —  2 

+0.  086     —  34.  in/ 

—0.323     +     i.3«/ 

0      2—3 

— 0. 089    +  49.  gne 

+0-337     +     S-on' 

I       2—  4 

+0.015    —  23.  lit 

— 0.090    —    4.  i«/ 

-I       2-  3 

+0.  369     —     3. 0«/ 

+0. 078     +     2. 6«/ 

0      2 —  4 

— 0-37'     +     T"' 

— 0. 066     —     4«/ 

I       2-  5 

+0. 113     —     2«/ 

+0.018    +     me 

-'       3+  2 

— U.012 

+0. 028 

0      3-^   I 

+0. 032 

—0. 053 

'       3       ° 

— 0.027 

+0.012 

-I       3+   I 

— 0. 001     —     i.3«/ 

+0. 270    +    0.  Sne 

030 

+0.  0041  +     0.  2ne 

— 0.  8536  —    0.  Sue 

I       3-   I 

+0.0004  +     i.y2ne 

+0.  7720  +     0.  74ne 

-I       3       0 

+0.0053  —  10.  iine 

—0.  0348  —  33.  34;;/ 

0      3-   I 

+0. 1 1465+  ii.s69«/ 

+0.08256+  30.  i94«/ 

'       3-   2 

— 0. 1289  —  II.  91K/ 

—0.  0856  —    5.  85«/ 

—  1       3—    I 

+0.0050  +251.  76«/ 

—0.0246  +145.  1 8n/ 

0       3—2 

-0.0081  — 253.99«/ 

+0.0355  — i36.3i«/ 

1       3—  3 

+0.0045  +  71- 4«' 

—0.0146  +  35. 4«/ 

—  I       3—  2 

+o.ogi6  —    9.  2ne 

+0.  0384  +     3.  one 

0      3—3 

—0.081     +     i.7n/ 

—0. 026     —     6. 5»/ 

I       3—  4 

+0. 024    +     0.  gne 

+0.012     +     3. 8«/ 

—  I       3-  3 

+0. 276    —     7. 4«/ 

+0.002    ~  41. 4«/ 
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5T 

A.ig=Hy+i'g'+ig 

sin. 

COS. 

X       i'       i 

//                        // 

n                                         II 

0      3—4 

— 0.  270        -|-     6.  4»/ 

—0.002         +  51. 4»/ 

I       3-  5 

+0. 077                one 

— 0.  007           —   22»/ 

-I       3—  4 

+0. 007        —    3»^ 

+0. 269         —     t,nt 

0      3-  5 

— 0.  014          -)-     2»/ 

— 0.  263         +     tnt 

.       3-6 

0. 00           —     in/ 

+0. 08           —     2nt 

-I      4+  I 

+0.002 

—0.007 

040 

—0.006 

+0.  01 1 

I      4—  I 

+0.  0076       +     0.  I«/ 

—0. 0067               ont 

— t      4      0 

-)-o.  0409      —    6.  ont 

— 0.0071        —     J.IW/ 

0      4—  I 

-fo.  0611       -|-     5.30B/ 

— 0.  0168       +     4.  29»/ 

I      4—  2 

—0.  0783       —     3.  36/8/ 

+0.  0189       +     0.  26n/ 

-I      4—  I 

—0.0166      +  87.  ion( 

+0. 0489       —      1 .  22«/ 

0      4—2 

.  +0. 0076      —  84. 4gni 

+0.0173       +     \g\nt 

I      4—  3 

-\-o.  0026      +  23.  57«/ 

— 0.  0550       —     7.  4i«/ 

—I      4—  2 

4-0. 1089      —  85.49«/ 

—0.0252       +257. 49«/ 

0      4-3 

— 0.  U4        +  77- 3"' 

+0.  029         —258.  ont 

I       4—  4 

+0.041          —  21.  znt 

— 0.  007          +   76.  gnt 

-I       4-  3 

+0.  005        —    4.  5«^ 

+0. 059         —     4.  %nt 

0      4—4 

— 0.  018         +6.  2nt 

— 0.  049         —     2.  7«/ 

I       4-  5 

— 0.  006         —     4«/ 

+0. 016                 ont 

—  I       4—  4 

+0.043         +  3S»' 

+0.  191         —   I5»/ 

0      4-  5 

— 0.  042         —  4i»/ 

— 0. t86         +   15«/ 

I       4-6 

+0.  013         +   i6nt 

+0.041          —     ^nt 

-I       4-  5 

—0.  182         +     3«/ 

+0. 040         —     4»/ 

0      4-6 

+0.  15            —     7n/ 

— 0. 04           +     (mt 

I       4—  7 

— 0.  03           +     2ni 

+0.01            —     int 

-I       5       0 

+0.0018       —     o.gne 

— 0.  0003       —     0.  int 

0      5—  I 

+0.  001 1        +0.  &ni 

—0. 0035       +     o.mt 

I       5—  2 

— 0.001763—     0.  462n/ 

+0.001 130  +    0.  335«/ 

—  I       5-  I 

+0.008734  +   14.351'"' 

+0.030313  —     9.  I25n/ 

0      5-  2 

+0.0040821—  13.  66o5i«/ 

+0. 0001070+     8. 4636o«/ 

I      5-  3 

+0. 015221  +     2.  569»/ 

+0.040083  —    4-535«' 

-I       5-  2 

+0.001014  +  20.  443n< 

— u.  034322  +ioi.528«/ 

0      5-  3 

— 0.0286      —  2i.2nt 

+0.  0360      —  99.  a,nt 

I       5-  4 

+0.0185       +   12.  on/ 

—0.  0140       +   28.  5n/ 

-I       5—  3 

+0.049        —217.  mt 

+0.  116        —  25.0ft/ 

0      5—4 

—0.053         +215. 8n/ 

—0.  129        +  18. 8«/ 

I      5-  5 

+0.017        —  66.  2nt 

+0.  040        —    4.  in/ 

-I      5-  4 

— 0.  027        +     I .  bnt 

+0.  023         —     4.  2n/ 

0      S-  5 

+0. 025         +     4«/ 

—0. 033         +     6»/ 

I      5-6 

— 0.  008        —     3«/ 

+0. 005        —     3»/ 

-I      s-  5 

—0.  127        +  i6«/ 

+0.  061         +  25«/ 

0      S—  6 

+0.  127        —  lint 

—0.064        —  i-int 

I      5-  7 

— 0. 02          +     $nt 

+0. 01           +     9«/ 

-I      s-6 

— 0. 05           +     (mt 

— 0.  12            +     2«/ 

0      5-  7 

+0. 05           —     6nt 

+0.  1 1           —     (mt 

I      s-8 

— 0.  01 

— 0.02 
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ST 

Aig—xy+i' g' +ig 

Bin. 

coa. 

X       i'       i 

</ 

//                     II 

I          6—    2 

— O.  O0O2 

—0.0006 

-   I       6—1 

— u.  0064  -|-     i.oynt 

—0.  003s  —     2.  S5n/ 

O        6—    2 

+0.0007  —     '•  '5«' 

— 0. 0004  +     2.  29«/ 

I       6-  3 

+0.  Olio  —    0.  25n/ 

+0. 0098  —     0.  86«/ 

I          6 —    2 

+0.0787  +   16.  29»/ 

— 0.0663  +   18. 09«/ 

o      6 —  3 

—0.0612  —   15.  6o«/ 

+0.0528  —  iy.s6nt 

I       6—  4 

—0.  0364  +     6.  7n/ 

+0.0212  +    3. 6«/ 

-I       6-  3 

+0.  0457  —  93.  gni: 

+0. 0536  +  39.  mt 

0      6—  4 

— 0.  048     +  92. 6«/ 

—0. 064    —  39.  7»/ 

I      6-5 

+0.  009     —  26.  in/ 

+0.012    +  16. 7«/ 

-I       6-4 

—0.086     —   15. 4n/ 

+0.004    — 160.  4«/ 

o      6—5 

+0.  098     +   20.  2«/ 

— 0.070     +I58.4«/ 

I       6—  6 

—0. 026     —     Snt 

+0.018    —  48«/ 

I       6-  5 

— 0. 025     +     4n/ 

— 0. 008    —     2ni 

o      6—6 

+0.017     —     3"' 

+0. 009     +     5«/ 

I       6-  7 

—0. 01        +     2nt 

0. 00              on/ 

-I       6—  6 

— 0.05       —   I3«/ 

— 0.05       +   i6nt 

0      6—  7 

+0.05       +   I7«/ 

-f-o.  05       —   i6»/ 

I       6—  8 

—     gni 

+     8«/ 

—  I       7—  I 

— 0.  0023           0. ont 

+0.  0003    —      0.  2»/ 

o       7—2 

+0. 0004  —     0.  02«/ 

+0.  0001   +     0.  I7«/ 

I       7—  3 

+0.00285 —     0.  ion/ 

+0.00160 —     0.  o8n/ 

—  I           7—    2 

—0.  01947+     4.  32«/ 

—0.06596+     l.34n/ 

0       7—3 

+0.  0266 1  —     4.  090«/ 

+0.05637—     i.339«/ 

1       7—  4 

— 0.0365  +     i.44«/ 

— 0.  0163  —     0.  28«/ 

—I       7—  3 

+0.  6246  —   17.  I7n/ 

+0.  5861    +    22.  24«/ 

0      7—4 

— 0.  6835   +    16.  4n/ 

—0.  6413  —   22.  on/ 

I       7-  5 

+0.212     —     i-oni 

+0.199     +     7.9«'' 

—  I       7—  4 

— 0.  044     —  49.  Tnl 

+0. 070     —  73.  5«/ 

0      7—  5 

+0.018     +   50.  3n/ 

—0.099     +  71. 9«/ 

I       7—  6 

+0.  003     —   18.  7«/ 

+0.  036     —  20.  3n/ 

-1       7—  5 

— 0.065     +106.  7n/ 

-o-  053     -  33-  T" 

o      7-6 

+0.071     —  I04n/ 

+0.074    +  37«' 

I       7—  7 

— 0.  017     +  30«/ 

— 0.  010     —  I4n/ 

-.       7—  6 

— 0.  006     +      I  nt 

—0. 010      +      2»/ 

0       7  -  7 

+0. 03        —     $nt 

+0.01        —      in/ 

I       7-  8 

one 

+     5«/ 

-I       7—  7 

+0.02       —   I2«/ 

—0. 03       —     9n/ 

o      7—8 

—0.  01        +    I4n/ 

+0. 03      +    8«/ 

I       7—  9 

-    ynt 

-    s«/ 

-i          8—    2 

— 0.0127  +    0-  63»«/ 

—0.0138  —     0. 24«/ 

o      8—3 

+0.  01234 —     0.  666n/ 

+0.01 122+    0.  i56«/ 

I       8—  4 

— 0.  0105  +     0.  I3«/ 

— 0.0006  —    0.  i5»/ 

-■       8-3 

+0.  2509  —    0.  74K/ 

+0.0589  +     5.9in/ 

0       8—4 

— 0.  2548  +     0. 64«/ 

—0.0661  —    5.8i«/ 
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A.Tg=xy+i'g'-\-ig 

ST 

1 

•       sin. 

COS. 

X       t'      i 
I      8-s 

// 
+0.  0826 

+  0.  3»/ 

— 0.0006 

+  i.6»^ 

-I      8-4 

—0.4717 

-25.  3«/ 

+0.  7795 

— 12.  2ne 

0      8—  s 

+0.  489 

+25.  4nt 

—0.822 

+  12.  3«/ 

I      8-  6 

— 0.  152 

-  7-  7»< 

+0.  262 

—  2.  me 

-I      8-5 

— 0.071 

+49.  5«/ 

— 0. 001 

—Si.Snt 

0      8-6 

+0. 084 

— 46.  6nt 

— 0.029 

+5i-3»' 

I      8-7 

— 0.036 

+  I3«/ 

+0.015 

— 16«/ 

—I      8—  6 

4-0. 029 

+36«/ 

—0.055 

+67ne 

0      8-7 

— 0.027 

— 42«? 

+0. 054 

— 7i»/ 

1      8-  8 

0. 00 

+  I3«/ 

—0.01 

+  i9»/ 

-I      8-  7 

— 0. 01 

-  3»' 

+0.01 

+  3«' 

0      8-8 

0.00 

+  4«/ 

+0.01 

-  3«' 

I      8-9 

—  6«/ 

one 

—I      9—  2 

—0.0030 

—0.0013 

0      9—3 

-j-o.  0023 

—  o.04»/ 

+0.0009 

+  o.ojne 

I       9—  4 

— 0.0016 

+0.0007 

-I       9-  3 

4-0. 0478 

+  0.  46n/ 

— 0.  0156 

+  o.99«/ 

0      9—4 

—0. 04738 

—  0. 43n? 

+0. 01338 

—  0. 95«/ 

I       9-  5 

-|-o.  0118 

+  0.  zone 

— 0.0118 

+  0.  i8n/ 

—  I       9—  4 

— 0. 0149 

—  6.  84«/ 

+0.  3398 

+  0.  5i»/ 

0      9-  5 

-|-o.  019 

+  6.4«/ 

—0.  347 

—  0.  jne 

.      9-6 

+0.012 

—  i.5«/ 

+0.109 

+  0.  6»/ 

—I      9-  5 

— o-  735 

+  6.7«/ 

—0.254 

—25.  5n/ 

0      9-6 

+0.  765 

-  5-  7»' 

+0.  252 

+24.  2ne 

I      9-  7 

— 0.  241 

ont 

—0.079 

-  nne 

-I      9-6 

—0.032 

+46K/ 

—0.037 

■\-lone 

0      9—  7 

+0. 062 

— 46«/ 

+0. 050 

—2-Jne 

I      9-8 

—0. 026 

+  IIK/ 

— 0.022 

+  itnt 

-I      9-  7 

+0.  026 

-37«' 

— 0.006 

+33«' 

0      9—8 

— 0.02 

+3i«/ 

+0.02 

—33"'' 

I      9—  9 

—  8ni 

+  8«/ 

-I      9-8 

—  int 

—  IO«/ 

0      9—9 

+  2nt 

+  %ne 

-1     10-  3 

+0. 00528 

+  0.  I48»/ 

— 0.00629 

+  0.  098«/ 

0     10 —  4 

— 0.005251 

6 —  0.  I3299«/ 

+0.0055258—  0.  ioo69«^ 

I     10-  s 

-|-o.  0001 1 

+  o.o58«^ 

— 0.00281 

—  0.  003«/ 

—I     10—  4 

+0. 03685 

—  I.  i4on/ 

+0. 07039 

+  0.  757«/ 

0    10 —  5 

—0. 033S 

+  0.  9«/ 

—0.0700 

—  0.  tni 

I     lo-  6 

+0.017 

—  0.  znt 

+0.017 

+  0.  2ne 

-1     10-  5 

—0.  348 

—  2.  mt 

+0.  056 

—   6.  2«/ 

0    10—  6 

+0.  356 

+  i.5«/ 

-0.053 

+  s.7«^ 

I     10—  7 

— 0. 112 

—  0. 4«^ 

+0.032 

—  I.  \ne 

—I     10—  6 

+0. 067 

+21. 6«/ 

-0.591 

+  o.int 

0    lo—  7 

—0.054 

— 2ini 

+0.  610 

—  me 

1     10-  8 

+  0.017 

+  s»' 

—0. 188 

one 

—1     10-  7 

+0.012 

— 13«< 

— 0.041 

+37»' 
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5T 

Arg=« 

y+i's'+'s 

sin. 

COS. 

« 

i'        i 

,- 

//                   // 

0 

lo—  8 

— o.  021     -fi3n/ 

-1-0.072     —lint 

I 

lo—  9 

o.  oo       —  3«< 

— 0.  02      +  9«/ 

—  1 

lo—  8 

—  2IK/ 

— iS«/ 

o 

lo—  9 

O.  oo        -f-21»/ 

—0.02       -\-\lnt 

o 

11—  4 

— O.  0OO2 

-)-o.  0009 

—  I 

11—  4 

-|-o.  0124  —  0.  oSh/ 

-f-o.  0077  -|-  0.  \(mt 

o 

II-  5 

— 0.  0114  -|-  o.ojnt 

— 0. 0078  —  0.  lont 

1 

II—  6 

+0. 0047 

+0.0006 

— I 

11-  s 

— 0.  0752  —  0.  gn/ 

+0.  0593  —  0.  9«/ 

o 

11—  6 

+0.  075     -|-  0.  8n/ 

—0.  056     +  0.  <)nt 

I 

II-  7 

—0.  020 

+0.  024 

—  1 

11—  6 

— 0.  114     +5.  in/ 

—0.  300     —  2.  int 

o 

u—  7 

+0.  112     —  4.  6»/ 

+0.301     +  i.8«/ 

1 

II-  8 

— 0.  046     -|-   I  ni 

—0. 094     —   \nt 

—  1 

II—  7 

-(-0.419     -|-   i«/ 

— 0.045     +'S»' 

o 

II—  8 

— 0.  426     —  2n/ 

+0.  059     — 14K/ 

I 

II—  9 

+0.  14             oni 

— 0.  02      +  yit 

—  1 

II—  8 

-f-o,  03       — 27K/ 

0.00      —  4«/ 

o 

II—  9 

—0. 05       +24n/' 

0.  00      +  5«/ 

o 

II  —  lO 

—  6«/ 

+  i7«/ 

o 

12-  5 

— 0.00225—  O.oo2ni 

— 0.  OOOIO —   0.  032«/ 

—I 

12-  5 

—0.0081  —  0.  2In/ 

+0.  0200  —  0.  o6«/ 

o 

12—    6 

-|-o.  0076 

—0.0174 

12—    7 

0.000 

+0.005 

—I 

12-    6 

— 0.  073     -|-   0.  8«/ 

— 0.  067     —  0.  9«/ 

o 

12—    7 

+0.  076     —  0.  6«/ 

+0.  066     +  0.  6«/ 

12—    8 

— 0.028 

— 0.  016 

—I 

12-    7 

-|-0.  220     -|-   2.  4nt 

— °-  142     +  3-  7«' 

o 

12—    8 

—0.  219     —  jnt 

+0.  140     —  4n/ 

12—   9 

-|-o.  066 

— 0.  048 

—1 

12-    8 

+0.096     —\ont 

+0.  271     +  int 

o 

12-    9 

— 0.09        +IO«/ 

—0.  26      —  3«/ 

12—10 

+0.03 

+0.04 

—I 

12—    9 

—   \nt 

— 15«/ 

o 

12— lO 

ont 

+  I4K/ 

This  expression  for  6T  must  be  subjected  to  the  same  treatment  as  that  we  em- 


ployed in  Chapter  II  for  deriving  -^  and  ~  from  T ;  that  is,  we  must  obtain  «5Wo 


and  — -(^j — -)  from  SWq,  the  latter  being  given  by  the  equation 

tfW„  =f8Tndt 

In  deriving  5 Wo  from  <5T,  in  the  terms  whose  arguments  involve   5^'  —  2g  or 
10^'  — 4^,  it  seems  advantageous  to  equate  the  motion  of  the  argument.     In  this  way 
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a  more  rapid  approximation  to  the  correct  values  of  these  terms  is  secured.     Joining 
T  and  ST  together,  and  supposing  that  the  argument  is  denoted  by  x,  let 

T  +  tfT  =  (a  +  but)  sin  x  +  {o  +  <*«<)  cos  x 
By  means  of  the  equations 


A  cos  K  =  a 

_,      ab  +  cd 
a  ^  — 7 — 


A  sin  K  =  c 

_ad  —  bo 
""      A? 


these  terms  can  be  approximately  expressed 

T  +  <5T  =  (A  +  Bnt)  sin  (x  +  K+  xnt) 

and  thence  by  integrating 

W„  +  5W„  =  -  yu  ( A  +  Bn()  cos  (^  +  K  +  xnt)  +  //B  sin  (jt;  +  K  +  xnt) 

where  //  denotes  the  integrating  factor  for  the  argument  x  +  ««*•     In  the  special  cases 
we  treat  /u  will  be  derived  from  either  of  the  formulas 

1       en'  —  2n  ,  1      low'  —  ±n  . 

—  = 1-  K  or  -  = ^—  +  K 

fi  n  fi  n 

By  developing  the  sine  and  cosine  of  the  argument  in  powers  of  nnt,  and  neglecting 
in  tlie  coefficients  terms  multiplied  by  nH^,  we  get 

Wo  +  tfWo  =  —  jA[a  —  /iB  sin  K  +  (6  —  hjuB  cos  K)nt]  cos  x 
+  /i[  c  +  fxB  cos  K  +  (d  —  xpiB  sin  K)nt]  sin  x 


By  subtracting  from  this  the  value  of  Wq,  found  in  Chapter  II,  we  have  the  value 
of  6W,. 

In  the  five  terms  we  treat  by  this  process  there  has  been  found : 


Axg. 

log  A 

K 

logB 

log  X 

logyu 

r+  59'- 29 

59'— 29 

—r+  59' -2g 

log'—  4J 
—  r+iog'—49 

7-  8385 
9.  2905882 
0. 3077026 
7.81648 
8.8359 

0   '   " 
217  19  24 
248  8  38.26 
176  39  35-  74 
133  13  55 

62  10 

4.2156 

5- 4424349" 
6. i6ll5l4n 
3.24871 
4-  1369 

6.  8991 » 
6. 90887 66« 
6. 7032 i88» 
6. 40327 
6. 2981 

1.8983560 

1.8989767 

1.8885772 

1.56683 

1.56770 
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By  the  aid  of  these  quantities  the  terms  of  tfWo  in  question  have  been  found  as 
follows : 


ATg=Ky+i'g'+ig 

*Wo 

COS. 

sin. 

K      i'       i 

//                      // 

It                It 

I       5-  2 

-|-o.  1508  -|-o.  ooo372«/ 

+0. 0564  +0.  O0O26o»/ 

0      5-2 

-|-o.  20521+0.  OI07729IB/ 

—0.  79420+0.  oo683789«/ 

-I       5-2 

+5.7718  — 0.  oi6254«^ 

— «-3453  +o.o78528«/ 

0     10—  4 

+o-  '3735+°-  oooo490i«/ 

+0. 14799—0.  oooo37i8«/ 

—  I     10 —  4 

—  I.  3613    +0.00042IB/ 

+2.  6053  +0. 000279K/ 

The  expressions  for  (5Wo  and  —  ^  (  — ^ — - )  follow  : 


5W„ 

Arg— »'?'+«S 

COS. 

sin. 

i'       i 

,< 

„ 

/. 

/' 

0       0 

+  0.0525    + 

+     *0                      + 

0.  4995«/ 
0.  526oK»/^ 

0 —   I 

+  0.  2093      +25646. 6nt 

+  0.  2242      — 22608.  $ni                   1 

+  h           - 

8.  67i2«='/» 

+  h          - 

14.  7iSS«2/> 

0—  2 

-  0. 2832     + 

620.  2nt 

+  0. 2146    — 

544. 4«/ 

+[8.3821]*,- 

0.  2090K»/» 

+[8.3822]^,— 

0.  3548»»/» 

0—  3 

+  0.0923     + 

22.  4«/ 

+  0.0818    — 

19.  7»/ 

+  [6-9403]'ci— 

0.  0076nV2 

+  [6.9405]fc2— 

0.  OI28«'/» 

0—  4 

+  0.  0022      + 

i.oni 

+  0.0091      — 

0.  8«/ 

— 

0.  ooo3««/« 

— 

0.  ooo5»V» 

■+  4 

—  0.0007 

—  0.0006 

■+  3 

—  0.0148 

—  0.0088 

1+  2 

—  0. 1337      — 

0.  IK/ 

—  0.  2170      — 

0. 4«/ 

>+  I 

-  o-9'73      — 

4.  3»/ 

+  0. 8004      — 

14. 6«/ 

I      0 

—  0.  5479      + 

37.  25«/ 

—  0.  4234      — 

65.  lont 

I —  I 

+   u.  2023        — 

7.  86»/ 

—  0.3128      — 

2.53«/ 

I —  2 

-  0. 3533     + 

5.2«/ 

+  0.  1841      — 

7-7«^ 

—  3 

+  0.053:      — 

0.  int 

+  0.  1508      — 

o.gtit 

I—   A 

+  0.0524 

-  0.  037s 

2+    2 

—  0. 0241 

+  0.  0141 

2+    I 

-  0.  6558     + 

0.  gn/ 

+  0.  0635      - 

l.Snt 

2        0 

—  1.8249     + 

33- OK/ 

-  3-  i88S      - 

36.  2»/ 

2—    I 

+  0. 13729    - 

301.  67«/ 

-  0. 32321    — 

545-  77«' 

2—    2 

+  0. 1974     — 

5.7K/ 

+  0.  3142      — 

58.  o»/ 

2-   3 

+  0. 0420     — 

13.  o«/ 

+  0.  1536     - 

3-7»«' 

2—   4 

+  0.0808     — 

0. 4^/ 

—  0.0123     — 

0.  2«/ 

2—  5 

+  0.004 

—    O.OOI 
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A il -1    1   Z„ 

5Wo 

&ig=tg  +»s 

COS. 

sin. 

i'     i 

//                            II 

//                     // 

3+  t 

+0.01 17  —       0.  2nt 

+0.  0841     +          0.  IK/ 

3      0 

— 0. 0084  —       8.  3»/ 

+3-1295  +      3-5«'' 

3—  « 

— 0.  7115  —    61.  i^tti 

+0.4816  +  124. 44K/ 

3—  2 

— 0.0002  ^1490.  72n/ 

— 0. 1013  +  849. 48«/ 

3—  3 

+0. 0798  —    39.  Snt 

—0.0398  +     15.  6k/ 

3—  4 

+0. 0804  —       3.  2«/ 

0.0002    +        I  I.  OK/ 

3—  S 

+0. 0026  —       0.  i)nt 

— 0.0436    +           I.  IK/ 

4      0 

— 0. 0143  —      °-  4"' 

— 0.  0081             0.  on/ 

4—  « 

— 0.  3265  —     13.  i8«/ 

—0. 0797  +       3.  30n/ 

4—  2 

+0.  0483  —  342.  8i«/ 

+0.0721  —       2.44»/ 

4—  3 

+0.2313  —  176.  3»;' 

+0.  0426  —  508.  OK/ 

4—  4 

+0.0018  —      8.  mt 

— 0.0254  II.  3K/ 

4-  5 

+0.0089  +       S-^"' 

-0.0353  +       2.4K/ 

4-6 

—0. 0247  +       0.  Ik/ 

— 0.0065  +       0.  6k/ 

5      0 

+0.  0036  +       0.  9«/ 

+0.0013  +       0.  6k/ 

5-  ' 

+0. 1492  +     36.  gni 

+0.0518  +     26.  OK/ 

5—  2 

+0.  2 1 209+ 1 065. 87  2n/ 

— 0.  80459+  679.  033K/ 

5-  3 

+5.7511  — l64l.6»;' 

-1-3745  +7939- I"' 

5—  4 

+0.  1676  —  172.  gnt 

— 0. 0995  +  206.  5k/ 

5-  S 

— 0.  oon  —       5-4«'' 

—0.0058  +      8. 3K/ 

5-6 

— 0.0149  +       I.  9»/ 

— 0. 0065  —       3.  4K/ 

5-  7 

— 0.  0053  +      0. 4tti 

+0.01 1 1  +       0.  5n/ 

6—  I 

+0.0010 

— 0.0018 

6—  2 

+0.  0210  +       I.  67«/ 

— 0.  0206  +       5.  o8n/ 

6-3 

— 0.  3163  —     6i.90«/ 

—0. 2629  +     7i.o7n/ 

6-4 

+0.0478  —  113.  5«/ 

— 0.  0624  —    47.  in/ 

6-5 

— 0.  0223  —      8.  on/ 

+0.0172  +     51.  8k/ 

6—  6 

— 0. 0084  +       0.  Jnt 

+0. 0004  +       1 .  7k/ 

6-  7 

— 0.0033  —       I.  5"/ 

+0. 0032  —       2.  4«/ 

7—  2 

+0. 0160  —       0.  5«/ 

— 0. 0084  +       0.  5«/ 

7—  3 

+0.  1416  —     26.66k/ 

—0.381 1  +      9.  i8k/ 

7—4 

+2.  9728  —     82.  5k/ 

—2. 7899  —  107. 5«/ 

7-  5 

+0.  0547   —     27.  OK/ 

—0- 1035  +    33-  7"' 

7-6 

-  0. 0095  +     22.  3K/ 

— 0.  0007  +       8.  $nf 

7-  7 

+0.  0046  +       0.  3K/ 

+0. 0014  —       0.  4n/ 

7-8 

+0.  0029  —       1 .  8k/ 

+0.0013  +       l.4»/ 

8-3 

— 0-OS77  +       2.66nt 

+0.  0399  +       0.  67n/ 

8-4 

—I.  4136  +       4.  25K/ 

+0.  3484  +     33.  27K/ 

8-S 

— 0.41 3 1  —     20. 8n/ 

—0.6273  +     10.  3«/ 

8-  6 

—0.0349  +     13. 6«/ 

—0.0168  +     15.  2K/ 

^7 

+0.0019  +       5-  3»^ 

+0.0067  —      8.6n/ 

8—  8 

— 0. 0023  —      0.  7n/ 

— 0. 0042  —      0.  7n/ 
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ATg=i'g'+ig 


i' 

i 

9— 

3 

9— 

4 

9— 

5 

9— 

6 

9— 

7 

9— 

8 

9— 

9 

10- 

4 

10 — 

5 

10— 

6 

10 — 

7 

10 — 

8 

10 — 

9 

II — 

4 

11  — 

5 

II  — 

6 

II — 

7 

II  — 

8 

II  — 

9 

Il- 

10 

ia — 

5 

12 — 

6 

12— 

7 

12— 

8 

12— 

9 

12 — 

10 

<SWo 


— o.  0066  -|-  o.  In/ 
— o.  1940  —  I.  75«/ 
— o.  0242  — 14.  In/ 
— o.  2846  -f  2.  me 
—0.0139  +  8.  4«' 
-f-o.  0022  —  4,  5«/ 
-|-o.  0002  —  o.  In/ 

+0.  18928-I-  4.  8l2n/ 
—  1.3884  +42.  8«/ 
— o.  2477  —  o.  sn/ 
-\-o.  0103  +  5.  on/ 
— o.  0007  —  I.  4n/ 
+0.0001  —  I.2«/ 

-|-o.  0006 

— o.  0461  -f  o.  3«/ 

— o.  0928  —  I .  on/ 

— o.  0444  -)-  I .  yn/ 

-\-o.  0725  —  cm/ 

+0.  0014  —  2.  4«/ 
—  I.  in/ 

— o.  0134  —  o.  oin/ 

— o.  0420  —  1 .  3n/ 

—0.0370  +  o.  4n/ 

+0.  0465  -|-  o.  In/ 

-|-o.  0172  —  o.  8w/ 

-|-o.  0007  —  o.  3n/ 


— o.  001 1  o.  on/ 
—0.0531  +  3.98»/ 
— o.  6982  —  I.  2n/ 
-(-0.0801  -f-io.  4»/ 
-|-o.  0094  —  s.6«/ 
— o.  0022  —  4.  i»/ 
o.  0000  +  o.  6nt 

-|-o.  20046 —  3.  622»/ 
-1-2.6682  +28. 4«/ 
-|-o.  0224  -f-  4.  6«/ 
-|-o.  1425  -|-  o.  in/ 
-f-o.  0069  -  5.  4n/ 
-(-o.  0046  -f  o.  5n/ 

-|-o.  0021 

-(-o.  0310  -\-  o.  6nt 

— o.  0766  -|-  o.  9n/ 

-|-o.  0978  -|-  I.  2n/ 

-f-o.  0100  —  2.  6«/ 

-|-0.0004  O.  IK/ 

—  3.  In/ 

-\-o.  0008  +  o.  ign/ 

— o.  1066  -\-  o.  4n/ 

-f-o.  0294  -(-  o.  5n/ 

-(-0.0336  —  o.4n/ 

— o.  0293  —  o. 3n/ 

— o.  0023  -|-  o.  gn/ 


kxg=i' g' -\-ig 


I  Id  .  {WnV 
2\     dy      I 


I  « 

o       o 


—  0.0160      — I 

2814.  7n/ 

-i^.           4- 

4.  3356«='/-^ 

-)-  0.2114     — 

619.  4n/ 

-[8.  382i]fci+ 

0.  209On-/2 

—  o-  0731      — 

33-  6n/ 

-[7.1x64]*,+ 

0.  0ll3nV2 

—  0. 0049     — 

i.9«/ 

+ 

0.  ooo6«V» 

—  o.  0033   —    o.  20o6n/ 
+  0.0229   — 11301.  In/ 
I, 


-^      - 

+  o.  1606  — 
+  [8.  3822]*;,- 
+  o.  0740  — 
+  [7.  1165]*,- 
+  o.  0127   — 


7-  3Sr7»''" 

544-  5"' 
o.  3548n''/' 
29,  6«/ 

O.  OI92«'/5 

i.7n/ 

o.  ooiin'/» 
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Arg=i'g'+ig 

1 

-i(^ 

.iW„\ 
dy    ) 

• 
sin. 

COS. 

i'       i 

1+  4 

— 0.0008 

//                              /' 

+0.0008 

•+  3 

-0.015s 

+0.  ou6 

1+  2 

0.  1168   —      0.  IB/ 

+0.  1662  +      0. 4«/ 

1+  I 

—0.  5766  —     2.  3«/ 

— 0.4918  +      9.  4«/ 

I      0 

— 0. 1306  +  10.  oo»^ 

+0.0914  +     i4.ySnt 

I—  I 

— 0.0607  -(-     1-gon/ 

--0.  1026  —       i.8in/ 

I—  2 

+0.  2402  —     2.  5n^ 

+0.  1278  —       5.  Jnt 

I—  3 

—0. 0437  —     0.  ini 

+0. 1249  —       0.  Snt 

I—  4 

— 0.  0446 

— 0. 0278 

2+  2 

— 0. 0283 

— 0.  0121 

2+  I 

— 0.  4810  +     0.  9»/ 

— 0.0318  +       l.3«/ 

2      0 

—0-7837  +   13- 4»' 

+  1.3494+     15- 3»' 

2 —  I 

—0.00469+  32.  S9«/ 

— 0.  04082 —      56.  20«/ 

2 —  2 

— 0. 1106  -f    3. 5«/ 

+0.1799—    33- 4"'' 

2—  3 

—0. 0383  +  10.  7«^ 

+0.  1315  —       2.  Jnt 

2—  4 

— 0.  0726  +     i.2ni 

— 0.  0087  —       0,  6»/ 

2—  5 

— 0.004 

— O.OOI 

3+  1 

+0. 0096  —    0.  2ne 

— 0.0902  —      0.  mi 

3      0 

— 0.  0050  —    4.  8»/ 

—1.7968  —       i.8«/ 

3—  I 

— 0.  0790  —  10.  83«/ 

— 0.0651  —     17.00K/' 

3—  2 

— 0. 0032  -I-624.  74«/' 

—0.0346    +    358.  I2«/ 

3—  3 

—0.0532  +  34.  9«/ 

— 0.0236  +      15.  4n/ 

3-  4 

— 0.  0696  -f-     3,  gni 

— 0.  0023  +       9. 4»/ 

3—  5 

— 0.  0050  +     0.  S"' 

— 0.0399  +        I.  2«/ 

4      0 

— 0. 0106  —    0.  3«/ 

+0. 0054             0.  on/ 

4—  I 

—0.  0879  —    5.  77«' 

+0.021 1  —       I.  35«/' 

4—  2 

— 0.  0116  +   79.  48n/ 

+0.  0212  —       2.  96n/ 

4—  3 

— 0.  1404  +108. 8«/ 

+0.0301  —  314.  6«/ 

4—  4 

— 0.  0104   +      7.  2«/ 

— 0. 0171  —     14.  2«/ 

4-  5 

— 0.0081    —      5.  I«/ 

— 0.0363  +       I.  7«/ 

4-  6 

+0. 0236  —    0.  6nt 

—0.  0069  +       0.  5«/ 

S      0 

-|-o.  0036  +     0.  gnt 

— 0.0013  —      0. 6«/ 

5-  I 

+0. 0762  +  i8.  Snt 

— 0. 0273  —     13.  2«/ 

5-  2 

+0.01228+     8.489«/ 

+0. 03518—      6.  46o«/ 

S—  3 

—2.8808  +8l6.3«/ 

—0.6754  +3933. 2«/ 

5—4 

0.  l6ll     +138.  IB/ 

— 0.  0849  +  20 1 .  2n/ 

S-  5 

— 0. 0024  +     6.  6ni 

—0.0097  +     n.  i«/ 

S-6 

+0.0195  —     2.2»/ 

— 0. 0096  —      3.  3«/ 

S-  7 

+0.  0065  —    0. 9«C 

+0.0130  —      0.  5«/ 

6—  I 

+0.0007 

+0. 001 1 

6—  2 

+0. 0066  +     0.  27«/ 

+0.0075  —      i.58«/ 

6-3 

+0.0825  +  2i.46«/ 

— 0. 0725  +     22.  98«/ 
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1 

-ir- 

6WA 

dy     1 

sin. 

COS. 

i'       i 
6-4 

— 0.  0336   +76.  2»/ 

— 0.  0487  —29.  6n/ 

6-5 

+0.0223  +  7.6«' 

— 0.0012  +42.  3«/ 

6—  6 

+0. 0049  —  0.  2nt 

+0.0013  +  2.  7«/ 

^7 

+0.0072  +   I.O«/ 

+0.0071  —  i.S«/ 

7—  2 

+0.  0072  —  0.  2nt 

+0. 0042  —  0.  3«/ 

7-  3 

— 0.  0250  +  3.  22»/ 

—0. 0449  +  0.  ygni 

7—  4 

—1.6789  +46.  7»^ 

—I-  5758  -59-  7«' 

7-  5 

— 0.  0641  4-20.  6«/ 

— 0. 1025  +24. 8«/' 

7-  6 

-|-o.  0093  — 19.  7»/ 

+0.0054  +  7.5«/ 

7-  7 

+0.0016  —  I.  3«/ 

+0.  0022  +  0.  9«/ 

7-  8 

— 0. 0024  +  0.  gn( 

+0. 0036  +  0.  6ni 

8-3 

— 0.  0108  +  0.  34K/ 

— 0.0059  —  0.  I7n/ 

8-4 

+0.  5874  —   I.  6$n( 

+0.1348  +I3.77«/ 

8-5 

+0.3028  +14.  &nt 

— 0-4472  +  7-9«' 

8-  6 

+0.0313  — il.4»/ 

— 0.0215  +12.  8«/ 

8-  7 

—0.0035  —  5-9«' 

+0. 0076  —  9.  3«/ 

8—  8 

+0.  0010  —  0.  4K/ 

— 0. 0008  —  0.  gn( 

9-  3 

— 0.0028 

+0.0003 

9—  4 

+0. 0427   +  0. 42«/ 

— 0.0157  +  o-  86«/ 

9-  5 

+0.0224  +  8.8»/ 

— 0.  4305  —  0.  6«/ 

9-  6 

+0.  2324  —  2.  o»/ 

+0.0588  +  8.  2«/ 

9—  7 

+0.0167  —  8. 6n/ 

+0.  0085  —  5.  2n/ 

^  8 

—0.0028  +  4.  5«/ 

+0.  0016  —  4.  5«/ 

9—  9 

— 0.  0002  +  0.  4n/ 

0. 0000  +  0.  9«/ 

10 —  4 

+0.  00278+  0.  097K/ 

— 0. 00428+  0.  049n/ 

lo-  5 

+0.6841   — 2I.2«/ 

+  1.3071   +14.  o«/ 

lo—  6 

+0.  1929  +  0.  int 

+0.  0383  +  3.  7«/ 

lo—  7 

—0.  0045  —  4.  7«/ 

+0.  1 281         o.on/ 

lo—  8 

— 0.  0024  +    1 .  6k/ 

+0. 0121   —  5.  3«/ 

10 —  9 

— 0.  0001  +  2.  ynt 

+0.0007  +   I -Cm/ 

II—  4 

+0.0001 

0.0000 

II-  5 

+0.  0157  —  0.  m/ 

+0.0093    +    0.  2«C 

II—  6 

+0.  0624  +  0.  7«/ 

—0.0476  +  0.  8«/ 

II—  7 

+0.0338  —  i.5n/ 

+0.0798  +  0.  7«/ 

II-  8 

— 0. 0644  —  0.  3«/ 

+0.01 1 1  —  2.  6«/ 

II—  9 

—0.0081  +  3.  8«/ 

+0. 0004  +  0. 4«/ 

12—   6 

+0.  0239  +  0.  6ne 

—0.0586  +  0.2»/ 

12—    7 

+0. 0284  —  0.  3»/ 

+0.0230  +  o.4«/ 

12—   8 

—0.0415  —  0.  Snt 

+0. 0280  —  0.  8«/ 

12-    9 

— 0.0146  +  i.6«/ 

—0.0372  —  0. 5«/ 

12 — ID 

— 0.  0007  +  0.  2«/ 

— 0.0023  +  I.  8»/ 
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Calling  the  second-order  terms,  to  be  added  to  ndz  and  v,  nS^z  and  dv,  they  are 
determined  by  the  equations* 


nit 

d .  6v 
ndt 


('-^\ 


=  <SW,+[jj^)nSz+y' 


—  _  Lf^  •  <^'^» 


2\r^djr-)-  K"57"°)"*'' 


It  therefore  remains  to  find  the  three  products,  ( -g— ^  jnSz,  t^,  and  —  -f-^-^jndz. 
-g— ^ )  of  the  first  has  already  been  given  in  Chapter  II,  being  equivalent 
to  — 2^,  and  it  is  easy  to  square  the  value  of  r  there  given.     The  expressions  of 
the  two  products  to  be  employed  in  determining  nS'z  follow : 


(dWo 

\  dy  1 

nSz 

Axs=x'g'+ig 

COB. 

sin. 

i'       i 

n                                       II 

//                   // 

0      0 

— 0.204  J  +    0. 1395«/ 
—    0. 8677«»/» 

0 —   I 

+0.0363—    o.oS23««/!' 

+0.  3266 

0—  2 

— 0. 0140 —    0.  o8o4«'/2 

+0. 0300—    0. 8636««/« 

0-  3 

-|-o.  01 10 —    0. 0Q49»'/2 

+0. 01 10 —     0. 0S20ll'/« 

0—  4 

—    0.  ooo3«»/» 

—      0.  O029»»/» 

1+  2 

— 0.0180 

—0.0310 

•+  • 

— 0.  0637+     0.  \nt 

+0.0484—    5.8»/ 

I      0 

+0.  0672+  43.  %-int 

+0. 0277—  26. 99B/ 

I —  I 

+0. 0200+    6.  os«/ 

— 0. 0184 —     3.  S4»/ 

I—  2 

— 0.0128+  30.  5«/ 

+0.0102+  41.  in/ 

«-  3 

+0. 0030+     2.  qnt 

+0. 0080+     2.  7«/ 

2+  2 

— 0.0060 

+0. 0030 

2+  I 

— 0.1070+     l.9«/ 

+0. 0160+     0.  but 

2      0 

—0. 0582+  43.  ^nt 

—0.0971+  48.  3»/ 

2 —  I 

— 0. 0594+  70.  32»l/ 

+0. 0727+197.  75»/' 

2 —  2 

—0.0175—  37.  2«/ 

— 0.0030+  52. 5«/ 

2-  3 

+0.  ooio — 192. 4»/ 

+0.0070+  88. 4»/ 

2—  4 

+0.0040 —  12. 3»/' 

— 0. 0010+    4. 8«/ 

3+  I 

+0.003 

+0.034 

3      0 

+0.0073+     l-Sw/ 

+0. 6822+    s-  "»^ 

3—  I 

+0. 1512+  12.  i-jnt 

—0.0371—  62.  ss«/ 

3—  2 

+0.0486+  18.  9I»/ 

— 0.0159—     2. 99n/ 

3—  3 

+0. 041  +  64.  \nt 

—0.053  +     t.lnt 

3—  4 

+0.004  +     9.o»/ 

—0.004  +  25- 7»' 

3-  S 

0.  o«/ 

+       I.2«/ 

'AaBeinandeiBetziuig,  Abth.  I,  a.  98,  gl.  (40). 
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/dW„ 

\nSz 

XTg=i'g'+ig 

COS. 

sin. 

i'      i 

// 

It 

// 

// 

4       o 

—0.008 

+     0.  int 

— 0.  004 

—     0. 2nt 

4—   I 

— 0. 0786 

+     6. 28n/ 

—0.0155 

—     6. 7l«/ 

4—  2 

-f-o.  0085 

+   I7.2S»/ 

+0.  0382 

+     6.  65 «/ 

4—  3 

+0. 0577 

+     8.  %nt 

+0.  0402 

—     2.  bnt 

4—  4 

+0. 082 

—     Aint 

+0.  087 

+  17.  7«/ 

4-  5 

-f-o.  004 

+     7.7«/' 

+0.005 

+     0.  (rnt 

5+  I 

+     l.2nt 

—     0. 4«/ 

S      o 

+  22.  Snt 

—     7.9«/ 

5-  I 

-|-o.  0003 

+464.  ont 

+0. 0020 

— 167.  4«/ 

5-  2 

— 0.000201 —  86.  794«^ 

+0.003721  —  no.  414«/              1 

5-  3 

— 0.0064 

+205.  4B/ 

— 0.  0076 

+442.  gnt 

S-  4 

— 0.014 

+  109.  Snt 

— 0.  092 

—  76.  ont 

5-  5 

+0.  022 

+  11. one 

— 0.018 

—     2.  znt 

5-  6 

+     0. 8»/ 

—     2.  c,nt 

6—  I 

— 0.0002 

+0.  0014 

6—    2 

—0.0024 

—    0.  I9»/ 

+0.  0030 

—     I  •33"'' 

6-  3 

— 0.0642 

+       1 .  92»/ 

— 0.  0466 

—      l.oinl 

6-4 

— 0.  Olio 

0.  ont 

+0.0321 

—     I. (ml 

^   S 

+0.007 

+     0. 7«/ 

— 0.002 

+      2.  Znt 

6—  6 

— 0.002 

+      I.  on/ 

— 0.007 

—     I.  mt 

6-  7 

—       I.O«/ 

—     0. 5»/ 

7—    2 

— 0.0029 

+     0. 2nt 

+0.0015 

—     0. 6nt 

7—  3 

+0.0097 

+     l.6in/ 

— 0.  0161 

+     0.  o7«i' 

7—  4 

+0.  4458 

+    0.  s»/ 

—0. 4738 

—     0. 4«/ 

7-  5 

— 013s 

—     0. 4n/ 

—0.107 

+      2,  on/ 

7—  6 

— 0.  008 

+     0.  7»/ 

—0.008 

+     0. 2n/ 

7—  7 

— 0.  002 

—     0. 4«/ 

0.000 

—     0.  6n/ 

8-3 

+0.  0025 

—     0.  27n/ 

— 0.  0015 

—      0.  l8n/ 

8-  4 

—0.  1 46 1 

+     0. 04n/ 

+0. 0306 

—     0.  20«/ 

8-  5 

—0.  037 

—0.048 

8—  6 

—0.014 

+0.  012 

9-  3 

+0.0005 

+0.0001 

9—  4 

—0.  0077 

+     0.  o6n/ 

— 0.0027 

—     0. 05n/ 

9-  5 

—0.003s 

— 0.0612 

9-  6 

—0.048 

+0.014 

9—  7 

0.  000 

+0.004 

lo—  4 

— u.  00065 

—     0. 368»C 

-u.  00033 

+     0.  io6n/ 

lo—  5 

— u.  1824 

+     0. 6nt 

+0-  3525 

0.  o«/ 

lo —  6 

+0. 028 

+0.  022 

lo—  7 

+0.004 

+0.  018 

M_S 

— 0.0019 

+0. 001 1 

II—  6 

— 0.0067 

— 0.0050 

II—  7 

—0.003 

+0.008 

II—  8 

+0.006 

+0.001 

12-   5 

-  0.  0001 

0.  oono 

12—   6 

—0. 0023 

-0.  0057 

12—    7 

— 0.003 

+0.002 

12-  8 

+0.004 

+0.003 

12-    9 

+0.001 

— 0.003 
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r 

Aig=i'g'+ig 

* 

COB. 

sin. 

i'       i 

„ 

„ 

//                    // 

0      0 

+0. 0498 

—  0.002S«/ 

0 —  I 

+0.0143 

+  i.5»/ 

+0.0094     —  1. 6«/ 

+   0.  0200»V 

—  0.  OJ04nV 

0 —  2 

—  o.oi88»»/» 

—  0.  2 1 6371^/ 2 

0—  3 

—  0.  ooogn^/a 

—  o.oio^nT- 

0-  4 

0.  oooowV' 

—  0.  ooo6nV2 

1+   I 

— 0.0008 

—  0.  t,nt 

— 0.  OOII     —  0.  Snt 

I       0 

— 0. 0180 

— 10.  26nt 

— 0.  0074     +  6.  30n/ 

I—  I 

-0.0043 

—  1 .  09«/ 

+0.0060     +   I.  I9»/ 

I —  2 

+0.0015 

+  T.2nt 

— 0.0007     +  9.6«/ 

I—  3 

+  o.4»^ 

+  o.3»/ 

2+  I 

o.ont 

—  0. 4«/ 

2      0 

— 0.0034 

—  5-7«' 

— 0.0073    —  7-  ^"' 

2 —  I 

+0. 0150 

— 17.  i6»/ 

— 0.0178    — 47.44«/ 

2 —  2 

—0. 0023 

—  7-  7"' 

— 0.  0026     +  4.  o«/ 

2—  3 

—45.  ^nt 

+20.  7«/ 

2—  4 

—  2.  s«/ 

+  i.on/ 

3      0 

— 0.0019 

+  0.  me 

+0.0059     +  i.6»/ 

3-  I 

— 0. 0384 

—  3.  l6ni 

+0.0140    +I5.86«/ 

3-  2 

— 0.0058 

—  3.66nt 

— 0.0008    +  1.  15K/ 

3—  3 

+0.007 

+  16.  In/ 

— 0.  012      +  I  •  dni 

3-  4 

+   l-4«/ 

+  S-o«' 

4—  I 

— 0.0012 

—  I.  36>«' 

— 0.0009    +  I-  28«/ 

4—  2 

— 0.0007 

—  3.9i«/ 

—0.0098     —   I.4Sn/ 

4—  3 

+0. 0047 

+   l.2ne 

+0.  0062     +  2.  4n/ 

4—  4 

+0.019 

—  I.  2ni 

+0.021       +  4.  mt 

4-  5 

+  i.3«/ 

+  0.  me 

5-  I 

+  5-  3"' 

—  0.  2ne 

5—  2 

— 0.000049+21.  8i8»/ 

— 0.  001044+27.  546»/ 

5-  3 

— 0.0012 

—  0.  2»/ 

— 0. 0039    —  3.  me 

5—  4 

— 0.005 

+  26.  IB/ 

— 0.  019      — 24.  one 

S—  5 

+0.005 

+    2.0«/ 

— 0. 004      —  0.  Sne 

6—  2 

+   0.  04«/' 

+  0.  32«/ 

&-3 

+0.0003 

—  0.  40«/ 

+0.  0007     +  0.  22«/ 

6-4 

—0. 0027 

+  0.  5«/ 

+0.0102    +  0.  me 

6-S 

+0.003 

+   0.  2«/ 

0. 000      +  0.  4«/ 

7-  3 

— 0.0008 

—  0.  38«/ 

+0. 0007     —  0.  02ne 

7-  4 

— 0. 0113 

+0.0022 

7-  5 

—0.038 

— 0.020 

8-3 

+  0.  o6«/ 

+  0. 05B/ 

8-4 

+0. 0026 

+0.0006 

8-5 

+0.007 

+0.012 

8—  6 

— 0.002 

+0.004 
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ATg=i'g'+ig 

^2 

COB. 

sin. 

i'       i 
9—  5 
9-  6 

10 —  4 
10—  5 
10—  6 

II                      II 
0.  0000 
— 0.  003 

— 0. 00005+0.  ogjnC 
+0.  0023 
+0.  014 

+0.0015 
+0.002 

— 0. 00031 — 0.  026«/ 

—0.0031 

+0.  002 

The  expression  for  —  ^  (  -j^  )  is  obtained  by  differentiating,  with  respect  to  /, 
the  terms  of  —  -  -g-^,  which  has  ah-eady  been  employed  in  Chapter  II.  However,  in 
order  not  to  have  to  return  to  this  term  when  we  compute  the  third-order  terms,  I  have, 
before  this  differentiation,  added  to  the  latter  quantity  the  expression  for  —  -  — ^ — ^» 
which  has  just  been  obtained.  The  expression  for  this  factor,  together  with  its  product 
by  ndz,  is  given  in  the  following  table : 


Aig=i'g'+ig 

-H 

COB. 

sin. 

i'       i 

//                               // 

/'                      // 

0       0 

—7.1170+      0.7274;./ 

0 —   I 

— 1. 8280+63749K/ 

+   1.3209 — e^Sion/ 

—        4. 3356«V" 

-         7-  3578«»/' 

0—  2 

— 0.4480—  6153K/ 

+  0.  1175—  6732K/ 

—        o.4l8onV2 

—         0.  yogSnV 

0—  3 

+0. 0828+     500K/ 

+  0.  1057-     548«/ 

—         0. 0340«2/» 

—        0.  o577«2/i 

0—  4 

+0. 0098+       38«/ 

+    0.  0205 —        42»/' 

0—  5 

+         3»' 

—         3«/ 

'+  3 

—0. 0327 

—  0.  0260 

1+  2 

— 0.  2072 —            0.  2«/ 

—  0.  2038—        0.  8«/ 

■+   > 

—0.9517 —          I.ont 

+  0.5677+        5.5„/ 

I       0 

—..8045+      28. 53«/ 

—  o-  8777—       38-  79"'' 

I —  I 

—3.4290 —         i.3on/ 

+  17.3976—        2.76«/ 

I —  2 

— 0.0850+         2.  on/ 

+    2.7063—           9.2«/ 

>—  3 

+0.  0850+         0.  2nt 

+  0.4148—         i.4n/ 

I—  4 

+0.  0745 

—  0.0188 

2+  2 

—0.0689 

+  0.0123 

2+  I 

—0.6706+          i.jnt 

—  0.0492—        2.  mt 

2      0 

—1.2173+       «7-9'«' 

—    I.  7481—           16.  2K/ 

i! I 

—2.  6878—      35.  58«/' 

+    0.  8470 45.  89K/ 
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ip-wa 

-i(- 

dy'  1 

Aig=i'g'+ig 

COB. 

sin. 

»'       i 

//                          // 

n                                             If 

2—  2 

—126.0048—     5.8n/ 

-53.8071—    36.5«< 

2—  3 

—  12.0046 —  17.  8«/ 

-5-7615-       3-2»' 

2—  4 

—    0.8632—    2. 3»/ 

—  0.  5154 —       l.ont 

2-  5 

—    0. 0646 

—  0.0417 

3+  I 

-|-     0.0177 —     0. 4«/ 

+  0.  1977+       0.  2nt 

3      0 

-f    0.0421 —    4. 6»/ 

+   2.0173+        2.4«/ 

3—  I 

—     0.3719—     I.32B/ 

+  0.  0860 —     1 1 .  o5n/ 

3—  2 

+  15- 738«-S84- 7o»/ 

+21.0388+  337. 66»/ 

3—  3 

—   12.0572—  64.  Snt 

+21.4071+    3i.6»< 

3-  4 

—     1.6844 —     7-4''' 

+  2. 001 1  +     16.  gnt 

3—  5 

—    0. 1618—    0. 8»/ 

+  0. 0908+      2.  mt 

3-6 

—    0. 0141 

+  0.0104 

4       0 

—    0.0152 —    0. 5»/ 

0.  0000          0.  i3nt 

4—  I 

—    0.  1436 —     I.  66«^ 

+  0.0051—       i.74K^ 

4—  2 

-|-    0.  1546 —  63.  o6»^ 

+  1 .  3338 —      0.  o6«/ 

4-  3 

—  12.  5021— 121.  o«/ 

+  6.  2950—  346.  int 

4—  4 

+    4-7176—  14- 4«' 

+  6.  9776—    30.  mt 

4-  5 

-|-    0. 4239-)-     8.  int 

+  1.0265+      0. 9«/ 

4-6 

—    0.0093+     '■4»< 

+  0. 0960+       I .  yit 

4—  7 

-f     0. 0010 

+  0.0086 

5      0 

-f-     0.0209+     I -Snt 

—  0.0162+       I.  2nt 

5-  I 

+     0.2148+   ig.oni 

—  0.  1767+     13.  mt 

5-  2 

—    0. 0279—     5.  548«i' 

+  0.0780—      2.  898«/ 

S-  3 

+   78.2787—812.  \nt 

+  5.0079+3918.  6n/ 

5-  4 

+    8.  7461—199.  5«/ 

+  4-945°+  391-9"' 

S-  5 

+     3.9404—   16. 9K/ 

—   1.4236+     30. 6n/ 

5-6 

+     0.5961+     3. 2«/ 

—  0.0776—      5.  mt 

5-  7 

+     0.0550+      l.ont 

+  0.  0236—       0.  ^nt 

5-8 

+     0.0051 

+  0.0015 

6—  I 

+     0. 0028 

—  0.0022 

6—  2 

+    0. 0077—    0. 39«^ 

—  0. 0046 —      0.  27«/ 

6-3 

+    0.  1920 —  17.  98«/ 

+  0.  1204+     20.  l^nt 

6-4 

—    0.4071 —  87.  4«/ 

+  i.7"3—     34.  i»' 

6-S 

+    2. 1390—  13.  ^ne 

+  0.0531+     54.  i»< 

6—  6 

—    0.3128+     0. 2«/ 

—  1. 6130+      4.  9»? 

6-  7 

+    0. 0345 —    2. 6«/ 

—  0.  2965 —      2.  9»/ 

6—  8 

+    0.0151 

—  0. 0352 

6-9 

+    0.0019 

—  0.0026 

7 —  2 

+    u.  0082 —    0. 2nt 

—  0.0019+      o-  "«' 

7—  3 

+     0.  01 14 —     2.  int 

—  0.0168+      0.  "jnt 

7—  4 

+     1.0385—  48.5"'' 

—  0.  9331—    62.  int 

7—  S 

+     0.  8054—  28.  \nt 

+  0.  2358+     28.  5«/ 

7—  6 

+   0. 2442+  25.  ^nt 

—  1.0804+     12.  o«/ 

7-  7 

—     0. 7700+     2.  $nt 

—  0.  0408+      0.  yit 
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I  la'WA 
2\  dy'  I 

ATs=i'g'+ig 

COS. 

sin. 

i'       i 

//                     // 

'/                It 

7-8 

— o.  1502—  i.9»/ 

—0.0597+   l.4n/ 

7—  9 

— 0. 0161 

—0.0134 

7— lo 

— 0.0013 

—0.0017 

8-3 

-f  0.0007—  o-  l8n/ 

— 0. 0040 —  0. 05«/ 

8-4 

— 0.4192+  I.  59»/ 

+0.  0961  +  12. 93«i' 

8-5 

—0.2288— 17.  2n/ 

— 0.  3266+  9. 6«/ 

8-  6 

-|-o.  22744-14.  o«/ 

— 0.  3831  +  15.  8ni 

8-7 

— 0.  5384-)-  9.  2«/ 

—0.  2^(A—\2.  tnt 

8—  8 

— 0.  1 121 —  0.  3»/ 

+0.3481—   l.4«^ 

8-9 

—0.  0539 

+0.  0721 

8— lo 

—0.0103 

+0. 0070 

9—  4 

— 0. 0280 —  0.  34«/ 

—0.0087+  0.  7i«/ 

9-  5 

— 0.0172 —  9.  4n/ 

—0.  3615 —  0.  8n/ 

9-  6 

— 0.  1782+   I.  6«/ 

+0.  0150+10.  znt 

9—  7 

— 0.  1926+11.  ini 

— 0.  1846 —  6.  2nt 

9-8 

—0.  1963—  5.  on/ 

+0.  2559—  6.  2nt 

9-  9 

+0.  1477—  0.  ynt 

+0.0952+  0.  "Jnt 

9 — lo 

+0.  0305 

+0.  0383 

9-u 

+0.  0023 

+0.  0072 

lo —  4 

—0.0019—  o-  '»' 

— 0.0018      0.  o«/ 

lo-  5 

— 0.5885+21.  o«^ 

+  1.  1161  +  14.0K/ 

lo —  6 

— 0.  2162+  0.  gni 

+0.  0804+  4.  tnt 

lo—  7 

— 0.0167+  S-  8«/ 

+0.  0979+  0.  2nt 

lo—  8 

— 0.  1329 —  I.  9«/ 

+0.0892—  7.  !«/ 

lo—  9 

+0.  1094—  2.8n/ 

+0.  1364+    I.  int 

lO — 10 

+0.  0634 

— 0.  0560 

lO— II 

+0.  0244 

— 0.  0109 

10 — 12 

+0.  0040 

+0.0001 

II-  5 

—0.  01 19+  0.  in/ 

+0.0073+   0.  2«/ 

n-  6 

— 0. 0627—  0.  7«/ 

—0.  0478+  0.  %nt 

II—  7 

— 0.0401+  i.7«/ 

+0.  0823+  0.  tjnt 

II-  8 

+0.0413+  0.  4«/ 

+0.0186—  i.2nt 

II—  9 

+0.  0329 —  3.  &ni 

+0.0870+  0.  3»^ 

II  — lO 

+0.  0846 

— 0.0411 

II— II 

-0.0173 

—0. 0374 

II  — 12 

— 0.0029 

—0.0137 

12—    6 

— 0.0216 —  0.  6nt 

—0.0551+  0.  2«/ 

12—    7 

— 0.  0326+  0.  ^ni 

+0.0228+  o.4K^ 

12—    8 

+0.  0423+  0.  ^n/ 

+0.  0342—  0.  %nt 

12-    9 

+0.0150 —   i.6n/ 

— 0.  0113 —  0.  5«/ 

12 — lO 

+0.  0539 —  0.  3«/ 

—0.0057+   i.Sw/ 

12 II 

—0.0082 

—0.  0495 

12—12 

— 0.  0209 

+0.0014 
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-im-^' 

ATg=i'g'+ig 

• 

gin. 

COS. 

i'      i 

// 

// 

//                     // 

0      0 

+0.000193+   o.2^o^nt 

0 —  I 

— 0. 029S 

—  22.ont 

+0.  1943     —     0.  T,nt 

+    0. 0336«V» 

+     0.  oo84«V2 

0—  2 

+0. 0065 

—    0.  ^nt 

+0. 0265     +     0. 9«/ 

-j-     0. 042IW'/'' 

—    0. 43ii«V» 

0—  3 

— 0.009 

+     o.dTit 

+0. 009       —     0.  T,nt 

+     0.  oo39«'/' 

—    0. 046o»«/2 

0—  4 

+    0.  ooo5«2/» 

—      0.  0042«V« 

0-  5 

0.  oooo«»/» 

—      0. 0002«»/» 

1+  2 

—0. 014 

—    0. 6nt 

+0.021       —     i.'jnt 

•+  I 

— 0.0360 

—     i.2nt 

— 0.0282     +     7.  i»/ 

I       0 

+0.  OIOI 

+     8.S2«^ 

—0.0018    +     S.43«' 

I —  I 

—0.0088 

—       2.  2I«/ 

— 0. 0084    —    0.  99n/ 

I —  2 

+0.  0073 

—  15.  9«/ 

+0.0055     +  21. 3«/ 

I-  3 

— 0.002 

—     2. 4n/ 

+0.  006      +     I .  gnt 

I—  4 

—0.004 

—0.003 

2+  2 

— 0.007 

—0.003 

2+  I 

—0.072 

+      2.4«^ 

—0.007      +    S-3»' 

2      0 

—0.  0337 

+  24.  5«^ 

+0.0571     —  20.  gnt 

2 —  I 

+0.0005 

—    6. 47«/ 

+0.0071     +  I7.25«^ 

2 —  2 

— 0.  oo6i 

+  17- 9«' 

+0. 0062    +  28.  me 

2-  3 

— 0. 001 

+  99.  6nt 

+0. 004      +  47.  ont 

2—  4 

—0.003 

+    9-7»t 

0.  000       +     4.  int 

3+  ' 

-j-o.  002 

—    4.3»' 

—0.  0;9      —    0.  2nt 

3      0 

-fo.  0050 

—  30.  one 

—0. 3992     +     2.  gnt 

3-  « 

+0. 0086 

+    I.  i6ne 

— 0.  0004     +     6.  40n/ 

3-  2 

— 0.0179 

—      4.  42«/ 

— 0.0165     —    0. 83«/ 

3-  3 

—0.023 

—   32.  2«/ 

—0.  032       +     3.  in/ 

3—  4 

— 0.  OOI 

—    6-  3»' 

—0.002       +   14.  5n/ 

3-  5 

—      0.  2«/ 

+     l.2nt 

4      0 

— 0.007 

+     0. 6«^ 

+0. 003       +     0.  int 

4-  I 

— 0. 0504 

+     3- 7'"' 

+0.  OIOI     +     6.  I3«/ 

4-  2 

—0.0016 

—    2. 7i»/ 

+0.0009     +     i-o8n/ 

4-  3 

— 0. 0329 

—    4. 6n/ 

+0. 0193     +     0. 4«/ 

4—  4 

— 0.04S 

+     2.int 

+0.  04s       +     9.  3«/ 

4-  S 

— 0.004 

—     4.  %nt 

+0. 005       +    0.  (ml 

S      0 

— 0. 001 

+  25.  2n^ 

— 0. 001       +     9.  i«/ 

s—  ' 

—0.0057 

+259.  yit 

—0. 0040     +  94.  bnt 

s-  2 

—0.01574s—    s.igont 

—0.038551+     2.342n/ 

5-  3 

-|-o.  0151 

— 1I4.S«/ 

— 0.  0092     +248.  int 

S-  4 

4-0.006 

—  62.  9«/ 

— 0. 046       —  26.  int 

S-  5 

-0.014 

—     8.  int 

— 0.013       —     2.  o«/ 

S-6 

—    0.  ^nt 

—     I.  ^nt 
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-i(^>*^ 

Arg=t'sr'-(-ijr 

sin. 

OOB. 

i'       » 

'>                 // 

// 

6—  I 

-f^.ooo4 

— 0.0032 

6-    2 

— o.  0038  —  0.  Tfmt 

— 0. 0035  +  0. 69W/ 

^3 

+0.0418  —  2.  99»/ 

— 0. 0297  —  3.  o6»«/ 

^4 

+0. 0092  +  0.  9«/ 

+0.0158  —  l.^Ht 

6-5 

— 0.005     —  o-  "»' 

0.000    +  i.2nt 

6—  6 

+0.001     —  0.  7«^ 

— 0. 004    —  0.  ^nt 

6-7 

■\-  Q.fmt 

—  0.  4«/ 

7—  2 

— 0.0061  —  o.yit 

— 0.  C013  +   O.fMt 

7—  3 

— 0. 0008  —  0.  84«/ 

— 0. 0081  +  0.  lom 

7—  4 

—0.2645  +17- 8n/ 

— 0.  2776  +22.  4«/ 

7-  5 

+0.  057    —  4.  2nt 

—0. 068  —  2.  ^H( 

7—  6 

4-0.006 

—0.007 

^3 

— 0.  0001  +  0.  o8«/ 

— 0.  0009  —  0.  09«/ 

8-4 

+0.  0765  -I-  0.  68n/ 

+0.0162  —  7.  75«/ 

8-5 

+0. 030    —  2.  9»/ 

—0.036    —  i.6«^ 

8-  6 

-|-o.  01 1          0.  ont 

+0.  003     —  0.  (ml 

9—  3 

— 0.  0002  +  0.  05 »/ 

— 0.0004  —  o-  low' 

9—  4 

+0.  0038  —  0.  \%nt 

— 0. 0011  —  0.  ^gnt 

9—  S 

+0.0023  —  3-8»/ 

—0.0377  +  o.3«/ 

9-6 

+0. 032     +  0.  2nt 

+0.  008     —  2.  2nt 

9—  7 

+0.001 

+0.003 

lo—  4 

— 0.00002+  0.  \%\ni 

+0.00006+  0.  036»«/ 

lo-  5 

+0.  1034  +26.  ont 

+0.  2050  — 16.  %ne 

lo—  6 

— 0.  007     +  2.  int 

+0.022     +    I.3n/ 

lo—  7 

— 0.  002     +  2.  Otli 

+0.015     —  o-  7"' 

II-  s 

+O.OOC5 

+0.0004 

11—  6 

+0. 0041  —  0.  ^tU 

—0.0031  —  0.  5»f/ 

II—  7 

+0.002     +  o.t^nt 

+0.  006     —  0. 4»t/ 

II—  8 

— 0.004 

+0.001 

12-   s 

+  0.  oznt 

+  o.Oint 

12—  6 

— 0. 0023         0.  ont 

+0.0066  +  0.  in/ 

12—   7 

+0.002 

+0.002 

If  we  now  add  the  three  portions  of  -^g^,  which  have  just  been  given,  we  shall 
have  the  value  of  this  quantity.  In  ^W^  we  give  h^  such  a  value  that  nSh  may  have 
no  term  proportional  to  t,  and  \  and  ^  are  so  assumed  that  the  terms  having  the 
argument  g  may  vanish.  For  this  it  is  found  necessary  to  put  A;i  =  -  o".4862  and 
hi  =  -o".8i7o.  In  integrating  the  terms  depending  on  the  arguments  S9'  —  2g  and 
log'  —  Aff  we  have  equated  the  motion  of  the  latter,  and  have  proceeded  in  a  way 
precisely  similar  to  that  followed  in  deriving  dW^  from  ST.     By  joining  the  first  order 
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with  the  second  order  terms,  it  is  found  that,  as  far  as  these  two  arguments  are  con- 
cerned, we  have 

d .  nSz  "  "  "  " 

„^f     =     [5-88438  +  o.oiooo896n«]  cos  (  5^'  _  2^)  -|-  [_  14.13462  +  o.oos96i6sn<]  siu  (  551'  —  zg) 

+  [0.16091  +  o.oooo4S37nt]  cos  {\og'  —  4(7)  +  [        0.17236  —  0.0000354271*]  siu  (103'  —  \g) 

Setting  aside  quantities  of  the  third  order  this  expression  can  be  replaced  bv  the 
following : 

2dt     "^     [{i.i8499i2)-(7.2i93i38)w<]  cos[  ^g' -  2g  J^    f^i  23  51.22  -  (6.8768938)Mt] 
+  [(9-37255     )  + (4-7058       )»*]  cos  [1051' -45- +  313     158       -(-(6.3858       )nt\ 

The  integrating  factors  for  the  equated  arguments  are  given  by 
log  //  =  1.8970002  log  /*  =  1.56699 

After  neglecting  certain  quantities  of  the  third  order  the  integrated  expression 
can  be  put  under  the  form 

nSz—     [473.7148 +  o.78567in<]  sin  (  S£f' —  2gr) -|- [     1111.0597  —  o.477o27m<]  cos  (  ig' —  2g) 
-I-  [     5.9424 -I- o.ooi673nt]  siu  {\og'  —  \g)-\-{—       6.3550  -|-  o.ooi3o8n«]  cos  (10^'—  4^) 

By  subtracting  the  corresponding  terms  of  «<5«,  found  in  Chapter  II,  we  get 

nS^z=     [51.3265 +  o.78s67int]  sin  (  s<7' —  2<;) -1- [     118.2806  —  o.477027mt]  cos  (  ig'—2g) 
+  [  6.9725  -(-  o.ooi673M<]  siu  (lojr'  —  \g)->r{—     7.3774  -h  o.ooi3o8n<J  cos  (lop'  —  4gf) 

If  we  add  the  two  portions  of  ^^^  we  have  the  value  of  this  quantity.  In 
integrating  we  are  obliged  to  derive  the  constant  term  oi  8v  from  another  equation. 
It  is  known  that  this  term  is  the  same  as  that  of  the  expression* 

3   ^_.\^\ftL^ 


-6C*''+fp;V+3C-T+r;  +  r 


lif^  is  equivalent  to  the  negative  of  the  sum  of  the  constant  terms  of  ^Wo, 
/«Wo\  ^^^  and  v^;  that  is,  Aq  = +o".ioi8.  It  has  already  been  stated  that 
jfcj=:  —  o".4862.  Ill  computing  the  constant  term  of  (— ^^ — *■  2'')  ^*'  ^®  necessary  to 
take  into  account  only  the  terms  corresponding  to  the  ten  arguments  having  the 
largest  coefficients.  We  make  use  of  the  expressions  for  ^^  and  v  given  in  Chapter 
II.  It  is  found  that  this  constant  term  is  +o".i22  5.  The  constant  term  of  v^  has 
already  been  found  to  be  -f  o".0498.     Thus,  the  constant  term  of  8v  is  +  ©".067 1. 
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The  values  of  nS'^z  and  8v  follow.     The  proper  number  of  decimals  has  been 
restored  to  the  coefficients  multiplied  by  nt  and  «^i^ : 


i«5=« 

Arg=i's'+i«? 

Bin, 

COS. 

i'       i 
0       0 

//              // 

//           // 

-f-.ooooo3i82«V» 
— .  00000041 5  3»'/' 

u—   I 

— . 2S6776«/ 

.  22627S«/ 

+.  oooo8703SnVi' 

— . oooi47259«V> 

0 —    2 

+0.  1531 — .  oo3io8«/ 

-|-o.  1 140 — .  oor]2T,nt 

+.  oooooi54i»»^2 

— .ooooo7i73»V' 

0-  3 

— 0.  0343—.  00007  5  n/ 

-f-o.  0307^.  oOfOat(>nt 

-f-.  ooooooo45«2/» 

— .  00000025I«V» 

0—  4 

+0. 0005—.  000002n/ 

+0.  0023 — .  0O0O02B/ 

-|-.OOOOOOOOI»V» 

— .  OOOOOOOIO«»/2 

■+  4 

— 0.0002 

+0.0001 

•+  3 

—0.  0043 

+0. 0026 

1+  2 

—0. 063 1     .  oooooon/ 

-|-0.  1032+.  000002W/ 

1+  I 

—0.  7000 — .  oooo34«/ 

— 0.  6043-I-.  oooi49«/ 

I       0 

—  I.  2437+.  001 7s8«/ 

+  i.ooS3+.oo2i30«/ 

I—  I 

— 0.  365 1  -f .  oooo49n/ 

— 0.  S446— .  oooo82«^ 

I—  2 

-|-o.  2285 — .  0O0269n/ 

+0.  1214-)-.  ooo269n/ 

—  3 

—0.  0216 — .  ooooi2n/ 

+0.  o6ii-|-.ooooo8»/ 

I-  4 

—0.0146 

— 0.  0104 

2+  2 

—0.  0107 

— 0.  0061 

2+  I 

— 0.  4225-I-.  ooooi6n/ 

— 0. 0440-)-.  ooooo9«/ 

2      0 

—2.  3423+.  000882B/ 

+4.  0897— .oooo56«/ 

2—  I 

— 0.  5817-f  .012769K/ 

— I.  4442—.  0203i9«/ 

2—  2 

—0.  1487+.  ooo424n/ 

+0.  2580 — .  oooo:3n/ 

^—  3 

— 0.  0194+.  ooii44n/ 

+0.  0727+.  ooo48o«/ 

2-  4 

— 0.  0265  + .  oooo48«/ 

— 0.0042 -|-.ooooi8«/ 

2-  5 

— 0.  0010 

— 0.0002 

3+  I 

+0.  0067 — .  oooooin/ 

—0.  0535      .  OOOOOOB/ 

3      0 

— 0.  0024—.  000052B/ 

— 3.  1601— .oooo84«/ 

3-  I 

— 2. 8597 — .  oo25o6«/ 

—2.2157— .oo3737»/ 

3—  2 

— 0.  0403 -|-.  oi863on/ 

— 0.  1725-I-.010703K/ 

3-  3 

— 0.  0712—.  000225«/ 

— 0.  o584+.oooi3i«/ 

3—  4 

— 0. 0301—.  O00026«/ 

— 0.  0015+.  OOOI49B/ 

3-  5 

—0.  0007  +  .  000002W/ 

— O.oii5+.ooooo6«/ 

4      0 

— 0.  0138 — .  OOOOOIB^ 

+0. 007S-I-.  oooooi«< 

4—  I 

—0.  6652—.  oooi35«/ 

+0.  i57i+.oooo3S«/ 

4—  2 

— 0.  1439+.  oo8464«/ 

+0.  2365+.  00007  IK/ 

4-  3 

— 0.  2 1404- .  001 1 97«/ 

+0. 0632—.  oo3658«/ 

4—  4 

—0.  0430+.  oooo59«/ 

+0.  03464-.  oooo44«/ 

4-  5 

— 0.  0038 — .  oooo44«/ 

—0.  0089+.  ooooo9»/ 

4-  6 

-(-0.  0056     .  oooooo«/ 

—0.  0015+.  OOOOOI«/ 
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«52« 

&.Tg=i'g'+ig 

• 

Bin. 

coa. 

i'      i 

//             // 

//                // 

S      0 

+  0.  ooi8+.oooii6»/ 

—    0. 0005 + .  oooo36n/ 

5 —  ' 

+  0.  1461+.  0O4996»/ 

—    0. 0482+.ooi397«/ 

S —  2 

+51.3265+.  78567 1»/ 

+  118.  2806—.  477027K/ 

S—  3 

—  S-73S5+-°H5S9«'' 

—     i.4i96+.o84928«/ 

5—  4 

—  0.  o745+.oooi88«/ 

—    0.  io6i+.ooo536«/ 

S-  5 

—  0.  CW87— .  000025«/ 

—    0.  0093+.  ooooi8«^ 

5—  6 

+  0.0037— .ooooo7«^ 

—    0.0016 — .  ooooi5«/ 

5—  7 

+    O.OOII — .  OOOOOIS/ 

+      0. 0O22+.O0000In/ 

6—  I 

+  0.0006 

+     0.0003 

6—  2 

+  o.0449+.oooo37«/ 

+     0.  0424 — .  oooogSn/ 

6-3 

+  o.6533+.ooio34«/ 

—     0.  5307—.  001204K/ 

6-4 

—  0.  O2i7+.ooo7i3«/ 

—     0.0132 — .  000307K/ 

6-  s 

+  0.  oo49+.oooo27«/ 

+     0. 0059+.000213K/ 

6-  6 

+  0.0029 — .  ooooo5«/ 

—      0.  OOI8+.  000002K/ 

6-  7 

+  0.  ooo7+.ooooo5«/ 

+     0. 0007 — .  ooooo6«/ 

7 —  2 

+  0.0160— .ooooo4«/ 

+     0.  oo84+.oooooi«/ 

7—  3 

—  0.  8276+.  00I403n^ 

—    2.  i955+.ooo509«< 

7—  4 

—  2.  8854+.  ooo694«/ 

—    2.7617 — .  000913H/ 

7—  S 

+  0.  o543+.oooi26«/ 

—    0.  io58+.oooi64»/ 

7-  6 

+   0.  0055 — .  0OO072B/ 

—      0.  OO27+.  000027n< 

7—  7 

—  0.  0006      .  OOOOOOW/ 

+     0. 0003 — .  000002«/ 

7—  8 

—  0.  0006+.  ooooo3«/ 

+      0.0003 — .  OOOOOI«/ 

8-3 

—  0.  249i  +  .oooiii«/ 

—     0.  1729— .000024«/ 

8-4 

+  2. 0006— .  oooo55n^ 

+    0. 4877+.  ooo425«/ 

8-s 

+  0.  2492+.  000 II 7«/ 

—      O-  3730+-  OiMO^Stlt 

8-  6 

+  0.0183— .oooo49«/ 

—    0. 0003 +.00005  5  «/ 

8-  7 

—  0.0005— .ooooi4«/ 

+     0. 001 8—.  oooo23n/ 

8-  8 

+  0.0005+.  OOOOOI«/ 

—    0.0009 — .  oooooi«/ 

9—  3 

—  0.  0098+ .  000002«^ 

+     0.0016     .ooooooni 

9—  4 

+  o.5369+.oooo4S«^ 

—    0.  1485+.  oooio5»< 

9-  S 

+    0.  020I  +  .OOOI02«/ 

—    0. 5507 — .  ooooo9»/ 

9-6 

+  0.  I4I3— .  0000097*/ 

+     0. 0404+ .  oooo44«/ 

9-  7 

+  0. 0041 — .  000025«/ 

+     0.  0040 — .  ooooi 7«/ 

9-8 

—  0. 0005 +.0000 1  o«/ 

—    0. 0005—.  ooooo9»/ 

10—  4 

+  6.9725+.ooi673»/ 

—    7-3774+-ooi3o8»^ 

10—  s 

+  I.  6120 — .000446K/ 

+      3.  IOI4+.  000292«/ 

10 —  6 

+  0. 1043+.  ooooo3«/ 

+      O.O235+.0O0O23«/ 

10—  7 

—  0.0048— .ooooi7n/ 

+     0. 0540    .  ooocxxmt 

10—  8 

—  0.  0002+.000004«/ 

+    0.0017 — .  ooooi4«/ 

10—  9 

0.  0000+ .  0OOOO2«/ 

+    0.  ooo9+.oooooi«/ 

II—  4 

+  0.0014 

—    0. 0049 

II-  5 

+  0. 084 1 — .  ooooo5«/ 

+      0.0563+.  OOOOI  I«/ 

II—  6 

+  0. 0634+ .  ooooo6«/ 

—    0. 05  20+ .  OQOoo6nt 
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A.TS=ig'+ig 

nS^z 

sin. 

COS. 

i'       i 
II-  7 

II—  8 

11—  9 

12—  5 
12—  6 
12—  7 
12-  8 
12 —  9 
12—10 

+0. 0184 — .  ooooo7»/ 

— 0.  0220   .  OOOOOOB/ 

— o.ooo3-f-.ooooos»/ 

+0.  0806+.  OOOOOIB/ 
+0.  0379+.  OOOOI  In/ 

-\-0.  0185 — .  000002W/ 

0.0159   .  OOOOOOB/ 

— 0.  OO44+.  000002«i' 
—0.  OOOI  +  .  oooooin/ 

4-0. 0412-f.  ooooo5«/ 
-)-o.  0031 — .  ooooo7«/ 
-f-o.  0001  ,  oooooon/ 

-|-o.  0047-I-.  00001 1«/ 
— 0.  0962-I-.  ooooo3n/ 
-(-0.  014S-I-.  ooooo2n/ 
-|-o.  01 16 — .  oooooin/ 
— 0.  0077—.  oooooin/ 
— 0.  0004 -|-.  ooooo2n/ 

5 

V 

Asg=i'g'+ig 

COS. 

sin. 

i'   i 
0   0 

-fo.  0671 — .  003098«/ 

-|-.  oooooo35o«'/2 

" 

0—  I 

-|-o.  0845— .  I285i4n/ 

-|-o.  o628-f-.  ii3ioi»/ 

-\-.  oooo43692n2/2 

-I-.  00007  3493»i'/« 

0 —  2 

+0.  1134— .  003i04«/ 

— 0.  o8S2-f-.  oo27i9n/ 

-f.  oooooi255n«/2 

-f-.  ooooo3929n«/» 

0-  3 

— 0.  0272—.  0001  ion/ 

—0.  0273-f-.  oooioon/ 

-)-.  00000005 1 n«/' 

f-.  00000021 7n2/2 

0—  4 

— 0. 0012 — .  ooooo5n/ 

— 0.  0032-f-.  ooooo4n/ 

-|-.ooooooo03n'/> 

-f-.oooooooi3nV2 

'+   2 

-1-0.  0544 -f.  ooooo3«/ 

-f-o.  0779-I-.  ooooo5n/ 

'+  " 

-)-o.  4368-f .  oooo25n/ 

— 0.  3703-f-.  0001  i8n/ 

I   0 

-f-o.  3004 — .  ooo46on/ 

-f-o.  2230-f-.  000502n/ 

.—  I 

— 0.  1165—.  000005  n/ 

-j-o.  i858-f-.oooo47n/ 

I —  2 

-|-o.  1 55 1 — .  0001 1 5n/ 

—0. 0836—.  oooogSn/ 

'—  3 

— 0. 0176—.  ooooion/ 

— 0. 0504 — .  ooooo4n/ 

I—  4 

—0.013s 

-1-0. 0086 

24-  2 

-f-o.  0126 

—0.0054 

2+   I 

-f-o.  3063—.  ooooi8»/ 

— 0. 0215-I-.  oooo37«/ 

2   0 

-f-1.0147 — .  oo047in/ 

-|-i.  7470—.  oooo7on/ 

2—  I 

— 0.0342 -f-.  001 342n/ 

-f-o.  1 80 1 -f-.  00200 in/ 

2—  2 

— 0.  0977-f-.  oooi79n/ 

—0.  i557-f-.oooo44«/ 

2—  3 

— 0.  0178-f-.  ooo503n/ 

— 0.0615 — .000202«/ 

z—  4 

— 0.  0237-)-.  000022«/ 

-f-o.  0027—.  ooooo7n/ 

3+  ' 

— 0.  005  3 -|-.  oooo2on/ 

— 0. 0585—.  oooooin/ 

3   0 

0.  oooo-j-.  ooo288n/ 

—I.  8i8o-f-.  ooooogn/ 

3-  ■ 

+o-  33S9+-  ooo465n/ 

— 0.  3171— .ooo509n/ 
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Sr 

Arg=«'j'+ij  - 

•  COS. 

sin. 

i'  i 
3—  2 

//       // 

— 0. 0209+ .  oo7833»^ 

-|-0.  0744 — .  0045 1  2«/ 

3—  3 

— 0. 0424+.  ooooi5»^ 

-f  0. 0310 — .  0001  ion/ 

3—  4 

— 0. 0253 — .  ooooo9»^ 

-f-o.  0015—.  000086K/ 

3—  S 

— 0. 0013+.  oooooin/ 

-|-o.  0105 — .  ooooo6n/ 

4   0 

-|-o.  0109 — .  000002«/ 

-j-o.  00524-.  000005K/ 

4—  I 

-|-o.  2265+.  oooo34»/ 

-l-o.  o5io-f-.  oooo78«/ 

4—  2 

— 0.  0340-I-.  ooi972»/ 

—0. 05 19-f-.  000048/!/ 

4-  3 

— 0.  I263+.000750W/ 

— 0.  035 1  -|-.  002262W/ 

4—  4 

— 0. 0232+ .  oooo40«/ 

— O.OII7-f-.00002I«/ 

4—  5 

— 0. 0036 — .  000029«/ 

-|-o.  0092—.  ooooo7«/ 

4-6 

+0.  OOS4 

-|-o.  0016 

5   0 

— 0. 0015 — .  000I30n/ 

— 0.  0012-)-.  000042B/ 

5—  « 

— 0.0688— .oo274i»^ 

—0. 0282-)-.  ooo8o3n/ 

5—  2 

-|-o.  0195—.  oo4003n/ 

-|-o.  0470 — .  oo3i99n/ 

5—  3 

— 2.86i7+.oo7ii3»/ 

-j-o.  701 1—.  042382K/ 

5—  4 

— o-  0779+-  ooo379«^ 

-|-o.  0663—.  ooo878«/ 

5-  5 

— 0. 0055 — .  000007B/ 

-|-0.  0076-1- .  000030B/ 

S-6 

-)-o.  0049 — .  ooooo7»/ 

-|-o.  0024-I-.  ooooi3»/ 

5—  7 

-|-0.  0013 — .  000002B/ 

— 0. 0026-)-.  00000 1 »/ 

6—  I 

—0.0008 

— 0.0015 

6—  2 

0.  0068+ .  000002»/ 

-|-0.  0096 — .  0OOO2IW/ 

^3 

+0.  2 1 34+. 0003 1 6n^ 

-|-o.  1756— .  000340W/ 

6-4 

— 0. 015S+.  ooo487n/ 

-|-o.  021 1-|-.  oooigSn/ 

6-  5 

+0. 0068+ .  000029/!/ 

-f  0. 0005 — .  0001 68«/ 

6-  6 

+0. 0017—.  000003^/ 

-|-o.  0010 — .  ooooo6n/ 

6-7 

+0. 0016+.  ooooo3n/ 

— 0. 0015-I-.  000004B/ 

7 —  2 

— 0. 0013+.  ooooo6n/ 

-|-o.  0035-I-.  ooooo4«/ 

7—  3 

— 0.  14214-.  oooi3i«/ 

+0.  2932 — .  oooo49n/ 

7—  4 

— I.  6456-1-.  ooo245»/ 

-f-i.  56934-.  000316K/ 

7-  5 

—0.  0026-1- .  oooo75n/ 

-|-o.  0782— .  OOOIOIW/ 

7—  6 

-f-o.  0047 — .  oooo62«/ 

+0. 0005—  000024«/ 

7—  7 

-)-o.  0004—.  ooooo3n/ 

—0. 0005 — .  000002n/ 

7—  8 

— 0. 0005 -|-.  ooooo2ni' 

— 0. 0007—.  oooooin/ 

8-3 

-)-o.  0492 — .  ooooi9«/ 

— 0.  0306 — .  ooooi2n/ 

8-4 

-|-0.  8527 — .  OOOOI2B/ 

— 0. 1940 — .  oooo77n/ 

8-5 

-f  0.  1871-I-.  oooo67«/ 

-fo.  2716—.  oooo35n/ 

8-  6 

-f-o.  0152—.  oooo4ln/ 

-\-o.  0067—.  oooo44«/ 

8-  7 

— 0. 0009 — .  ooooi6»/ 

— 0.  oo2o-|-.  00002  m/ 

8—  8 

-|-0.  0002 — .  OOOOOIB/ 

-)-o.  0002-t-.  ooooo2n/ 

9—  3 

-|-o.  0048 — .  oooooin/ 

— 0. 0002 — .  000002n/ 

9-  4 

-|-o.  i2374-.ooooo7»/ 

4-0.  0447—.  oooui3n/ 

9-  S 

-|-o.  0179-I-.  oooo36«/ 

4-0.  34024-.  ooooo2n/ 

. 
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V 

Arg— t's'+ij 

COB. 

sin. 

i'   i 

n                 II 

//     // 

9-  6 

+0.  1 1 13—.  ooooo8»/ 

— 0. 0281 — .  O00025n/ 

9-  7 

+0.  0052—.  00002S«/ 

— 0. 0034+.  oooois«/ 

9-8 

—0.  0006+.  ooooion/ 

0.  0004-(-.  OOOOIOB/ 

10—  4 

— 0. 0852 — .  oooi03«/ 

— 0.  i3o64-.oooo32»/ 

lo-  S 

-f  0.  8092+.  oooo49«/ 

—  I.  SS38+.  000029«/ 

lo-  6 

+0.  0942+.  OOOOI2»/ 

— 0. 0306 — .  oooo2Sn/ 

10—  7 

— 0.  0022 — .  ooooogn/ 

— 0.  0481-1- .  000002«/ 

10—  8 

— 0.  ooo6-|- .  ooooo4«/ 

— 0.  0030-!-.  ooooi3»/ 

10—  9 

0.  oono+.  ooooo5»/ 

— 0. 0001 — .  oooooyit 

II-  5 

-|-0.  0284 — .  000002»i' 

— 0. 01 70 — .  ooooo3«/ 

II-  6 

-|-o.  0423-I-.  OOOOOIW/ 

+0. 0323-f.  OOOOOIB/ 

II—  7 

-fo.  0139—.  000004K/ 

— 0. 0334 — .  OOOOOIW/ 

II—  8 

— 0.0192 — .oooooin/ 

— 0. 0034-I-.  ooooo7»/ 

II—  9 

— 0.  ooi  8  4- .  ooooo8«/ 

— 0.  0001 — .  oooooin/ 

12-  6 

+0. 0185+.  ooooosij* 

-(-0.  0445 — .  ooooo3«/ 

12-  7 

+0.  0140 — .  oooooiw/ 

— 0. 01 1 s — .  000002»/ 

12—  8 

— 0.  OI3I — .  000002B/ 

— 0. 0088-f .  ooooo3n/ 

12—  9 

— 0. 0035-I-.  000004K/ 

-|-o.  0089+.  oooooi«^ 

12 — lO 

—0.  0001   .  OOOOOOK/ 

-(-0.  0004 — .  ooooo3«C 

CHAPTER  XIII. 

CALCULATION  OF  THE  PORTION  OF  ST  NOT  FACTORED  BY  n't. 

We  have  now  to  go  through  the  same  processes  for  Saturn  as,  in  the  three  pre- 
ceding chapters,  we  have  gone  through  with  for  Jupiter.  In  determining  the  portion 
of  ST',  which  follows,  a  table  of  limits  for  the  retention  of  terms  for  each  argument 
zLy'  -\-  i'g'  +  ig  was  computed  from  the  formulse 


i'n'  -\-  in     (i'  ±  i )  w'  +  m 


X  o".ooo5 


and  only  those  combinations  were  retained  in  which  at  least  one  coefficient  exceeded 
this  limit.  It  has  been  deemed  advisable  to  give  separately  the  eight  products  whose 
sum  forms  5T' : 


A'l 

I'Sz' 

B%V  — 

c')  +  X'c' 

Y'nSz 

G'(»--c)               1 

ArK= 

sio. 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

O 

t' 

o 

i 

0 

// 

—0. 1065891 

" 

+0. 1095091 

// 

— 0.  01 18202 

" 

+0.  0118041 

—  I 

I 

o 

—0.  3380 

— 0. 043029 

+0.9159 

— 0.  100097 

— 0.  1120 

— 0.001867 

+0.  3291 

—0.001759 

—  1 

2 

0 

— 0.005 

— 0. 003 

+0.  288 

—0.275 

+0.002 

+0. 721 

+0.  061 

—0.309 

o 

I 

0 

— 0. 2784 

—1. 1850 

— 0.  5461 

+0. 9867 

-0.  2507 

-0. 4566 

-0.1331 

+0.  3765 

I 

o 

o 

+I.OI823I 

—0. 376723 

+0.  337326 

— 0. 723162 

+0.  320340 

--  0.  088791 

+0.  114485 

— 0.  1 901 84 

—1 

3 

0 

+0. 106 

— 0.  112 

+0. 026 

— 0.008 

+0.  050 

—0. 074 

+0. 047 

+0.018 

o 

2 

o 

-'•376 

+  2.281 

— 0.409 

+0.  555 

-^•352 

+0.  666 

—0.  103 

+0.  072 

I 

I 

o 

-|-2.  220 

—3-  923 

+0.571 

^.890 

+0.411 

— 0.  770 

+0.  084 

— 0. 105 

—I 

4 

o 

—0.008 

— 0.  207 

+0.  048 

+0. 032 

— 0.021 

—0.175 

o 

3 

o 

+0. 377 

+3-  904 

—0.  149 

^.183 

+0.044 

+  1.561 

—0.005 

— 0.022 

I 

2 

o 

— 0.  267 

—7.003 

+0. 047 

+0.  245 

— 0.019 

-1. 893 

+0.003 

+0.031 

— I 

s 

0 

—0.97 

+0.18 

o 

4 

o 

+  1.17 

— 0.  24 

+0.03 

0.00 

+0.9S 

—0. 18 

I 

3 

o 

— 0-713 

+0.298 

— 0.006 

—0.004 

—0.294 

+0. 120 

o— 

4— 

— 0.  ID 

— 0.02 

— 0. 12 

— 0.03 

— I — 

2 — 

—0.2s 

— 0.  20 

—0.  n 

—0.08 

— o- 

3— 

+O.OS 

+0.14 

+0-05 

+0.08 

— I— 

I — 

+S-  699 

—1.268 

—0.206 

+0.025 

+  1-7S7 

-0.  396 

— 0.031 

+0.001 

o— 

2 — 

-3.76 

+0.87 

+0.14 

— 0.  01 

-I- S3 

+0-3S 

+0.02 

0.00 

I — 

3— 

+0.46 

— 0.  II 

+0.29 

— 0.07 

— I 

o— 

+3-  321 

— 2.  701 

+0.  585 

— 0.602 

+0.  715 

—0.567 

+0. 080 

—0.083 
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A'n' 

Sz' 

B'{j''  — 

;')  +  X'c' 

F' 

nSz 

G'(y 

-0) 

Arg= 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

SID. 

COS. 

H      i'       i 
o —   I—    I 

—  2-373 

+1.807 

—0.441 

+0.  495 

—0.  680 

+0.  430 

II 

—0.091 

+0. 107 

I —    2 —    I 

4-  o.  229 

— 0.  272 

+0.068 

—0.  082 

+0.  no 

+0.  025 

+0. 023 

— 0. 036 

—  I          1—    I 

+    1-544 

-1-833 

+0.  457 

—0.  379 

+0.  369 

— 0.  473 

+0.078 

—0.143 

O         O —    I 

—  0.  956 

-f'-234 

—0-365 

+0.  423 

—0.  403 

+0.446 

—0. 058 

+0.  227 

I—    I—    I 

+  0.041 

— 0.  124 

+0.  082 

—0.174 

+0.  138 

— u.  143 

+0. 004 

— 0. 108 

—  I          2—    I 

-  0-  2334 

— 0.  6170 

+0.  3490 

+  1.3286 

+0.  2540 

+0.  9889 

—0. 1740 

-0.8917 

0          I—    I 

-  °-  193 

+0. 198 

-0.  147 

— 0.  189 

— 0.  204 

—0.781 

+0. 197 

+'•037 

I          O —    I 

+  0.  106 

-fo.  200 

—0.  239 

-1-342 

+0.006 

+0.  076 

—0. 104 

— 0.  497 

—  1       3—  I 

+  0.  4920 

— 0.  0761 

—0.  0679 

+0.2581 

— 0.  2312 

-0.  2533 

+0. 2597 

+0.  2936 

O         2 —    I 

+  0.0391 

— 0.  3377 

-0.  3581 

— 0.  2419 

+  0.  I2I2 

+0.  1052 

— 0. 3089 

— 0. 3249 

I          I—    I 

+  0.7886 

+0. 6734 

+0.  5047 

+0.  0995 

+  0.0591 

+0.0750 

+"-  «S32 

+"•  »772 

—  I       4—  I 

-j-  0. 0283 

— u.  0704 

+0.  3058 

+0.  1 104 

— 0.  0986 

+0.  0204 

+0. 0549 

+0. 0067 

o      3-  ■ 

+  2.6870 

+0.  2307 

-^.0576 

—0.7217 

— 0.  1070 

— 0.  1974 

— 0.  1688 

— 0.  0505 

I          2 —    I 

+  0-S773 

+0.  7208 

+ 1  ■  6494 

+0.5672 

+0.4009 

+0.  2232 

+0.  1629 

+0.0441 

-I      5-  I 

+  0.003 

— 0. 058 

— 0.  091 

+0.  025 

—5.  161 

+0.  886 

— 0.  098 

+0.  104 

o       4—   I 

+ 10. 082 

-1.976 

+0.431 

— 0.065 

+4.  118 

— 0.  677 

+0.  Ill 

— 0. 108 

'       3—  I 

—  '-5994 

40.  3047 

—0.  3264 

+0.  0360 

—0.  3432 

+0.  0126 

—0. 0557 

+0. 0386 

—  I       6—  I 

~   0.073 

—0.043 

+0.  002 

— 0.  001 

+0.031 

4-0.015 

o      5-  I 

—  0.004 

+0.009 

—0.016 

+0.008 

0.  000 

0.000 

I        4—   I 

+  0.313 

— 0. 122 

+0.  014 

-0.007 

+0.  125 

— 0.  045 

+0.004 

— 0.002 

—I      7—  I 

—  0.004 

— 0.  021 

— I —    I—   2 

+  0.  22 

—0.38 

+0.09 

-0.16 

O —    2 —    2 

—  0.  18 

+  0.  18 

— 0.  10 

+0.  10 

I—    3—    2 

+  0.03 

— 0.02 

—  I          O —    2 

+  1-87 

+3-95 

— 0.05 

—0.17 

+0.61 

+  1-3' 

0—    I—    2 

—  1. 41 

-2.88 

+0.03 

+0.  12 

—0.57 

—1.19 

I —    2 —    2 

+  0.23 

+0.49 

+0.  12 

+0.27 

—  I           I—    2 

+  2..93 

+2.  21 

+0.49 

+0.31 

+  0.66 

+0.52 

+0.  06 

+0.05 

O         O—    2 

—  2.25 

—  1.70 

-0.39 

—0.24 

—0.66 

— 0.  50 

—0.07 

—0.05 

I—     1—    2 

^  0.37 

+0.23 

+0.08 

+0.05 

+  0.13 

+0.08 

+0.01 

+0.  01 

—  I          2—    2 

+  1-977 

+  1.000 

+0.451 

+0.  271 

+0.512 

+0.  249 

+0.  107 

+0.013 

O          1—2 

—  1.463 

— 0.  706 

—0.  379 

— 0.  200 

—0.  479 

— 0.  219 

—0.  119 

—0.018 

I          O —    2 

-|-  0.  21 

+0.05 

+0.09 

— 0.  03 

+0.09 

+0.03 

+0.01 

0.00 

—  I          3—    2 

+  0.  766 

+  0.  125 

—  I.  500 

+0.75' 

— U.009 

+0.  088 

+0.069 

—0.006 

O         2 —    2 

—  0.  5 1 1 

— 0. 052 

+  1.361 

—0.686 

—0.273 

+0. 046 

— 0.312 

+0. 113 

I           I —    2 

+  0.032 

—0.028 

— 0.  021 

+0.  022 

+0.  359 

-0.136 

+0.  327 

— o.  137 

-1          4—    2 

+  0.  1255 

-0.  3283 

—0.  4340 

— 0.  2016 

— 0. 0636 

+0. 0545 

+0. 0266 

-0.1177 

o      3-2 

+  0.294 

+  1-536 

-ro.  453 

+0.  429 

+0.  129 

+0.416 

+0. 020 

+0.  173 

I          2 —    2 

—  0.  248 

+0.  247 

—0. 076 

— 0.  031 

— 0,  127 

—0.571 

—0.059 

— 0.  130 

-I         5-   2 

+  0.  09308 

+0.  87656 

+0. 09341 

— 0.  96932 

+0.11520 

-0-  73773 

— 0. 09099 

+0.71614 

O        4—2 

+  0.0757 

— 0.  1 189 

—0.0007 

— 0.  0308 

— 00515 

+0.  6485 

+0.0918 

-0-  8377 

'       3—  2 

—  0.3124 

-1.6932 

— 0. 1003 

+ 1- 0233 

-0. 0423 

— 0.  1092 

— 0. 0299 

+0.4125 

-I         6-   2 

+   1-47830 

-3-233'3 

— 0.01846 

-i-o.  02240 

— 0.00039 

— 0.00314 

+0. 00594 

+0. 00330 

0        S-    2 

—  0.  0843226 

—0.0616656 

+0. 0460054 

+0.  0836682 

+0.0010169 

+0. 0091938 

—0. 0069360 

—0.0089510 

I         4—   2 

^   1.29547 

-^3.  02602 

— 0. 05540 

— 0. 12780 

—0. 00279 

+0.01556 

+0. 00668 

— 0. 02291 

—  I           7—    2 

+  0.850 

-f-o.  483 

+0.003 

+0.003 

— 0. 004 

— 0.004 

+0.004 

0.000 

PORTION  OF  ST'  NOT  FACTORED  BY  THE  TIME. 


297 


A'n'Sz'                 1 

B'{y'  —  c' 

)  +  XV 

F'nSz                 1 

G'(v- 

-0) 

Arg= 

xy'+i'g'+ig 

sin. 

COS. 

.sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

K      i'     i 
0      6 —  2 

—0.  2755 

—0. 1396 

— 0.  0070 

— 0. 0085 

// 
+0. 0025 

+0.0034 

— 0. 0028 

— 0.0027 

I       5-  2 

—0. 00363 

— 0. 00284 

+0.00553 

+0. 00452 

+0.00231 

— 0.00128 

— 0.00030 

+0. 00247 

-I      8—  2 

+0.  177 

— 0. 010 

+0.001 

0.  000 

0      7 —  2 

-0.095 

+0.008 

0.000 

— 0. 001 

I      6 —  2 

+0.003 

— 0.002 

+0.003 

0.000 

—1      9—2 

-f  0. 022 

— 0.015 

0      8—2 

— 0.014 

+0.009 

—I      0-3 

+0-43 

+0.  16 

+0.17 

+0.06 

0—1-3 

—0.25 

-0.17 

—0.13 

—0.08 

1—  2—  3 

-1-0.04 

+0.03 

—  I       I—  3 

-2.38 

+1.90 

+0-13 

—0.07 

—0.85 

+0.65 

0      0—  3 

+  1.85 

-1.50 

— 0. 10 

+0.05 

+0.78 

— 0.  62 

I—  I—  3 

-0.37 

+0.29 

—0.  19 

+0.15 

—  I       2—  3 

—1.17 

+2.62 

-0.13 

+0.38 

— 0.  30 

+0.65 

— 0.02 

+O.OS 

0       1—3 

+0.95 

—2.  12 

+0.  12 

-0.32 

+0.28 

—0.62 

+0.02 

—0.05 

I       0—  3 

-0.  IS 

+0-39 

— 0.03 

+0.07 

— 0.  05 

+0.14 

-I      3—  3 

— 0.42 

+  1.84 

— 0. 19 

+0.44 

— 0.07 

+0.50 

0.00 

+0.13 

0      2-3 

+0.30 

-1.45 

+°-23 

—0-39 

+0.02 

—0.44 

— 0.02 

—0.08 

'       I—  3 

—0.02 

+0.23 

— 0.  03 

+0.07 

+0.06 

+0-05 

+0.02 

—0.  01 

-I      4-  3 

-|-o.  060 

+0.  572 

-0.783 

— 0.  966 

—0.145 

—0.125 

—0.302 

—0.419 

0      3-3 

4-0.01 

—0.27 

+0.58 

+0.70 

+0.53 

+0.76 

+0.64 

+0-9S 

I      2—  3 

+0-03 

+0.09 

-U.03 

— 0.  04 

—0.58 

— 0.91 

— 0.  60 

—0.87 

-I      5-  3 

—1.062 

+0.  528 

— 0.  204 

—0.  372 

— 0.  209 

+0.071 

+0.  Ill 

+0. 036 

0      4—3 

+0.604 

—0.263 

+0.271 

+0.313 

—0.  078 

— 0.  152 

— 0. 271 

— 0. 096 

I       3—  3 

— 0.021 

—0.007 

— 0.069 

—0. 032 

+0.  323 

+0.155 

+0-  279 

+0. 132 

-I      6-  3 

— 0.  157 

+0.529 

+1.724 

— 0.  207 

—0.  203 

+0. 138 

+0.098 

— 0. 016 

0      5-  3 

—2.  364 

— 0.060 

-2.  123 

+0-  237 

+0.004 

— 0.069 

—0.067 

-j-0.006 

>      4—  3 

+0. 020 

— 0.061 

+0.  247 

-0.025 

+0.062 

+0. 036 

— 0.  024 

— 0. 001 

-I       7-  3 

+  1-1923 

—0. 5863 

+0.0136 

— 0.  0131 

+0.  2669 

-0.  1755 

— 0.0212 

4-0. 0144 

0      6—3 

-8.  529 

+5-  648 

+0. 043 

—0.  084 

—3-448 

+2-391 

+0.069 

— 0.064 

I       S-  3 
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— 0.  24 

— 0.  20 

— 0.03 

+0.  18 

— 0.07 

0.00 

0     II —  9 

-|-o.  22 

+0.  21 

+0.03 

— 0.  16 

+0.08 

+0.02 

-I     13-  9 

— 0.  60 

—1-57 

+0.04 

+0.14 

— 0.  19 

-0.52 

0    12 —  9 

+0.47 

+  1.29 

—0.06 

-0.13 

+0.18 

+0.51 

I     II —  9 

— 0.09 

— 0.  24 

— 0.04 

— 0.  12 

—I     13—10 

— 0.02 

—0.13 

—0.  u 

0.00 

—0.06 

—0.08 

0    12—10 

0.0 

+0.2 

+0.1 

0.0 

Arg= 

xy+i'g'+ig 

C 

'£ 

cos  i' 

E'  "''., 

COS  »' 

H'   ". 
cost 

sin. 

COB. 

sin. 

COS. 

sin. 

COB. 

sin. 

COB. 

X        »'         t 

000 

" 

—0. 0023032 

" 

—0.0000019 

" 

+0.  0000019 

" 

+0.0000013 

— I      I      0 

-f-o.  001 1 

+0. 001441 

— 0.0006 

+0.000003 

0.0000 

— 0. OOOOOI 

+0.0001 

0.000003 

— I      2     0 

— 0.016 

+0.033 

010 

+0. 0372 

—0.0677 

—130 

— 0.012 

— 0.024 

020 

+0. 026 

+0. 052 

I      I      0 

— 0.  on 

— 0.029 

—140 

+0.004 

+0.008 

030 

— 0.009 

— 0.015 

I      2     0 

+0.004 

+0.007 

— I      0 —  I 

+0.004 

+0.009 

0 —  I—  1 

— 0.002 

— 0.020 

I —  2  -  I 

— 0.004 

+0. 010 

—I      I—  I 

+0.008 

+0.092 

0     0—  I 

— 0.004 

— 0. 114 

I —  I —  I 

— 0.002 

+0. 049 

—I      2—  I 

—0.  1625 

—0. 7965 

0      1—  I 

+0.  321 

+1.601 

I      0—  I 

—0.  165 

—0.808 

—I      3—  ' 

+0.0124 

— 00553 

0      2 —  I 

— 0.  0294 

+0. 0870 

— 0.0002 

— 0.0002 

I      I —  I 

+0.0218 

— 0.0095 

—I      4—  I 

+0.  0017 

—0. 0069 

0      3-  I 

—0.0077 

+0. 0146 

I      2 —  1 

+0.0039 

-0.0055 

-1     s-  ' 

+0.  034 

— 0. 029 
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Arg= 

c'«£ 

D'"'., 
cos  I 

-'E^ 

H'cosi 

sin. 

COS. 

sin. 

COS. 

sin 

cos. 

sin. 

COB. 

' 

X 

i'      i 

" 

" 

" 

// 

" 

// 

// 

o 

4—  I 

—0.073 

+0.063 

I 

3—  ' 

-|-o.  0362 

—0.0313 

o 

5-  I 

+0.004 

— 0.  003 

I 

4—    I 

—0.004 

+0.003 

o 

0 2 

+0.02 

0.00 

— I 

■J. —    2 

—0.159 

— 0.023 

o 

I —    2 

+0. 268 

+0. 076 

I 

0 —    2 

-013 

—0.06 

— I 

3—  2 

+0.631 

—0.29s 

o 

2—    2 

—  1. 259 

+0-  573 

I 

I —    2 

+0.  638 

—0.279 

— I 

4—  2 

+0. 1033 

+0.  H64 

o 

3—  2 

^.183 

—0.  241 

I 

2 —    2 

+0. 069 

+o-  135 

—I 

5—  2 

+0.00157 

+0. 01056 

— 0.00006 

+0.00019 

+0.  00003 

+0.00001 

— 0.  OOOOI 

+0.00012 

o 

4—   2 

0.0000 

—0.0180 

I 

3—  2 

—0.0037 

+0. 0048 

-« 

6—    2 

+0.  00095 

+0.  00130 

+0.00031 

+0.00061 

—0.00007 

— 0.  00014 

+0.00009 

+0.00014 

o 

5—  2 

— 0. 0017004 

—0.0020128 

— 0.  0001555 

-  0.  0002744 

+0.0001 140 

+0.0002169 

— 0.0000312 

— 0. 0000223 

t 

4—  2 

+0.00080 

+0.  00049 

—0.  OOOIO 

-0.00019 

— 0.00007 

—0.00014 

— 0.00007 

— 0.00013 

o 

6—    2 

+0.0006 

+0.0018 

I 

S—    2 

+0.0015 

— 0.00080 

— 0.00004 

— 0.00002 

— 0.00002 

— 0.  OOOOI 

—0.00004 

— 0.00002 

— I 

3-  3 

+0.14 

— 0.06 

o 

2-  3 

—0.28 

+0. 10 

I 

I-  3 

+0.13 

—0.07 

—  I 

4-  3 

^.236 

— 0-351 

0 

3-  3 

+0.50 

+0.70 

I 

^-  3 

— 0.  26 

—0.36 

— I 

S-  3 

— 0.  124 

— 0.072 

o 

4—  3 

+o-  234 

+0.128 

I 

3-  3 

—O.I  15 

—0.048 

— I 

6-3 

—0.037 

+0.010 

o 

S-  3 

+0.068 

— 0.018 

I 

4—  3 

— 0.  031 

+0.  012 

— I 

7-  3 

+0.0157 

—0. 0381 

o 

^3 

—0. 031 

+0. 076 

I 
—  I 

S-  3 
8-3 

+0. 020 
+0.0021 

— 0.  041 
^.0022 

o 

7-  3 

—0. 0038 

+0. 0029 

I 

6-3 

+0.0014 

0.0000 

o 

8-3 

— 0.0007 

+0.0001 

I 

7-  3 

+0.0002 

0.  ooon 

— I 

5-  4 

+0.17 

— 0.  19 

o 
I 

4—  4 
3—  4 

— <5-34 

+0.  20 

+0.39 
— 0.  21 
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Arg= 
Hy'+i'g'+ig 

fto 

COB  »' 

E'  "''., 
cos »' 

H'   "  . 
cos  » 

• 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

cos. 

X      i'     i 

'/ 

.. 

,1 

II 

H 

/' 

// 

II 

— I       6—  4 

+0.02 

— 0. 10 

0      5—4 

-o.os 

+0.23 

1       4—  4 

0.00 

—0.  II 

—  I       7—  4 

— 0.009 

— 0.024 

0      6 —  4 

+0. 018 

+0.064 

—I       8—  4 

—0.008 

—0.003 

0      7—4 

+0.017 

+0.005 

I       6 —  4 

-0.008 

— 0.002 

—I       9—4 

—0.002 

+0.001 

0      8—4 

+0.004 

— 0.  002 

— I     10 —  4 

— 0.00041 

+0. 00030 

— 0.00005 

+0.00001 

0      9—4 

+0.0005 

— 0.0007 

—I     II—  4 

0.00000 

+0.00006 

0     10 —  4 

+0.000013 

— 0. 000131 

+0.000003 

— 0.000004 

— 0. OOOOOI 

+0.000004 

-I       6-5 

+0.  12 

+0.08 

0     s—  S 

— 0.  26 

— 0. 14 

I      4—  5 

+0.  II 

+0.06 

—      7—  S 

+0.05 

0.00 

0      6—  S 

—0.14 

0.00 

I       5-  S 

+0.03 

— 0. 01 

0      7—  s 

— 0.02 

+0.01 

-I      7-6 

— 0.  01 

+0.04 

0      6—6 

+0.03 

— 0. 14 

0      7 —  6 

— 0.01 

— 0.05 

CHAPTER  XIV. 

CALCULATION  OF  THE  PORTION  OF  ST  FACTORED  BY  n't. 

In  determining  the  part  of  ST'  having  the  factor  n't  a  degree  of  precision  200 
times  greater  than  that  used  in  deriving  the  part  not  multiplied  by  n't  has  been 
employed.  In  the  following  table  the  factor  n't  has  been  omitted,  and  to  avoid  multi- 
plicity of  zeros  all  the  coefficients  have  been  multiplied  by  loooo: 


A'n 

Sz' 

B' 

y' 

F'nSz 

G 

V 

Arg= 
xy'+i'g'+ig 

sin. 

COS. 

ain. 

008. 

sin. 

OOB. 

gin. 

COS. 

H       i' 
0       0 

i 
0 

// 

—  14.2442 

" 

+    18.8373 

" 

/' 

// 

// 

— I        I 

0 

+    3-47 

-H  44-0178 

—     2.39 

—   26.0598 

+     2.93 

+ 

3-5127 

—     2.91 

—  4.8233 

—  1        2 

0 

+  87.61 

+  '39- 28 

+  107.14 

+  174.06 

—  13.46 

- 

7.66 

+  103.02 

+  60.93 

0       I 

0 

-    2.63 

—     3-45 

+     2.17 

+     3- 04 

+  158-75 

+ 

93-79 

—217.88 

-128.93 

I       0 

0 

+  83.0235 

+  132.8585 

— 110.  8643 

—177.  1608 

—  198.  3620 

—  I 

17.4360 

+  187.1815 

+111. 0051 

— »      3 

0 

+  43.3 

+  :8.6 

+  37-0 

+  14-5 

+     6.8 

2.  ;i 

+   16.8 

+     1-4 

0      2 

0 

—  14.  0 

-    5-3 

—  16.  9 

-    70 

+     0.8 

+ 

5-5 

—  19.  I 

—    S-o 

I       I 

0 

+     I- 13 

+     1.82 

—  12.41 

—    7.22 

—     1-99 

— 

1.58 

+     0.62 

+    0.43 

—  I      4 

0 

+     8.8 

—      1-4 

+    6.0 

—     '-4 

+     i-i 

— 

'•5 

+     1.8 

—    2. 2 

0      3 

0 

—    4.4 

+        1.0 

-     3-6 

+     0.8 

—    0.9 

+ 

1.  1 

-     «-9 

+    0.8 

I       2 

0 

—    03 

0.  0 

—     '5 

—     0.  1 

—     0. 2 

- 

0. 1 

—    0. 2 

0.0 

-'       5 

0 

+     «-o 

—     0.9 

+     0.4 

—     0.4 

+     0.1 

0-3 

+     0.1 

—    0-3 

0      4 

0 

-    0.5 

+     0.5 

—    0.4 

+     0.4 

0.  0 

+ 

0-3 

—     0. 2 

+    0.2 

>      3 

0 

—    0.  I 

0.0 

—    0. 1 

+     0.1 

—  I—  I— 

—    0.  2 

—     0.  I 

0.  0 

+     i-o 

—     0.  I 

+    0.3 

0 —  X  — 

—    0-3 

+     0.1 

0.0 

+     0.6 

—    0.  1 

+    0.2 

J-  3- 

+    0.3 

—     0.9 

—    0.  1 

-     1-9 

—    0.  I 

— 

0.  1 

+     0.4 

-    0-7 

— I      0 — 

-  12.4 

—     7" 

-     «-3 

+    6.9 

+     2.4 

— 

1.4 

—    4-3 

f    4-9 

0—  I— 

-    6.4 

—    2. 2 

+    6.7 

+     2.3 

—     »-9 

+ 

1.2 

+     4.1 

-    0.6 

I—  2 — 

+     3-7 

—     1-4 

-    6.3 

—    9-4 

+    0.1 

— 

0.  1 

—     1. 2 

-    4.1 

—  I       I  — 

+  7S.7 

+   26.4 

+337-2 

+  124.8 

+    0.9 

+ 

0.6 

+  12.8 

+  «4.2 

0      0 — 

-458.  7 

—168.2 

—402.  9 

—147-7 

I—  I— 

—    0.6 

—     0.6 

+  44-9 

+  16.2 

+    0.3 

+ 

0.2 

-  13-6 

—  14.8 

—  I         2 — 

—  64.  24 

+  44.10 

+  70.56 

—  16.26 

—  10.  25 

— 

9-42 

+  12.56 

+    5-47 

0         I  — 

-    8.75 

--  32- 47 

-  71-87 

+     5-80 

+  36.08 

+ 

22.05 

-  23. 14 

—  18. 15 

I         0 — 

+    6-5 

—    0.6 

+     8.7 

—     i.o 

-  37-0 

— 

22.4 

+  18.8 

+  17.3 

—I      3- 

+  46.223 

—  41.866 

—252.  421 

+239.612 

-28.371 

+    78.  277 

—  15.666 

+  48.  784 

0      2— 

—348.  270 

-327-  391 

+301.613 

—290.  252 

+  24.  222 

— 

63- 753 

+  n.406 

-38.69s 

I       I — 

+    0.85 

+    0.63 

—  34-  03 

+  32-33 

-    2.72 

+ 

6.89 

-    0-57 

+      1-72 
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A'n' 

Sz' 

BV                   1 

F'« 

Sz 

GV                    1 

Arg= 

My'+fg'+ig 

sin. 

COS. 

Btn. 

008. 

sin. 

008. 

sin. 

COS. 

X      i'      i 
—I      4—  ■ 

+    9-31 

11 

f  64.27 

II                                        II 

—  22.47       +  72.12 

II 
+     3.33 

f    24.01 

-1-     4.84 

II 

f  15.94 

0      3—  J 

—  37.  649 

—    4. 062 

+  28.  187     - 

-  59- "7 

-     2. 695 

—   21.  198 

-     4-05'      - 

-  '3-379 

I      2—  I 

+     5-859     - 

-    3-747 

+     0.727     - 

-    2.613 

+     '-095 

+       '-782 

+     0. 907 

\-     0. 408 

-I      s-  I 

+    9-3 

+  17-4 

+    3-5 

-|-  12.0 

+     2.7 

+    3-6 

+     2.8         ■ 

f     2. 2 

0     4—  I 

—    8.76 

-    8.78 

-    1.67      - 

-9-44 

—     2. 42       ■ 

-    3-39 

—     Z.4I 

-     1-93 

I      3-  I 

+     I." 

+     0.50 

+    0.22 

-    0.89 

+     0-40 

+    0.13 

+     0.27 

—    0.09 

-I      6—  I 

+    3-' 

+     2.1 

+     1.6 

+     i-i 

+     0.6 

+    0.4 

+     0.6 

0.0 

0      5—  I 

—    2.3 

-     «-4 

—    1. 2 

-0.8 

-     0.6 

-0.3 

-     0.5 

—    0.  I 

I      4—  I 

+    0.2 

—     0.  I 

0.0 

—    0.  I 

-I      7-  I 

+     o.S 

+     0.1 

+    0.2 

0.0 

+     0.7 

+    0.3 

+     0.7 

—    0.  I 

0      6—  I 

—    0.4 

0.0 

—    0. 1 

0.0 

—    0.  I 

+    0.1 

—     0.  I 

+     0.1 

—I       0—2 

—    0.8 

—     0.4 

—    1-7 

—    0.  I 

0.0 

+    0. 2 

-0.3 

0.0 

0—  I —  2 

—     I 

0 

+     I 

+     2 

I—  2—  2 

+     « 

0 

—1       I—  2 

+  32.0 

+   15-2 

+    9-2 

+     3-6 

+      4-2 

—    4.0 

+     2.3 

-5.3 

0      0 —  2 

-52.8 

-  17.6 

-  27.7 

-  12.8 

I—  I—  2 

+     0.2 

—     0.  I 

+  II.  I 

+     «-o 

—    0.  I 

—     1.6 

+      3-2 

—    2.4 

—I       2—  2 

+  53-2 

-327-  9 

-  33-5 

+231.6 

—  10. 0 

+  "S 

-  69.5 

+  97-3 

0         I—   :i 

-  32- 2 

+  179.2 

+  19- « 

—152-4 

+  111.8 

—146.4 

+  146.  0 

—206. 6 

I         0—   2 

+    2.2 

—  10.  2 

+    0.9 

—    0-5 

—  139.0 

+  184.1 

—124.9 

+  '77-9 

-I       3-  2 

—  14.6 

-141.  7 

+  24.9 

+  79-5 

+     0.9 

-    2.5 

—     '-4 

+  '9-3 

0        2—2 

-  "5 

+  "9-4 

+    0.4 

—  73-6 

+    5-7 

—    3-9 

+     6.5 

—  21.0 

I         I—   2 

—    4.1 

-    4-« 

—    2.6 

+      9-2 

—     '-7 

+    2.6 

—    0. 2 

+       '-0 

—  I         4—   2 

—293. 69 

—212.79 

—179-32 

—  '23.93 

—  80.05 

—  '0.97 

—  44-  37 

-    3-65 

0      3—2 

+  162.6 

+  122.7 

+  "7-4 

+  77.5 

+  70-4 

+    8.8 

+  38-0 

+     2.5 

I         2 —   2 

-9-7 

—     6.0 

+     1-4 

+    0.6 

-    12.8 

—     '-4 

-    5-8 

-0.9 

-I         5-   2 

—  139.230 

—  16.  103 

—  76.712 

—     3-  260 

—  28.  507 

+  10.214 

—  16.302 

+    8.259 

0       4—2 

+  92-09 

+  'i-So 

+  56-70 

+     2.86 

+  26. 12 

-     9.22 

+  14.49 

-    7-30 

I          3—    2 

-    5- 87 

+     2.05 

—     1.02 

+     2.84 

-    3-57 

+     2.23 

-     '-55 

+     '-44 

—  I       6 —  2 

-  3°-  975 

+  13-247 

-  14.433 

+     8.550 

—    4.644 

+    5- '63 

—    2.281 

+     3-  959 

0      5-2 

+  22.75472 

—    9.41055 

+  11-54684 

—    6.59174 

+     4-4'582 

—    4-79203 

+    2. 1040S 

-    3-58718 

I       4—  2 

—    0.950 

+     '-643 

+     0. 222 

+     1. 010 

—    0. 322 

+    0.839 

—    0.018 

+    0.526 

—I       7—  2 

-    3-82 

+    S-14 

-     i-3« 

+     2.66 

—    0.27 

+    1. 21 

+    0.04 

+    0.93 

0      6 —  2 

+     3- 02 

-    3-96 

+     I.  10 

-    2.18 

+     0.29 

—    1. 16 

—    0.07 

—    0.86 

1      5—  2 

-|-    0. 050 

+    0-413 

+    0.  157 

+    0. '57 

+     0. 040 

+    0.151 

+    0. 067 

+    0.083 

-I      8-  2 

—    0. 2 

+     >-o 

+    o-« 

+    0.4 

0.0 

+    0. 2 

+    0.1 

+    0.1 

0      7—  2 

+    o-« 

-    0.7 

—    0. 1 

—    0.4 

0.0 

—    0.2 

—    0. 1 

—    0.1 

I      6-  2 

+    0.05 

+    0-05 

+    0.03 

0.00 

+    0.02 

+    0.02 

+    0.02 

0.00 

-I       I-  3 

+    3 

+    * 

0 

—    1 

+  « 

—    I 

+     I 

0 

0      0—3 

-    4 

—    I 

—    2 

0 

I—  I—  3 

+     « 

+    « 

—I      2—  3 

—    7 

—  II 

+    4 

+    6 

—  10 

+    9 

-    5 

+     8 

0      1—3 

0 

+    7 

0 

-    5 

+  28 

-  35 

+  16 

—  22 

I      0—  3 

+     ' 

+    > 

-  27 

+  37 

-  «S 

+  23 

—I      3-  3 

+285.4 

—  19.8 

—183.6 

+  n.6 

+  75-7 

+  35-4 

-47.2 

—  20.6 

■ 
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A'n 

Sz' 

B 

V' 

F'nSz 

G 

V 

Arg= 

sin. 

COS. 

sin. 

COB. 

sin. 

COS. 

sin. 

COS. 

«      t'      i 

O         2-   3 

—189.4 

+  16.4 

+  «37-3 

—    10.9 

// 
-61.5 

II 

—30.1 

+37-4 

+15.0 

I       I-  3 

+  23 

—    I 

—  17 

+      2 

+  7 

+  3 

—  2 

0 

-1       4-  3 

+  99-2 

—  66.1 

—  71-7 

+  45-4 

+  18.4 

+  3-' 

-19.7 

+  5-9 

o      3-  3 

-76.7 

+  52-7 

+  55-5 

-  32.3 

-15.9 

I.O 

+  16.6 

—  4.0 

■      2-  3 

+     7-3 

-     8.0 

—     5-4 

+     5-7 

+  0.6 

—  0.  I 

—   I.  I 

+  '•' 

-'      5-  3 

+  125.9 

—292. 8 

+  63-2 

—151. 2 

-  2.3 

—66.5 

-5-8 

-32- 9 

o      4—3 

-  84.2 

+  197. 1 

-  44-8 

+  110.  7 

+  2.7 

+60.4 

+  5-4 

+29-3 

I      3—  3 

+     8.9 

—  24.1 

+     6.4 

—  13-4 

—  1. 1 

-'3-3 

—  0.6 

—  6.1 

-I      6-3 

-  12.5 

-145.2 

—  10.8 

—  73-1 

-'5-7 

—26.2 

-10.7 

—'3-4 

0      5-  3 

+     8.6 

+  106.6 

+     8.3 

+  58.0 

+  '4-5 

+24.3 

+  9.6 

+  12-3 

I      4—  3 

-    3-7 

—  II. 6 

—     3.0 

—    5-7 

—  3-4 

—  4.0 

—  2. 1 

—  1-9 

-I      7-  3 

—  22.  61 

-  33-  69 

-  12.52 

—  14.64 

—  7-" 

—  4.  20 

—  4.66 

—   '72 

o      6-3 

+  17-40 

+  26.51 

+   10-24 

+  12.30 

+  6.72 

+  4-06 

+  4-33 

+  '-64 

'      S-  3 

—    30 

—    2.0 

-     1-7 

—    0.6 

—  1-3 

—  0.3 

-  0.8 

—  0. 1 

-1      8-3 

-    7-819 

-    3-890 

-    3-738 

—     I.  142 

—  I.  726 

—  0.051 

—  I . 089 

+  0.  230 

o      7-3 

T     6. 343 

+    3-269 

+     3-«90 

+     I. 031 

+  1.665 

+  0.  073 

+   1.028 

—  0.  209 

I       6-3 

—     0.80 

+    0. 01 

-    0.35 

+    0.  16 

—  0.25 

+  0.08 

-  0.13 

+  0.  10 

— •      9—3 

—     I-S9 

+    0.  10 

—    0.66 

+    0.17 

—  0.  26 

+  0.14 

-  0.15 

+  0.15 

o      8-3 

+     I-351 

—    0. 065 

+     0.581 

—    0.  151 

+  0.  268 

—  0.  135 

+  0.  147 

—  0. 141 

'      7—  3 

—    0.  124 

+    0. 089 

—    0.018 

+    0.053 

—  0.  028 

+  0.035 

—  0.  on 

+  0.031 

-I     lo-  3 

—    0. 2 

+    0.1 

—    0.  I 

0. 0 

°      9—3 

+     0.  18 

—      0.  12 

+     0.06 

—    0.08 

+  0.02 

—  0,05 

0.00 

—  0.03 

'      8-3 

0.  00 

+      0.  02 

0.00 

+      O.OI 

—  I         2—   4 

—     I 

0 

+     ' 

0 

—  I 

+  ' 

0       I —  4 

+  3 

—  4 

+   ' 

—  I 

I       o—  4 

-3 

+  4 

—  I 

+  ' 

-I       3-  4 

+  14 

—    14 

—     8 

+     9 

+  6 

—  2 

-  3 

+  ' 

0         2—4 

—  10 

+   s 

+     7 

—     3 

-  5 

—  I 

—  2 

0 

I       I—  4 

+     2 

—    I 

—     I 

+     I 

—1       4—  4 

+  58 

+205 

-  36 

—  128 

—17 

+78 

+  10 

—44 

o      3-4 

-  45 

—149 

+  29 

+  101 

+  '4 

—68 

-  9 

+39 

I       .i—  4 

+     7 

+  24 

-    5 

—   18 

—  3 

+  12 

+  ' 

-  5 

-I       S-  4 

+  74-3 

+  68.3 

-  52.7 

-  57-4 

+  2.4 

+23-9 

-9-8 

— 20.0 

o      4—4 

-63 

—  55 

+  40 

+  47 

—  4 

— 21 

+  8 

+  '9 

1       3-  4 

+   " 

+     7 

—    8 

—    5 

+   ' 

+  3 

—  2 

—  2 

-I       6-4 

+246.  0 

+  49-1 

+  110.  5 

+  194 

+49-5 

-9-8 

+20.5 

— 10.  6 

o       S—  4 

—  182.4 

-  35-4 

-  86.6 

-  13-9 

—45-9 

+  9-5 

-18.7 

+  9-9 

I       4—  4 

+  29.7 

+     4-6 

+  '5-9 

+    3-5 

+  11. 0 

—  3-' 

+  4-6 

-  17 

-I       7-  4 

+  126.7 

-37-8 

+  59-4 

—  21-3 

+20.0 

— i8.o 

+  8-9 

—II. I 

0      6-4 

-  99-2 

+  29.  I 

—  49-  ' 

+  17.6 

—19. 1 

+  17. 1 

-8.4 

+10.2 

I       S—  4 

+  13-9 

—    6.6 

+    7-2 

-    4-3 

+  3-6 

—  4.0 

+  1.6 

—  2.  2 

-I       8-4 

+  29-7 

—  29.7 

+  12.2 

—  15.0 

+  2.8 

—  7-9 

+  0.8 

-4.6 

0      7—  4 

—  24-4 

+  24.1 

-  10. 5 

+  12.7 

-  2.7 

+  7-6 

—  0.8 

+  4-4 

I       6-4 

-r    2.4 

-    4.3 

+    0.6 

-     2.3 

+  0.1 

-  '5 

—  O.I 

—  0.8 

—I       9—4 

+    2.74 

-    9-77 

+    0-57 

—    4-40 

—  0-33 

—  1.98 

—  0.44 

-  «-«3 

o      8—4 

—    2.3 

+    8.1 

-    o-S 

+    3-8 

+  0.3 

+  1.9 

+  0-4 

+   1.2 
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A'n' 

Sz' 

B' 

y' 

F'n 

Sz 

G' 

y 

^y'+h'+ig  1 

9 

sin. 

COB. 

8ID. 

COS. 

Bin. 

COS. 

SID. 

COS. 

« 

i'      i 

// 

// 

„ 

„ 

/I 

II 

„ 

// 

I 

7—  4 

—    0. 1 

—      I.O 

—  0.2 

—  0.4 

—  0. 1 

—  0.3 

—  0.  2 

—  0. 1 

—I 

10 —  4 

—    0. 502 

—    2.000 

—  0.  361 

-  0. 783 

—  0.  251 

—  0.  311 

—  0.  204 

—  0. 149 

0 

9-  4 

+    0.40 

+     1-74 

+  0-3' 

+  0.71 

+  0.23 

+  0.31 

+   0.  20 

+  0.16 

I 

8-4 

—    0.  IS 

—    0.17 

—  0.09 

—  0.05 

—  0.06 

—  0.03 

—  0.05 

0.  00 

— I 

II—  4 

-    0.253 

—    0.259 

—  0. 130 

—  0. 082 

—  0.064 

—  0.026 

—  0.  049 

—  0.006 

0 

10 —  4 

+    0. 2240 

+    0.239s 

+  0. 1174 

+  0.0789 

+  0.0639 

+  0.0268 

+   0.0460 

+  0. 0048 

I 

9—  4 

—    0. 040 

—    0.013 

—  0.019 

+  0.005 

—  0.  on 

+  0.002 

—  0.008 

4-  0.002 

0 

II—  4 

+    0-05 

-|-    0. 01 

+  0. 01 

0.00 

+  0.02 

—  O.OI 

-|-   O.OI 

—  O.OI 

—I 

3-  5 

0 

-     I 

—  I 

+  I 

0 

2-  5 

0 

+     I 

— I 

4—  5 

+  16 

+  " 

— 10 

—  6 

+  3 

+  8 

—    I 

—  4 

0 

3-  5 

—     9 

—  10 

+  6 

+  7 

—  I 

-  6 

+    I 

+  3 

I 

2-  5 

—     2 

0 

—  2 

—  I 

+  I 

+  I 

— I 

5-  5 

—134 

+  71 

+80 

—43 

-64 

0 

+35 

0 

0 

4-  5 

-|-I02 

-  57 

—66 

+36 

+58 

—  I 

-31 

0 

I 

3-  5 

—    19 

+  " 

+  14 

—  8 

—13 

0 

+  6 

0 

—I 

6-5 

-38 

+  69 

+39 

-52 

-23 

+  8 

+  17 

-13 

0 

5-  5 

+    32 

—  61 

—34 

+4« 

+21 

—  8 

-17 

+  " 

I 

4—  5 

-    8 

+  14 

+  S 

—  9 

0 

+  3 

+  2 

—  3 

— I 

7—  5 

+    3 

+  184 

+  4 

+72 

+  12 

+35 

+  10 

+  10 

0 

6-  5 

-    4 

-145 

—  4 

-58 

— 12 

—32 

— 10 

—  9 

I 

5-  5 

+     2 

+  28 

—  I 

+  13 

+  4 

+  8 

+  2 

+  4 

— I 

8-S 

+  53-4 

+  96.6 

+25- 9 

+42.3 

+  «7-7 

+  13-4 

4-IO. 0 

+  4-8 

0 

7-  5 

—  42.6 

—  78.8 

—22.4 

-36.1 

—16.8 

-12.9 

—  9-5 

—  4.4 

I 

6-s 

+     9 

+  13 

+  4 

+  6 

+  4 

+  2 

+  3 

+   I 

—I 

9-  5 

+  32-7 

+  21.  s 

+  •5-4 

+  8.2 

+  7-8 

+  1.0 

+  4.2 

—  0.2 

0 

8-  5 

—  27.5 

-  18.3 

-136 

—  7-5 

-7-6 

—  1.0 

—  41 

+  0.1 

I 

7-  5 

+    4-9 

+    2.0 

+  2.5 

+  0.7 

+  1.6 

—  0.3 

+  0.9 

—  0.  2 

— 1 

10-  5 

+  «o-4 

+    0.8 

+  4-S 

—  0.2 

+  1-9 

—  0.8 

+  1.0 

—  0.7 

0 

9-  5 

—    9.2 

—    0.8 

—  4.0 

+  0.2 

-  1.8 

+  0.8 

—  1.0 

+  0.7 

I 

8-5 

+      «-2 

—    0. 2 

+  o.S 

-  0.3 

+  0.3 

-  0-3 

+  0.2 

—  0.2 

— I 

II-  5 

+      2.0 

—    1.0 

+  0.8 

-  0.7 

+  0.3 

—  0-3 

+  0.1 

-  0-3 

0 

10-  5 

-     1.8 

+    0.8 

-  0.8 

+  0.6 

-  0-3 

+  0.3 

—  0.  I 

+  0.3 

I 

9-  5 

+    0.2 

—    0.2 

+  0.1 

—  0.2 

+  0.1 

—  0. 1 

—I 

12-  5 

+    0-27 

—    0.38 

+  0.07 

—  0.17 

+   O.OI 

—  0.09 

—  O.OI 

—  0.06 

0 

11-  5 

—    0.24 

+    0-33 

—  0.07 

+  o.is 

—  O.OI 

-1-  0.08 

+   O.OI 

+  0.06 

—I 

«3—  S 

+    0.007 

—    0. 080 

—  0.018 

—  0. 034 

—  0.003 

—  0.015 

—  0.008 

--  0. 010 

0 

12-  5 

—    0.008 

+    0.07s 

-f  0.004 

+  0.029 

+  0.003 

+  0.016 

+  0.007 

+  0.008 

I 

II-  S 

—    0. 01 

—    0. 01 

—I 

4-6 

+     2 

0 

—  I 

+  I 

0 

3-6 

—     I 

—    I 

—  I 

0 

— I 

5-6 

—    6 

+  «7 

+  4 

—10 

—  6 

+  S 

+  3 

—  3 

0 

4-6 

+    7 

—  II 

-  s 

+  7 

+  6 

—  3 

—  2 

+  a 

I 

3-6 

—    2 

+     4 

+  I 

—  2 

—  I 

+  I 

—1 

6-  6 

-67 

-  77 

+40 

+44 

—10 

-45 

+  5 

+25 

3o8 
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A'n 

Sz' 

B' 

v' 

F'nSz 

G 

'y 

ArR= 
ty'+i'g'+ig 

8in. 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

H       »'       i 

/. 

„ 

,1 

,, 

„ 

// 

// 

// 

o      5—  6 

+  55 

+60 

—32 

-38 

+  11 

+42 

-  5 

—23 

I       4-  6 

—  11 

-13 

+  8 

+  9 

—  4 

— 10 

+  I 

+  5 

-I       7-  6 

-  55 

—14 

+46 

+20 

— 11 

-19 

+13 

+  13 

o      6—6 

+  5' 

+  12 

-39 

—18 

+  11 

+17 

— 12 

—  12 

.       5-6 

—    10 

0 

+  8 

+  4 

—  3 

-  3 

+  2 

+  2 

-I       8—  6 

—  127 

+  29 

—42 

+  12 

—23 

+10 

-  3 

+  8 

o      7-  6 

+  104 

—26 

+35 

— II 

+22 

—  12 

+  2 

—  9 

I       6—  6 

—   22 

+  6 

— 10 

+  2 

—  6 

+  4 

—  4 

+  2 

-I       9-6 

-64 

+56 

-26 

+26 

-  8 

+  15 

—  I 

+  7 

o      8—6 

+  55 

—47 

+23 

-24 

+  8 

-IS 

+  I 

—  7 

I       7-6 

—     9 

+  9 

-  5 

+  5 

—  I 

+  4 

0 

+  2 

—  I     10 —  6 

—   12- 5 

+31-6 

—  41 

+  14. 1 

+  0.3 

+  6.9 

+  0.9 

+  3-4 

0      9-6 

+  II 

-27 

+  4 

-13 

—  I 

—  6 

—  I 

—  3 

I       8-  6 

—     I 

+  5 

0 

+  3 

0 

+  2 

+  I 

0 

—  I     II—  6 

+     1.2 

+  9.8 

+    I.O 

+  4-1 

+  I.I 

+  1.6 

+  0.8 

+  0.8 

0    10 —  6 

—    0.9 

—  8.8 

—  0.9 

-3-6 

—  1. 1 

—  1.6 

-  0.8 

-  0.7 

I       9-6 

+    o.s 

+  1-3 

+  0.4 

+  0.6 

+  0.3 

+  0.3 

+  0.2 

+  0.2 

—  I      12—  6 

+     1.6 

+  1-9 

+  0.8 

+  0.8 

+  0.4 

+  0.2 

+  0.3 

+  o-i 

o     II—  6 

-    i-S 

—  1-7 

-  0.7 

—  0.7 

-  0.4 

—  0.  2 

—  03 

—  0.  I 

I     lo —  6 

+    0.3 

+  0.2 

+  0.2 

+  0.1 

+  0.1 

+  0.1 

-I     13-  6 

+    0.4 

+  0.2 

+  0.2 

0.0 

+  0.2 

—  0.  I 

O      12—    6 

—    0.4 

—  0.  2 

—  0.2 

0.0 

—  0. 1 

+  0.1 

—  I       6—7 

-  «s 

—  3 

+  9 

+  ' 

—  6 

—  4 

o      s-  7 

+    12 

+  3 

—  7 

—  I 

+  4 

+  s 

-i       7-  7 

+  37 

-52 

-21 

+30 

+29 

—14 

-IS 

+  7 

o      6—7 

-  29 

+44 

+  19 

—26 

-27 

+14 

+14 

—  7 

»      5-  7 

+     7 

—II 

-4 

+  7 

+  7 

-  3 

—  I      8—  7 

0 

—41 

-  9 

+37 

+  13 

—12 

—  6 

+  10 

0      7-  7 

0 

+38 

+  8 

-32 

-13 

+  17 

+  6 

—  9 

I      6—  7 

+     I 

—  10 

—  I 

+  6 

+  2 

—  4 

—I      9—  7 

-38 

—80 

-13 

— 21 

—10 

—14 

—  6 

0 

o      8-  7 

+  33 

+67 

+  11 

+  18 

+  10 

+  13 

+  6 

—  I 

I       7-  7 

—    9 

-IS 

-  4 

-  7 

-  3 

—   2 

—  I     10—  7 

-  51 

-37 

— 21 

—14 

— II 

—    I 

-  7 

0 

o      9—7 

+  43 

+32 

+  18 

+  12 

+  11 

+    I 

+  6 

0 

I      8-  7 

—    9 

—  6 

-  5 

—  2 

— I     II —  7 

-  27 

-  5 

—12 

—  I 

-  5 

+    I 

—  3 

+  I 

0     10 —  7 

+  24 

+  4 

+  10 

0 

+  5 

—    I 

+  3 

—  I 

I      9-  7 

—     4 

0 

-  3 

0 

—  I       12—    7 

—    8 

+  3 

—  3 

+  2 

—  I 

+    I 

0     11^  7 

+     7 

-  3 

+  3 

—  2 

+  I 

—    I 

I     10 —  7 

—     I 

+  I 

-I     13-  7 

-     15 

+  1.6 

-  0.5 

+  0.7 

0      12 —   7 

+     1-3 

-  1-5 

-1      7-8 

—     I 

—  12 

+  I 

+  7 

0      6-8 

0 

+  9 
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&'n>St'                1 

BV                   1 

Y'nSz                 1 

GV                    1 

ArK= 

sin. 

COB. 

sfh. 

00s. 

ain. 

COS. 

sin. 

COS. 

X      %'      i 

;/ 

„ 

It 

It 

// 

„ 

// 

„ 

—I      8—  8 

+37 

+  14 

—21 

—  9 

+  13 

+  16 

—6 

—9 

0      7—8 

-32 

—12 

+19 

+  7 

—14 

-15 

+7 

+8 

I      6—  8 

+  8 

+  3 

-  s 

—  2 

—  I      9—8 

+28 

—  6 

-27 

—  2 

+  «4 

+  7 

—8 

—4 

0      8—8 

—26 

+  6 

+24 

+  I 

—14 

—  7 

+8 

+  4 

I      7-8 

+  8 

—  I 

—I     10—  8 

+46 

-35 

+10 

— 10 

+  9 

—  7 

+  2 

—4 

0      9—8 

-39 

+33 

—  8 

+  8 

—  9 

+  7 

I       8—  8 

+  6 

-  S 

+  5 

—  4 

-I     II—  8 

+  19 

—42 

+  6 

—16 

0 

—  8 

0 

—4 

0     10 —  8 

—17 

+36 

—  4 

+  15 

0 

+  8 

I      9—  8 

+  2 

—  7 

+  « 

—  4 

_.     12-  8 

—  I 

-19 

—  I 

—  9 

—  2 

—  4 

0     II—  8 

+  I 

+17 

+  I 

+  9 

+  2 

+  4 

I     10—  8 

—  I 

—  4 

-I     13-  8 

—  4 

—  6 

—  2 

—  3 

0    12—  8 

+  3 

+  S 

+  2 

+  2 

-I      8-9 

+  8 

-  3 

—I      9—  9 

—  2 

+23 

+  2 

—'3 

—  8 

+  " 

+4 

—6 

0      8—9 

+  2 

—21 

—  2 

+  12 

+  7 

— 10 

—  I     10—  9 

+  9 

+  16 

—  4 

— J3 

-  3 

+  " 

0      9—9 

—  8 

->s 

+  4 

+  12 

+  3 

— II 

—I     II—  9 

+30 

+23 

+  S 

+  2 

0     10—  9 

—27 

— 21 

—  6 

—  2 

I      9-  9 

+  5 

+  3 

—  I     12—  9 

+3« 

+  7 

+U 

+  3 

+  5 

—  2 

0    II—  9 

-28 

-  6 

— 12 

—  2 

-  5 

+   I 

I     10 —  9 

+  6 

+  « 

—  I     13—  9 

+  •4 

—  4 

+  7 

—  3 

0     12—  9 

-13 

+  4 

—  6 

+  2 

— 1     10 — 10 

—14 

+  2 

0      9—10 

+13 

—  2 

—I     II— 10 

-IS 

+  8 

+  8 

-  S 

0     10 — 10 

+  '3 

—  8 

—  7 

+  4 

—I     12—10 

—10 

+23 

+  « 

+  3 

0     II — 10 

+  8 

— 20 

—I     13— >o 

+  I 

+  «8 

0 

+  5 

0     12 — 10 

—  I 

—16 

—  I 

—  8 

—I     12— II 

—  8 

—  9 

0    11— II 

+  7 

+  7 

—I     J3— " 

—  8 

0 

3IO 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


Arg= 

C'S 

h' 

u' 

I>'c08i' 

^cosi' 

H'   ". 
cos  I 

"Z+iff'+'S 

sin. 

C09. 

sin. 

cog. 

sin. 

COS. 

sin. 

008. 

X       t'       i 

» 

// 

// 

II 

// 

// 

// 

// 

0       0       o 

-f  0. 0200 

+0. 5438 

-0. 5438 

—  I         I         0 

0.00 

—  0.0149 

+0.01 

— 0.  7200 

— O.OI 

+0. 7234 

0.00 

— 0.0005 

—  I         2        O 

+0.04 

—  0.17 

+0.02 

—0.27 

+O.II 

+0.07 

+0.04 

—0.03 

O         I         0 

+0.07 

+  0.35 

+0.07 

+0.17 

—0. 14 

—0.08 

— O.OI 

0.00 

I         O        0 

—0. 0367 

—  0. 1728 

—0.0931 

+0. 0882 

+0. 0826 

+0.001 1 

+0. 0191 

+0.  0678 

-130 

—  I.;s 

—0.4 

—0.4 

—0. 1 

-0.6 

—0.2 

020 

0.0 

—  0.  2 

-1-o.S 

+0.  2 

+0.2 

+0.2 

+0.4 

+0.2 

I      I      0 

— 0.02 

—  0.02 

+0.4S 

+0.17 

-0.33 

— 0.  12 

+0.04 

+0.02 

—140 

—0.4 

+0.1 

— 0. 1 

0.0 

—0.  2 

+0.1 

030 

+0.3 

0.0 

+0.1 

—0.  I 

+0.1 

— 0. 1 

I         2        0 

+0.1 

0.0 

-I         5        0 

— 0.  I 

0.0 

-I-    I-    I 

0.0 

— 0.2 

+0.1 

+0.2 

0 —   2 —    I 

— 0.  I 

+0.1 

—0. 1 

—O.I 

0.0 

—0. 1 

I-  3—  I 

0.0 

+0.3 

0.0 

+0.1 

—  I         0—    I 

—0.8 

—  1.4 

-0-5 

—0.8 

-o.S 

-0.8 

0 —  I —  I 

+0.7 

+  1.2 

+0.3 

+0.5 

1 —   2 —    I 

+0.8 

+  1.4 

-o-S 

—0.8 

+0.1 

+0.2 

—I         I—    I 

+0.2 

+    I.O 

—0.3 

+0.1 

— 0. 1 

— 0. 1 

0       0 —   I 

0.0 

— 0.  2 

0.0 

+0.2 

I—  I—  I 

+0.1 

+  °-S 

+0.1 

0.0 

+0.1 

+0.1 

—  I         2—    I 

—  1.98 

—  9-4' 

—0.52 

+0.  12 

+0.65 

-013 

— 0.06 

+0.02 

0        I —    1 

+3-94 

+  18.90 

—0.68 

+  0.14 

-0.97 

+0.19 

+0.64 

— 0.  14 

I         0—    I 

— 2.0 

—  9-5 

+  1.4 

—0.4 

+0.7 

—0.2 

—0.7 

+0. 1 

-I      3—  I 

+0.  130 

—  0.  704 

+0.  138 

+0.  087 

— 0.006 

+0.  115 

+0. 058 

—0.016 

0        2 —    I 

— 0-3I9 

+  I.  149 

—0.168 

+0.  027 

+0. 021 

-0.153 

— 0. 010 

+0.018 

1         I—    I 

+0.24 

—  0.  18 

+0,05 

—0.08 

— 0.06 

+0.  II 

— 0.02 

0.00 

—  I         4-     I 

+0.05 

—  0.07 

+0.  20 

—  I.  II 

+0.03 

—0.21 

+0.08 

—0.53 

0      3-  I 

— 0.098 

+  0.118 

—0.125 

+0.  707 

— 0. 044 

+0.312 

—0.054 

+0,415 

I      2 —  I 

+0.044 

—  0. 030 

— 0.031 

+0.  170 

+0. 032 

— 0. 216 

— 0. 001 

— 0.020 

-I      5-  I 

— 0.  I 

—0.4 

0.0 

— 0. 1 

— 0. 1 

—0.2 

0      4—  1 

— O.OI 

+  0.02 

+0.  10 

+0.32 

+0.04 

+0. 12 

+0.05 

+0.16 

1      3—  I 

0.00 

O.OI 

+0.01 

+0.05 

—0.02 

—0.06 

— O.OI 

— O.OI 

—  I      6—  I 

— 0. 1 

— 0.  1 

0      5-  1 

0.0 

+0.1 

— I      0 —  2 

+0.1 

—0.  I 

— 0. 1 

—0. 1 

0.0 

—  O.I 

—1      I—  2 

0.0 

+  0.1 

+0.9 

—0.9 

-03 

+0.3 

+0.2 

—0.2 

0      0 —  2 

—0.4 

+  0.3 

+0.4 

-0-3 

I —  I —  2 

—0.4 

+0.3 

—0.3 

+0.3 

—0.2 

+0.2 

—I      2 —  2 

—0.2 

—  I.  I 

—0.  I 

— 0-3 

+0.1 

0.0 

—O.I 

0.0 

0      I —  2 

+O.S 

+  2.1 

0.0 

+0.2 

0.0 

—0.1 

+0.1 

0.0 

I      0 —  2 

-0-3 

—  I.  I 

+0.1 

+0.1 

+0.1 

—0. 1 

0.0 

+0.1 

—I      3—  2 

—1-7 

+  0.6 

— 0.  2 

-03 

— 0.  2 

-0.5 

+0.1 

+0.3 

0      2—  2 

+3-4 

-  1-3 

0.0 

— 0. 1 

+0.2 

+0.7 

—O.I 

— 0.2 

I      I—  2 

— «-7 

+  0.7 

+0.2 

+0.5 

— 0.  2 

-o-S 

0.0 

+0.1 

PORTION  OF  *T'  FACTORED  BY  THE  TIME. 


3" 


Arg= 

C'4 

cos  i' 

^  008  i' 

cos  1 

xy+i'g'+ig 

Bin. 

COS. 

sm. 

COS. 

sin. 

008. 

sin. 

cos. 

X      i'      i 

„ 

// 

„ 

// 

// 

// 

„ 

// 

—1       4—  2 

—0.27 

+0.41 

— 0. 16 

+0.07 

-0.13 

—0.08 

+0.05 

+0.09 

o       3—  2 

+0.5 

—0.8 

0.0 

— 0. 1 

+0.3 

+0.1 

0.0 

0.0 

I         2—   2 

— 0.2 

+0.4 

0.0 

+0.1 

-I       5—  2 

+0.001 

+0.092 

+0. 866 

-0.015 

+0.  Ill 

— 0.009 

+0.421 

— 0.022 

0         4 —    2 

— O.OI 

—0.17 

—0.65 

+0.01 

— 0. 19 

+0.01 

-0.35 

+0.03 

I       3-  2 

+0.02 

+0.07 

—0.03 

0.00 

+0. 12 

— O.OI 

+0.05 

— 0.01 

— 1          6 —    2 

+0.008 

+0.012 

+0.389 

— 0.214 

+0. 052 

— 0.025 

+0.177 

— 0. 102 

O        S-   2 

— 0.01684 

— 0. 02048 

—0.  30202 

+0. 16809 

— 0. 07626 

+0. 04104 

—0. 15174 

+0. 08781 

I         4—    2 

+0.009 

+0.006 

— 0.  OlO 

—0.008 

+o-  043 

— 0.028 

+0.011 

— 0.012 

-I          7-    2 

+0.07 

— 0. 11 

+0.01 

— O.OI 

+0.03 

—0.05 

O         6—    2 

— 0.06 

+0.07 

— 0.01 

+0.02 

—0.03 

+0.05 

I          S-    2 

+0.001 

0.000 

—0.004 

— 0.001 

+0.006 

—O.OI  2 

+0.001 

—0.005 

—I       2—  3 

+  1 

+« 

o      1-3 

— I 

0 

—I      3—  3 

0.0 

+0.1 

+0.4 

— 0.  I 

+0.1 

—0. 1 

O        2—3 

+0.1 

—0.1 

— 0.2 

+0.1 

+0.1 

—O.I 

-I      4—  3 

-0.7 

—  I.O 

+0.4 

-03 

+0.2 

0.0 

—0.3 

+0.2 

o      3—3 

+1-5 

+2.0 

— 0-3 

+0.2 

—0.4 

+0.3 

+0.3 

— 0.  2 

I       2—  3 

—0.7 

— 1.0 

—0.2 

+0.1 

+0.2 

— 0.2 

-I      S-  3 

—0.4 

— 0.2 

—0.1 

—0-3 

0.0 

+0.1 

o      4—3 

+0.8 

+0.3 

+0.1 

+0.2 

—O.I 

+0.1 

0.0 

—0.  1 

I      3-  3 

—0.4 

—0.1 

-I      6-3 

— 0. 1 

0.0 

+0.1 

+0.6 

0.0 

— 0.  1 

+0.1 

+0.2 

0      S-  3 

+0.2 

0.0 

—0. 1 

—0.5 

—0. 1 

—0.  I 

— 0. 1 

— 0.2 

1      4—  3 

— 0. 1 

0.0 

0.0 

+0.1 

-I      7-  3 

— O.OI 

+0.01 

+0.24 

+0.26 

+0.02 

+0.03 

+0.11 

+0.  12 

o      6—3 

+0.02 

— 0.02 

— 0.  20 

—0.23 

— 0.  04 

—0.05 

— 0. 10 

— 0.  10 

-I      8-  3 

— 0. 001 

+0.003 

+0.117 

+0. 049 

+0.011 

+0.006 

+0.055 

+0.018 

o      7—3 

— 0. 001 

—0.005 

—0. 100 

— 0.040 

— 0.018 

— 0.009 

—0. 047 

-.0.015 

1      6-3 

+0.01 

0.00 

0.00 

+0.01 

+0.01 

0.00 

—I      9—3 

+0.03 

— 0.01 

+0.01 

— O.OI 

o      8—3 

— 0.026 

+0.003 

—0.004 

+0.001 

— 0.012 

+0.001 

I      7—  3 

+0.001 

+0.001 

+0.002 

— 0.001 

+0.002 

— 0.002 

—I       3-  4 

— I 

+  « 

O        2—4 

0 

— I 

-I       S-4 

+O.S 

—0.6 

+0.3 

+0.4 

+0.1 

+0.1 

-0.3 

— 0.2 

o      4—4 

— I 

+1 

0 

— I 

I      3-  4 

+1 

-1 

—I      6—  4 

+0.1 

-0-3 

+0.2 

0.0 

—0.2 

—0.1 

0      S—  4 

0.0 

+0.7 

—0.1 

0.0 

0.0 

—O.I 

+0.2 

+0.1 

I       4—  4 

0.0 

—0-3 

—I       7—  4 

0.0 

—0. 1 

—0.4 

+0.3 

—0.1 

+0.1 

0      6—4 

+0.1 

+0.2 

+0-3 

-0.3 

+0.1 

— 0.  I 

I       S-  4 

0.0 

—0. 1 

312 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


Arg= 

«fe 

u' 
D'cosi' 

E'  "■'., 
cos »' 

"cosi 

sin. 

008. 

sin. 

COS. 

sin. 

COS. 

Bin. 

cos. 

X       »'       i 

„ 

/, 

„ 

// 

// 

// 

// 

// 

-I        8-4 

— 0.  I 

+0.2 

— 0.  I 

+0.1 

o      7—4 

+0.2 

— 0.  2 

+0.1 

—0. 1 

—I       9—  4 

—0.03 

+0.  10 

0.00 

4-o-oS 

o       8—4 

+0.1 

— 0.  1 

— I      10 —  4 

+0.009 

+0.  026 

+0.001 

+0.001 

+0.004 

+0. 012 

o       9—4 

0.00 

— 0.02 

— 0.01 

— O.OI 

—  I      II—  4 

+0.003 

+0.003 

+0.002 

+0.002 

0     10 —  4 

+O.OOOI 

— 0.  OOOI 

—0.0046 

— 0.0045 

— 0.0006 

— 0.0005 

— 0.0021 

— 0.0019 

I       9—  4 

+0.003 

+0.001 

+0.001 

— 0. 001 

o      5-  5 

—  1 

o 

-1      8-5 

— 0.  I 

0.  o 

— 0.  2 

—0.  I 

o      7-  5 

— O.  I 

+0.1 

+0.2 

+0.1 

-I      9-  5 

—0.2 

0.  u 

o      8—5 

+0.2 

0.0 

— I      ID —   5 

—O.I 

0.0 

o      9—  5 

+0.1 

0.  0 

CHAPTER  XV. 

SECOND-ORDER  PERTURBATIONS   OF   THE   MEAN  ANOMALY  AND  RADIUS-VECTOR  OF  SATURN, 
ARISING  FROM  THE  MUTUAL  ACTION  OF  THIS  PLANET  AND  JUPITER. 


When  the  eight  terms  of  ST',  given  in  the  two  preceding  chapters,  are  added  the 
following  expression  is  obtained : 


A.rg=xy 

+i'9'+i? 

5T' 

sin. 

COS. 

K 
O 

i'       » 
o      o 

" 

// 

+0.0000741+     4. 6i3i«V 

—  I 

I        o 

+o.  7956 

+     i.ii8i«'/ 

— 0.  145312  +  16.  6354«'/ 

—  I 

2        0 

+0-  33° 

+284. 440«7 

+0. 167         +366.  2I»V 

o 

I         O 

—I.  1711 

—  59.  6oo«V 

—0.3461       —  35.  ii«V 

o      o 

-f  I.  77198 

I—  390494"'' 

—I-  345783  —  5°-  7489"'' 

—I 

3      o 

+0.217 

+  101.  7«'/ 

— 0.  200         +  32.  on't 

0 

2        0 

— 2. 214 

—  48.  m't 

+3.626        —   II.4«V 

I       o 

+3-  27s 

—  12.  Sin' t 

-5.717         -     6.5o«V 

—I 

4      0 

+0.023 

+  i7.o»V 

— 0.  342         —     6.  3n7 

3      o 

+0.258 

—  10.  3»V 

+5-245        +    3-S«'' 

2        0 

—0.232 

—    2.  i«V 

— 8.  613         —     0.  zn't 

—I 

S      o 

-0.97 

+     l.Sn't 

+0.18           —     i.gnV 

0 

4       o 

+2.  IS 

—     I.  m't 

— 0. 42           +      1  •  4"'' 

3      o 

—1. 013 

—    0.  2n'e 

+0.414         +     o.ln't 

0— 

4—  « 

—0.  22 

— 0.05 

— I— 

2 —    I 

— 0.  36 

—0.28 

o— 

3—  • 

+0. 10 

+0.  22 

— I— 

I—  I 

+7.219 

—    0. 2n't 

—1.638        +     i.2n't 

0— 

2 I 

— S'3 

—    0. 6n't 

+  I.21            +     O.Sn't 

3—  ' 

+0-75 

+     o.5n'/ 

— 0.18           —     3.2n7 

—I 

0 —    I 

+4-  70s 

-  17. 4«'/ 

-3-944        +     o-3«'' 

o— 

I—  I 

-3-  587 

+    3-5«'' 

+2.819         +     2. 4nV 

2 —    I 

+0. 426 

—    3i"'i 

—0-355         —   I4-2«7 

— I 

I —    I 

+2.456 

+426. 4»'/ 

—2.734        +167. 0«'/ 

o 

O—    I 

-1.786 

— 86i.9«V 

+2.216         — 317.  In7 

I—    1 

+0.  263 

+  31- 3«'' 

— 0.500         +     l.6n't 

— I 

2—    I 

+0. 4999 

+    6. 72»'^ 

+0.0123       +   I4.49«7 

o 

I —    I 

—0.026 

—  64.  7S»'' 

+  1.866        —    3.68»7 

O —    I 

—0.396 

-    3.6»V 

— 2.371         —  16.  7«V 

I 

3—  ■ 

+0. 4650 

—249. 9i5«V 

+0.  1670      +324.  289«7 

0 

2 —    I 

— o- 5363 

—  11.505K7 

—0.  7127       —  64.  268n7 

I 

I —    I 

+1-5274 

—  36.  26«V 

+  1.0156      +  4i.42«7 

3«3 
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SV 

Arg=x/-f-r9 -t-«s  1 

1 

sin. 

COS. 

H 

»'      » 

// 

// 

// 

// 

—  I 

4—  I 

+  0.  2921 

—     4. 63n7 

+0.  0602 

+  174.  42«7 

0 

3-  » 

+  0.  3459 

—  16.  S29nV 

—0.  7243 

—  96.  204k7 

I 

2 —    I 

+  2.7944 

+     8. 632n'/ 

+  1.5498 

—     4.  266«7 

—  1 

s-  « 

-  S-3'3 

+  18.  m'e 

+0.  928 

+  34- 5«'' 

0 

4—  > 

+  14.669 

—  is.o8«V 

— ^.  763 

—  22.  92«7 

I 

3-  « 

-  2.288s 

+     1.98BV 

+0.  3606 

—     1.38K7 

— I 

6—  I 

—  0. 040 

+    s-S"'' 

— 0.029 

+     3-5«'' 

o 

5-  I 

—  0.016 

—    4.  6k'/ 

+0.014 

—     2. 5«7 

I 

4-  ' 

+  0.452 

+     0. 2n't 

—0.173 

—     0.  2k7 

—I 

7-  « 

—  0.004 

+     -^.  i«V 

— 0.021 

+     o.3«7 

o 

6-  I 

—     0.  ^n'^ 

+     0. 2»7 

-I- 

I—    2 

+  0.31 

—0.54 

o— 

2—   2 

—  0.28 

+0.28 

I— 

3—  2 

+  0-03 

— 0.02 

— I 

O—    2 

+  2.43 

—     2.  in't 

+5.09 

—     0. 6»7 

o— 

I—   2 

-  '-95 

O.on't 

-3-95 

+      2«7 

I- 

2—   2 

+  0.35 

+       !«'/ 

+0.76 

o«7 

— I 

I—   2 

+  4-14 

+  48.  s«V 

+3- 09 

+     8. 8«7 

0 

O —    2 

-  3-35 

—  80.  5n'/ 

—2.49 

—  30.  4h7 

I— 

I —   2 

+  0.59 

+  •3-5«'' 

+0.37 

—     2. 3»7 

—1 

2—   2 

+  2.888 

—   60.  !«'/ 

+  1.510 

+   II.  i«7 

o 

I —   2 

-  2.172 

+245-  3«'' 

—1.067 

—324.  Otl'l 

I 

0 —   2 
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on't 

In  deriving  5Wo'  from  ST'  it  has  been  deemed  advantageous  to  equate  the  motion 
of  the  arguments  in  the  terms  involving  e^g' —  2g  and  log' —  ^g.  The  formulae  for 
this  have  already  been  given  (p.  275).  In  the  two  terms  we  treat  by  this  process 
there  has  been  found : 


Arg. 

log  A 

E 

log  B 

log  H 

log/t 

S9'-29 
log'— 49 

0.4798525 
9. 0047121 

0    '       " 
68  0  23.  25 

313  9  56- 7 

6. 86i4o88» 
4.  7292 

7. i863943« 
6.  7424 

1.4973782 
I. 1722875 

By  the  aid  of  these  quantities  the  terms  of  SW,,'  in  question  have  been  found  as 
follows : 


Arg. 

6W0' 

cos. 

sin. 

S9'-29 
log' — 4g 

//                   // 
—0. 92297—0.  I26i798«'/ 
—I.  20442 — 0.  ooo66oo»»V 

ti               It 
+4-38773-O-0767907W'/ 
—1. 26809+0.  ooo5io6«V 
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The  expressions  for  SWo'  and  -^(    /y°')  follow: 


«Wo' 

Aj:g=i'g'+ig 

COS. 

Bin. 

i'       i 

„ 

,, 

„ 

// 

o      o 

—  o.  7984 
+  fco 

+ 

4.  77o6n'/ 
2.  3o6s»'»/i' 

I         0 

+  0.  9868 

— I 

3541.  6on'/ 

—  0.  2596 

+  17867. 4i»7             1 

+  fc, 

— 

25-  3745«'''" 

+  *. 

— 

19,  5247»'2/2 

2        O 

—  2.2418 

— 

374.  62»'/ 

—  3-  9742 

+ 

494.  7S«V 

+  [8.4472]fci- 

0.  7io6n"/« 

+  [8.4473]fci- 

0.  5469«'V» 

3      0 

—  0.0621 

— 

15.  26k V 

—  2.  8029 

+ 

20.  i6«7 

+  [7.0705]^ 

I— 

0.  0298«"/» 

+  [707O7]fej— 

0.  0230«"'/» 

4      o 

—  0.  0064 

— 

0.  yin't 

—  0.  0583 

+ 

i.05»V 

+  [S-77]«:. 

— 

0.  ooi5n"/» 

+  [S-77]fe 

— 

O.OOII»"/« 

—4—  I 

—  o-  0336 

-|-  0. 0102 

—3-  ■ 

—  0.0018 

+ 

0.  oitt'e 

+  0.0376 

— 

0.  02n7 

— 2 —    I 

+   I.  1202 

+ 

0.  o6«'/ 

+  0.  2798 

— 

0.  07n'/ 

—  I—    I 

+  1 .  0070 

+ 

I.  32»'/ 

-\-  0. 91 10 

— 

o.8i«7 

O —    t 

+  «04S6 

— 

49.  69n'/ 

+  I.  1018 

+ 

14.  64«7 

I —    I 

+  0.8434 

— 

•7- 39"'' 

—  0.  3182 

— 

3.  i8nV 

2—    I 

—  0.8913 

+ 

435- 49«'' 

+  '•0414 

+ 

736.  I2«V 

3—  ' 

+  4-  9768 

+ 

52.  02«7 

—  4-5791 

— 

62.  76«'/ 

4—  > 

—  2.  9691 

— 

0.  66»7 

—  0.  8452 

— 

3.  82k7 

5-  ' 

—  0.  I49S 

— 

0.  o4«'/ 

—  0.  lOII 

— 

0.  i8»7 

6-   I 

—  0.0022 

— 

0.  26n'i 

—  0.0070 

+ 

0.  I3«7 

—3—  2 

-|-  0.002 

o.oon't 

-|-  0.002 

0.  oo«7 

—  2—    2 

+  0.0305 

— 

o.oin't 

+  0.0232 

0.  oo«7 

—  I —    2 

+  0.2429 

— 

0.  lon't 

—  0.4942 

+ 

0.  o6«7 

O—    2 

+  0.4969 

— 

2.  29«7 

—  0-3576 

+ 

4.  22«7 

I—    2 

+  0.4814 

— 

Il.03n7 

—  0.  2504 

+ 

8.  5o«7 

2—    2 

—  0.0352 

— 

6.  72k7 

—  0.2132 

+ 

22.  o6nV 

3-  2 

—  0.  2412 

— 

212.09KV 

—  '-3520 

+ 

257.  39«7 

4—  2 

—  6.6128 

+  7966.  4I»V 

-27-  4774 

— 

26.  42«7 

5—  2 

—  1.07047 

— 

I2I2.9II«7 

+  4-50831 

— 

742.  402h7 

6—   2 

—  0.  1609 

— 

II.09KV 

+  0.0999 

+ 

20.  4i«7 

7—  2 

—  0.0179 

— 

0.  34«V 

—  0.0028 

+ 

0.  6o«7 

8-    2 

—  0.  001 1 

— 

0. 04«7 

—  0.0009 

+ 

0.  o5>»7 

-2-  3 

+  0. 001 

—  0.001 

->-  3 

+  0.027 

—  0.015 

o-  3 

—  0.  2158 

+ 

0.  ojn'e 

—  0.  1786 

— 

0.  o6«7 

•-3 

—  0.  1215 

— 

1.  I2»V 

—  0.  2962 

— 

2.  o8»7 

2-  3 

—  0.  0638 

+ 

17.  27«7 

—  0.  2591 

— 

0.  I7»7 

3—  3 

—  0.  1792 

+ 

5-33«'' 

+  0.1 154 

+ 

6.  58«7 

4—  3 

—  0.  2802 

+ 

40.  74«7 

—  0.0963 

+ 

124.  48«7 

5-  3 

—  0.6832 

— 

23.  88«'/ 

—  0.  2908 

+ 

105.  96h7 

6-3 

—  3-2151 

— 

79.  I4«'/ 

—  2.4514 

+ 

90.  4i«7 
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<5Wo' 

Arg=i'si'+tj 

(As. 

sin. 

»'       t 

//                  // 

//                  // 

7—  3 

—  1.5666  +5I-S3"'' 

4-3.  8956  —17.  98n7 

8-  3 

4-  0.  2626  —  2. 92«7 

— 0.  1688  —    I.  oi«7 

9-  3 

—  0. 0390  —  0.  o6»V 

— 0.  0843  —  0.  io»'/ 

10  -  3 

-f-  0.0020 

—0.0033 

—  1—4 

0.000 

— 0.002 

0—  4 

—  0.004 

— 0.016 

I—  4 

-  0. 113    —  0.  m't 

4-0. 086           0.  on't 

2—  4 

—  0. 1704  +  0.  io«V 

4-0.  0423   +  0.  l^n't 

3-  4 

-  0-ISS3  +  i-i5«'' 

4-0.0081  —  g-iin't 

4—  4 

+  0. 0080  4-  3. 20«V 

4-0. 043s  —  i.8Sk7 

5-  4 

—  0.  1018  +53.  25«V 

4-0.  1627  —  5.  89«7 

6-4 

—  0. 1474  +34.  8s»'/ 

4-0.1720  4-15.  52k7 

7—  4 

—  2.  3082  +ii.45«'^ 

4-2.1392  4-15.  7Ik7 

8-4 

—  2-  '577  +  2.  04«V 

4-0.  6759  -1-  9.  96«7 

9—  4 

+  12.0354  +20.  58»'/ 

+3-5243  —S^.oon't 

10 —  4 

—  1. 1 1 130 —  6.  224«V 

—1.  17797+  4-  non't 

II—  4 

—  0.0041  —  o.o8«'/ 

— 0. 0181  —  o.om't 

I-  5 

—  0. 010 

0.000 

2—  5 

-\-  0.031           o.on't 

-|-o.  070    —  0.  m't 

3-  5 

—  0.  008           0.  on't 

-\-o.  098     —  u.  5nV 

4—  5 

—  0.022    —  5.o»V 

4-0.079     —   i.6k7 

5-  5 

-f-  0.0127  —  0.  63«'/ 

-f  0.0195  —   '•  74"'' 

6-5 

+  0.  0319  +  2.  32«'; 

4-0.0397  — 25.72«V 

7-  5 

+  0.0774  +io.97nV 

4-0.  1305  — 15.  o6«7 

8-s 

+  0.  6569  +  7.  75n7 

4-1.  1297  —  3.  39n'/ 

9-  S 

-f  0. 0109  +  3. 28«'/ 

-f  0.8058  -|-  0.  37n7 

10-  s 

—  0.  2064  +  I.  I7«V 

+0.  3637  +  0.  99«'' 

II-  5 

—  0.3286  +  0. don't 

-|-o.  2073  4-    I.23«V 

12-  5 

-|-  0.  141 7  +  0.  o8«V 

— 0.  0043  —  0.  47n7 

2—  6 

—  0.004 

+0.013 

3-6 

+  0.  034    —  0.  2n't 

— 0.  008     4-  0.  m't 

4-6 

-f  0.  041     —  0.  3«'/ 

4-0.  009    —  0.  5«V 

5-6 

-f  0.028    —  i.2n't 

4-0.  015     -(-  2.  ^n't 

6-  6 

4-  0.  014     —  0.  2n't 

4-0.  018     —  0.  4«7 

7-6 

4-  0. 0311  — 12.  8ik'/ 

—0. 0020  —  3.  29H'/ 

8-  6 

4-  0.0681  —  6.  29«V 

— 0.  ooii  —  7.  04n7 

9-6 

4-  0.5948  —  o.96«V 

— 0.  1924  —  4.  76kV 

10—  6 

4-  0. 3925  4-  0.  s6«'/ 

4-0.0785  —  i.66k7 

II-  6 

4-  0. 1216  4-  0. 47«V 

4-0.  1097  —  0.  43«7 

12-  6 

4-  0.0172  +  0.  i7«V 

4-0.  0630  —  0.  02n't 

3-  7 

4-  o.ooS 

— 0.002 

4—  7 

4-  0.001 

— 0.008 

S-  7 

4-  0. 006    —  0.  3»7 

—  0.013          0.  o»»7 

6-7 

4-  0. 008    4-  I.  ^n't 

— 0.009     4-   I.2»'/ 

7-7 

4-  0.  oot    —  0.  m't 

+0.001     +  0. 4«V 

25  AST- 
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ATg=i'g'+ig 


SWr, 


9— 

10 — 

11 — 

12  — 


5-  8 

6—  8 
7-8 
8—  8 
9-8 

10—  8 

11—  8 

12—  8 

6-  9 

7—  9 

8-  9 

9—  9 

10 —  9 

11—  9 

12 —  9 

9 — lo 
10 — lo 
II  — 10 
12— ID 

11  —  II 

12  — II 


— o.oii— 3.  4»7 
-j-o.  017— 4.  6«'/ 
— o.  029 — z.  7«'/ 
+0.  095 — o.  7«'/ 
-f-o.  065 — o.  3»'/ 

—0.003 

— o.  0094-0.  in'i 
— o.  003-I-0.  s«'/ 
— o.  007-f  o.  yn'e 
— o.  003-I-2.  6«7 
— o.ooi-(-i-  on'/ 
— o.  174 — o.  2n'i 
— o.  107 — o.  3«'^ 

— 0.006 

— o.  ooi-l-o.  S«'/ 
+0.  2«7 
-f  o.  iti't 
— o.  007+0.  Sn'e 
— o.oo6-{- 1. 4n'i 
— o.  034+0. 4»'/ 


— 0. 

Itt't 

— 0. 

\n't 

— 0 

m't 

0 

008—0. 

in' 

— 0 

m't 

— 0. 

Sn'l 

— o.  022+5. 9«'/ 
— 0.026+2.  $n't 

— 0-3i5+o-3«'' 
— o.  198 — o.  4»V 
— o.  053 — o.  2n't 

— o.  001 

— o.  002 — o.  2n't 
— o.  010 — o.  2n't 
+0.001+0.  5»V 
o.  000+2.  3k7 
— 0.011+3.  on't 
— 0.022+1.  m't 
— 0.075+0. 4»'/ 

+0.013 

+0.001+0.  2»7 
+0.  2»V 

— o.  m't 
+0. 001 — o.  5«V 
+0.  002 — o.  3«V 
+0. 080+0.  2n't 

o.  on't 

+0.  m't 

— o.  6b'/ 

+0. 003     o.  on't 

+0.  2n't 
o.  on't 


A.Tg=i'9'+ig 

1 

-ir- 

SVfo'\ 

dr'    J 

sin. 

COS. 

i'       i 
0      0 

„ 

—  0.070187  +    I3.4643K'/ 

1       0 

+  0.0570     —6657.  im't 

+   0.0397        —8767.  2S»'/ 

+  -ki           —    I2.6872«'V' 

—  -fej           +9-  7623«'»/» 

2      0 

-  1.6034     —  353.  7o«'/ 

+  2. 8239     —  487.  77«'/ 

+  [8.  4472])l;i—      0.  7  lo6n'«/> 

— [8.4473]*i!+      0.  5469«'«/« 

3      0 

—  0.0362      —    20. 45«'/ 

+  2.2717      —    3i.83»'/ 

+  [7.  2466] ti—      0.  0447«'«/» 

— [7.  2468]fcj+      o.0345»'i/» 

4      0 

+  0.0692      —      l.3S«'/ 

+  0. 0797     —      2.  3o«'/ 

+  [6.07]fc,    —      o.oo3on'»/» 

—  [6. 07]i^    +      o.oo23«"'/« 
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Aig=i'g'+ig 

-i(- 

dr'    ) 

• 
sin. 

COB. 

i'      i 

fy 

// 

//                            // 

—  4—  I 

— 0.0017 

+    0.  0027 

—  3—  ' 

—0.0215  — 

0.  02«'/ 

+  0. 0474  —     0.  oznV 

—  2 —  I 

—I.  0238      - 

0.  I4»'/ 

+  0.  2665  —     0.  66«7 

—  I—  1 

— 0. 9422  — 

4.  94«'/ 

+  0.  8056  —    4.  86«7 

0 —  I 

—0.8188  — 

140.  $ln'i 

+  0.  8569  —  55.  88«'/ 

I—  I 

-0.5757   — 

20. 98«'/ 

—  0. 4865  —    0.  55kV 

2 —  I 

+0.  9016  — 

254.  itn't 

+  0.4326  +330.  83«V 

3-  « 

+2.9518   + 

6.  92«V 

+  1.6489  +  54.I7"'' 

4—  I 

+  1.3220   + 

2.  ign'/ 

—  0.0737  +     8.  oi«7 

5-  • 

— 0. 0205  + 

0. 68«'/ 

+  0.0390  +    o.tm't 

6—  I 

— 0.0009  + 

0. 23«'/ 

—  0. 0003  +    0.  o3»7 

—  3-2 

— 0.002 

+  0. 001 

—  2—  2 

— 0. 0396 

0.  oo«'/ 

+  0.0138         o.oon't 

—  I —  2 

—0. 2504  + 

0.  o5»'/ 

—  0.4805  —    o.om't 

0 —  2 

— 0. 4984  — 

4.  42n'i 

—  0. 4322  —    0.  98»V 

I —  2 

—0.4541  — 

15.  99»'/ 

—  0.2651  +  34.67KV 

2 —  2 

+0.2013  — 

1. 16«'/ 

—  0.2731  +  24.  83«7 

3-  2 

+0.  2620  + 

86.  66«7 

—  u.  5827  +179.  8i«V 

4—  2 

+3-  '32s  —3892. 97"'' 

— 12.  3561  —    9.  69K'/ 

5-  2 

+  1.35685- 

25.  8o$n'e 

+  3. 11867+  17.  113KV 

6—  2 

+0.  2229  — 

6.  ion'/ 

+  0.  1602  —     9.  33nV 

7—  2 

+0.0276  — 

0.  33«'/ 

+  0.0021   —     0.  4i«V 

8-  2 

+0.0026  — 

0.  o5«'/ 

—  0.0017  —     o.odn'e 

—  2—3 

— 0. 001 

—  0.002 

—  ■-  3 

— 0.024 

—  0.  025 

0-  3 

+0.2158  — 

0.  29n'/ 

—  0.  1863  —    o.om't 

>—  3 

+0.  1353  - 

2.  02«'/ 

—  0.  3148  +     2.  87K'/ 

2—  3 

+0.0845  — 

14-  33«'' 

—  0.  2861  +     0.  30KV 

3-  3 

+0.0875  - 

5.  64«V 

—  0.0060  +     8.  2$n't 

4—  3 

+0.3122  — 

34.  2I«7 

—  0.0312  +109.  73»'/ 

S-  3 

—0.  5342  + 

l8.25nV 

—  0. 1081  +  88.  29«7 

6-3 

—0.741 1  + 

49.Si«'/ 

+  0.  3556  +  58.  74«'' 

7-  3 

+0.0912  — 

13.  56«V 

+  1.  4233  —    4-  25«V 

8-3 

+0.0889  — 

i.o8n7 

+  0.  1319  +     0.  4I«7 

9—  3 

— 0.0091  — 

0.  oyn'e 

+  0. 0547          0.  oo«'/ 

10-  3 

— O.OOII 

+  0.0025 

—  1—4 

0.000 

—  0.002 

0—  4 

+0.013 

—  0. 025 

I—  4 

+0.  122      — 

0.  i»7 

+  0. 085     +     0.  zn't 

2—  4 

+0.  1 914  - 

0. 63«V 

+  0.0370  —    0.  i5«7 

3—  4 

+0.  1722  — 

i.53«'/ 

—  0. 0074  —    8.  63«V 

4—  4 

+0.0268   — 

4. 45«7 

+  0.0424  —     I.  57«7 

5-  4 

+0.0453   - 

51.  I4«7 

+  0. 1417  —    4.  9i»7 

6 —  4 

+0.  1493  — 

34.  27«'C 

+  0.  3419  +  14.  yon't 

7-  4 

+  1.8380  — 

II.  29«'/ 

+  1.7084  +  iz.^on't 
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1 

-i(^ 

dy'     ) 

■*J'g=«'ff'+«? 

sin. 

COS. 

i'       i 

//                  // 

//                        " 

8-  4 

-|- 1. 461 1  —  i.96»V 

+o-SS'3  +  7-44»'' 

9—  4 

—5.  7269  —  9.  88«7 

+  1.  6971  — 24.  Ii«7 

lo—  4 

—0. 05028 —  0.  274W7 

+0.05993—  o-  «79«'' 

II—  4 

—0.000 1 

+0.0004 

I —  5 

+0.  020 

+0.005 

2—  s 

—0.031 

+0.  076 

3-  5 

40.006    —  0.  3«7 

+0.  HI     —  0.  6«7 

4—  S 

+0.024     +  So»7 

+0.096    —  i.8«7 

S-  5 

— 0.  Olio  +  0.  iokV 

+0.  0248  —  2.  2I»7 

6—  5 

— 0.0615  —  2.  90«7 

+0.0628  —25.  22«7 

7—  S 

— 0.0723  — 10.  99n7 

+0.  1459  —16.  ii«7 

8-  5 

—0.  5985  —  7.  97»V 

+ 1.  039s  —  4.  I5»7 

9—  5 

—0.  0329  —  3.  42«7 

+0.7472  +  0.  I3«7 

10 —  5 

-fo.  1597  —  i.o8«7 

+0.  3103  +  0.  8o«7 

II—  5 

+0.  2020  —  0. 4i«7 

+0. 1337  +  o-  83»7 

12 —   5 

— 0.  0347  —  0.  02»7 

0.0000  —  0.  I2«7 

2—  6 

-|-o.  001 

+0. 014 

3-6 

—0.  047 

—0.008 

4-  6 

—0. 065     -f  0.  3«7 

+0.016     —  0.  2»7 

5-6 

—0.052     -|-   i.5«7 

+0.026     +  2.6»7 

6—  6 

—0.017     +  i.4«7 

+0.  003          0.  o«7 

7-    6 

— 0.0403  +12.  26«7 

— 00277  —  3-99«'' 

8—  6 

—0.  0805  +  7.  40«7 

— o.oooi  —  7.83«7 

9-  6 

—0.5898  +   i.49«7 

—0.  1847  —  5.04K7 

lo —  6 

— 0. 4024  —  0.  54«7 

+0.0623  —  '■  88«7 

II—  6 

—0.1359  —  o.47n7 

+0.  1049  —  0.  46n7 

12—   6 

— 0.0231   —  0.  2I«7 

+0.0571  —  0.  03n7 

3—  7 

—0.007 

+0.002 

4—  7 

— 0.  001 

— 0.031 

5—  7 

—0.017     +  o.4«7 

—0.035     +  o.4«7 

6—  7 

— 0.022     —  i.on7 

—0.022     +   I.  in7 

7-  7 

—0.  006     +  0.  4«7 

—0.007      +  0. 4«7 

»-  7 

+0.01 1     +  3.5«7 

—0.024     +  5.8«7 

9-  7 

—0.017     +  5.6n7 

— 0-039     +  3-  tn't 

lo—  7 

+0.024     +  3-4«'' 

— 0-33'     +o.3«7 

II—  7 

—0.091     +  I.  ib7 

—0.  225     —  0.  SW7 

12—    7 

— 0. 074     +  0.  2«7 

—0.067     —  0.  3m7 

S-  8 

+0.012 

—0.005 

6—  8 

+0.  015     —  0.  l»7 

—0.013     +  0. 2»7 

7-  8 

+0.005     —  0-9»'/ 

—0.013     —  0. 5«7 

8—  8 

+0.  003     —  0.  5»7 

— 0. 001     +  0.  4«7 

9-8 

+0.010    —  3.  o«7 

—0.003     +  2. 6»7 

lo—  8 

+0.01S     —  i.3»7 

—0.020     +  3. 5«7 

II—  8 

+0.  176     +  0.  i«7 

—0.028     +   i.8«7 

12—   8 

+0.  116     +  0.  4«7 

—0.077     +  0. 6«7 
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Axg=i'g'+i9 

I  Id  .  «W„'\ 
2\     dy-     } 

• 
ain. 

COS. 

i'      i 
^9 
7—  9 
8-9 
9—  9 

10 —  9 

11—  9 

12 —  9 

9 — 10 
10 — 10 
II— 10 
12 — 10 

II — II 
12 — II 

//            // 
+0.003 

+0.007—0.3117 
+0.  l»iV 
—0.  m't 
+0.004— I.  3«'/ 
+0. 018 — 2. 3«7 
+0.034—1.  I«7 

+0. 4»7 

+0.  3«7 

+0.  3»7 

+0. 008    0.  o»7 

+0.  3«7 
+0.  3»7 

//                 // 

+0.006 

+0.007+0.  I»7 
—0.  6«7 
— 0.  6»7 
+0.005- 1.  o»7 
+0. 007—0. 4»7 
+0.  088+0. 4»7 

—0.  IW7 

— 0.  i»7 

—  i.o»7 

+0.009— I.  o«7 

+0.  3«7 
0.  o«7 

In  obtaining  the  products  f-^-^^n'Se'  and  v"'  the  secular  terms  of  the  second 
order  have  been  included  in  the  values  of  the  factors,  so  that,  as  far  as  these  terms 
axe  concerned,  we  have 

+  6.6i9w'tco8  ^— io.6o5n'<  sin  g' 
+  o.iS^n't  coa  2g' —  o.2gjn't  biu  2g' 
+  o.ooSn't  cos  3g'—   o.oi ^n't  sin  351' 

//  //  //  // 

—  0.1501 

+  [     15.2723  +  6.6i23n'<]  sin    ^'  + [— 20.2638+ io,5926n'<]  cos   g" 

+  [      0.8186  +  o.3703n'<]  sin  2g'  +  [—   3.4692  +    0.593471'*]  cos  2g' 

+  [—  0.0466  +  o.o233n'<]  sin  35'  +  [—  0.3406  +    o.o374«'t]  cos  351' 

+  [—  0.0156  +  0.0015/1'*]  sin  4^'  + [—   0.0264+    0.002 5J1'*]  cos  45f' 

+  [—  0.0018  +  o.oooin'*]  sin  sp'  +  [—   0.0012  +    o.ooo2w't]  cos  5^1' 

The  expressions  of  the  two  products  to  be  employed  in  determining  «'(5V  follow: 


/^dWo'\_ 

V  dy'  J- 


Arg=«'ff'+tff 

(^>'*^' 

COS. 

SID. 

i'      i 

0  0 

1  0 

—  1. 1380+2.  77U«7 
—3.  7827»'«/a 

—3.  2193+0. 97«7 

—0.  26so«'s/» 

II                   II 

—1. 3312—0.  79«7 

0.  oooo«'«/> 
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Axg=i'g'+ig 

f^)n'..' 

COS. 

Bin. 

i'      i 

2        0 

+0.2824  +     7. 76«7 

+0.  8468  —     0.  ^2n't 

—     i.6748«'»/2 

-    3-3956»'V« 

3      o 

+0. 0407  +     I.  32«V 

+  1. 1629  +    0.  36«'/ 

—    0.  ii7on'V2 

—    o.2378«"/« 

4       o 

-f-o.  1174  -f     0.  iinV 

+0.0663  +    o.o8«7 

—    0.  oojgn'^C 

—    o.oi6o»'2/« 

5      o 

— 0.  cx)l6  +    0.  oi«'/ 

+0.0031          o.oowV 

—    0.  ooo4»"/» 

—    0.  ooiob"/' 

—3—  ' 

— 0.0020 

— 0.0180 

-2-    I 

— 0.  3850  -f     0.  ion't 

— 0.  0960  —    0. 44»V 

—  I—  I 

—0.  2592  +     8.  35«'/ 

—0.  2343  —     6.  93k7 

0 —    I 

— 0.2289  +I45.09«V 

—0.2146  —  67.  55«7 

I—  I 

— 0.0347  —  80.  oi«7 

—0.0075  -133- 76"'' 

2—    I 

+0.0837   +I2I.3I«7 

+0.9138  +  93-09»7 

3-  « 

+0.5664  +  8s.64«'/ 

+0.4607  -I37-93'''' 

4—  ' 

+3-3627  +  16.  98«7 

+0-7S7S  —  i2.o5»7 

5-  « 

+0.0862  +     I.  isn't 

+0.0728  —    o.88«7 

6—  I 

+0.0014  +    0.  o6«'/ 

+0. 0070  —    0.  oyt't 

—2 —   2 

— 0-0118 

— 0.0052 

—  I—    2 

— 0.0698  —    0. 04«'/ 

+0.  1449  —    0.  26«V 

O—   2 

—0-  1 122  +     3.99n'/ 

+0.0852  —    s.09«'/ 

I—    2 

— 0. 1 146  —  10. 07»'/ 

+0.0575  —  64.56«'/' 

2—    2 

—0.0302  —    3. 3S«'/ 

+0. 0401  —  20.  72«7 

3-  2 

— 0. 0387  — 290.  oon't 

+0.5806  +212.  6i«V 

4-  2 

+0-1589  — 754.93«'/ 

+0.  1844   +lI2-92»7 

5—  2 

+0. 04490 — 348.  440K'/ 

— 0.00059—162.  io8«7 

6-    2 

+0.  1656  —468.  79kV 

— 0-  0409  — 658-  5o«V 

7—  2 

+0.  0223  —  26. 84«'/ 

+0.0039  —  36-4i»7 

8-    2 

+0.0019  —    i-yji't 

+0.0012  —    2.  2gn't 

-I-  3 

— 0-007 

+-0. 006 

o-  3 

+  0.0548   +      0.  25«7 

+0.0438  —    0.  is»V 

>-  3 

+0.0265  —     0. 68nV 

+0.0587  —    o.gm't 

2—  3 

+0.0152  —  20. 8i«7 

+0.0565  —     l.43«V 

3—  3 

— 0.0194  —     9.  22«7 

+0. 0810  —    6. 97«'/ 

4-  3 

+0.2010  —  io.09«7 

+0.0822  —  23.96»7 

5-  3 

+1.0324  +     1. 16«'/ 

+0.  1 191  —  i^.^yn'e 

6-3 

+2.7298  +     2.02«7 

+  1.0753  —    2.67«'/ 

7—  3 

+0.  3574  +     3-  37«'' 

— 0.  7091  —     \.(>2n't 

8-3 

+0.0653  —     l.Sin'e 

—0. 0450  —     0.  23«7 

9—  3 

+0. 0070  —    0.  l6«7 

—0.0078  —    o.o7«7 

o—  4 

+0.002 

+0.005 

I—  4 

+0. 026 

—0. 020 

2—   4 

+0.0312  —    o.6$H'f 

—0.0062  —    o.o^n't 

3—  4 

+0.  0260  —     2. 42»7 

— 0.0007  +     1-<)2n't 

1 
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Alg=i'g'+ig 

m 

n'Sz' 

COS. 

Bin. 

i'      i 
4—  4 

-|-o.  0254  — 3.  56«V 

-)-o.  0180  -|-2.82«7 

S-  4 

+0. 0773  —9. 87«V 

— 0.0414  -|-i.70«V 

6-4 

-(-0.  2600  — 5.47«V 

—0.  2947  — 1.63«7 

7-  4 

+0.9499  — I.  s6»V 

— 0.9325  — I.  5i«7 

8-4 

— 0.4847  -1-0.  I3»V 

-f-o.  0015  -|-o.45«'/ 

9-  4 

—3.  7810  —0.  i8«7 

—1.0946  -|-o.  79«V 

10 —  4 

— 0. 01472—0.  79S»'/ 

— 0. 01383-I-0.  744»7 

11-  4 

— 0.0054  —i.o6n't 

-f-o.  0056  -fo.  28»V 

2-  5 

— 0.006 

— 0.014 

3-  S 

— 0. 001     — 0.  2n't 

—0.013    +0-3"'' 

4-  S 

— 0. 001     -f3.  i«V 

— 0.005     +'-7»'' 

s-  S 

-|-o.  0008  -f-o.  76»V 

—0.0038  -|-i.88«7 

6-5 

— 0. 0117  — 0.  I2»7 

— 0. 0200  -I-4.  48«7 

7-  5 

— 0.0891  — 1.30»'/ 

—0.0735  -|-2.39«7 

8-S 

—0.  2345  —0. 90«V 

—0.3985  -fo.59«7 

9—  5 

— 0.0131  — o.3S«'/ 

—0.2439  -|-o.  03»7 

10-  5 

■j-o.  0486  — 0.  io«'/ 

— 0.0976  — 0.  o6«7 

II-  s 

-j-o.  0368  — 0.  oi»V 

—0.0265  — 0.  oi»V 

12-  5 

— 0. 0084      0.  oo»'/ 

— 0. 0006  —0.  ozn't 

3-6 

—0.007 

-f-o.  002 

4-6 

+0.  !»'/ 

+0. 2n't 

S-6 

+1.  m'e 

—I.  m't 

6—  6 

+1.  m't 

—0.  2n7 

7-  6 

— 0.  0098  +2.  04«7 

-|-o.  0057  -|-o.  5lnV 

8-  6 

— 0.0387  -|-i.o6»V 

-f-o.  0183  +0.  93«7 

9-6 

— 0.  1750  -|-o.  2I«7 

-|-o.  0589  -|-o.  54«7 

10—  6 

— 0.  1034  — 0.  o^n't 

— 0.0154  -|-o.  I7»V 

II—  6 

— 0.  0309  — 0.  02«'/ 

—0.0233  +0.  04«7 

12-  6 

— 0.  0046  — 0. 02«7 

— 0.0107  +0.  oi«V 

5-  7 

4-0.  i«7 

—0.  m't 

6-7 

— 0.  4«7 

—0.  6n't 

7—  7 

0.  o«V 

—0.  Sti't 

8-7 

-)-o.  001     -|-o.  5«7 

-|-o.  005     — 0.  9»7 

9—  7 

-)-o.  001     -f  0.  6»V 

-(-0. 014    — 0. 4«7 

10—  7 

+0.  008    +0.  3«7 

-|-o.  082    — 0.  i«V 

II-  7 

—0.017     +0.  1«7 

-f-o.  048        0.  on't 

12-  7 

— 0.014 

-f  0.012 

6-  8 

0.  o«'/ 

—0.  m't 

7-8 

—0.  3»7 

+0.  m't 

8-  8 

—0.  3»7 

— 0. 2n't 

9-8 

—0.  5»7 

— 0. 4«7 

lo—  8 

-|-o.  006    — 0.  m't 

-fO.  002     —0. 4«7 

II—  8 

+0. 037        0.  o«V 

-f  0. 004    —0.  m'e 

12-  8 

-|-o.  020        0.  on't 

4-0. 013    — 0.  i«7 
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A.Tg=i'g'+ig 

iWh-^'- 

i;oa. 

Bin 

i'       i 
8-9 

9—  9 

10—  9 

11—  9 

12—  9 

lO — TO 
12—10 

//                // 

0.  o«'/ 

o.  o«'/ 

— o.  3«V 

O.  2»V 

+0.006 — 0.  in'/ 

o.on't 
0.  on't 

//             If 

+0.  IH't 

+0.  2»V 

-|-0.  !«'/ 

0. 0«'/ 

— 0. 014    0.  on't 

+0.  m't 
4-0.  m't 

kig=Vg'+ig 


i'      i 
o      o 


2  o 

3  o 

4  o 

-I — 

o— 

2 — 
3— 
4— 
5- 

0 —  2 

1 —  2 

2 —  2 

3-2 

4—  2 

5—  2 

6—  2 

7—  2 

8—  2 

1—  3 

2—  3 

3—  3 

4—  3 


+0. 

4048  — 

0. 

6o96»'/ 

+ 

0. 

946i«'V« 

— 0. 

0981  +i 

7- 

53«'' 

+ 

0. 

o826«"'/2 

— 0. 

0268  + 

3- 

22nV 

— 

0. 

4I20«'V 

— 0 

0047  + 

0. 

32«V 

— 

0. 

0232n'2/« 

0 

0000  + 

0. 

02n7 

— 

0. 

ooi3n'2/« 

+0.0079  + 

2 

o<)n't 

+0 

0139  +50 

I4«7 

+0.0523  — 

■7 

ttn't 

— 0 

1 163  — 

*> 

Si"'i 

— 0 

2684  — 

21 

39»'' 

+0.0377  + 

2 

t^n't 

+ 

0 

isn't 

+0 

0028  + 

0 

59«V 

+0 

ooi6  — 

I 

44«'/ 

— 0 

0994  — 

2 

3o«V 

— 0 

0274  — 

82 

49«'/ 

+0 

0724  + 

9 

8s»'/ 

+0 

00550+87 

527«7 

— 0 

.0004  — 

5 

4l«7 

— 

0 

26n7 

— 

0 

om't 

0 

oon't 

2 

.  im't 

— c 

.0186  — 

I 

■  3S»'' 

+0.0037  + 

0 

■ZV't 

— 0. 

1633 

—44.  23«7 
—  0.  o476»'V« 

— 0. 

0284 

—  0.  85nV 

—  0.  8502n"'/2 

+0. 

0076  +  0.  0Sn7 

—  0. 0477«'V2 

0. 

0000 

+  0.  oi«7 

—  0.0027«'V 

+0. 0075 

—  i.36«'/ 

+0. 

0060 

— 20.  9Im7 

— 0. 

1469 

—32.  69«7 

— 0. 

2007 

— 33.2ln7 

+0 

IIOI 

+  27.92«7 

+0. 

0124 

—  0.  6i«7 

—  o.o5«7 

— 0 

0019 

—  0.  75n7 

— 0 

0056 

—  9.3'«'' 

— 0 

0401 

—  4.  89»V 

+0 

0868 

+65.  ^Zn•t 

+0 

2583  +  3-  87«V 

— 0 

04049+40.  333«'/ 

+0 

0012 

— 12.  35»V 

—  0.  21«'/ 

—  o.Qin't 

—  o.ojn't 

—  0.  is«7 

+0.0271 

—  0.  67»7 

+0 

.0189  +    I.  2I«V 
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V'2                                                                                                 1 

Aie=rg'-\-ig 

1 

,  003. 

•sin. 

»'      i 

'/                        // 

//                  // 

S-  3 

+0.2831   —0.  ii«V 

+0.0229  +0.  71K'/ 

6-3 

— 0.  0492  — 0.  72«V 

— 0.2102  +i.04»V 

7—  3 

— 0.  0241  — 0.  76»'/ 

+0.  0424  +0.  39«7 

8-3 

+0.0027  +0.  37«'/ 

— 0.  0001  +0.  o7»7 

2—  4 

—0.  osn'/ 

+0.  oi»V 

3—  4 

— 0.  20»'/ 

+0.  63»7 

4—  4 

+0.0069  — 0.  3i»V 

+0.0075  +o-3S«'' 

S-  4 

+0. 0079  +0. 42n'/ 

+0.  0018   — 0.  02«7 

6-4 

+0. 0162  +0. 37n'/ 

—0.0443  +0-  i3»'' 

7—  4 

+0.  OUT    +0.  I3»V 

— 0. 0200  +0.  I4»7 

8-4 

—0.  2421  +0.  ii«V 

+0. 0622  +0.  36»V 

9—  4 

+0.0750  +0.  oinV 

+0.0280  +0.  oi«7 

10—  4 

— 0.  00350+0.  I98»'/ 

—0. 00620 — 0.  iSgn'e 

II—  4 

— 0. 04»'/ 

+0.  oin7 

4-  S 

+0.  2»'/ 

+0.  I»V 

5—  5 

+0.  I  m'e 

+0.  I5«7 

6-  5 

+0.  03»V 

— 0.  I0«7 

7-  5 

— 0.  009S  +0.  o7»V 

— 0.0053  — 0.  I2«V 

8-S 

— 0.  0041  +0.  o6»V 

— 0.0068  — 0. 03»V 

9—  5 

— 0.0005  +0. 03«V 

— 0.0043  — o.oi»7 

10-  5 

+0.0023  +0.  oi«V 

—0.0036  +0.  oinV 

II—  5 

—0.0017 

+0.0010 

12-  5 

+0.0004 

0.0000 

7-6 

— 0.  o^n't 

0.  02»V 

8—  6 

— 0. 04«'/ 

— 0.  04«V 

9-  6 

— 0.  oi»7 

— 0.  04n'/ 

10—  6 

+0.  0I«7 

— 0.  oi«7 

are  fnllm^  t.l 

ifl  fiTnrfissinns  of 1  -^ — ~  1 

and  it,«  nroduct  bv  n'S/.  wh 

the  second  part  of   ^,^^    ■ 


A.Tg=i'g'+ig 

2\  dy"  ) 

COS. 

sin. 

»'      t 

0  0 

1  0 

2  0 

3  0 

4  0 

//                 // 
260.  121 

+  36.  323-3- 3o6i«'/ 
+     2. 009 — 0.  3703«V 
+    0.073— o.o35o«V 
—    0. 001 — o.oo3i«V 

+  11. 655+5.  2963«V 

+  i.i2i+o.5934»V 

+  0. 067+0.  o56i»'/ 

0. 000+0.  oo5o«V 
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A.Tg=i'g'+ig 

2\   dy"  1 

COB. 

Biu. 

»'  i 

// 

„ 

-3-  I 

+  o.  004 

+  0.004 

— 2—  I 

+   °-  039 

+  0.037 

—  I—  I 

+  0. 326 

+  0.237 

O —  I 

+   1.962 

+  2.972 

I—  I 

+  121.  718 

-535-  167 

2 —  I 

+  71-015 

—  78. 902 

3-  ' 

+   5720 

—  7.090 

4—  I 

+   0.438 

—  0. 274 

5-  « 

+  0. 020 

+    0.003 

6—  I 

—   0. 001 

+  0.005 

—2 —  2 

+  0.007 

—  0.002 

—  I—  2 

+  0.074 

—  0.012 

0—  2 

+  0.784 

+  0.008 

I—  2 

+  I3-62S 

—  24.844 

i:—  2 

+  93-486 

+  36.  557 

3-  2 

+  30-517 

+  11-437 

4—  2 

—  37-653 

— 305. 118 

5-  2 

+  0.47137 

—  1. 30389 

6—  2 

+  0.743 

+  0.107 

7—  2 

-f  0. 086 

+  0. 025 

8—  2 

-f  0.008 

+  0.003 

c^3 

+  0.019 

—  0.021 

'-  3 

+  0.521 

-  ■•587 

^-  3 

+  2.949 

—  1. 210 

3-  3 

+  23.441 

—  31-125 

4—  3 

+  18.666 

—  8-533 

S-  3 

+  8.008 

+  0.782 

6-3 

+  3- 57' 

+  2.373 

7-  3 

—  0. 230 

—  0  460 

8-  3 

—  0.006 

—  0.015 

I—  4 

-f  0.019 

—  0.088 

2—  4 

+  0. 041 

—  0.077 

3—  4 

+  0.526 

—  '53' 

4—  4 

—  II.  114 

—  13.018 

5-  4 

—  2.259 

—  9-639 

6-  4 

+  0.979 

—  3-469 

7-  4 

-f  0.806 

—  0.799 

8-  4 

-t-  0.292 

—  0.  127 

9—  4 

—  0.802 

—  0.212 

lo —  4 

—  0.00477 

—  0.00404 

II—  4 

+    0. 0045 

+  0. 0052 

3—  5 

+  0.005 

0.  050 

4-  5 

—  0.  669 

—    0.571 
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&xg=i'9'+ig 


2\  dy"  I 


f 

5— 
6— 

7— 
8— 

9— 


4-6 

5-6 
6—  6 
7-6 
8—  6 
9-6 

10 —  6 

11—  6 

S— 
6— 

7- 
8— 

9— 

10 — 

11 — 

12 — 


6—  8 

7-  8 

8—  8 

9-  8 

10—  8 

11—  8 

12—  8 

7-  9 
8-9 

9—  9 

10 —  9 

11—  9 

12 —  9 

8—10 

9—10 

10—10 

II — 10 

12 — 10 


—7.044 
—5.190 
—1.788 
—0.342 
—0.012 
+0. 023 
-fo.  021 

—0.025 
— 0.596 
+0. 934 
— 0-532 
—0.73' 
—0.348 
— o.  lOI 
— 0.019 

—0.039 
-f-o.  009 

+1.824 
+1-396 
-1-0.440 
+0.044 

— o.  022 

— O.OII 

— 0.009 

-|-0.  222 

-fo.  206 
-f  O.  486 
+0-  370 

+0.  151 
+0.  038 

-f  0.016 

-|-o.  072 

-0383 

— o.  297 
— o.  064 
-|-o.  020 

-}-o.  on 

—0.05s 

— o.  143 
— o.  215 
— «.  141 


+3-  673 
-|-o.  120 
—0.909 
— o.  510 
— o.  172 

—0.045 

— 0.014 

—0.037 

+0.  212 

+3-  668 
+2-  747 
-f-o.  921 

+0-  14s 

— O.OII 

— 0.015 
-)-o.  004 

-1-0.390 
—0.023 
-(-o.  600 

+0. 540 

+0-  234 
-f-o.  065 
-fo.  on 

-|-o.  024 
-|-o.  068 

—0.863 

— o.  670 
— o.  190 
-f-o.  004 
-f-o.  021 

-f  O.OII 
— O.  121 

— o.  200 

-0.338 

—0.237 
—0.093 

— 0.009 
— 0.060 
-f-o.  156 

+0.  IIS 
-f  0.008 
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ATg=i'g'+ig 


i' 
o 


3  o 

4  o 

5  o 
-3- 

-2 — 

O — 

1  — 

2  — 

3— 
4— 
5— 
6— 

-2 —  2 

-I —  2 

0 2 

1 —  2 

2 —  2 

3—  2 

4—  2 

5—  2 

6—  2 

7—  2 

8—  2 

-'—  3 

o—  3 

>—  3 
^—  3 

3—  3 

4—  3 

5—  3 
(^  3 

7—  3 

8—  3 

9—  3 


-i(^>'^^' 


-1.8383  - 

83.4S"'' 

— 

0.  i856«'2/« 

-1-0.0686  — 

10.  oo«'/ 

— 

0. 8493»'«/» 

—0.0537  — 

0.  67«V 

— 

0.  io64H"t' 

—0. 1796  — 

0.  03n7 

— 

0.  oio5«"^2 

— 0.0020  — 

0.  OOIO«'V» 

-f-o.  014 

-f-o.  2422  — 

0.  iSn'e 

-Ho.  1606  + 

0.  din't 

-1-0.  II44  -fl 

6i.88«V 

—0.  0410  -)-  67.  76«7 

— 0.  7129  -(-120.  84n7 

-I- 5367  + 

42.9in7 

—3.4478  + 

9.  5i«V 

-1-0.  123     -f 

0.  i&n'l 

-f  0.006 

-|-o.  010 

-1-0.0486  -|- 

0.  I3«7 

-f-o.  0766  -f- 

9.  I3»7 

-f-o.0446  + 

7-  33«'' 

— 0.0184  + 

18.  82«7 

— 0.  0992  -|-i 

73-  i3«'' 

— 0.  0240  -I-389.  46«V 

—  1.32222— 

5-  303«'/ 

— 0.  1662  — 236.  6o«'/ 

— 0.  0116  — 

26.  79n7 

— 

2.  5i«7 

-|-o.  002 

—0.0391  -1- 

0. 49«7 

— 0.  0180  -j- 

0.  76»7 

— 0.0064  + 

13.  o8«7 

— 0. 0412  -|- 

5.S9«'/ 

— 0.  1540  + 

5.  I2»7 

+0. 8008  — 

0.  70»7 

+3- 0147  — 

0.  70«V 

+0.  2875  - 

0.  54«'r 

-|-o.  0269  — 

0.  s^n't 

— 0.0020  — 

0.  09n7 

— 0.020 

—0.0234  -1- 

0. 48«7 

-f-o.  088806 —  ii.2i39«7 
-1-1.5115     -134.521.7 

o.  oooow"/' 
— o.  2856    —    9. 33n7 

-f     i.6978b'»/» 
— o.  6626    —    o.  49«7 

-|-      O.  2I40»'»C' 
— 0.0179     —    o.om't 

+      O.  02I2»'V> 

— 0.0046    -|-    o.  ooi8«"/« 


— 0.014 

— 0.  0646 

— 

0. 09«7 

— 0. 1008 

— 

l.68n7 

— 0.  0928 

+  47-69»7 

— 0.0061 

— 

60.  56»7 

-f  0. 1874 

— 121.  78«7 

—0. 4746 

+ 

23.o5n7 

-f-o.  6212 

+ 

5.  I4«7 

— 0.  205 

+ 

0,  66«7 

—0. 025 

-f-o.  001 

-1-0. 0976 

— 

0.  20«7 

-f  0.0532 

— 

0.  38»7 

+0-0377 

— 

34-  73«'' 

-f-o.  0167 

— 

12.  26»7 

—0.5991 

+  ■ 

12.  58n7 

—  I.  1 67 1 

+ 

56.  68n7 

—3- "372 

+ 

2.  58on7 

— 0.  1938 

+3 

29.  73«7 

— 0.0090 

-1-  36.65«7 

+ 

3.  49»7 

-I-0.006 

-f-o.  0321 

+ 

0.  I2«7 

-f-o.  0419 

— 

0.  57»7 

-f-o.  0329 

— 

i.47«7 

—0.0514 

— 

4.  77«'' 

-\-o.  0082 

— 

12.  69»7 

—0. 0780 

— 

7-  37»'/ 

-2- 4513 

— 

0.  78«7 

—0.  6490 

— 

0.  25«7 

0.  0556 

+ 

0.  o8»7 

—0.  0072 

+ 

0.  oi«7 

—0.014 

— 0.  0046 

+ 

0.  ii«V 
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Aig=i'g'+ig 


«■ 

3— 
4— 

s- 

6— 

7— 
8— 

9— 

10 — 

11 — 

2 — 

3— 
4— 
5— 
6— 

7- 
8— 

9— 
10 — 
II— 

12 — 

S-6 
fr-  6 

7-6 
8—  6 
9-6 

10—  6 

11—  6 

12—  6 

6— 

7— 
8— 

9— 


i(^)»'*'' 


II- 

12- 

10—  8 

11—  8 

12—  8 
12 —  O 


— 0.0187  +'• 
— 0.0081    -\-2. 

+O.OIS4  +5- 
+0.0422  +2. 
—0.4838  -1-0, 

+0-  3339  — o 
+1.8881  +0 
-|-o.  01006 — o 
— 0.0025  — ° 

+0.005 
— o.  001 


64«'/ 
Syn't 
Sgn't 
gSn't 
isn't 
ogn'i 
im't 
.  oibn't 
.  S2n't 


+0.0223  +°- 
+0.0604  +0. 
+0. 1419  +0. 

+0.0038  +0. 

^.0.0280 
— o.  0142 
+0.0042 


ojn't 
56n't 
isn't 
Son't 
$2n't 
iSn't 


+0.0071  — I. 
+0.0313  — o. 
+0.1 1 88  — o. 
+0. 0678 
+0. 0179 
+0. 0027 

+0. 
o. 

— o. 
— o.  001    — o. 
— 0.005 
+0.012 
+0.009 

— 0.006 
— o.  024 
— 0.015 

—0.005 


79»7 
8o«7 
45«'/ 
62n't 
izn't 


in't 
on't 

Sn't 
4x7 


— O.  0003    +5.  22»'/ 

— 0.0023  +i.86«'/ 
— 0.0541  -\-i.oon'i 

— o.  3339  — o-  97«'' 
— o.  5260  — o.  'jSn't 
— 0.0270  +0.  iSn't 
—0.5424  +o.45»7 
— o.  00958 — o.  022n't 
— 0.0041  — o.\2n't 

— o.  on 
— o.  oio 

-\-1.22h'I 

+  i.36«'/ 
— 0.0245  +3.  OI«7 
—0.0633  +I.3S"'' 
—0.2495  +0.  3i«7 
— o.  1457  — o.om't 
—0.0515 

— O.  OIOI 

+0.0003 

— o.  83«7 
— o.  30»7 
+0. 0040  +0.  39«7 
+0.  0134  +0.  s8»7 
+0.  0381  +0.  34«7 
— o.  0116 
— o.  0144 
— 0.0067 

— o.  5«7 
— o.  5«'' 
— o.  5«V 


+0.012 
+0.  058 
+0.030 
+0.008 

— 0.002 

+0.004 
+0.010 

— o.  01 1 


-o.  3«7 


If  we  add  the  three  portions  of  ^-^^^,  which  have  just  been  given,  we  shall 
have  the  value  of  this  quantity.  In  ?WV  we  give  ^'o  such  a  value  that  «'(5V  may 
have  no  term  proportional  to  t,  and  ki  and  kz  are  so  assumed  that  the  terms  having  the 
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argument  g'  may  vanish.     For  this  it  is  necessary  to  put  A;o  =  +  i".53 16,  Ai  =  +o."5432, 
and  hi  =  +o".3989. 

In  integrating  the  terms  depending  on  the  arguments  s^/' —  2g  and  \og'  —  4^  we 
have  equated  the  motion  of  the  latter,  and  have  proceeded  in  a  way  precisely  similar 
to  that  followed  in  deriving  5Wo'  from  <5T'.  By  joining  the  first  order  with  the  second 
order  terms,  it  is  found  that,  as  far  as  these  two  arguments  are  concerned,  we  have 


dt 


=     [     3S-344IO  — o.i473824n'<]  C08(  55'— 2flr)4.  [     85.09955  —  o.o864i77n'<]  sin  {  55'— 2*7) 
+  [—  0.96463  —  o.ooo682in't]  cos  {log'  —  45)  +  [—  1.03409  +  o.ooo5325»'<]  sin  {tog'  —  4g) 


Setting  aside  quantities  of  the  third  order  this  expression  can  be  replaced  by  the 
following : 

d(n'dz')  "      '        " 

-^^j— =     [(1.9644830)  — (8.3669461)71'^]  cos  [  5ff'— 2(7+247  26  44.14  — (7. 2640621  )n'<] 

+  [(0.1504991) +  (5.88018     )w'f]  cos  [10(7' -4<7+ 133     034.7    +(6.78501     )n<t\ 

The  integrating  factors  for  the  equated  arguments  are  given  by 
log /t  =  1.5015038  log //=  1.1719199 

After  neglecting  certain  quantities  of  the  third  order  the  integrated  expression 
can  be  put  under  the  form 

n'6z'=     [— 1143.2024  — 4.66029371'*]  sin  (  55'— 25)+ [— 2691.4278  +  2. 782ooSn'<]  cos  (  S9' ~  ^9) 
+  [—      14.3434—  o.oioi28n't]  sin  (lop'  — 45)+  [         iS'35i7  —  o.oo792on'<]  cos  (105^'  — 4^7) 

By  subtracting  the  corresponding  terms  of  n'6z',  found  in  Chapter  II,  we  get 

n'<yv=     [— 114.0044  — 4.66o293n'<]  Bin  (  55'— 25) +  [— 273.6868  +  2. 782008)1'?]  cos  (  sg' —  2g) 
+  [—    16.8155  —  o.oioi28n'f]  sin  {log'  —  45)  +  [       17.8091  —  o.oo792on't|  cos  (10*7'-  417) 

d  .  6v' 
If  we  add  the  two  portions  of  —^^jf  we  have  the  value  of  this  quantity.     In 

integrating  we  get  the  constant  term  of  8v'  by  the  aid  of  the  formula  given  at  page 

289.     The  constant  term  of  U    '^^     +  ^vj  is  +o".2374.     Thus,  the  constant  term  of 

Sv'  is  found  to  be  +o".2  78i. 

In  integrating  the  term  depending  on  the  argument  5/  —  2g  the  motion  of  the 
latter  has  been  equated.     The  first-order  terms  being  included,  we  have 

^  =  [-  o".76834  -  o".oo3iio8n'«  sin  (55'  -  25)  +  [-  i".5i690  +  o".ooi9693n'«]  cos  (sp'  —  2g) 
=  [(0.2305490)  -  (6.54556)1'*]  sin  [S<7'- 2^  +  243°  8'  i2".78  -  (7.33352)«'<1 


SECOND  ORDER  PERTURBATIONS  OF  SATURN. 

The  logarithm  of  the  integrating  factor  is  i. 5059163,  and  we  obtain 
V'  =  [24" .9523  +  o".o99369»'t]  COS  (53'  —  2g)  +  [—  48".4634  +  o".o63826n'<]  sin  (c,g'  —  2g) 

By  subtracting  the  corresponding  terms  of  v' ,  in  Chapter  II,  we  get 
6v'  =  [o".87S4  +  o".o99369to'«]  cos  (sg'  —  2g)  +  [—  2".83i  i  +  o."o63826m't]  sin  {$9'  —  'S) 
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The  values  of  n'(5V  and  6v'  follow : 


Aig=i'g'+ig 


•'      t 
o      o 


2  O 

3  o 

4  o 

5  ° 

— 4— 
—3— 
— 2 — 
— I — 


2 — 
3— 
4— 
5- 
6— 

-2—  2 
-I—  2 

0—  2 

1 —  2 

2 —  2 

3-  2 

4-  2 

5-  2 

6—  2 

7-  2 

S—  2 


i/  // 


— I 

355224"'' 

— 

oo255569«'2/» 

— 

0.9731— 

.  Ol8422«'/ 

— 

.oooi3987»'»;2 

— 

0. 0087— 

.00046 1 »'/ 
.  ooooos67«'2/» 

+ 

0.0277— 

.0000 1 6«'/ 

— 

.  00000027«'»/' 

— 

0.0003 

+ 

0.0052 

+ 

0.0007 

— 

0. 1640 — 

.  ooooo8«'/ 

— 

0.2170 — 

.  ooo338n'/ 

— 

o-  3357— 

.oo586i«'/ 

— 

0.  5882+ 

■  oo7757«V 

+ 

2.  2522^ 

.  106611B'/ 

+ 

10.  1442+ 

.  022503«'/ 

+ 

0.  2837+ 

. OOI252nV 

— 

0.0252+ 

.  oooo49n'/ 

— 

0.0002 — 

.ooooo6»'/ 

— 

0.0027 

— 

0. 0290-I- 

.  0000O2W'/ 

— 

0. 0780— 

.  oooo46«'/ 

— 

0. 0933+ 

. ooo568nV 

+ 

o-  0555+ 

.ooo4i7n 

+ 

0. 1701+ 

.  029724«'/ 

+ 

6.6113 — 

.  747047«'' 

— I 

14. 0044—4 

.  66o293«'/ 

— 

0. 0567 — 

.  046962«'/ 

+ 

0.0013 — 

.  001350K'/ 

+ 

0.0003 — 

.  oooo58n'/ 

II 

,, 

— 

oooi3045k'V» 

— 

ooooi767«'>/> 

— I 

78735o«'/ 

+ 

ooi95723»'2/" 

+ 

1.5631- 

024799n'/ 

+ 

.  ooo23963»'V 

+ 

0.  5428 — 

ooo690«'/ 

+ 

.  ooooio28b'«/" 

— 

0.0020— 

. oooo28n7 

+ 

.  oooooo49«'«/» 

— 

0.0006 

+ 

0.0016 

+ 

0.0036 

+ 

0. 0410 — 

.00001 ibV 

+ 

0.  1965— 

.  00026 1 «'/ 

+ 

0.  3621 — 

.  oo2973»'/ 

— 

0.  3238— 

.oii436n'/ 

+ 

3.  8506+ 

.  l6469i«'/ 

+ 

7.8013+ 

•  033438"'' 

+ 

0. 0504+ 

. ooio87«V 

+ 

0.0112+ 

.oooo44»'/ 

0.0000— 

.  ooooo3»'/ 

+ 

0.0026 

— 

0. 0585- 

.  ooooo3«'/ 

— 

0. 0552— 

.  oooo33n'/ 

— 

0.0501 — 

.ooi648»'/ 

— 

0. 0720— 

.OOOI20»V 

— 

0.  3633+ 

.  027242«7 

— 

27. 1947+ 

•  oo9349n'/ 

—273.  6868+: 

. 7820o8nV 

— 

0. 1037+ 

.  o62944«'/ 

— 

0.0012+ 

.ooi77i«7 

— 

0.0001  + 

.  oooo74n'/ 
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n'(5V                                                                  1 

ATg=i'g'+ig 

sin. 

008. 

i'       % 
-  '-  3 

—  0.  0024 

—    0.  OOII 

o-  3 

+  0.0216— .ooooo4«V 

—  0. 0181 — .  ooooo3«7 

«-  3 

+  0.  oi47-|-.oooo28«'/ 

—  0.  0368—.  oooo47«7 

2—  3 

+  0.  0089+.  oooi04«7 

—  0.0372— .  0OOO32»7 

3-  3 

+  0.  0488+.  oooii8«'/ 

-)-  0. 0502 — .  oooo24«7 

4-  3 

+  0.  0228 — .  ooo898«V 

+  0. 0017+.002949K7 

5-  3 

—  0.  2566+.ooo928«7 

—  o.o6ii-(-.oo37i8«7 

6-3 

+  0.  3728+.  oo5367«'/ 

—  i.0977+.oo6i2i«7 

7-  3 

+  2.  7313 — .  oi203i»V 

+  7.  2025—.  004269^7 

8-3 

+  0.  6006 — .  ooo794«V 

+  0.  3875+.000213K7 

9—  3 

—  0.0206 — .  ooooi4«V 

+  0.  o594+.ooooii«7 

«o-  3 

4-  0.0008 

+  0.0013 

o—  4 

+  0.0002 

—  0.  OOII 

I—  4 

+  0.  oo97-f-.oooooinV 

4-  0.  0074     .  oooooo«7 

2—  4 

+  o.oi75+.ooooo8nV 

-|-    0.  0045 -|-.  000002H7 

3—  4 

+  o.oi87-(-.oooo2i«'/ 

+  0.  OOII — .00001 1«7 

4—  4 

—  o.oo68+.ooooii«7 

-|-    0.  OIl6-|-.  0OOO22«7 

5-  4 

-)-  0. 0034— .  ooo888«7 

+  0.0252— .000085K7 

6-4 

—  0.0326— .ooo774«7 

—  0.  0422+.  ooo356«7 

7—  4 

+  0.4595— .ooo342«7 

-f  0. 4047-|-.ooo489«7 

8-4 

-|-   I.  4923— .  oooii8«7 

+  0.  3826-f.  00055  7k7 

9—  4 

—  8.  9304— .  oo2i87«7 

+  2- 6357— •  oo5379«7 

10—  4 

—  16.  8155-.  oioi28n7 

-fl7.  8091— .  oo7920«7 

II-  4 

—  0.0089— .0001 1  in7 

4-  0.0116 — .  oooo26»7 

'-  5 

+  0.  0009 

0.0000 

2-  5 

—  0.0024 

OOOOOOK7 

+  0.0054 — .00000 1  n7 

3-  5 

+   J.  0009+ 

0O0O02«7 

+  0.0090 — .  O00002«7 

4-  5 

+  0.0027  + 

0O0O20«7 

4-  0.0088 .  00O002«7 

5-  5 

—  0.0018 — 

000003K7 

+  0.002 1 4-.  000004^7 

6-  5 

—  0. 0032 — 

oooo35«7 

4-  0.0031— .  ooo333«7 

7—  S 

+  0.  0039— 

0001 8ok7 

4-  0.0095— .ooo236«7 

8-  5 

—  0.0947  — 

oooi54«7 

4-  0.  1640— .oooo64«7 

9-  5 

+  0.0008— 

oooo87«7 

4-  0.  i6324-.ooooiin7 

10—  5 

+  0.0643  — 

oooo45«7 

4-  0.  10864-.  000039K7 

II-   5 

+  0.  2071  — 

oooo42«7 

4-  0.  12834-.000086K7 

12-  s 

—  0.  3212— 

0000 1 9«7 

—  0.0118— .oooii8«7 

2—  6 

+  0.0003 

4-  0.  0010 

3-  6 

—  0.  O023-|-.ooooo2n7 

—  0.  ooo54-.oooooin7 

4-  6 

—    0.  OO38+.  000002«7 

4-  0.  0008—.  ooooo3n7 

i-6 

—  0.  oo28+.oooooi«7 

4-  0.  ooi54-.ooooi6n7 

6—  6 

—   0.0016— .OOOOIOK7 

4-  0. 0020—.  oooooyn't 

7-  6 

—  0.  0027+.  000137^7 

4-  0.  0005— .  oooo35«7 

8—  6 

—  0.  0043-I-,  oooo76»7 

4-  0. 0025— .  000089K7 

9-  6 

—  0. 0711-)-.  ooooi3«7 

—  0.  0226—.  oooo72«7 

10 —  6 

—  0.  0590- .OOO0II»7 

4-  0.0129— .oooo3i»7 

II—  6 

—   0.0233 •O00OI2K7 

4-  0.0221— .ooooio«7 

12—   6 

—  0.  0043 — .  ooooo5«7 

4-    0.  0180      .  OOOOOOK7 
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Arg=i'ff'+is 


I' 

3— 
4— 
5— 
6— 

7— 
8— 

9— 

10 — 

11 — 

12 — 

5-  8 

6-  8 
7-8 

8—  8 

9—  8 

10—  8 

11—  8 

12—  8 
6-9 

7-  9 
8-9 
9—  9 

10 —  9 

11—  9 

12 —  9 


n'5V 


An. 


— o.  0005 
— o.  0001 
— o.  0005-)-. 
— o.  0007 — . 

— O.  OOOI  +  - 
-|-0.  OOM  +  . 

— 0.00214-. 
+0. 0028+. 
— o.  0122+. 
— o.  0095 +. 

+0.0002 
-f-o.  0006 — . 

+0.  0002-I-. 

-\-o.  0006 — . 

+0.  0003 — . 

— o.  0005 — . 

+0.  0IS4+. 
+0.  OIII+. 

4-0.  0004 
-|-o.  0001 — . 

o.  0000 — . 

o.  0000 . 

-f-o.  0006 — . 
+0. 0005 — . 
-)-o.  0027 — . 

-\-o.  0006-f-. 


00OO02»'/ 

ooooiinV 

OOOOOI«'/ 

oooo3in7 
oooo48«V 
000033K'/ 
ooooo9«V 
ooooo6»V 

oooooibV 

000002«'/ 

000003KV 
ooooi9«V 
ooooog«7 
ooooo2n7 
ooooo^n'i 

ooooo3«V 
000001 «'/ 
oooooi«V 
ooooo4«V 
ooooii«'/ 
ooooo3«7 

oooooin'/ 


— o.  0001 
— 0.0006 
— o.  0010 — . 
— o.  0008+. 
-\-o.  0001  —  . 
— o.  0018+. 
— o.  0014-I-. 

— 0.03 16+ . 

— o.  0235—. 
— o.  0076 — . 

— o.  0001 
— o.  0001 — . 
— 0.0008 — . 

-fO.  OOOI  +  . 

o.  0000-I-. 

— u.  OOO9-I-. 

— o.  00204-. 
— o.  0079-^-. 

4-0.0008 
-f-o.  0001 -f. 

o.  00004- . 

o.  oooo-f-. 
4-0.0001 — . 
4-0. 0002 — 
4-0. 0064  4-. 

4-0.00024- 


oooooikV 
ooooo5«V 
oooooi«7 
000053K'/ 

00O025«7 

ooooo3«7 
ooooo6k7 
oooo04«V 

000002«V 

oooooibV 
ooooo3«7 
ooooi7«7 
oooo26k7 
ooooi ik7 
oooo04k7 

OOOOOIK7 
000002K7 

oooooik7 
.  ooooo3«7 
. ooooo3«7 

. 000002«7 

. oooooi«7 


Aig—t 

'a'+ig 

S 

v' 

COS. 

sin. 

i' 

i 

//               // 

//             // 

0 

0 

4-0.  2781-I-.  0i86l9«7 

-|-.OOOII252«'V2 

I 

0 

+0.  6169-I-.  676oo8»7 

+0. 67S7-.  8927S2«7 

-l-.ooi28728«'V2 

-|-.  ooo97623»'V' 

2 

0 

-|-o.  7470-(-.  0i8297n7 

+  J-2S44— •024933»7 

-|-.oooo7799»'2/2 

-f-.OOOII223«'V2 

3 

0 

4-0. 02924-.  0007 1  o«7 

-f-o.  S3S9— .  ooioSokV 

-|-.  00000504""'/^ 

-(-.00000828«'2/2 

4 

0 

-|-o.  0276-!-.  oooo34«7 

-|-o.  0154—.  oooos8«7 

-|-.  oooooo34«'2^« 

-f  .oooooo59»'V2 

S 

0 

-f-o.  ooo4-f-.  oooooi«7 

— 0. 0009 — .  ooooo3«7 

-)-.  O0OO00O2»'V» 

-|-.00000004«'2/i' 

25  AST- 


-22 
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Arg=t'ff'+is 


I 

4— 
3— 

2 — 
I  — 
O — 
I  — 

2 — 

3— 
4— 
5— 
6— 

2—    2 
•    I —    2 

1 —  2 

2 —  2 

3—  2 

4—  2 

5—  2 

6—  2 

7—  2 

8—  2 

'-  3 
o—  3 
>—  3 

2—  3 

3-  3 

4—  3 

5—  3 

6-  3 

7-  3 

8-  3 

9—  3 
>o—  3 

o—  4 

'—  4 

2—  4 

3—  4 

4—  4 
S-4 
6-4 

7—  4 

8-  4 
^-  4 

10 —  4 

11—  4 


—0.0003 
— o.  0014 
— o.  1744—- 
— o.  2245 — . 
— 0.28384-. 
— 0.4186+. 
+0.  4800 — . 
— 2.  7100 — . 
+  1.4022 — . 
+0. 0033—. 
+0. 0001 — . 

— 0.0042 
-0.0338+. 
— o.  0849+ . 
— o.  1032 — . 

+0.06I8+. 

+0.  0904 -l-. 

+3. 2207—. 

+0. 8754+. 

— o.  0249+. 
— o.  0070-I-. 
— o.  0009-f-. 

— 0.0026 

+0. 0237+. 

-fo.  0182 . 

+0. 0143—. 

+0.0104 — • 
+0.  0467 — . 

+0.  II02+. 
+  I.5708+. 
+0.  8394—. 

— o.  2103+. 

+0.  OO72+. 
+0.0004 

+0.0013 
+0.  OII4 — . 
+0.0212 — . 
+0.  0221  +  . 
+0.  0032 — . 
+0.0123—. 
+0.  0488—. 
+0.4619 — . 

+0. 9286 — . 

—4.1159—- 

+0. 5985+. 
+0. 0024+ . 


OOOOOJn'i 
oooi24n'/ 
ooo86inV 
oo3i54«V 
027584«7 
oo9645«'/ 
ooo77i«'/ 
oooo62«7 
ooooo7»'/ 

ooooo3»7 
000095  »'/ 
0002 I 8«V 
000595KV 

OI32IO«'/ 

362438«V 
099369nV 
023487«7 
ooi334«7 
oooo84«'/ 

ooooo3«7 

000020«V 
O00023«'/ 

oooooib'/ 
ooo843n'/ 
0007 I 6n 7 
oo3366«7 
0O3i34«7 
ooo3oo«7 
ooooio»V 


00000I»7 
000002«'/ 
000002«V 
000032«V 
00091 7nV 
ooo795nV 
ooo359n7 
oooio6n7 
ooi047nV 
ooo45o«V 
oooo49«7 


—  o.  0004 

—  0.0061 

—  o.  0450+. 

—  o.  2023+. 

—  o.  3074  +  . 
+  0-3343+- 

—  1-3399— ■ 
+  2-2915+- 
+  0.3615+. 
+  0.0074+. 

—  o.  0008+. 

—  0.0021 

+  o.  0642+ . 

+  0.0763+. 
+  0.0572+. 
+  0.0866—. 

+  o. 6076 — . 

+I3.6I48-. 

—  2-83II+- 

—  0.0552+. 

—  o.  0041+. 

—  o.  0006+. 

+  o.  0022 
+  0.0207 — . 

+  0.0423—. 
+  0.0464+. 

+  0.0129 — . 
+  0.0065—. 
+  0.0762 — . 

+  1-4476—. 

—  I- 7277+. 

+  o.  1382+. 

+  0.0306+. 

+  o. 0010 

+  0.0025 

—  o.  0079 . 

—  o.  0041+. 

+    O.OOII+. 

—  o.  0068 — . 

—  o.  0180+. 

—  O.  0O22 

—  0.4032—, 

—  o.  2713—, 

-  1-2383+ 

+  o-  7483- 

—  o.  0035 


ooooi7«7 
0001 88« 7 
0003 30K 7 
004I20«7 
043252«7 
oi4945«7 
ooo867«7 
000050K7 
00000 1  «7 

ooooo4k7 
oooo27«7 

0O00O2k7 

ooo424n7 
oi4867«7 
00486 I «7 
o63826«7 
03IOo6k7 
001782K7 
oooii3«7 

oooooi«7 
oooo36«7 
00002 I n7 
oooo78»7 
0028 I 3M 7 
003302^7 
oo3996«7 
ooiooo«7 
000089^7 

OOOOOI»7 


O0OOO2«7 

oooooi«7 

oooo49k7 

ooooo5«7 

00007 9«7 

■  000334K7 

.  ooo447«7 

. ooo394«7 

002535*7 

.000301K7 

OOOOII«7 
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8y'                                                          1 

Axg^'g'+ig 

Bog. 

sin. 

i'      i 

//           // 

//            // 

I-  5 

+0.0018 

—0.0004 

2-  S 

—0.0025 

—0.0062 

3-  S 

-|-o.  0005 — .  ooooo3»'/ 

— 0. 0107+.  ooooo6«7 

4-  5 

-f-o.  0029-I-.  oooo35»7 

— 0. 01 14+.  ooooo7«7 

S-  5 

— 0. 0015 — .  ooooo6n't 

— 0.  0033 +.0000 II  «7 

6-5 

—0. 0055—.  oooo43«7 

— 0. 0056+.  ooo346»7 

7-  S 

— 0. 0023 — .  oooi88n7 

— 0. 0153+.  ooo272n7 

8-5 

— 0.  1034—.  oooi69n'/ 

—0.  i7gS+.  oooo87«7 

9-  5 

— 0.  0852 — .  0000950'/ 

—0.  1760 — .  ooooo4«7 

to-  5 

+0. 0545 — .  oooo45n'/ 

— 0.  1071 — .  oooo33n7 

II-  5 

-f-O.  1325 — .  00OO29M7 

— 0.  0872 — .  oooo59»7 

12—  5 

— 0. 0733 — .  ooooo6»'/ 

— 0. 0007 +.  oooo29»7 

2—  6 

+0.0001 

— 0.  OOII 

3-6 

— 0.0039 

+0.0007 

4-6 

— 0. 0060+ .  ooooo3»7 

— 0.  OO15  +  .  000002«7 

5-6 

— 0. 0053+ .  ooooo7«V 

— 0. 0026 — .  ooooi8«7 

6—  6 

— 0. 0019+.  ooooo7»7 

— 0. 0003+.  ooooo3«7 

7-6 

— 0. 0042+.  oooi37«7 

+0. 0030+ .  oooo46n7 

8—  6 

— 0. 007 1 +.  oooo98«7 

— 0. 0019+.  oooi05«7 

9-6 

— 0. 0798+.  oooo23n7 

+0.  0248+ .  oooo8o«7 

lo—  6 

— 0.  0683—.  ooooi  m't 

— 0.  0103+.  oooo38»7 

II-  6 

— 0. 0303 — .  OOOOI2»'/ 

— 0.  0232+.  OOOOI2»7 

la—  6 

—0. 0070—.  ooooo7«7 

— 0. 0 1 74+ .  00000 1  «7 

3—7 

— 0.0005 

— 0. 0001 

4-  7 

— 0. 0001 

+0. 0023 

S-  7 

— 0. 0014+.  ooooo3«7 

+0. 0028 — .  ooooo3»»7 

6-7 

— 0. 0019 — .  ooooi  m't 

+0.  0019 — .  ooooo5«7 

7-  7 

— 0. 0006+ .  ooooo4»'/ 

+0. 0007  +  .  oooooin7 

8-7 

+0.  0012+.  oooo34«'/ 

+0. 0026—.  oooo56n7 

»-  7 

— 0. 002I+.000062«7 

+0. 0032—.  oooo33n7 

lo-  7 

+0.  0026+.  oooo46«'/ 

+0.  0370—.  ooooo4«7 

II-  7 

— 0. 0124+.  ooooi7«7 

+0. 0305 -1- .  ooooo8«7 

12—  7 

— 0. 0121+.  ooooo4«7 

+0.  01 10+.  ooooo6»7 

5-8 

+0.0008 

+0.0003 

6-  8 

+0. 001 1 — .  O00001«7 

+0. 0009 — .  oooooi»7 

7-8 

+0. 0004—.  ooooo7»V 

+0.  0010+.  oooo04«7 

8—  8 

+0. 0003 — .  000004*7 

+0. 0001 — .  ooooo3»7 

9-8 

+0. 0009 — .  oooo28»7 

+0.  0003 — .  oooo24«7 

lo—  8 

+0. 0009 — .  OOOOI  3»»7 

+0. 0022—.  oooo35n7 

II—  8 

+0. 0171+.  oooooin7 

+0.  0027 — .  000020«7 

12—  8 

+0. 0128+.  ooooos«7 

+0. 0085-.  ooooo8«7 

6-9 

+0.0002 

— 0.0002 

7-  9 

+0.  0005—.  O000O2»7 

—0. 0005 — .  oooooib'/ 

8-9 

+.  OOOOOIM7 

+.  ooooo4»7 

9-  9 

— .  oooooi»»7 

+.  000004*7 

lo—  9 

+0.0003 — .  OOOOI  i»7 

—0. 0003+.  ooooo8«7 

II—  9 

+0.  0016 — .  000020«7 

— 0. 0006+.  ooooo4«7 

12—  9 

+0. 0028 — .  OOOOI  i«7 

— 0. 0074 — .  ooooo4»7 

12-10 

+0. 0006    .  oooooo»7 

—0. 0007+ .  ooooo8«7 

CHAPTER  XVI. 

PEETUBBATIONS  OF  THE  THIRD  ORDER  WITH  RESPECT  TO  DISTURBING  FORCES  m  THE  LONGI- 
TUDES AND  RADII- VECTORES,  ARISING  FROM  THE  MUTUAL  ACTION  OF  JUPITER  AND  SATURN- 
DETERMINATION  OF  THE  FACTORS  OF  S^T  AND  S^T. 

The  corrections  to  be  applied  to  T  and  T',  on  account  of  terms  of  three  dimen- 
sions with  respect  to  distm-bing  forces,  will  be  denoted  by  6^  and  S'T'.  In  deter- 
mining them  it  is  important  to  reject  all  parts  of  the  formulae  which  afford  insignificant 
terms,  and  thus  reduce  the  very  onerous  labor  involved.  In  this  connection  it  will  be 
seen,  on  referring  to  the  previous  elaboration  of  the  second-order  terms,  that  those 
involving  the  factors  u  and  u'  are  generally  insignificant  and  in  the  remaining  cases 
quite  small.  As,  in  the  third-order  terms,  these  factors  should  give  rise  to  still  smaller 
terms,  it  is  thought  allowable  to  entirely  neglect  them.  For  like  reasons,  all  terms 
arising  through  the  consideration  of  6h  and  6h'  will  be  neglected.  Thus,  we  will 
consider  only  the  four  augmentations,  nSz,  v,  n'Ss',  and  v'. 

Then,  applying  Taylor's  theorem,  extended  to  any  number  of  variables,  to  the 
functions  T  and  T',  we  have 

d^T  =     An6*z  +  BSv  +  Fn'(S^z'  +  Qdv* 

I  dA,    ^  „  ,  dA,    „  ,,  ,r  ,v  ,    I  dF 


-I- 


.  d^('^<^^)'+  a^,(n6z}(n'6z')+-  ^^n'Sz'f 


A-  -r^— t^  4-  rr'  ^^  vv'  4-  ir"^!/'* 
<J«T'  =     A'n'S^zf  +  B'dv'  +  WnS^z  +  G'Sv 

+  W^^'^^'y  +  %^^^'y  +  ^(^'^^>  +  %{nSz)v 
^  2     dr'^      ^      drdr'       ^  2    dr^ 

The  four  factors,  A,  B,  F,  and  G,  of  the  first  line  of  each  of  these  two  expressions 
are  the  same  as  the  factors,  denoted  by  these  symbols,  employed  in  the  computation 
of  the  second  order  terms,  and  the  first  factors  of  the  two  following  lines  are  obtained 
from  those  just  mentioned  by  partial  differentiation  with  respect  to  g  or  /.     Thus, 
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eleven  out  of  fourteen  quantities  involved  in  each  of  these  expressions  are  determined 
in  the  easiest  manner  possible;  a  notable  advantage  resulting  from  the  employment  of 
Hansen's  variables.  But  the  firgt  factors  of  the  three  terms  in  the  last  line  of  each 
expression  must  be  specially  computed.     They  all  have  the  form 

h.(0Vh<|)Vh.(|)Vh.|+h, 

The  readiest  method  of  obtaining  them  appears  to  be  the  following :  Derive,  in 
the  first  place,  the  two  quantities 

<4J^  - 1  -  ¥(l)'(4  -  S)+ im  (.4  -  S)V  f  SK-  -  S)] 

~2y^Ja'^      &\_Ajy^a.'      a'V      8^       r'^      i 

<-iy^' = "' !  ^(I)'(-S  -  '^h  (Sm  K.  -  ?.)'-  I4i4  -  S)] 
-0H.+l(0(4-?.)-il-^=l 

To  save  labor,  it  must  be  remembered  that 

(0(4-S)'and(|)(.5-S) 
have  been  computed  in  our  work  on  the  second-order  terms,  and  that 

(AjC^'a^-^O'      U)"'^^'     Uji^^'     A'     F^H,and^H 

have  been  computed  for  the  first-order  terms. 

In  the  second  place,  derive  Y  and  Y'  from  the  equations 

T'  =  M'|-,(«.V^)  +  Nw(r'^)  V 

M,  N,  M',  and  N'  have  been  used  in  deriving  the  quantities  denoted  X  and  X'  in 
the  second-order  terms.  Also,  ^  ( oor-^  \  etc.,  have  already  been  obtained  in  com- 
puting  V  and  V  in  the  second-order  terms. 

Then 
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We  have  already  used 

in  computing  V  and  V.     The  quantities,  for  the  sake  of  distinction,  denoted  A,  B, 
A',  and  B'  are  the  same  as  A,  B,  A',  and  B'  in  the  formulae  of  the  first-order  terms 


dn  ,  ^    dn 


T  =  Aao^  +  Ba«r 


^  - -^  "^  dg'  ^  ^  "^^  dr' 

After  r^^  and  r'^^  have  been  obtained,  we  get  the  four  remaining  factors  from 
the  equations 

/PT'  tPT' 

♦^'m  +  '^^  =-2Q'-  X'-Y' 
drdr'         dr' 

These  equations  result  very  simply  from  the  consideration  that  T  and  T'  are  homo- 
geneous functions  of  r  and  r'. 

If,  then,  we  make  the  two  following  multiplications,  viz., 

we  shall  be  able,  by  the  aid  of  the  products,  together  with  expressions  previously 

obtained,  to  get  the  quantities  «o(*'g^)  '^  and  "'^'vdp)  '^''  ^^^  *^**  through  simple 
additions  or  subtractions. 

By  raising  the  value  of  ^  -  a^-,  given  on  page  201,  to  the  third  power,  we  have 

^(jjl  -  "^^)  =  [9-83735]  -  2[9-i988s]  cos  g'  +  2[8.oio7]  cos  2g'  -  2[5.6i]  cos  7,9' 

+  2[8.6ios  ]  cos  ^  +  2[7,ii8i]  cos  zg  +  2[c,.n]  cos  T,g 

-  2[7.8o45  ]  cos  {  g'-   g)  -  2[7.8o45]  co.s  {  g' -\-    g) 

—  2[6.i48i  ]  cos  (  g'  —  2g)  —  2[6.i48i]  cos  (  g'  +  2g) 

+  2[6.2I42    ]  cos  (25'-     fl')+  2[6.2I42]  COS(25l'+     g) 

Also 

—  f«^^  =  -  [0-12783]  +  2[8.8o96]  COS  g  +  2[6.89]  cos  2g 
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f(^'(^: 

-«^S)' 

9/a'\6/r" 

A  a)  U" 

«^S)«^S 

Aig=%'g'+ig 

C08. 

sin. 

COS. 

sin. 

i'      t 
o      o 

+  17.678 

+6.  785 

O —    I 

-  2.  853 

-  3-058 

—1.404 

-  1.582 

0 —   2 

—  0. 149 

+  0.  294 

—0.073 

+  0.  162 

o—  3 

+  0.017 

+  0.007 

+0.01 1 

+  0,002 

o—  4 

■j-  0. 001 

0.000 

«+4 

0.000 

+  0.  001 

«+  3 

+  0.006 

+  0.002 

+0.001 

+  0. 001 

1+    2 

+  0.003 

—  0.  045 

+0.003 

—  0.024 

«+    I 

-  0.  S9> 

+   0.  127 

— o.3'5 

+  0.062 

I         O 

+  4-033 

+  4-  930 

+  1-949 

+  2.190 

I —    I 

+  6.61S 

—32.805 

+2.  397 

—11.966 

I —   2 

—  1.728 

+   I- 24" 

-J- 073 

+  0.698 

«—  3 

+  o- 133 

+  0. 128 

+0.068 

+  0.061 

I—  4 

-f-  0.006 

—  0.007 

+0.003 

—  0.005 

I—  5 

—  O.OIO 

+  0. 001 

2+  3 

—  0.003 

—  0.009 

2+    2 

+  0.003 

—  0.007 

+0.002 

—  0.002 

2+    I 

—  0.081 

—  0. 035 

— 0.042 

—  0.018 

2        O 

—  0.003 

+  1.021 

+0. 020 

+  0.509 

2—    I 

+  6-925 

-  4-  278 

+2.  782 

—  1-947 

2—   2 

— 26. 604 

—11.248 

-8. 932 

—  3-  743 

2-   3 

+  0-333 

+  0.4S9 

+0.  256 

+  0.588 

2—  4 

+  0.097 

_  0.066 

+0.041 

—  0.021 

2-   5 

+  0.008 

—  0.006 

— 0. 001 

—  0.002 

3+    2 

-)-  0. 001 

—  0. 001 

3+  I 

—  0.008 

—  0.007 

—0.003 

—  0.005 

3      ° 

—  0.089 

+  0. 122 

— 0. 044 

+  0.066 

3—  I 

+  1-493 

+  0.234 

+0. 681 

+  0.053 

3  -  2 

-  3-  576 

—  8.298 

-••S3« 

—  3.020 

3-  3 

— I3-JS4 

+  19.067 

— 4.000 

+  5-853 

3-  4 

—  0.464 

—  0.034 

+0.  226 

—  0.053 

3-  5 

—  0.062 

—  0.087 

— 0.004 

—  0.025 

3-6 

—  0.006 

—  0.002 

— 0.001 

+  0. 001 

4+  I 

-|-  0.002 

—  0.006 

4      o 

—  0.021 

+  0.007 

— O.OIO 

+  0.004 

4—  ' 

+  0. 171 

+  0. 175 

+0.088 

+  0.079 

4—  2 

+  0.  569 

—  1.868 

+0. 157 

-  0.  774 

4—  3 

-  8.  723 

+  2. 196 

—2.  884 

+  0.914 

4—  4 

+12.065 

+  12.722 

+3-  396 

+  3-539 

4—  S 

—  0.092 

+  0.964 

—0.002 

—  0.  oil 

4-6 

—  0. 085 

+  0. 059 

—0.015 

+  0.001 

4—  7 

+  0.002 

+  0.004 
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'/(z)'(I^ 

-^-«-a-.) 

m%- 

-«=a^)«'.^ 

Arg=i's'+ij 

COS. 

sin. 

COS. 

sin. 

i        1 
5       ° 

—  0.003 

-fo.  001 

— 0.  001 

— 0.  001 

5 —  ■ 

+  0.006 

+o-  039 

+0.004 

+0.018 

5 —   2 

+  0.  290 

— 0.  201 

+0.  114 

—0.  lOI 

5-  3 

—  2.032 

-0.959 

—0.  767 

— 0.  271 

5—  4 

4-  0. 611 

+8. 191 

+0.  326 

+2.471 

5—  5 

+  10.806 

-6.  581 

+2.  766 

—  1.709 

5—  6 

+  1.087 

+0.  290 

+0.  087 

+0.017 

5-  7 

+  0.  010 

+0.099 

+0.  001 

+0.012 

5—  8 

—  0.005 

+0.  025 

0.000 

+0.  001 

6—  I 

—  0.  004 

+0.003 

— 0.  001 

+0.  002 

6-    2 

+  0.058 

+0.  001 

+0. 025 

—0.003 

6-  3 

—  0.  212 

— 0.406 

—0.  099 

—0.  144 

6-  4 

-  1-317 

+  I-9SI 

—0.364 

+0.672 

6-  5 

+  6.967 

+o-  757 

+  1.927 

+0.  106 

6-  6 

-  2.  838 

-8.  305 

— 0.691 

—  1.967 

6-  7 

+  0.463 

— 0. 966 

+0. 043 

— 0.  109 

6—  8 

+  0.  112 

— 0. 024 

+0.  010 

— 0.002 

6-  9 

+  0.019 

+0.013 

7—  2 

+  0.007 

+0.004 

+0.003 

+0.  002 

7—  3 

+  0.015 

— 0. 080 

+0.  001 

—0-  033 

7—  4 

-  o-  505 

+0.  169 

—0.  164 

+0,  081 

7—  5 

+  1.662 

+  '■556 

+0.  528 

+0.410 

7—  Ci 

+  1.655 

—5-417 

+0.  350 

—1.382 

7—  7 

-  S-855 

+0.  623 

— I.  291 

+0.  150 

7—  8 

—  o-  723 

—0.  549 

— 0.  094 

— 0.065 

7—  9 

—  0. 010 

— 0.  109 

—0.002 

— O.OIO 

8-  3 

+  0.005 

— 0. 010 

+0.  004 

—0.004 

8-4 

—  0. 097 

— 0. 032 

—0.  036 

— 0.  006 

8-  5 

+  0.094 

+0.  567 

+0.  053 

+0.  169 

8—  6 

+   ■•651 

—I.  246 

+0.411 

—0.369 

8-  7 

-  3-  853 

—2.  049 

—0.914 

-0.438 

8—  8 

—  0.432 

+3-777 

—0.088 

+0. 785 

8-9 

—  0.  589 

+0.478 

— 0.  067 

+0. 066 

9—  3 

+  0.003 

— 0. 001 

+0.001 

— 0. 001 

9—  4 

—  0.015 

— 0.  015 

—0.005 

—0.005 

9-  5 

-  0.055 

+0.  126 

— 0.012 

+0.  038 

9-6 

+  0653 

— 0.005 

+0.  158 

— 0.022 

9-  7 

—  0. 832 

—  I.  861 

— 0.  226 

—0-  372 

9-8 

—  2.  604 

+2.  770 

—0.423 

+o-  554 

9-  9 

+  2.698 

+  1-384 

+0.446 

+0. 163 
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Thence  are  derived  the  following  expressions  for  ^(*"g^J  ^  and  -r^iy^jip)^' 


A  dr 

Yn 

"^('■'^r^' 

Arg=»'p'-t-is 

COS. 

sin. 

COS. 

sin. 

i'       i 
0       o 

—1.820 

-  7-663 

u—    I 

—0.  184 

—0.308 

+  1. 171 

+  0.  888 

0 —    2 

—0.  023 

+0. 043 

+  0.068 

—  0.  13s 

o—  3 

-fo.  002 

+0.003 

—  0.004 

—  0.004 

1+  3 

-fo.  004 

+0.001 

—  0.005 

—  0. 001 

1+    2 

0.000 

— 0.009 

0.000       1 

+  0.017 

1+    I 

—0.  065 

+0. 021 

+  0. 219 

—  0.054 

I          O 

+0.  151 

+0.  137 

-  I- 579 

—  2.043 

I —    I 

-0-339 

+  1-593 

-3-685 

+  18.  109 

I —   2 

— 0.  296 

+0. 198 

+  0.499 

—  0.  132 

I—  3 

-f-o.  024 

+0. 028 

—  0.058 

—  0.  029 

I—  4 

+0.001 

— 0. 001 

—  0.002 

+  0.004 

2+    2 

0.000 

—0.003 

—  0. 001 

+  0.005 

2+    I 

— 0.015 

— 0.008 

+  0. 032 

+  0.014 

2        0 

-0.015 

+0. 078 

+  0.018 

—  0.  396 

2 —    I 

+o-  477 

+0. 070 

-  3- 137 

+  1-798 

2 —   2 

-1.625 

—0.663 

+  13-083 

+  S-559 

2—  3 

+0.  114 

+0. 1 20 

—  0.090 

+  0.045 

2—   4 

+0. 027 

— 0. 010 

—  0.047 

+  0.034 

2-  5 

+0.008 

— 0.002 

—  0.009 

+  0.003 

3+   > 

— 0.003 

0.000 

+  0.004 

+  0. 001 

3      ° 

-0.013 

+0. 021 

+  0.036 

—  0.044 

3—  ' 

+0.  129 

+0.097 

—  0.625 

—  0.  146 

3-  2 

— 0.027 

—  1.038 

+  1.489 

+  4- 058 

3—  3 

—  1.941 

-)-  2.  882 

+  7-037 

—  10. 183 

3—  4 

— 0. 109 

— 0.069 

+  0.  508 

+  0.008 

3-  5 

— 0.019 

—0-033 

+  0.045 

+  0.052 

3-6 

— 0.002 

^.001 

+  0.004 

+  0.002 

4      0 

— 0.005 

+0.001 

+  0.009 

—  0.002 

4—  I 

+0.013 

+0. 027 

—  0.065 

—  0.076 

4—  2 

+0. 199 

— 0.  224 

—  0.344 

+  0.848 

4—  3 

—1.622 

+0. 029 

+  4.601 

—  0.  928 

4—  4 

+2.  794 

+2.  881 

—  6.  912 

—  7-300 

4-  5 

—0.083 

+0.308 

+  0.087 

—  0.  768 

4-6 

—0.035 

+0.017 

+  0. 058 

—  0. 045 

4—  7 

+0.005 

+0.001 

—  0.003 

—  0.003 

S       0 

— 0. 001 

+0.001 

+  0.002 

—  0.002 

s—  I 

0.000 

+0.008 

—  0. 001 

—  0.017 

5—  2 

+0.063 

— 0.009 

—  0. 143 

+  0.075 

S-  3 

— 0.33S 

—0. 329 

+  0.996 

+  0.  577 
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^(^1.)^^ 

'^KY^' 

Arg=«'ff'+»y 

COS. 

sin. 

COS. 

sin. 

t'       » 
5—  4 

— 0.  146 

+2.  on 

— 0. 167 

-4.613 

5-  5 

+3- 176 

—1.994 

—6.566 

+4.000 

5—  6 

+0. 403 

+o-  «S3 

—0.  814 

—0.234 

5—  7 

— 0.028 

+0.047 

+0.003 

—0. 074 

5—  8 

— 0.006 

+0.019 

+0.005 

—0.023 

6—  I 

—0.003 

0.000 

+0.003 

0.000 

6—    2 

-(-O.OII 

+0.005 

— 0.027 

— 0. 004 

6-  3 

— 0.015 

—0.105 

+0. 086 

+0.  216 

6-4 

—0.463 

+0.418 

+0.803 

—  1.026 

&-  S 

+2.096 

+0.446 

—4-  150 

-0.583 

6—  6 

—1.044 

-2.  92s 

+  1.808 

+5-  294 

6-  7 

■j-o.  226 

—0.398 

—0.359 

+o.7'3 

6—  8 

+0.060 

+0.003 

—0.088 

+0.014 

6-  9 

+O.OIS 

+0.013 

— 0.018 

—0.013 

7 —  2 

+0.001 

0.000 

—0.003 

—0.002 

7—  3 

+0. 013 

— 0.018 

— 0.012 

+0.041 

7—  4 

—0. 152 

+0.001 

+0.  284 

— 0.064 

7-  5 

+0.43S 

+o-  577 

—0.925 

-0.972 

7—  6 

+0.  728 

—1.902 

—I.  127 

+3-383 

7—  7 

-2-  358 

+0.  285 

+3-884 

—0.415 

7—  8 

—0.318 

— 0.  266 

+0. 531 

+0.415 

7—  9 

+0.006 

-0.057 

+0.003 

+0. 086 

8-  3 

— 0. 001 

— 0.002 

0.000 

+0.005 

8-4 

— 0.024 

—0.018 

+0. 050 

+0. 024 

8-5 

— 0.017 

+0. 195 

— 0. 023 

-^■336 

8—  6 

+0.  658 

-0.374 

— 1.060 

+0.  725 

8-7 

-1.524 

— 0.901 

+2.  502 

+  I-390 

8—  8 

-0. 145 

+  1-673 

+0.  283 

—2.  582 

8-9 

—0-323 

+0.  225 

+0. 459 

—0-353 

9—  4 

—0.005 

— 0.006 

+0.009 

+0.009 

9—  5 

— 0.029 

+0.047 

+0.039 

— 0.076 

9-6 

+0. 294 

+0. 042 

—0.434 

— 0.023 

9—  7 

—0.293 

—0.954 

+0.51 1 

+  '-324 

9-  8 

-1.498 

+  '-357 

+  1.968 

—  1.948 

9—  9 

+  '•523 

+0.921 

— 2. 023 

—1. 126 
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Y 

• 

ATg=Ky 

Y 

Aig=xy+i'g'+ig  - 

+i'9'+ig  - 

sin. 

COS. 

sin. 



COS. 

X      i'      i 

tt 

// 

X 

i'       i 

" 

// 

o      o      o 

+  0-29 

—  I 

2 —  2 

-  1.83 

—  1-77 

I         o I 

+42.  3° 

-  0.13 

0 

2—  3 

+  0.97 

—  0.42 

—  I        o       o 

+  4- II 

—  3-93 

I 

2—  4 

—  0.65 

—  0. 14 

O        0 —    I 

-  3- 07 

—  0.02 

—I 

2—  3 

-  0.2s 

—  0.  16 

I          0 2 

-  0.32 

+  2.S7 

0 

2—  4 

+  o-oS 

+  0.02 

—  1         O—    I 

+  0.20 

+  0.41 

I 

2—  5 

0. 00 

+   O.OI 

O         O —    2 

4-  0.02 

—  0. 19 

—I 

2—  4 

0.00 

—  O.OI 

I      0-  3 

—  0. 14 

—  0.04 

0 

2-  5 

0.00 

0.00 

—  I         O—    2 

—  0.02 

-|-  0.01 

I 

2-  6 

0.00 

+    O.OI 

0      o—  3 

+   O.OI 

-|-   O.OI 

_, 

3+  I 

+   O.OI 

+  0.09 

1       o—  4 

+   O.OI 

—  O.OI 

0 

3      0 

+  o.is 

—  0.03 

-I       1+  3 

+  0.02 

—  O.OI 

I 

3-  I 

—  0.06 

—  0.13 

O         1+2 

—  O.OI 

—  0.04 

— I 

3      0 

—  2.04 

+  0-30 

I         1+    I 

+   O.OI 

+  0.05 

0 

3-  I 

—  0.81 

+   I- 45 

-I         1+    2 

+  0.22 

+  0.26 

I 

3—  2 

+  1.08 

+  0. 10 

O         1+    I 

+  0.36 

—  0.  24 

— I 

3-  • 

+  11.27 

-19.84 

I        I        o 

-  0.71 

-  0.17 

0 

3-  2 

—  3-53 

-  4- 98 

-I    1+  1 

-  S-oS 

+  3-33 

I 

3—  3 

—  2.34 

+  3-94 

O        I        o 

+  0.  64 

+  3-00 

— 1 

3-  2 

+47-  54 

+68. 68 

I      I—  I 

+  4-79 

-  4-S2 

0 

3-  3 

—  0. 12 

—  0. 19 

—  I         I        o 

-8.13 

—41.32 

I 

3—  4 

-  4-93 

-  6.64 

O          I I 

—  0.44 

-|-  0. 10 

— I 

3—  3 

+  3-97 

—  1.27 

I          I—   2 

+  5-15 

+24-  23 

0 

3-  4 

+  0-34 

+  0.50 

—  I          I—    I 

+    1-23 

+  3-13 

I 

3-  5 

—  0.22 

—  0.44 

O         1—2 

-  0.  3S 

-..77 

—  I 

3—  4 

+  0.17 

—  0.  29 

I       '—  3 

0.98 

+  0.58 

0 

3-  5 

+   O.OI 

+  0.03 

—  1          I—    2 

—  0.  20 

+  0.  22 

I 

3-6 

—  0.02 

—   O.OI 

o      1-3 

+  0.08 

—  0.05 

—I 

4      0 

—  0.24 

+  0-17 

I       I—  4 

-|-    O.OI 

—  0.04 

0 

4—  I 

+  0.03 

+  0-30 

—1       •-  3 

—   O.OI 

—  O.OI 

I 

4—  2 

+  0.16 

—  0.09 

o       1—4 

0.00 

+  0.02 

—  I 

4—  I 

—  0.48 

—  4-03 

I       I—  5 

+   O.OI 

1           —   O.OI 

0 

4-  2 

-  1.87 

—  0.69 

—I         2+    2 

0  2+    I 

1  2        O 

-1-  0.04 

+  0-03 
—  0.09 

+   O.OI 

—  0.06 
+  0.02 

I 

—  I 

0 

I 

4—  3 
4—  2 
4—  3 
4—  4 

+  0.07 
+25.61 
+  3-28 
-  3-12 

+  1. 01 

+  9-49 

-  3-57 

-  I.  16 

—  I         2+    I 

—  0.32 

+  0.76 

—I 

4-  3 

—45-  37 

+48. 01 

O        2        0 

+  0.7s 

+  0.3s 

0 

4-  4 

+  0.13 

—  0.  27 

I         2—    I 

+  0.19 

—  0.96 

I 

4-  5 

+  3-07 

-  3-54 

—  I         2        O 

— 10.  24 

—  4.81 

—I 

4—  4 

+  «-47 

+  4-85 

O        2—    I 

—  6.12 

+  2.66 

0 

4—  5 

-  0.23 

+  0.24 

I         2—   2 

+  4-49 

+  3-75 

I 

4-6 

+  0.24 

-  0. 31 

—  I         2—    I 

+84-45 

-35-85 

—I 

4-  5 

+  0-3S 

+  0.19 

O        2—2 

—  0.  20 

—  0.  IS 

0 

4-6 

—  O.OI 

+  0.02 

I       2—  3 

-13- 17 

+  5-88 

I 

4—  7 

+   O.OI 

-  0. 03 
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Aig=xy+i'g'+ig  ; 

Y 

Asg=Ky+i'g'+ig 

Y 

Bin. 

COS. 

sin. 

COS. 

H 

i'      i 

// 

// 

X 

«'     t 

// 

" 

—  I 

5—  ° 

—   O.  OI 

+  0.04 

—  I 

6—  8 

—  0.03 

0.00 

O 

5—  1 

+  0-03 

-f-  0.04 

0 

6-9 

0.00 

+   O.OI 

1 

5—  2 

+   O.OI 

—  0.02 

I 

6 — 10 

—  O.OI 

—  O.OI 

—  I 

5 —  ' 

—  0.41 

—  0.47 

0 

5-   2 

—  0.43 

+   0.  II 

—  I 

7 —  2 

+   O.OI 

—  0. 16 

I 

5-  3      1 

+  0. 12 

+  0.15 

0 

7-  3 

—  0.09 

—  0.05 

— i 

5—    2 

+  5- 61 

-  ••47 

I 

7—  4 

—   O.OI 

+  0.03 

o 

5—  3 

+  0-35 

—  1.96 

—I 

7—  3 

+  1. 16 

+  0.73 

I 

5—  4 

-  0.83 

+  0-I9 

0 

7—  4 

+  0-43 

—  0.  29 

— I 

5-3      ! 

—  4-78 

+26.  74 

I 

7-  5 

—  0.14 

—   0.  10 

0 

1 

5—  4 

+  3-04 

+  '79 

—  I 

7—  4 

-5-85 

+  3-86 

I 

5-  5      - 

+  0.38 

-  2.26 

0 

7—  5 

+  0-30 

+  I- 40 

—I 

5—  4 

—40.  99 

-24.83 

I 

7—  6 

+  0.45 

—  0.28 

o 

5—  5 

+  0-32 

-(-   O.OI 

— I 

7-  5 

—  4.  16 

—18.98 

I 

5-6      1 

+    2-32 

+  1.22 

0 

7—  6 

-  1.58 

—  0.  14 

—I 

5-  5 

—   4.  62 

+  >-93 

I 

7—  7 

0.00 

+  0-94 

o 

5—  6      ' 

—  0. 15 

—  0.  II 

— I 

7—  6 

+21.27 

+  2.17 

I 

5—  7 

+  0.26 

+  0.09 

0 

7—  7 

—  0.20 

+  0.  10 

—  I 

5-6 

—  0.  19 

+  0-39 

I 

7-  8 

—  0.80 

—    O.OI 

o 

5—  7 

—  0.03 

0. 00 

— I 

7-  7 

+  2.61 

—  2.34 

I 

5-8 

-|-  0.02 

0.00 

0 

7—  8 

+  0.06 

+  0.04 

— I 

5—  7 

+   O.OI 

-1-  0.04 

I 

7—  9 

—  0. 12 

+  0.06 

o 

5—  8 

-|-   O.OI 

0.00 

—  I 

7—  8 

+  0.06 

-  0-37 

I 

5—  9 

0.00 

—  0.02 

0 
I 

7—  9 
7 — 10 

+    O.OI 
—  O.OI 

0.  00 
+  0.02 

— 1 

6-   I 

—  0.08 

—  0. 03 

o 

6-    2 

—  0.05 

+  0.06 

— I 

8-  2 

0.00 

—  0.02 

I 

6-  3 

+  0.03 

0.00 

0 

8-3 

—  0.  02 

0.  00 

—I 

6-    2 

+  0.66 

-  0.77 

I 

8-  4 

0.  00 

0.00 

o 

6-  3 

—  0.  20 

—  0.45 

-I 

8-  3 

+    0.  22 

+  0.  01 

, 

6-  4 

-  0.13 

+  0.14 

i           ° 

8-  4 

+    0-04 

—  0.  II 

—  I 

(^  3 

+  2.72 

+  6.2s 

!        ' 

8-  5 

—   0.  03 

0.  00 

o 

6-4 

+  1-74 

—  0.03 

-I 

8-  4 

—    0.  64 

+   '■44 

I 

6-  5 

—  0.26 

—  0.  64 

0 
1 

8-  5 
8-  6 

+  0-33 
+  005 

+  0-34 
—  0.  II 

—I 

6-  4 

—23-  94 

+  0.30 

—I 

8-  5 

—  4- 52 

—  4- 71 

o 
I 

6-  5 
6—  6 

-  0.7s 

+    1-52 

+  2.29 
—  0.04 

0 

i        I 

8-  6 
8-  7 

—  0.97 
+  0-30 

+  0.44 
+  0.26 

— I 

6—  5 

+10.51 

— 31.00 

-' 

8—  6 

+  '3-57 

—  5-95 

0 

6—  6 

+  0.06 

+  0.28 

1 

0 

8-  7 

—  0. 14 

—  0.98 

I 

6-  7 

-  0.3s 

+   I-4I 

J 

8-  8 

-  0.5s 

+  0.27 

— I 

6—  6 

—  2.29 

—  3-7° 

—1 

8-  7 

+  1-73 

-l-'3-38 

o 

6-  7 

+  0-05 

—  0. 12 

0 

8—  8 

—  0. 12 

—  0.  14 

I 

6-  8 

0.  00 

+  0.  18 

I 

8-9 

—  0. 10 

—  0.41 

— I 

6-  7 

—  0.39 

—  0.13 

—I 

&~  8 

+  2.07 

+  1.60 

o 

6-  8 

+   O.OI 

—  O.OI 

i        0 

8-9 

+   O.OI 

+  0.03 

I 

6-9 

0.00 

+  0.02 

I 

8—10 

—  0.02 

—  0.07 
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Y 

1 

Aig=xy-\-i'g'+ig 

A.Tg=xy+i'g'+ig 

bin. 

COB. 

• 

sin. 

COS. 

X       i'      i 

// 

// 

X      i'      i 

„ 

,, 

—1       9_.  3 

+0.03 

—0.  02 

— I       9—  6 

+3-24 

-4- 58 

o      9—4 

— 0. 01 

— 0.  02 

0      9—  7 

— 0.06 

— 0.64 

I      9-  s 

— 0. 01 

0.00 

I       9—  8 

-0.13 

+0.  22 

—  I       9—  4 

+0.03 

+0-3' 

—  I       9—7 

+6.27 

+8.76 

0      9—5 

+0.  II 

+0.02 

0      9—8 

+0.S7 

-0.23 

I       9 —  6 

— 0. 01 

—0.03 

I       9—  9 

—0.23 

—0.30 

-I      9-  5 

—1. 60 

—0.41 

—I       9—  8 

-7.76 

+2.89 

o      9—  6 

— 0.  24 

+0-33 

0      9—9 

-0.51 

+0.03 

I      9-  7 

+0.  II 

+0.02 

I       9 — 10 

+0.17 

—0.03 

In  like  manner  we  have  the  expression  of  Y' : 


ATg=xy+i'g'+ig 

Y' 

ATg=xy+x'g'+ig 

Y' 

sin. 

COS. 

sin. 

COS. 

X      i'      i 
000 

// 

+      4-6 

K          »'          i 

—I       4—  I 

—  4S-4 

—     3-9 

—I       I       0 

—433-  8 

-      S-8 

0      3—  « 

+   16.  I 

+  >4-4 

— I       2      0 

—120.3 

+  101.6 

I       2—  I 

+   10.7 

—     0.  I 

0       I       0 

+  73- 0 

+       I- I 

-I      5-  « 

—     6.1 

+    3-5 

I       0      0 

+  33-7 

—    54-4 

0      4—  I 

+     3-8 

+    0.2 

—130 

—    6.0 

+      23-2 

I      3—  « 

+     I.I 

—    0.8 

020 

+  10-3 

_      8.6 

-I      6-  I 

—    0.4 

4-    0.8 

I       I       0 

-    0.6 

—      8.0 

0      5—  I 

+    0.5 

-    0-3 

—140 

+       '-2 

+      3-' 

I      4—  I 

+      0-' 

—    0. 2 

030 
I       2      0 
-I      S      ° 
040 
I      3      0 

+    o.s 

—  0-5 
+    0.4 

—  0. 1 

—  0.  I 

—  2.0 

—  07 
+      0-3 

—  03 
0.0 

— I      0 —  2 

0 —  I —  2 

1—  2 —  2 
—I       I—  2 

0      0 —  2 

0.0 

+    0-3 
—    0.2 

+     «-3 

+    4-7 

+    0.2 

+    0.1 

-    0-3 
+    2.6 

+  IO-4 

—I—  I—  I 

+    O.S 

+      0.2 

I—  I —  2 

—    3-4 

—     J-9 

0—  2—  I 

+    0.6 

—      0.5 

— I      2 —  2 

-  24.1 

+  16. 1 

I—  3-  I 

—     1.2 

+      0.1 

0      I —  2 

+  21.5 

-    9-7 

—I      0—  I 

+     4-5 

-      0.7 

I      0—  2 

-  55- « 

-122.3 

0 —  I —  I 

-)-     2.0 

-      5-3 

-I      3-  2 

+865.8 

-365. 0 

1—  2—  I 

-    7-6 

+      S-4 

0      2—2 

+    4-7 

—    6.2 

—I       I—  I 

+  37- S 

-      6.2 

I      I—  2 

-255-3 

+  H2.6 

0      0—  I 

I —  I—  I 

— I       2 —  I 

0  I—  I 

1  0—  I 

—I      3—  ' 
0      2—  I 

+  »4-3 

—  25.0 
— 200. 0 

—  8.2 

—171-9 
—192.3 
+  16. 1 

+    69.9 

+    63-3 
— 1012.4 

-  31 

-  827.9 

-  169-7 
+    85-4 

-I      4—  2 

0  3—2 

1  2 —  2 
-I      5—  2 

0  4 —  2 

1  3-  2 

+  163-7 

—  73-1 

—  3«-o 

—  3-« 
-13-8 
+    1-7 

— 260. I 
+  29.8 
+  57-9 
-65-3 
+  21.8 

+  '1-5 

I       I—  I 

+  60.9 

+    42.2 

—I      6—2 

-    7-0 

—    9-« 
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Arg=xy  +i'g'+ig 

. 

Arg=Hy+i'g'+ig 

Y' 

Bin. 

ooe. 

ain. 

COS. 

H 

o 

i'    « 

S-   2 

+    0.3 

+    S-S 

X      i'      i 
I       3-  4 

+  62.0 

-69. 5 

4—  3 

+      '-2 

+      1-2 

—I       6-4 

-  Si-9 

+264. 4 

—I 

7-  2 

—     17 

—      0.6 

0      5—4 

+  3'-4 

-  32.4 

6-   2 

+    o.  6 

+      0.7 

I       4—  4 

+     S-6 

-  37- « 

5-  2 

+    0-3 

+      O.I 

—I       7—  4 

+  28.8 

+  73-3 

-I 

8—   2 

—      O.  2 

0.0 

0      6—4 

+     4-6 

—  22.3 

o 

7—    2 

+      0.2 

0.0 

I       s-  4 

—     4-2 

—    8.6 

6—   2 

+      O.l 

—      0.  I 

—I       8—4 

+  >4-S 

+  10.4 

o 

«-  3 
o-  3 
>—  3 

—      O.  I 

+      0.2 
+      O.I 

+      O.I 

+  0.9 
—    0. 1 

0  7-4 

1  6—  4 
—1      9—4 

—  2.4 

—  1-7 
+    3-S 

-  6.1 

—  1.0 
+    0.1 

I 

2-  3 

—      2.2 

+     1.8 

0      8—4 

—     1.2 

—    0.8 

o 

'—  3 
o-  3 

+    0.3 
-     1.8 

+    0.7 
—  II. 6 

I      7—  4 

—    0.8 

+    0.5 

—  0. 1 

—  0.3 

— I 

3-  3 
2-  3 

—    4-9 

+     8.1 

-46.7 
+  10.9 

0  9—4 

1  8-  4 

—  0.2 

—  0. 1 

0.0 
+    0.1 

"-  3 

-    8.6 

—    9.4 

— «      3—  S 

—    0. 1 

—    0. 1 

—I 

4-  3 

+424.0 

+610.  3 

0      2—  s 

—    0. 1 

0.0 

o 

3-  3 

+     4-5 

+       5-2 

I      I —  5 

—    0.1 

+    0.1 

2-  3 

-  95' 

—'31-5 

—I      4—  s 

+     3-0 

—    3-' 

—I 

S-  3 

+283.  3 

+  114.2 

0      3—5 

—    0.5 

+    0-3 

o 

4—  3 

-  34-7 

-S1.8 

I      2 —  5 

—    0. 2 

+    0.1 

3-  3 

-  48.9 

—  16.6 

—I      5-  5 

+   10.8 

+  55-4 

—I 

6-  3 

+  75-^ 

-  IS- 7 

0      4—  s 

—    4-1 

—     '-9 

0 

5-  3 

-  23.7 

—    9.9 

'      3—  5 

+     4-1 

—    3-3 

4—  3 

-  10.  s 

+    3-1 

—  1      6—  5 

-3'7-3 

—  186.9 

—I 

7-  3 

+  10.8 

—  10.9 

0      5-  s 

—     3-« 

-    4.6 

o 

6-3 

-    6.3 

+     13 

I      4—  5 

+  46.3 

+  25.6 

5-  3 

—     '3 

+     1.6 

—  I      7—  5 

— 218.  s 

+    0.6 

— > 

8-3 

+    o.s 

-    2.5 

0      6—5 

+  26.  2 

+  16.  I 

o 

7-  3 

—      I.O 

+     1.0 

'      5-  5 

+  25.8 

—     I.  I 

6-3 

—    0.  I 

+    0.3 

—I      8—5 

-  62.1 

+  38.6 

—I 

9-  3 

—    0.2 

—    0.4 

0      7-  5 

+  18.3 

+    0.2 

o 

8-3 

0.0 

+    0.2 

I      6-   5 

+    6.1 

—     4-4 

7-  3 

0.0 

0.0 

—I      9—5 

-    8.0 

+   16.6 

I 

2—  4 

—    0.  I 

+    0.1 

0      8—  5 

+      5-2 

-    3-2 

o 

I—  4 

—    0. 1 

+    0.1 

'      7—  5 

+    0.7 

—    1.6 

o—  4 

—    0. 1 

—    0.8 

—  I     10 —  5 

+    0.5 

+    3-9 

— I 

3—  4 

—    2.3 

—    2.6 

0     9—  s 

+    0.7 

-    »-3 

o 

2—  4 

+      O.I 

+    0.6 

I      8—  s 

—    0. 1 

—    0.4 

I—  4 

+  0.5 

—    0. 1 

-I      4-6 

+    0.1 

—    0.2 

—I 

4—  4 

+  57- 0 

-      S-2 

0      3-6 

—    0. 1 

0.0 

o 

3-  4 

—    S-o 

+     6.0 

I      2-  6 

0.0 

0.0 

2—  4 

+    0.1 

—    7-4 

-I      5-6 

+    3-7 

+    3-0 

—I 

5—  4 

-367.8 

+393-9 

0      4—6 

—    0.4 

—    0.2 

o 

4—  4 

-    S-3 

+     3-5 

I      3-6 

+    0.1 

I 
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" 

Y 

/ 

Y 

/ 

Aig—xy'+%'g'+ig 

Aig=Ky'+i'g'+ig 

am. 

•            COB. 

sin. 

008. 

X 

— I 

i'      i 
6—  6 

// 
—  46.3 

+  16.6 

M     i'       i 
— I     10 —  7 

+30.2 

-42.5 

0 

S-6 

+    0.3 

—   2.6 

0      9—7 

-  93 

+  4.0 

I 

4-6 

+     3.8 

+    1.9 

I      8-7 

-  2.3 

+  3-4 

— I 
0 
I 

— I 

7-6 
6—  6 
5-6 
8—  6 

+  73-2 
+    3-6 

—  8.1 

-  3S.' 

— 229. I 
-   2.6 

+  28.4 
—163. 1 

—I      6—8 

0  5—8 

1  4-8 
-1      7-8 

0.0 
+  0.1 

0.0 
—  3-9 

+  0.4 
0.0 
0.0 

—  1-4 

0 
I 

0 

I 

7-6 
6—  6 
9-6 
8—  6 
7-6 

-  6.7 
+    2.9 

—  42.9 
+    2.9 

+    4-4 

+  18.9 

+  l6.6 

-46.3 
+  13-6 
+    3-9 

0  6—8 

1  5-8 
-I      8-  8 

0  7—8 

1  6—  8 

+  0.2 
+  0.2 
+22.5 

+  0.4 

—   2.1 

0.0 

+  0.2 

—19.4 
+  0.9 

+  o-S 

—I 
0 

I 

10 —  6 
9-6 
8-  6 

—   17-2 

+    3-6 
+     1-4 

—    4.7 
+    3-9 
+    0.3 

—I      9—8 

0  8—8 

1  7-8 

+»4.9 

—  1.6 

-  1.6 

+91-7 
+  2.0 

-8.9 

—I 

0 

I 

5—  7 

4—  7 
3—  7 

+    0.3 

0.0 

+    0.1 

+    0.1 

—    0.1 

0.0 

—I     10—  8 

0  9—8 

1  8—  8 

+51. 1 
—  I.  2 
-3.8 

+693 

—  7-7 

—  S-S 

— I 

6-  7 

—    2.4 

+     3-9 

-I      7—  9 

—  0.4 

+  0.1 

0 

S—  7 

0.0 

—    0.3 

0      6—  9 

—  0. 1 

0.0 

I 

4—  7 

+    0.2 

0.0 

1       5—  9 

+  0.1 

+  0.1 

—I 

7—  7 

—  19.4 

-  34- « 

—I      8—  9 

+  0.7 

-3-6 

0 

6—  7 

+     1.6 

—    0. 1 

0      7—9 

+  0.2 

+  0.1 

I 

S-  7 

—    0.2 

+    3° 

I      6—  9 

0.  :£ 

+  0.2 

— I 

8—  7 

+  1S1.1 

+  II. 9 

—I      9—9 

+  16.6 

+  '3-2 

0 

7—  7 

+    2.6 

+     2.6 

0      8—9 

—    0.4 

+  0.4 

I 

6—  7 

-  I6.4 

—    0.7 

I      7-  9 

—    0.8 

-  «.3 

—I 

9—  7 

+111.0 

—  49- 0 

— I     10 —  9 

-52.4 

+23-7 

0 

8—  7 

—  12.  s 

—     1.2 

0      9-9 

-  i-S 

—   I.O 

I 

7—  7 

—    9.9 

+    5.0 

I      8—  9 

+  4.0 

-  >.3 

The  developments  of  the  three  factors,  which  must  be  specially  computed  for 
#T,  follow: 


Arg=X)'+t'j'+ij 

d»T 
dr' 

"^drdr' 

"^  dr^ 

sin. 

COS. 

sin. 

COS. 

sin. 

008. 

X      i'      % 
000 

I      0—  I 
—100 

0  0      I 

1  0—  2 

+216.02 
-    S.41 
+    3.01 
+    0.9S 

II 

+0.46 

—0.46 

+5.60 
-7.78 
+2.74 

II 

— 13«.94 
+  13.88 

—  8.18 

—  2.60 

II 

-  0-35 
+  0-53 
—16.22 
+11.86 
+  2.06 

// 

-37-  8i 
—29. 36 

+19.36 
+  3.38 

// 

—  0.54 
+32.28 
-16.93 

—  9-59 
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,<PT 
""drdP 

dr'^ 

K      i'       i 

Bin. 

COS. 

sin. 

COS. 

bId. 

COS. 

„ 

„ 

„ 

// 

// 

./ 

—I 

O —    I 

—    0.56 

— 

1-49 

+     I- 19 

+  2.57 

—    2.07 

—  4.12 

0 

O —   2 

+     0.87 

+ 

1.06 

—     1.20 

-     1.65 

+     1.67 

+  2.51 

o-  3 

—    0.  10 

+ 

0.  02 

-    0.13 

—    0.  14 

+    0.40 

+  0.23 

—I 

O—    2 

+     0.  II 

— 

0.  09 

—    0.  19 

+    0.  12 

+    0.28 

-  0.17 

o 

o-  3 

—       u.  II 

+ 

0.09 

+    0.  16 

—    0. 10 

—    0.21 

+      0.  12 

o—  4 

+   0.07 

+ 

0.05 

—    0.06 

—    0.06 

+    0.04 

+      0.07 

—1 

«+  3 

-f-      O.OI 

+ 

0.08 

-\-      O.OI 

—    0.  II 

—    0.05 

+      0.14 

1+    2 

—      0.02 

+ 

o-'3 

+    °-03 

-    0.23 

—    0.04 

+      0.3s 

1+    ' 

0.00 

— 

0.31 

—      O.OI 

+    0.4s 

+    0.02 

—      0.66 

—I 

1+    2 

—     0.  16 

+ 

0.07 

+  0.78 

+    0.38 

-     '-52 

—       I.  10 

1+    • 

—      0.  90 

— 

0.70 

+     1.68 

+    0-75 

-     3-09 

—      0.  63 

I          O 

+     1-33 

+ 

0.45 

-    3-02 

—     «->3 

+     5.66 

+      2.06 

—1 

1+     • 

—     7-49 

+ 

4-47 

-    3-01 

+    4.96 

+  22.00 

—    19.  12 

I          0 

+     0,96 

+ 

4-43 

—    0.80 

—    3-79 

1—  I 

+     6.58 

— 

8.66 

+      4-21 

+    0-S5 

—  23-  30 

+    12.98 

—I 

I         0 

—  '9-95 

— 

96.  21 

-     «-7S 

—  12.  II 

+  36-97 

+  190.  20 
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—  16.68 
+  15.29 

—  6.00 

+  73-55 

—  71.80 
+  20.  26 
+  74.00 

—  73-  27 
+  32-02 
—333-  04 
+327-73 
-105. 05 

—  42. 02 

+  55-51 

—  21.46 

—  0.15 
+    2.97 

—  1.96 

—  3-'2 
+    2.89 

—  0.87 
S-25 
5-73 
0.05 

+  75-44 

—  72-75 
+  28.20 
—213.49 
+208.51 

—  66. 09 

—  25.01 
+  34-66 

—  >3-29 
-38.98 
+  39-43 

—  12.45 


+ 
+ 


+  0.96 

—  4-65 
+  2.87 

—  0.62 
+  0.02 
+  0.44 

+    1.98 

—  I-7I 

+    0.45 

—  6.56 
+    6.71 

—  0.42 

—  62.26 

+  59-03 

—  25.00 
+274.58 
—268. 55 
+  86.67 

—  37-  99 
+  26.61 

—  7-41 

+  38.9s 

—  38.60 
+  13.12 
+    6.73 

—  8.16 
+    2-93 

+    0.78 

—  o.  62 
+    0.74 

—  22. 16 
+  20.75 

—  7-46 
+  63.42 

—  62.32 

+  «6.93 
+  105-  «3 
-105. 06 
+  40. 30 
—228.  78 

+223. 75 

—  72.  II 

—  27.97 
+  37-06 

—  14.29 
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'•'dff 

,<J»T 
drdr' 

^  dr'* 

ATg=xr-^i'g'+ig 

sin. 

COS. 

Bin. 

COB. 

sin. 

COB. 

X      t'       < 

// 

// 

// 

„ 

,/ 

// 

->       9-  3 

—   O.  20 

+  0.  21 

+    030 

—     0.  29 

-    0.45 

+      0.38 

o      9—4 

+  o'7 

—  0.24 

—    0.26 

+   0.28 

+    0.36 

-      0.32 

I      9-  5 

-)-  o.  o6 

+  0.09 

—    0.07 

—    0.13 

+    0.07 

+      0.17 

—  I       9—  4 

-    '-25 

—  2.29 

+     1.48 

+    3-36 

-     1.67 

-    4-73 

0      9-  5 

+  1-37 

+  2.26 

-     1.45 

—    307 

+     '-45 

+     3-99 

I       9-6 

—  0.78 

—  0.  21 

+    0-93 

+    0.42 

-     1.09 

—    0.67 

I      9-5 

+  >5-37 

—  0.68 

—  21. 12 

—    0. 50 

+  28.  31 

+     2-33 

o      9-6 

-15.56 

+  o'9 

+  19.89 

+     1.08 

—  24.68 

—    2.77 

1      9-  7 

+  309 

—  0.99 

—    4.49 

+     1.05 

+     6.07 

-     1.09 

-I      9-6 

—21.  76 

+51.70 

+  32-97 

—  68. 45 

—  47-44 

+  88.92 

o      9—7 

+26. 15 

-5'- 55 

-  34-  98 

+  64.29 

■f  45-  35 

-  78.  28 

I      9-8 

-  5-52 

-I-10.84 

+    7-66 

—  15.22 

—  10.09 

+  20.  10 

-I      9-  7 

—80.16 

-87.80 

+104.  62 

+  119.20 

— >32-  53 

-«57-83 

o      9—8 

+77-  «9 

+92.04 

-  95-  38 

—116.86 

+  115.40 

+  M4-73 

I      9—  9 

—11.58 

— 21. 12 

+  «7-73 

+  28. 19 

-  24-  S3 

—  36-  03 

-,      9-8 

+95- S« 

—44.99 

—123.61 

+  55.82 

+  '57-3« 

—  69. 05 

o      9-9 

—94.56 

+37- 38 

+  115.58 

—  47. 08 

-138-90 

+  57-  98 

I      9 — lo 

+18.  20 

+  3JS 

1 

—  24-59 

—    0.03 

+  3«-6i 

—    3-43 

And  in  a  similar  manner  we  have  the  developments  of  the  three  factors  specially 
computed  for  <S^T' : 


dr" 

rr'     .  , 
drdr' 

<PT' 
dr" 

Arg=X) 

'+• 

9'+i9 

Bin. 

COB. 

Bin. 

COS. 

Bin. 

COB. 

K 

i' 

i 

-/ 

/' 

// 

II 

// 

n 

0 

0 

0 

+  II-7 

-    3-3 

—  I 

I 

0 

-5796.  I 

-  27.0 

+2077.7 

+  10. 1 

—  1460.6 

-      3.9 

—  1 

2 

0 

—  979- 6 

+954-  2 

+  446-3 

—497-  0 

—  272.  6 

+264.6 

0 

I 

0 

+  449-2 

-304-  5 

—  «30-9 

+  160.5 

+    61.8 

—   72.3 

0 

0 

+  409- 4 

-415.9 

-  277.9 

+257-  3 

+  190.0 

—169.  3 

—  I 

3 

0 

-     28-5 

+226. 5 

+      6.3 

—128.4 

—      6.1 

+  74-4 

2 

0 

+     24.7 

-113.2 

+      I.I 

+  59- 0 

—      2.0 

—  29.2 

I 

0 

+     18.2 

-  77- 0 

-    »3  « 

+  53-5 

+      9.2 

-38-2 

—  I 

4 

0 

+     16.6 

+  30-4 

—     II. 6 

—  18.0 

+      7.0 

+   II. 0 

3 

0 

-      8.5 

-  "7-9 

+      6.9 

+    9-3 

-        4-2 

-    4.8 

2 

0 

-       2.9 

-    9-8 

+      2.3 

+      7-2 

-       1-9 

-     5-4 

—  I 

5 

0 

+      4-7 

+     2-3 

-      3-3 

-     "-3 

+       2.1 

+     0.8 

0 

4 

0 

-      2-7 

—     1.6 

+       1.8 

+    0.8 

—       1. 1 

-    0.3 

3 

0 

—      1.2 

-    07 

+      0.9 

+    0.5 

—      0.8 

-    0-3 

—I 

6 

0 

+      0.6 

—    0.2 

—      0.6 

+    0.2 

+      0.6 

—    0. 2 

0 

5 

0 

—      0.4 

-    0.3 

+      0.2 

+    0.3 

—      0. 1 

—    03 

I 

4 

0 

-      0.3 

+    0.6 

+      0.3 

—    0.6 

-      0.3 

+    0.6 
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ATg=xy+i'g'+ig 

dr" 

,(PT' 
""  drdr' 

^  dr* 

sin. 

00a. 

Bin. 

COS. 

Bin. 

COB. 

—1—  2—    I 

+         I.O 

0.0 

—      0.8 

// 

0.0 

+      0.7 

It 
0.  I 

0-  3-  I 

-1-      0.6 

+      0.6 

—      0.4 

—    0.4 

+      0.3 

+ 

0-3 

1-  4—  I 

—      1.6 

-      0.8 

+        1-2 

+     0.6 

—       1.0 

— 

0.4 

—I—  I—  I 

+      7-4 

+      1-9 

-      5-6 

—       «-7 

+      4-3 

+ 

'■5 

0—2—1 

+      5-8 

+      o-i 

—      3-7 

-      0-7 

+       2.2 

+ 

0.7 

I—  3—  « 

-    14-7 

-      2.7 

+     10-3 

+      2.7 

-      7-3 

— 

2-4 

—  I        0 —    I 

+    54- 1 

-     15.8 

-    38- 5 

+     11-9 

+    28.8 

— 

2.9 

O —    I —    I 

+    23.7 

-    17.8 

—    14-9 

+      6.2 

+      9-' 

— 

0.  I 

I —   2 —    I 

-    8s.  3 

+    38-9 

+    57-7 

-    22.3 

-    388 

+ 

12.0 

— I         I —    I 

+  354-9 

—  222.  2 

-  194.0 

+  3"6.  2 

+    66.1 

— 

492-1 

O        O —    I 

—    22.8 

—  104.  6 

—    40.0 

—  192. 1 

I —    I —    I 

-  295- 8 

+  494-7 

+  205. 2 

—  258. 0 

-  «S3-3 

+ 

73-7 

—  I         2 —    I 

—1685.  8 

—8498.  2 

+  463-4 

+2442.1 

+  503-  5 

+    2298.6 

O         I —    I 

+  601.5 

+3035-  7 

+  535-7 

+2487. 1 

—2344. 6 

—  III74.2 

I         O —    I 

+  5958 

+2887.  3 

-  591-9 

-2865.  5 

+2632. 4 

+  12603.3 

-I      3-  » 

-1856.7 

—1392.6 

+  969-  S 

+  515-0 

—  430-  9 

+ 

40.8 

O        2 —    I 

+  954-9 

+  808.5 

—  488.  3 

—  102.8 

+  122.8 

— 

551-6 

I         I —    I 

+  328.6 

+  378. 9 

—  225.8 

—  279. 0 

+  181. 8 

+ 

275-0 

—I       4—  I 

—  445-3 

+     19-6 

+  246.3 

-    45-9 

-  127.2 

+ 

52-7 

0      3—  I 

+  276.2 

+      1.7 

—  149-4 

+    43- « 

+    66.3 

— 

70-5 

I         2 —    I 

+     76.3 

+    29.8 

-    55-4 

-     21.4 

+    42-9 

+ 

17.0 

-I         S-    I 

-    57-2 

+    46.2 

+    3«-4 

-    32-2 

—     16.6 

+ 

21.0 

0      4—  I 

+    389 

—    30.4 

-    19-7 

+    23.8 

+      8.2 

"7-5 

I      3-  I 

+       12-7 

-      0.7 

_      9.8 

+      0.6 

+      7-7 



0.7 

—  I      6—  I 

—    2.7 

+     «0-9 

+      1.0 

—      7-4 

—      0.3 

+ 

4.8 

0      5-  I 

+        2.1 

-      7-5 

-      o.s 

+        5-2 

—      0.3 

— 

3-3 

1       4—  I 

+      '-7 

-      '5 

—      1-4 

+      1-3 

+       '•• 

— 

1. 1 

—  I       7—  I 

+      0.6 

+      '•' 

—      0.6 

-      0-7 

+      0.5 

+ 

0.4 

o      6-  I 

0.0 

—      »-3 

0.0 

+      0.9 

+      0.1 

— 

0.8 

I     s-  ' 

—      0.6 

+      0.3 

+      0.6 

+      0.3 

—      0.7 

+ 

03 

—  1 I—    2 

—      0. 1 

+       «-o 

+      0.1 

—      1.0 

—      0. 1 

+ 

1.0 

0 —   2—   2 

—      0. 1 

+      0.2 

+      0.1 

—      0.2 

—      0.  I 

+ 

0.  2 

I-  3-  2 

+      0.3 

—      1-3 

—      0-3 

+      i-i 

+      0.3 

— 

1.0 

—  I         0 —   2 

+      0.3 

+      4-1 

—      0.3 

—       3-2 

+      0.3 

+ 

30 

O—    I—   2 

+      0.9 

+      1-3 

-      0.3 

—     1.0 

+      0.1 

+ 

0-9 

I—  2—   2 

-      1-5 

-      5-6 

+      0.8 

+      4-3 

-      0.5 

— 

3-4 

—  I         I—   2 

+    20.0 

+    3«-9 

—    II. 8 

—    12.0 

+      3-4 

— 

«5-3 

0        0 —   2 

+      5-8 

-      0.6 

-      6.5 

—    21.1 

1—    I—  2 

-    27.5 

—    29.  I 

+    18.9 

+    25-9 

—     14- 1 

— 

27.1 

—I         2—    2 

—    63.6 

+  186.3 

—    74-7 

—  262.7 

+  168.6 

+ 

462.3 

O         1—2 

+    47-7 

-    38.3 

+    80.1 

+  404-  2 

—  257-  6 

— 

"43-4 

I         0 —   2 

—  228.  S 

-    54-9 

+  126.8 

-    72.1 

+  '3«-9 

+ 

1080.  8 

-I        3—  2 

+8208. 7 

-3452- 1 

— 4262. 6 

+1766. 8 

+  1969.8 

— 

779-9 

0        2—2 

— 4284. 6 

+  1827.5 

+2447-3 

— 1015.9 

— 1160. 0 

+ 

420.7 

I         I—   2 

-  9'3-7 

+  393-  2 

+  580.1 

—  250.9 

—  436.  5 

+ 

196.4 
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'+»'?'+«? 

•^  dr'2 
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it'     ■  , 

drdr' 

'  dr'^ 

8iu. 

COS. 

Bin. 

COS. 

sin. 

008. 

X 
—  I 

i'     » 

4—  2 

+1421.5 

—2704.  8 

—  693.4 

+'550-5 

+  297.2 

// 
-   817.3 

o 

3-  2 

-  943-  I 

+  1685. 1 

+  455-0 
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-  166.4 

+    560.3 
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+  '53-8 
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—1 
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o 
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+     74-1 
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—    86.1 

—  281.6 

+    75-9 
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—     38.8 

+    46.4 

+     27.9 

—    36.6 

—     18.9 

+    3«-9 

—I 
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—    94.4 
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+    65.0 
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o 
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—1 
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0 
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—I 
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o— 
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—        0.  I 
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I- 
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+      0.2 
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+      0.9 
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—I 

I—  3 

—      «-3 
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+      0.3 
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o 
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0.0 
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I- 
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—I 
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—     22. 6 
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—      2. 2 

+     40.9 

0 
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+    32-8 

—    '7-3 
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+       8.6 

—     14-9 

—      9-3 
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+    24.9 
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—I 

3-  3 

-     80.2 

-  352.3 

+    78.0 

+  143-2 
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o 
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-    67.7 

+     10.6 
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I—  3 

—      0.4 

—  "09-3 

-       6.3 

+    77-1 

+      5-3 
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—I 

4-  3 
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—2632.4 
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o 
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—I 

5-  3 
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+1044. 1 
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o 
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—2234.  6 
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+  403-  7 
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3-  3 

+     82.  I 

—  100. 2 

—    53-' 

+    79-5 
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—I 

^3 

+  839-3 

—  292.4 

—  516.2 

+  225. 3 

+  294.6 

-  162.5 

o 
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+  403-  7 
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-    53-9 

+      5-3 

+    41- I 

—     10.8 
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—1 

7-  3 

+  105.6 

-  '53-6 

—    60. 2 

+  107.5 

+    30.6 

—    71-4 

o 
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—I 
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o 
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5-  4 

—4480.  7 

+4737-  3 

+2870. 5 

— 3002. 6 

—1712.0 

+  1766.4 

o 

4—  4 

+3058.4 

—3307-0 

— 2"43- 3 

+2296. 9 

+1392. 9 

—1474.2 

I 

3-  4 

—  344-7 

+  369-  5 

+  248.5 

—  266. 4 

—  149.8 

+  159-8 

— I 

6-4 

—  438-8 

+3303-  9 

+  216.3 

—2161. 1 

—    76.4 

+  1328.4 

o 

5-  4 

+  342-6 

—2451.2 

—  171.0 

+  1719-4 

+    52.9 

-"3«-3 

I 

4—  4 

+    67.5 

+  252.7 

—    57-9 

-  183-8 

+    SO.  7 

+  "5-6 

—I 

7—  4 

+  477- S 

+  885. 1 

—  354- 1 

—  573- 0 

+  251.7 

+  347-  3 

0 

6-4 

—  362.  3 

—  694. 5 

+  291.4 

+  472.  6 

—  224.  5 

-  299-5 

I 

5-  4 

+    77- i 

+    36.4 

-    60.7 

—    23.4 

+    45-3 

+     10.7 

—I 

8-  4 

+  211.7 

+  103.2 

—  150.9 

-    59-7 

+  102.8 

+    30.1 

0 

7-  4 

—  169.0 

—    86.4 

+  127.6 

+      51-2 

—    92. 1 

-    25.8 

I 

6-4 

+    20.4 

-     6.3 

-    15-5 

+      6.0 

+    11. 1 

-      5-9 

—1 

9—  4 

+    46.1 

—     8.1 

—    31-9 

+      8.6 

+    21.0 

-      8.2 

0 

8-4 

-    37-9 

+     6.0 

+    27-3 

—      7-4 

—    18.6 

+      7-7 

I 

7-  4 

+      1-2 

—      4-4 

—      0.8 

+      3-7 

+      0.6 

—      3-0 

— I 

10 —  4 

+      7-1 

-      5-8 

—      4-9 

+      4-5 

+      3-4 

-      3-5 

o 

9—  4 

-      S-3 

+      4-6 

+      3-7 

-      3-8 

—      2.4 

+      3-0 

I 

8-4 

-      0.8 

-     0.5 

+      0.7 

+      0.4 

—      0.6 

—      0.3 

—I 

3-  S 

—      2.7 

—      1. 1 

+      2.2 

+      0.6 

—      1.8 

—      0.4 

o 

2-  S 

0.0 

+     0.6 

—      0.1 

—      0.4 

+      0.1 

+      0.2 

I 

«-  5 

+       1-4 

+      0.6 

-      1-5 

-      0.5 

+      1.6 

+      0.4 

—I 

4—  5 

+     30-7 

—    39-2 

—      17-2 

+    27.0 

+      8.5 

—    17.6 

o 

3-  S 

-    19- S 

+     "-5 

+    II. 9 

—      9-1 

—      6.2 

+      6.9 

I 

2-  5 

+      1.6 

+      3-6 

—      0.4 

—      2.9 

-      0.5 

+      2.3 

— I 

s-  S 

+  148.8 

+  637.4 

—  112.0 

—  396- 1 

+    79-6 

+  223.7 

0 

4-  5 

-      9-5 

-  401.7 

+    13-8 

+  274-3 

—    16.4 

—  i7«-4 

I 

3-S 

+      3-3 

+    86.4 

-      2.5 

—    63.0 

+      3-2 

+    4«-9 

— I 

6-s 

-4256. 3 

-2569.  7 

+2876. 8 

+  1762. 1 

—1838. 0 

— 1 146. 6 

0 

S-  5 

+3176.5 

+1857.6 

-2332. 6 

-1381.7 

+  1621.3 

+  975- 9 

I 

4-  5 

-  538-0 

-  3«8.3 

+  407. 2 

+  241-4 

—  283.0 

—  168.6 

—I 

7-  S 

— 2992. 0 

+  170.8 

+2056. 5 

-  165. 6 

—1344. 1 

+  149-2 

o 

6-s 

•4-2328. 2 

—  126.8 

-1709. 9 

+  140-3 

+1 196.0 

—  140.4 

I 

s-  S 

-  337-  6 

+    94.6 

+  256.6 

-    78.3 

—  180.6 

+    63.  s 

— I 

8-S 

—  809.6 

+  633.7 

+  547- 1 

—  469-  3 

—  349-4 

+  335-  7 

0 

7—  5 

+  658.0 

—  506. 1 

-467.8 

+  400-9 

+  314. I 

—  307-  4 

I 

6-S 

—    58.0 

+  104.2 

+    41-3 

-    83.7 

-    25-7 

+    64- 5 
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Arg=« 

y'+i'9'+'9 

dr" 

,  dn' 
'■'■  d7d7 

dr' 

sin. 

C08. 

bId. 

00a. 

sin. 

COS. 

K 

i'       i 

„ 

// 

// 

// 

// 

// 

-    I 

9—  5 

—     76.8 

+    255.9 

+    43-3 

—  186.3 

—     19-9 

+  130.8 

0 

8-  5 

+     68.1 

—    210.4 

—    39-9 

+  161.2 

+     18.9 

—    119.  2 

7—  5 

+      S-i 

+       28.7 

—      4-9 

—    22. 1 

+       4-8 

+       16.1 

—  I 

lo —  5 

+     19-0 

+     59-2 

—     16. 9 

—    43-2 

+     14-6 

+     30-5 

0 

9-  5 

—     14-5 

-    47-5 

+     14- I 

+    35-2 

—     13   I 

-    25.1 

8—  5 

+       5-1 

+       0.7 

—       4.2 

+      0.3 

+       3-6 

—      1.2 

—I 

4-  6 

+         1-2 

—        2-4 

—      0-7 

+       1.6 

+      0.4 

—      0.9 

o 

3-  6 

—       1.2 

+      0-9 

+      0.7 

-      0-7 

—      0-3 

+      0.5 

2-    6 

—      0-3 

—      0.  I 

+      0.3 

+      0.1 

-      0.3 

—      0. 1 

—I 

5-  6 

+    486 

+     31-6 

-    33-8 

—     18.4 

+     22.3 

+      9-3 

o 

4-  6 

—    20.0 

—    24.8 

+     153 

+     16.4 

—     II.  2 

-      9.6 

3-  6 

+       II 

+      5-4 

—      0.8 

-      3-6 

+      0.6 

+       1-9 

-I 

6—  6 

-  603.8 

f  236.4 

+  403.  5 

—  1719 

—  252-7 

+  119-6 

o 

5-  6 

+  4^5-6 

-    89.4 

—  309-  9 

+     70.9 

+  212.5 

—    54-6 

4_  6 

—     94-2 

+     IS- 9 

+     71-0 

-     12.3 

—    50.0 

+      9-7 

—I 

7-  6 

+  1141.1 

—3407.  0 

—  828.  9 

+2419.6 

+  579-2 

-1645.8 

0 

6—  6 

—  844.7 

+  2665.  7 

+  66i.  I 

—2040.  6 

-  498-  7 

+  1499.9 

5-  6 

+   180.3 

-  548.  I 

—  142.3 

+  429-0 

+  107-  I 

—  318.2 

—I 

8—  6 

-  631.8 

-2437-  8 

+  478.5 

+  1744-9 

—  35°- 6 

—1 199- 3 

o 

7-  6 

+  509.  2 

+  1964-2 

—  412.5 

—  1495- 9 

-1-  322-  8 

+  1096.  9 

6—  6 

—  148.8 

—  340.2 

+  "6.7 

+  266.  8 

-    85.4 

—  198.6 

— ■ 

9-    6 

—  726.6 

—  646.  5 

+  545-7 

+  452.  2 

—  397-  7 

—  3°i-4 

o 

8-  6 

+  601.0 

+  539-9 

—  479-4 

—  396.  7 

+  372-4 

+  278.2 

7-  6 

—  124.4 

-    59-1 

+   102.  2 

+     44-1 

—    82.0 

-     30.2 

-■ 

10—  6 

—  294- 9 

—     35-4 

+  223.  6 

+     15-8 

-  165.7 

—       2. 2 

9-  6 

+  234.7 

+     34-5 

-  183.  3 

—     16. 9 

+  138.9 

+      3-7 

8-  6 

—     20.9 

+       8.0 

+     13-4 

-      7.5 

—      6.6 

+       6.8 

—1 

5-  7 

+       2.5 

+       1-2 

—       1.2 

—      0-7 

+      0-3 

+      0.3 

4—  7 

—       1.6 

-       1.8 

+       1-2 

+       1-3 

-      0.8 

-      0.9 

3—  7 

+       1.6 

+      0.2 

—      1-3 

—      0. 2 

+       1-3 

+       0.2 

— ■ 

6—  7 

—     19.  I 

+     56.9 

+      8.3 

—    40.9 

-      0.9      ' 

+     28.2 

5-  7 

+     26.6 

—     28.2 

—     18.8 

+     21.7 

+     12.3 

—     16.0 

4—  7 

—     16.2 

+       2.9 

+     14-4 

—       1-9 

—     12.7      i 

-h         I.O 

-I 

7—  7 

—  299.3 

—  496.  0 

+  220.3 

+  348.6 

-  158.4      . 

—  233- 5 

6—  7 

+  163.6 

+  381-2 

—  128.8 

-  289.  7 

+     98.5      I 

+  210.  0 

5-  7 

-     32.6 

-     91-3 

+     26.2 

+     71. I 

-     20.5 

-    52.7 

—I 

8—  7 

+2473-  7 

+  241.4 

-1827.3 

—  193- 0 

+  1304.9 

+    150.4 

o 

7—  7 

-2003.  5 

-  157-2 

+  1584.4 

+  136.2 

— 1214.  6 

-  115.2 

6—  7 

+  462.5 

+    42.7 

—  371-9 

-    35-8 

+  287.9 

+     29.3 

—  I 

9—  7 

+  1800.0 

—  876.  8 

-1331-8 

+  668.6 

-■-   953-  ■ 

-  496.  2 

o 

8—  7 

—  14S8.  8 

+  733-5 

+  1167.  2 

-  595-8 

-  887.  7 

*-  472.6 

7—  7 

+  288.2 

—  186.9 

—  231. 6 

+  154-6 

+    179-3 

-  124.5 

—I 

lo —  7 

+  449-3 

—  801.4 

—  323- 9 

+  625.8 

+  223.9 

-  480.3 

o 

9—  7 

-  378.1 

+  625.4 

+  283.  7 

—  504.  2 

—  204. 2 

+  397.0 

I 

8-  7 

S7  4 

-    79-7 

—    26.6 

+     56-2 

+     16.8 

-      34-5 
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Aie=Hy'+i'g'+ig 

^„<PT' 

,<PT' 
"  drdr' 

„(PT' 
'■dr^ 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

K 

— I 

i'      i 
6—  8 

+       1.6 

u 

+   8.5 

—      1.6 

-   6.9 

+      1-5 

+      5-7 

0 

5-8 

+         I.O 

-      3-3 

—     o-S 

+    2.7 

+      0.1 

—      2. 2 

4-8 

—      1.2 

—      2.6 

+      1.2 

+        2.6 

—      1. 1 

—      2.6 

—I 

7-8 

—    61.8 

—    14.0 

+    45-9 

+      7.1 

-    32.9 

—      2.  I 

0 

6-  8 

+     35-6 

-|-     21. 1 

—    28.0 

-    15-1 

+       21.3 

+     10. 0 

5-  8 

—      4-5 

-      9-8 

+      3-3 

+      8.0 

—      2.2 

-      5-9 

—J 

8—  8 

+  357-5 

—  320.  7 

—  260.5 

+  241.0 

+  182.  s 

—  175.6 

0 

7-8 

—  296.8 

+  209.1 

+  233- 1 

—  167.9 

—  177-0 

+  131-4 

6—  8 

+     78.8 

—    48.6 

-    63.8 

+    40.1 

+    49-8 

-    32.6 

-I 

9-8 

+  219-8 

+  1639.8 

—  >55-4 

—1249.9 

+  103-3 

+  926.9 

8—  8 

—  216.  3 

—'367.9 

+  166.3 

+1110.5 

—  123.2 

—  879-9 

7-8 

+    53-4 

+  346.0 

—    43-4 

-  285.4 

+    34.1 

+  229.0 

—I 

10—  8 

+  1060.6 

+  1264.7 

-  848.  5 

-  975-7 

+  671.0 

+  737.0 

9-8 

-  798.  7 

-1015.4 

+  654.  6 

+  814.  9 

-  525-5 

-  637-9 

8—  8 

+    96-6 

+  '57-5 

-    63.2 

—  i'9-3 

+    32.0 

+     84.1 

—I 

7-  9 

—      7-5 

+      3-9 

+      6.1 

-      3-8 

—      4-9 

+      3-5 

0 

6-9 

+      3-4 

+      0.1 

-      2.7 

+      0.1 

+       2.^ 

-      0.3 

5—  9 

+       1.6 

—        2-3 

—      1.7 

+      2.4 

+      1-7 

—        2-3 

—I 

8-9 

+      5-0 

—    59-6 

—      1.6 

+     45-0 

—      1.0 

-    33- > 

0 

7—  9 

—     13-9 

+    39-1 

+     «o-3 

—     31-4 

—         7-2 

4-    24.6 

6-  9 

+      7-7 

—      7-4 

-      6.7 

+      6.0 

+       5.6 

-      4.6 

—I 

9—  9 

+  306-  7 

+  230. I 

—  237.2 

—  173-7 

+  179-3 

+  127. 1 

0 

8-9 

—  215.8 

—  201.  2 

+  176.2 

+  162.0 

—   140. 6 

—  126.9 

7-  9 

—    46.6 

+     54.1 

-    37-7 

—     44-1 

+     29.5 

+     34-8 

—I 

10 —  9 

-1 103.  5 

+  524.7 

+  886.3 

—  429.  3 

—  702.4 

+  349-9 

0 

9-  9 

+  848.0 

-  357-  5 

—  704. 1 

+  289.  2 

+  573-2 

—  228.4 

I 

8-9 

—  145- 0 

—     II.  2 

+  108.2 

+     27.7 

-    73-8 

—    43- « 

We  have  in  the  next  place  to  attend  to  the  following  factors  of  5^T  and  5^T'.  As 
the  multiplications  by  which  these  quantities  are  formed  naturally  divide  themselves  into 
three  sections  independent  of  each  other,  according  as  the  terms  produced  are  independ- 
ent of  the  factors  nt  or  n't,  or  involve  the  first  power  of  these  factors,  or  in  the  last  place 
their  squares,  we  will  divide  the  consideration  of  the  second  factors  of  6^T  and  «5"T' 
into  corresponding  portions. 

Of  these  fourteen  factors  four,  viz.,  nd^z,  n'S'^z',  dv,  Sv',  have  already  been  given ; 
but  from  Sv  and  Sv'  must  be  subtracted  the  constants  which  have  virtually  been  sup- 
posed to  belong  to  these  quantities  in  Chapter  I,  when  we  derived  the  value  of  a. 
Now,  from  the  present  investigation,  it  appears  that  the  value  -|-i".622  of  the  con- 
stant term  of  l(r'),  given  by  Hansen,*  is  six  times  too  large.  Thus  it  is  necessary  to 
attribute  to  the  constant  terms  of  ^r  and  Sv'  severally  the  values  -|-o".o665  and 

-i"-387- 
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We  have  next  to  form  the  ten  squares  and  products  of  the  four  quantities  nSz^ 
n'Sz\  K,  and  v'.  In  doing  this  it  will  be  more  accurate  to  employ  for  nSz,  n'6s' ,  etc., 
not  their  values,  as  given  by  considering  first-order  terras  only,  but  as  they  are  after 
nS'^z,  n'6-z' ,  etc.,  have  been  added  to  them.  In  this  connection  it  is  plain  that  the 
values,  which  ought  to  be  attributed  to  the  constant  terms  of  v  and  v' ,  are  the  same  as 
those  just  given  in  the  case  of  6v  and  6v'.     It  is  convenient  to  give  these  squares  and 

products  the  factor  -  (log  =  4.38454),  as,  on  multiplication  by  the  first  factor  of  (5^T  or 

5^T',  the  resulting  product  is  in  seconds  of  arc  as  we  desire  it. 

The  following  tables  contain  the  developments  of  the  portions  of  these  squares 
and  products  which  are  independent  of  the  factors  nt  or  n't  or  their  powers.  The 
coefficients  are  uniformally  carried  to  nine  places  of  decimals ;  and  the  decimal  point 
is  omitted : 


Arg= 

(nSz) 

»xi" 

2 

(nSz){n 

5z')xi" 

{n'Sz 

^'-\ 

II 

{nSz) 

< 

(n'5z') 

2 

COS. 

sin. 

COS. 

sin. 

COB. 

BID. 

sin. 

COB. 

sin. 

COB. 

i'      i 

O    0 

+9I2I 

-2I1S3 

+  54062 

—  II 

+   26 

1   o 

+  73 

+  160 

-  4805 

—301 1 

4-20252 

+  1 

1864 

4-  17 

—  20 

— 264 

+  205 

2    O 

+  54° 

+  967 

—  228 

—  379 

—  454 

— 

1119 

+  121 

—  213 

-  85 

4-  "44 

3   0 

—   6 

—2764 

—    2 

+3576 

+   24 

— 

1115 

0 

+  789 

—  3 

—1884 

4   o 

+   21 

+   8 

-   45 

—   9 

+   95 

+ 

5 

+  7 

—  3 

—  18 

-F   6 

—3—  « 

—   3 

+  40 

+   S 

—  49 

4-  2 

4-  21 

—  3 

-  51 

—  2 —  I 

+  222 

+  35 

-  315 

-  64 

+  216 

+ 

SO 

—  81 

4-  12 

4-189 

—  39 

—  I—  I 

+  '99 

+  132 

—  3'° 

-  '95 

+  167 

+ 

122 

-  64 

4-  42 

4-176 

—  109 

O —  I 

—  496 

—1997 

+  444 

+2305 

+  203 

+ 

193 

4-137 

—508 

-205 

4- "45 

I —  I 

—  120 

+  27 

+   56 

+  77S 

-  155 

+ 

"3 

+  16 

4-  2 

—  I 

4-  398 

2 —  I 

+  82 

—  434 

+  357 

+  993 

—  1 149 

— 

4427 

4-  3 

—  25 

—  14 

—  12 

3—  I 

+  4" 

—1468 

—  2395 

+4739 

+  5976 

—  I 

3326 

+  38 

+  124 

—240 

—  352 

4—  I 

+  1105 

+  244 

—  1375 

-  253 

+   28 

— 

201 

4-183 

—  42 

—437 

4-  96 

5-  I 

—  >5 

—  12 

+  103 

+  47 

—  392 

— 

142 

—  5 

4-  8 

+  15 

-  25 

6—  I 

—   3 

—  16 

+    6 

+  22 

—    2 

— 

12 

—  I 

4-  S 

4-  ' 

—  13 

7—  I 

+   2 

—   4 

—    3 

+   6 

+    I 

— 

4 

4-  I 

4-  2 

—  2 

—   3 

— 2—  2 

+   5 

+   3 

—    6 

—   4 

+    3 

+ 

2 

-  3 

4-  I 

4-  7 

—   3 

— I —  2 

+  26 

-  S3 

-   35 

+  68 

+   28 

— 

59 

—  12 

—  21 

-f  24 

4-  41 

0 —  2 

4-   7 

—  40 

-   48 

4-  71 

+   48 

— 

35 

4-  I 

—  17 

+  32 

+  57 

1 —  2 

+  21 

-  23 

—   47 

+  51 

+   47 

— 

29 

-  5 

—  6 

4-  30 

4-  35 

2 —  2 

—  18 

—   4 

-   S3 

+  24 

—   16 

— 

87 

+  3 

4-  3 

—  30 

-F  >7 

3—  2 

—  169 

+  220 

+  347 

-285 

—   94 

— 

103 

4-  30 

+  46 

-176 

—  99 

4—  2 

—  103 

+  22 

+  298 

-  273 

—  1007 

+ 

300 

4-  15 

4-  I 

-56 

—  40 

5-  2 

-  65 

+  94 

+  154 

—  207 

—  434 

+ 

589 

—  I 

+  ' 

4-  I 

—  17 

6-  2 

+  122 

-  97 

-  135 

+  "4 

-  151 

+ 

lOI 

4-  9 

4-  12 

—  3« 

—  35 

7—  2 

+   80 

-  16 

-   77 

+   17 

—   81 

+ 

14 

+  '7 

+  4 

-38 

—  10 

8—  2 

—   24 

—   9 

+   33 

+   12 

—   u 

— 

4 

—  6 

4-  3 

4-  17 

-   7 

>>-  3 

-  >5 

—  10 

+   18 

+   16 

-   17 

— 

14 

+  5 

—  S 

—  II 

4-  II 

I—  3 

—   4 

—  14 

+    6 

+   21 

7 

— 

20 

+  4 

—  4 

-  S 

4-  15 

2-  3 

—   4 

0 

0 

+   27 

—    4 

— 

22 

+  2 

0 

—  2 

4-  18 

3—  3 

—  104 

+  ISO 

+   40 

—   29 

—   13 

4- 

6 

4-  44 

4-  64 

—  22 

—  12 

4—  3 

—  190 

—  140 

+  504 

+  166 

—  264 



43 

4-  66 

—  54 

—274 

+  89 
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Arg= 
i'g'+ig 

(nSzy 

x|" 

{nSz)(n'Sz')x^-' 

(n'Sz'fx^-' 

{nS2)rx'-' 

{n'Sz')yx-' 

• 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

sin. 

COS. 

sin. 

COS. 

i'       i 
5-  3 

+  121 

+  70 

-  398 

—  100 

-  457 

—  230 

-  27 

+  27 

+  163 

-  63 

6-3 

+  930 

+  659 

—  I2I6 

—  1363 

+  452 

+  3576 

—  144 

+103 

+  376 

—  341 

7-  3 

-651 

+  1621 

+  1907 

—  4801 

—  5497 

+  13674 

+  54 

+109 

—  122 

-  250 

8-3 

-  176 

+  76 

+  433 

-  152 

—  1052 

+  278 

-  i8 

—  7 

+  43 

+  19 

9—  3 

—   4 

—   3 

+    4 

0 

—    I 

—    I 

—  2 

0 

+   2 

—   I 

10—  3 

+   2 

+   7 

—    2 

-   9 

+    2 

—    I 

0 

—  I 

—   2 

+   4 

I—  4 

—   4 

+   3 

+   7 

-      S 

—   7 

+   5 

+  2 

+  2 

—   4 

—   3 

2—  4 

—   4 

+   I 

+    6 

—   2 

—    9 

+    3 

+  2 

+  I 

-   5 

—   I 

3—  4 

—   3 

+   6 

+    9 

—    4 

—    9 

+    2 

+  4 

+  3 

—   8 

—   3 

4—  4 

—  144 

—  150 

+   26 

+   25 

—    8 

—    2 

+  81 

—  86 

—  21 

+  13 

5-  4 

+  39 

+  219 

+   28 

—   44 

-   5 

+   22 

—  21 

+  106 

—  14 

—  26 

6-4 

+  34 

-  128 

+  211 

-  811 

—   26 

+  320 

-  15 

—  54 

—  123 

—  449 

7-  4 

-1756 

+  1909 

+  195 1 

—  2259 

-  938 

+  929 

+472 

+533 

—1058 

— 1210 

8-4 

+  u6o 

—  273 

—  1291 

+  279 

+  1820 

-  362 

—240 

-  55 

+  614 

+  133 

9—  4 

+  23s 

+  60 

—  4961 

—  1384 

+22658 

+  6332 

—  27 

+  9 

+  30 

—   6 

10 —  4 

+5932 

+6184 

—14390 

—14957 

+34894 

+36150 

+  42 

—  62 

—  102 

+  147 

II—  4 

+   ' 

+   4 

—   7 

+    2 

+   32 

—   27 

0 

+   I 

2-  5 

+   I 

+   2 

—   I 

—    3 

+   I 

+   3 

0 

+  I 

+   I 

—   2 

3—  S 

0 

+   I 

0 

—    4 

0 

+    4 

0 

+  I 

0 

—   2 

4-  5 

—   5 

—   3 

+    I 

—    2 

—   I 

+    3 

+  3 

—  4 

—   I 

—   2 

5—  5 

—  27 

+  22 

+    9 

—   6 

—   2 

+    I 

+  17 

+  13 

—   6 

—   6 

6-5 

—  12 

+   I 

—    I 

-   17 

+   7 

+   10 

+  9 

—  2 

—   4 

—  17 

7—  5 

+  3'8 

+  202 

—   SI 

—   80 

+   39 

+   33 

—168 

+  106 

+  21 

-  63 

8-5 

+  43 

+  64 

-  231 

-  34> 

+  131 

+  225 

—  8 

+  7 

+  141 

—  203 

9—  5 

+  14 

+  179 

+   20 

+  360 

+   3 

+  181 

—  5 

+  5' 

—   3 

+  164 

10-  s 

+  102 1 

—2039 

—  1221 

+  2451 

-   51 

+  120 

—248 

—497 

+  613 

+1225 

II-  5 

+   6 

—   7 

-|-   20 

—    I 

—  143 

+   31 

—  2 

0 

+   2 

+   3 

12-  s 

—  II 

—  34 

+   32 

+   98 

-   89 

-  275 

+  > 

—  2 

—   3 

+   6 

«3-  5 

0 

—   5 

—   2 

+   '3 

+   5 

—   28 

6—  6 

+   3 

+   8 

0 

—    2 

—  2 

+  6 

+   I 

—   I 

7-6 

+   9 

+   7 

—   3 

—    I 

+    3 

—   2 

—  6 

+  8 

+   2 

—   2 

8—  6 

+  19 

—  20 

—   18 

+    6 

+   13 

—   7 

—  II 

—  12 

+  15 

+   3 

9-6 

+  83 

—  27 

-   87 

+   34 

+   73 

-   23 

-  36 

—  14 

+  57 

+  24 

10 —  6 

—  107 

—  37 

-   78 

+   19 

+   49 

+   10 

+  57 

—  21 

+  54 

+  24 

II—  6 

+  18 

+  13 

—   12 

—   9 

+   13 

+   12 

—  5 

+  4 

+   6 

—   3 

12—  6 

—  24 

—  44 

+   29 

+   45 

—   12 

—   29 

+  7 

-  IS 

—  15 

+  28 

13-6 

—   6 

+  32 

+   6 

—   29 

—    2 

+   6 

+  I 

+  6 

—   4 

—  16 

7—  7 

+   2 

0 

—   I 

0 

—  2 

0 

8-  7 

+   2 

—   I 

—   2 

+    I 

+    I 

—   I 

—  I 

0 

+   I 

+   I 

9—  7 

—   I 

—   5 

+   2 

+   S 

—    2 

-      S 

+  2 

—  3 

—   I 

+   6 

10 —  7 

—   6 

—  21 

+    I 

+   28 

—    2 

—   26 

+  4 

—  10 

0 

+  21 

II —  7 

+   5 

-  IS 

—   6 

+   18 

+   7 

-   17 

—  2 

—  6 

+   4 

+  II 

12—  7 

—  S 

+   5 

—   5 

+   2 

+   S 

—   5 

+  5 

+  3 

+    2 

+   4 

13—  7 

0 

—   I 

+   12 

—   I 

—   5 

—   3 

—  2 

+  I 

—   8 

—   I 

10—  8 

—   2 

0 

+   2 

+   I 

—   I 

c 

+  I 

0 

—  I 

+   I 

II—  8 

—  8 

—   I 

+   10 

+   I 

—   II 

—   I 

+  3 

0 

—  6 

+   I 

12-  8 

—  5 

—   3 

+   S 

+    4 

—   6 

—   4 

+  2 

—  I 

—  4 

+   3 

12—  9 

—  I 

+   3 

+   I 

-   3 

—   I 

+    4 

0 

+  I 

—  I 

—   2 

3^4 
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Arg= 

i'g'+ig 

(»«») 

i" 

(n'fiz-) 

y'x-" 

2 

i" 
v'X- 

2 

vv'xi 

v'» 

"i" 

Bin. 

COS. 

sin. 

COS. 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

»'   i 
0   o 

+  17 

-  33 

+  122 

—  12 

+945 

I   o 

—  1846 

+922 

+5028 

-2572 

-  45 

-19 

-  47 

—  14 

-255 

— 426 

2    0 

—  169 

+198 

-  89 

+  421 

-  8 

—19 

+116 

+  195 

—  75 

-76 

3   o 

+   I 

-278 

-  15 

+  535 

-    S 

+  14 

+  I 

-  36 

—  II 

+  22 

4   o 

+  >7 

—  10 

-  38 

+  24 

+  I 

0 

-3-  I 

+   I 

—   2 

—   2 

+   4 

0 

+  I 

— 2 —  I 

+  63 

—  7 

—  122 

+  28 

+  II 

—  4 

—  6 

+  « 

—  I —  I 

+  16 

+  7 

—  86 

+  69 

—  4 

+  3 

—  13 

-  16 

+  12 

+  22 

0 —  I 

—  141 

+  95 

—  77 

+  63 

+  35 

+23 

-  95 

—  70 

+  33 

+  26 

I—  I 

-  83 

—549 

+  63 

-  28 

—  10 

+  11 

-48 

+279 

+  67 

—  3 

2 —  I 

-   7 

+35S 

-f  120 

—  525 

+  41 

—47 

+  38 

+  8 

-  46 

—496 

3—  I 

-  84 

-76S 

+  10 

+  1798 

-96 

+36 

—  24 

—  I 

-698 

+261 

4-  I 

+  1223 

-275 

— 3002 

+  698 

—  4 

—  2 

—  2 

-  3 

+  95 

+  30 

5-  ' 

+  18 

-  18 

-  54 

+  48 

+  2 

+  2 

+  2 

—  I 

6—  I 

+   ' 

—  2 

—   3 

+   9 

0 

+  ' 

0 

—  I 

—  I —  2 

+   7 

+  17 

—  i6 

—  33 

—   I 

+  2 

0 

—  I 

—  I 

+  I 

O —  2 

+   4 

+  9 

—  24 

—  20 

+  6 

—  2 

—  4 

—  2 

+  6 

—  2 

I—  2 

-   8 

-  5 

-  33 

-  13 

+  4 

—  I 

—  II 

+  II 

+  2 

—  6 

2 —  2 

-  79 

+  "7 

+  II 

-  38 

+  I 

—  7 

—  23 

+  2 

-173 

—  70 

3—  2 

+  13" 

+  48 

—   2 

—  486 

—  16 

—  I 

+  63 

+  17 

—  30 

+234 

4—  2 

—  122 

+21S 

+  351 

—  70 

—  I 

— 21 

—  22 

-  88 

+  95 

—  30 

5-  2 

+   3 

+  II 

—  23 

+  21 

0 

—  2 

+  3 

+  4 

—  45 

+  17 

6—  2 

+  80 

+  20 

—  195 

—  35 

—  I 

0 

—  4 

+  2 

+  2 

+  5 

7-2 

+   9 

0 

—  39 

0 

+  3 

0 

8—  2 

+   3 

0 

—   6 

+   2 

—  I 

0 

o-  3 

—   4 

+  3 

+  10 

—   8 

I—  3 

—   I 

+  I 

+   4 

—  II 

+  I 

0 

+  I 

+  2 

—  I 

—  3 

2-  3 

—   2 

+  2 

+   I 

—  II 

+  I 

—  I 

0 

+  2 

-  7 

—  4 

3-  3 

+  «o5 

+  157 

—   9 

—  34 

+  '7 

—27 

+  63 

-89 

-38 

+  58 

4—  3 

—  227 

+  16 

+  U2 

—  42 

+  8 

+  14 

-105 

-  13 

+  14 

+  42 

5-  3 

+  «40 

-  57 

+  834 

-  69 

—  6 

—  9 

+  63 

+  28 

+717 

+  52 

6-  3 

— 1060 

+488 

+  2429 

—  417 

0 

+  2 

0 

+  33 

— 120 

-526 

7-  3 

-  375 

—720 

+  861 

+  1668 

—  2 

0 

+  II 

-  15 

-67 

+  99 

»-  3 

+  78 

+  26 

-  188 

—  62 

—  I 

+  I 

+  7 

—  2 

9—  3 

+   3 

+  2 

—   6 

—   6 

—  I 

0 

I—  4 

—   2 

—  I 

+   3 

+   3 

2—  4 

—   I 

—  I 

+   5 

+   I 

+  I 

0 

—  I 

0 

3-  4 

+   3 

+  6 

+   4 

+   I 

+  I 

—  2 

+  3 

-  5 

—  2 

+  2 

4—  4 

-  37 

+  37 

+   8 

—   7 

+  45 

+48 

—  24 

-  23 

+  14 

+  IS 

S-  4 

—  17 

+  2 

+  24 

+  15 

—  II 

-49 

-  8 

—  4 

+  22 

+  6 

6-4 

-  17s 

-546 

-L  112 

+  167 

—  4 

+25 

-84 

+297 

+  36 

— no 

7—  4 

+  "2 

—  16 

+  452 

+  461 

—  29 

+  6 

+  133 

-65 

+  29 

-  53 

8-  4 

—  '25 

-58 

— 1000 

—  168 

+  6 

+  2 

—  4 

—  4 

— 642 

+  164 
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Arg= 

Vg'+ig 

(nSz)y 

■4" 

(n'Sz')v'x^^' 

v'X 

I" 
2 

,  I" 
vv'X- 

V'2X 

I" 
2 

• 

sin. 

COS. 

sin. 

COS. 

COS. 

sin. 

cos. 

sin. 

COB. 

sin. 

V     i 
9—  4 

+2271 

-64s 

-5306 

+1480 

-19 

—  9 

+  198 

+74 

10—  4 

—  247 

+298 

+  598 

—  721 

0 

—  I 

+  2 

+  3 

-  9 

— 16 

11—  4 

—   4 

—  3 

+   9 

+   8 

4-  5 

+   « 

+   2 

+  2 

+  3 

5-  5 

—  II 

-  5 

+   3 

+   4 

+  10 

—  9 

-  7 

+  6 

+  7 

-  3 

6-  5 

—   8 

—  «3 

+   J 

+   7 

+  8 

+  2 

—  8 

+  12 

+  4 

—  3 

7-  5 

+  53 

—  33 

-  33 

+  28 

-95 

-48 

+32 

+  16 

—  22 

—14 

8-  5 

+  54 

—  80 

-  76 

+  127 

+  '9 

+29 

+  16 

+  21 

-  8 

—14 

9-  5 

—  IS 

+288 

—   8 

-f  lOI 

—  I 

+  5 

-  8 

— i6i 

—  I 

—  9 

10-  5 

—  34 

—  61 

+  '5 

+  4' 

+  6 

—  8 

—13 

+  21 

-  5 

+  6 

II-  5 

+   3 

+  4 

+   9 

-   19 

+  9 

+  5 

12-  5 

—   4 

+  15 

+   8 

-  35 

-  « 

-  3 

13-  5 

—   I 

—  I 

0 

+   5 

6—  6 

+   ' 

—  4 

0 

+   I 

—  2 

-  5 

+  I 

+  2 

—  I 

—  2 

7-6 

+   I 

—  3 

—   2 

—   1 

—  4 

-  3 

+  2 

+  3 

—  I 

—  I 

8-  6 

+  " 

+  8 

—  10 

-   8 

—  7 

+  9 

+  6 

-  7 

-  6 

+  S 

9-6 

+   2« 

+  12 

-  43 

-  »5 

—  9 

+  3 

+  4 

—  6 

-  5 

+  2 

10 —  6 

+  '7 

-  3 

—  30 

+   4 

+38 

+  5 

+  2 

+  « 

—  2 

0 

II—  6 

—   4 

+  4 

—   7 

+   5 

-  5 

-  S 

+  2 

+  I 

12—  6 

0 

-  6 

+   5 

—  16 

—  I 

+  3 

+  2 

+  3 

13-6 

0 

+  6 

+   2 

+  14 

+  2 

— >3 

7-  7 

+   « 

0 

—  I 

0 

—  I 

0 

8-  7 

+   I 

0 

0 

—   I 

—  I 

0 

9-  7 

—   2 

+  4 

+   ' 

-   6 

+  2 

+  2 

—  2 

—  3 

+  I 

+  3 

10—  7 

0 

+  8 

+   2 

-  '5 

+  2 

+  2 

0 

—  2 

0 

+  2 

II—  7 

+   2 

+  5 

—   4 

—  10 

0 

+  I 

0 

—  I 

0 

+  > 

12—  7 

+   2 

+  2 

—   4 

—   3 

+  3 

—  3 

>3-  7 

—   3 

0 

+   3 

0 

—  I 

0 

+  « 

0 

14—  7 

+   7 

—  4 

+   3 

0 

+  5 

+  ' 

10—  8 

—   2 

0 

+   I 

—   I 

+  I 

0 

—  I 

0 

4-  J 

0 

II—  8 

—   4 

+  « 

+   6 

—   I 

+  ■ 

0 

+  I 

0 

12-  8 

—   2 

+  1 

+   4 

-   3 

12 —  9 

0 

—  I 

+   I 

+   2 

We  are  now  in  possession  of  all  the  quantities  needed  for  the  calculation  of  the 
portions  of  S^T  and  ^^T'  which  are  not  multiplied  by  the  factors  nt,  n't  or  their  powers. 
Hence,  proposing  to  stop  the  approximation  with  the  terms  of  three  dimensions,  we  avail 
ourselves  of  the  possibility  of  obtaining  a  higher  degree  of  precision  by  computing  the 
terms  of  these  quantities  which  depend  severally  on  the  arguments  y  and  y',  and  applying 
the  resulting  corrections  to  nSg,  nS%  v,  6v,  n'Ss',  n'SV,  v',  and  Sv'.  This  course  of  pro- 
ceeding is  exactly  similar  to  that  we  employed  with  the  second-order  terms  in  Chapter  IX 
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There  has  been  found  - 

<S*T  =  —  0.0038635  sin  (—  y)  +  0.0080094  cos  (—  y) 
d'T'=  +  0.100156    sin  y'       —0.059616    cosy" 

On  integration  these  equations  give 

nS'z  =  —  0.008009471*  ein  (—  g)  —  o.oo38635k<  cos  {—g) 
n'd^z'  =  —  o.o^<)6i6n't  sin  flf'       —  o.iooi56w'<  cos  g' 

If  these  corrections  are  applied  to  the  complete  values  of  nSz  and  n'6^,  obtained 

previously,  we  get 

II  It 

mtfz  =  —  i.284368nt  si.n{—g)—    i.4oo329nt  cos(— ^) 
n'dz'  =  —  6.68i432n't  sin  g'       —  io.-]o&ic^2n't  cos  g' 

The  values  used  in  the  computation  of  the  third-order  terms,  however,  were 

ndz  =  —  i.28437ont  sin  (—   g)  —  i.4oo324wt  cos  (—   g) 

—  o.oi5494m<  sin  {—  2g)  —  0.01 687 yn*  cos  (—  2g) 

—  0.00037371*  sin  (—  2,g)  —  0.00040771*  cos  (—  3^) 

—  0.00001271*  sin  (—  ng)  —  0.00001371*  cos  (—  ^g) 

V  =  —  0.01550771* 

—  0.64231171*  cos  (—   fif)-|- 0.70012671*  sin  (—   g) 

—  0.01549071*  cos(—  2g)  +  0.01687271*  sin  (—  2g) 

—  0.000557/1*  cos(—  3^)  +  0.00061271*  sin  (—  3jr) 

n'8zf  =  —  6.681439ft'*  sin    g'  —  10.70817071'*  cos    g' 

—  0.09299771'*  sin  2^'  —    0.14973671'*  cos  2^' 

—  0.00254971'*  sin  3^'  —    0.004189^'*  cos  3^' 

—  0.00009471'*  sin  4^'  —    0.00015871'*  cos  4^ 
»^  =  +  0.09334971'* 

+  3-339°74w'<  cos   g'  —  5.35296271'*  sin    g^ 

+  0.09287071'*  cos  2g'  —  0.14986971'*  sin  2gf 

+  0.00385271'*  cos  351'  —  0.00633071'*  sin  3(7' 

+  0.00019171'*  cos  45'  —  0.00031971'*  sin  4(;' 

In  order  to  have  the  proper  values  of  nS^z,  n'tfV,  6v,  and  8v'  the  values  employed 
for  n8z,  n'6^  v,  and  v'  in  computing  the  second-order  terms  ought  to  be  subtracted 
from  those  just  givea  With  regard  to  ndz  and  y  the  values  were  not  quite  the  same 
in  computing  <5T'  as  in  computing  ST.     Hence,  in  deriving  d^T  we  employ  the  terms 

n(S*2= —  0.00845771*  sin  (—   ^)  —  0.00410471*008  (—   g) 

—  o  0001 1 67t*  sin  (—  2g)  —  o.oooo46«*  cos  (—  2g) 

—  O.OO0OO271*  sin  (—  3^)  —  0.00000171*  cos  {—  3^) 
6v  ^  —  0.00010571* 

—  0.00435471*  cos  (—    g)  +  o.oo20i67i*  sin  (—   g) 

—  0.0001 1 27J*  cos (—  2g)  +  0.00004171*  8in(—  2g) 
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n'tfV  =  —  0.069141W'*  sin   g' —  0.11^^2 ^n't  cos   g" 

—  o.oQo^iSn't  sin  2g'  —  o.ooi^SGn't  cos  2g' 
+  o.^oo44n'*  sin  ^g'  —  o.oooo^4.n't  cos  ^g' 

dv'  =  +  o.ooo574»'f 

+  o.o32925m'<  cos   </' —  o.os664ow'<  sin   g* 
+  0.00028971'^  cos  2g'  —  o.ooiSiign't  sin  2g' 

—  o.oooo37n'<  cos  ^g'  —  o.oooogSw'^  sin  331' 

But  in  deriving  ^^T'  we  substitute  for  the  first  two  the  following : 

ntf*a;=  —  o.oo8oo8m<  sin(—   5)  — o.oo3859n<cos(—  g) 

—  o.oooo97mt  sin  ( —  2g)  —  o.oooo47k<  cos  ( —  2g) 

—  0.000002M*  sin  (—  3flr)  —  0.00000  in*  cos  (—  35) 

tfv  =  —  0.00009771* 

—  0.00400411*  cos  (—   ^)+ 0.001930m*  sin  ( —  g) 

—  0.00009771*  cos  ( —  2g)  +  0.00004771*  sin  ( —  2g) 

—  0.00000371*  cos  (—  351)  +  o.ooooo2»t*  sin  {  —  ^g) 

The  remaining  terms  of  these  quantities  are  the  same  as  those  given  at  pages 
290-294,  335-339.  In  computing  ST  it  is  convenient  to  have  n  always  accompany  t 
as  a  factor,  and  with  6T'  to  have  n'  accompany  the  same  variable.     Hence,  we  take 

occasion  to  make  some  multiplications  by  — ,  -^  or  the  reciprocals  of  these  factors. 

The  following  tables  contain  the  portions  of  the  ten  factors  which  are  multiplied 
by  nt  or  n't.    The  coeflScients  are  expressed  in  units  of  the  eleventh  decimal : 


Arg= 

i'g'+ig 

{nSz, 

1" 

(,nSz)  (» 

1" 

(n'Sz' 

I" 

yxl 

(nSz) 

i" 

{n'Sz' 

1" 
''^2 

nt  COS. 

nt  sin. 

nt  COS. 

nt  sin. 

n't  COS. 

n't  sin. 

nt  sin. 

nt  COS. 

nt  sin. 

nt  COS. 

i'  i 
0      0 

—186 

+421 

-2572 

-  6 

0—   I 

-  25 

+  45 

-193 

+  33 

+  129 

+  144 

—  5' 

+  10 

+  60 

+  4 

0 —  2 

—  3 

—  I 

—  II 

—  14 

+  36 

—   6 

—  4 

+  1 

+  6 

—  8 

«H-  2 

—  2 

+  3 

+  6 

—  2 

—  14 

+   2 

+  3 

+  I 

1+  « 

+  7 

+  36 

—  10 

-  18 

—  10 

-  67 

—  4 

-13 

—  2 

+  7 

I  0 

— 164 

+  96 

+  176 

-  98 

-1897 

+  1367 

—  62 

—  8 

+  6 

-  7 

I—  I 

—  30 

+  10 

^200 

-316 

+3402 

+S«27 

+  29 

-  51 

I —  2 

-107 

— J43 

—  92 

-562 

+  67 

+  468 

+  43 

->3 

+  52 

-.3,8 

I-  3 

-  S 

—  3 

+  I 

—  6 

—  2 

—  8 

2+   I 

—  6 

+  32 

+  10 

—  10 

+   I 

+  34 

—  I 

— II 

+  I 

+  4 

2  0 

—249 

-188 

+339 

+344 

—   2 

+  48 

-38 

+33 

+175 

—171 

2—  I 

—144 

—407 

-171 

-159 

+  38 

+  481 

—  82 

—'3 

+  75 

—  62 

2 —  2 

+  178 

— 210 

— 401 

+583 

+  69 

+  316 

-63 

—39 

+197 

+273 

2—  3 

+398 

—181 

-  85 

+  18 

+  99 

+   9 

— 211 

+95 

+  55 

+  II 

2—  4 

+  " 

-  S 

—  9 

+  3 
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Arg= 

(nSz) 

^xi" 

2 

{nSz)(n 

'Sz')x'-' 

{n'Sz'yx^' 

(nSz) 

I" 

(n'Sz' 

I" 
vX- 

nf  COS. 
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nt  cog. 

nt  sin. 

n't  COS. 
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nt  sin. 

nt  COS. 
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3+  « 

+  lo 
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0 
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+  241 
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—  1274 

+  6239 

—  21 

—  7 

—   52 
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3—  2 
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-  30 

+  442 
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+  806s 

—  6246 

—  30 

—  I 

— •  240 

-  177 

3-  3 

-  183 

—  17 

-  18 

+   3 

+    52 

+   22 

+  85 

0 

-j-  20 

—   22 

3-  4 

—  12 

-  35 

^ 

+  17 

+   8 

—   27 

+  7 

+  2 

+   2 

+   12 

4  o 

0 

+   2 

+  13 

—   7 

—    3 

+   18 

+  10 

+   7 

4—  « 

-  48 

+  104 

+  564 

—  700 

—  456 

+  170 

—  2 

—  16 

+  266 

+  325 

4—  2 

-  34 

—  IS 

-3786 

+  590 

+42475 

—  6746 

—  21 

0 

+  70 

+  18 

4-  3 

-  28 

—  12 

+  834 

+  829 

+   60 

-\-     120 

+  8 

+  I 

—  411 

+  406 

4—  4 

+   9 

—  32 

+   4 

+  18 

+   14 

—   12 

-  5 

+  3 

—   6 

+  16 

4-  S 

—   8 

0 

+   S 

+   2 

1 

+  5 

+  I 

5   o 

—  33 

+  II 

+  37 

—  13 

-  IS 

—  5 

+  37 

+  13 

5-  ' 

—2541 

+  902 

+  880 

— 1084 

+   45 

-   79 

-623 

—227 

+  1537 

+  545 

5—  2 

+  238 

+  280 

—  71 

—  21 

+  9414 

+  4247 

+  108 

—  21 

+  33 

+  44 

S-  3 

—  917 

—2449 
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+2920 

+   62 

+   31 

+278 

—626 

—   680 

+  1454 

5-  4 

—  274 

+  221 

0 

+  41 

+   39 

-   7 

+  134 

—  14 

—   4 

+  37 

s-  S 

5-6 

—  12 

—  I 

+   3 
+   3 

+  8 

0 

—   3 

+   3 

6—  2 

+   9 

+  16 

—2077 

—2971 

+25050 

+35598 

—  16 

+  30 

6-3 

—  61 

+  64 

-  174 

+  312 

-  485 

+   76 

+  7 

—  II 

+  "3 

+  170 

6-4 
6-S 

+   5 
0 

+   3 
-   5 

+  27 

+  19 

—   19 

+    4 

—   12 

+   «2 

7—  2 

+   2 

+  10 

—  33 

-  50 

+  367 

+  469 

—   3 

+  5 

7-  3 

—  '44 

—  60 

+  416 

+  185 

-  3095 

—  1229 

+  '3 

+  6 

—  18 

+  15 

7-  4 

—  «23 

—  149 

+  145 

+  :58 

-  167 

-  188 

+  35 

+  50 

—  77 

+  84 

7-  S 

—  12 

+   S 

+  7 

+  I 

8—  2 

+   2 

—   3 

+   12 

+   II 

8-3 

—  10 

—  21 

+  14 

+  58 

—   91 

—  447 

8-4 

+   12 

+  121 

—   5 

—  113 

+    9 

+  404 

—  3 

-  13 

+   5 

-  56 

8-5 

—   3 

—   2 

+  29 

-  15 

—   43 

+   20 

—  17 

—   9 

9-  3 

+   « 

0 

+    2 

—   18 

9-  4 

—   9 

+  22 

+  257 

-  595 

—  2850 

+  6635 

—   3 

—   5 

9-  S 
9-  6 

—  18 
+   2 

—   3 

+   7 

-  48 

+   2 

—   47 

—   6 

+  6 

—  I 

+  22 

+   1 

">-  3 
lo—  4 

0 
— 1065 

—  13 

+  762 

—   I 

+2S3S 

+  IS 
-1834 

—15188 

+  11120 

—  12 

0 

+   I 
+  20 

-   7 

+  «o 

lo-  s 
lo —  6 

+  264 
+   4 

+  165 
—  19 

-  3'S 

-  19s 

—   41 

—   27 

-  50 

—  7 

+  155 
+   3 

-  97 

—  6 

II—  4 

f  47 

—  10 

-  566 

+  132 

II-  5 

-   3 

+  10 

—   20 

—   6 

+   4 

-  5 

12-  5 

+   30 

+   43 
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ATg= 

i'9'+i9 

(nS^)!- 

'X-2 

(n'dz') 

I" 

v'X 

I" 
2 

,  I" 

vv'X- 

1" 
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n't  COS. 
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mt  siu. 

nt  COS. 

nt  sin. 

n't  COS. 
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%'       i 
0      0 

+  69 

-360 

—  2 

+  I 

—  43 

0—  I 

+  «03 

+  38 

+  1J87 

+  554 

+  33 

-  14 

+  1226 

-516 

0—  2 

+   7 

-   8 

—    2 

+  16 

—  I 

+  I 

+  3 

+  4 

+  13 

-  19 

1+  2 
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0 

+  I 
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—   6 
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-   38 

+  20 
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0 
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+  87 

+239 

-  36 

-  228 

I-  3 

+   4 

—   8 

+  2 

+  I 

+  3 

+  7 

2+  I 

-  89 

+  81 

+    I 

—  24 

+  I 

—  3 

+  I 

—  I 

+   3 

+   4 

2   0 

-  87 

+  98 

—   49 

—  13 

—   14 

—  '9 

+  37 

+  52 

+  8. 

—   4 

2—  I 

-   7 

+  13 

+  934 

—  9°S 

—  45 

—  115 

—  21 

-  13 

—  934 

—  829 

2 —  2 

+  «45 

-|-  202 

—   45 

+  156 

—  20 

+  9 

+  70 

—  92 

—  62 

—  U4 

2—  3 

+  56 

+  15 

-   76 

+   6 

—  Ill 

+  51 

+  34 

—  8 

-  52 

—   4 

2—  4 

-  6 

+  2 

3+  « 

—  2 

+  I 

3   0 

—  33 

—  II 

+   73 

—  II 

—  2 

+  4 

+  8 

-  5 

+  13 

+   I 

3—  • 

+  42 

+  193 

+   '3 

-  707 

—  6 

+  34 

+  16 

-  13 

-567 

-  52 

3—  2 

+  281 

+  187 

—  4114 

—3169 

—  9 

+  > 

+  135 

-  95 

— 2121 

+  J701 

3—  3 

+  41 

+   I 

—   45 

+  27 

+  39 

+  4 

+  24 

+  I 

-  33 

-  15 

3—  4 

0 

+  12 

6 

—  22 

+  4 

+  13 

+  2 

—  8 

-   5 

+  15 

4   0 

—   I 

—   8 

—    I 

+   9 

+  I 

—  5 

+   4 

+   2 

4—  I 

-  252 

-363 

—   7 

+  481 

—  3 

+  3 

+  117 

—142 

+  57 

+  28 

4—  2 

+  1673 

+  278 

—10889 

—2104 

—  8 

-  4 

-  59 

—  3 

-  335 

+  483 

4—  3 

—  421 

+  450 

—   25 

+  52 

+  2 

+  6 

—217 

—233 

+   6 

+  30 

4—  4 

—   I 

+  '4 

—   10 

—  12 

—  3 

+  'O 

—  2 

—  II 

-   6 

+   9 

4-  S 

—   4 

+   I 

+  3 

+  I 

—  4 

—  I 

+   5 

+   3 

5—  I 

—  22 

—  61 

+  12 

0 

+  II 

—  28 

+   8 

+   3 

5-  2 

—   3 

+  58 

-   53 

-  317 

+  56 

+  69 

—  5 

-  3 

+2243 

-I-1036 

S-  3 

-  67 

+  33 

—   30 

—  66 

0 

—  9 

-  32 

—  20 

—  25 

+  109 

S-  4 

—   14 

—   4 

+  66 

—  61 

—  2 

—  2 

+  II 

—   I 

s-  S 

+  5 

-  3 

—  2 

—  2 

+   2 

+   4 

S-6 

+  I 

—  I 

6—  2 

—103s 

+  1476 

+  5861 

-8835 

+  7 

+  14 

+  466 

+  62 

6-3 

—  92 

—  121 

-  178 

—  419 

-  71 

+  96 

+  153 

-   5 

6-4 

—  30 

+  13 

+   " 

-  IS 

—  I 

+  I 

-  19 

-  5 

+  25 

+  10 

6-5 

+   I 

-   3 

6-  6 

0 

—  I 

7-  2 

—  29 

+  39 

+  182 

-  237 

+  10 

+   5 

7—  3 

-  70 

+  26 

+  341 

—  186 

+  2 

0 

—  2 

+  3 

-  18 

—  20 

7—  4 

—   3 

—  10 

+   8s 

—  100 

0 

—  I 

+  4 

+  12 

+  20 

+  11 

7-  5 

-   3 

—   3 

+  3 

—  7 

—  2 

+  3 

+   3 

—   6 

25  AST- 


-24 


37° 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


Arg= 

i'g'+ig 

{n8z)y'xl 

(n'Sz')v'X^' 

i" 

vv'x- 

i" 
v"X- 

nt  sin. 

nt  COS. 

n't  sin. 

n't  COS. 

nt  COS. 

ntsin. 

nt  COS. 

nt  sin. 

n't  COB. 

n't  sin. 

i'     i 

8—  2 

8-3 
8-4 
8-5 

9—  3 
9—  4 
9-  5 
9-6 

10—  4 
lo-  s 

10-  6 

n—  4 

11-  5 

12-  5 

+  5 

—  6 

—  lO 

—117 

+  33 

+  26 

—  4 

+  24 

—  4 

—  I6 

+  12 

—  6 

— 270 
0 

—  9 

+  4 

+  3 
+  6 

+  8 

-  25 

-  3 
+  20 

—  4 
+680 
+  22 

—  I 

—  161 
+  14 

+  2 

—144 
+  4 

-  5 

—  8 
+  78 
+  244 
+  12 

+   8 
+  '59' 

—  2 

+   6 
+  60 

—  9 
+   6 

—  3' 

—  8 

+   6 

—  I 

—  3 

—  2 

—  I 

—  1 

+  2 

0 

+  6 

+  « 

+  2 
+  19 

—  I 

—  I 

+  2 

—  3 

—  I 

—  2 

—  3 

—  I 

—  26 

+  5 

—  32 

+  3 

—  31 

+  5 

-  «S 

—170 

-  3 

+  24 
0 

+  35 

+  2 

In  like  manner  the  portions  of  the  ten  factors  multiplied  by  nH'^  or  n'H'^  follow ; 
the  coefficients  are  expressed  in  units  of  the  thirteenth  decimal  when  multiplied  by 
nH^,  but  in  units  of  the  twelfth  decimal  when  multiplied  by  n'H^ : 
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— 

I 

-   5 

—  I 

—  1 

0 

+  4 

+  3 

3  0 

+  I 

— 

I 

+  II 

+  24 

3-  I 

-  5 

— 

2 

+  6 

+  7 

—  31 

—  16 

—  1 

+ 

I 

3-  2 

+  « 

+ 

I 

+  8 

+  12 

+  28 

+  80 

3-  3 

+  I 

^^^^ 

3 

—  u 

+  12 

-  I 

— 

I 
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(nSz) 

(n««)(n 

fi«')x[' 

(n'Sz'] 

0  >" 

{n8z)vx-^' 

{,n'Sz')vX~ 

Arg= 

i'g'+ig 

n«C  COS. 

n^P  sin. 

n»«^  COB. 

n'P  sin. 

n'^fi  COS. 

n'««>8in. 

n»t»  sin. 

n^f  COS. 

ri'P  sin. 

tl'JS  COB. 

i'     i 
4—  I 

—  I 

—  I 

+  6 

+  3 

-  3 

-  7 

+  14 

-  >3 

4-  2 

+  I 

—  I 

+  18 

-  73 

—  12 

+690 

4—  3 

+  > 

—  1 

+  3 

—  6 

+  20 

+  IS 

S   0 

—  2 

—  4 

—  I 

+  I 

+  2 

-  3 

s-  > 

-  55 

— 220 

+  42 

+«43 

—14 

+55 

+  34 

—131 

s-  2 

-  IS 

+  14 

—  7 

-  5 

—  71 

+130 

-  5 

—  I 

5-  3 

+  173 

-  54 

-  88 

+  32 

—44 

-13 

+  101 

+  33 

S-  4 

—  9 

-  '3 

+  « 

+  5 

6—  2 

+187 

-98 

-815 

+425 

6-3 

—  20 

—  15 

+  12 

—  9 

7-  2 

+  8 

—  I 

-  32 

+  7 

7—  3 

0 

—  3 

—  2 

-  «3 

&-4 

-  3 

0 

+  8 

+  4 

9-  4 

—  I 

0 

-  39 

-  25 

10—  4 

—  23 

—  44 

+  27 

+  52 

—  82 

-«53 

10-  5 

-  6 

+  7 

+  4 

-  5 

+  I 

+  2 

—  4 

-  5 

Arg= 

i'g'+ig 

inSz)y'x-^' 

(n'Sz') 

,  I" 
y'x- 

v»> 

,1" 
'2 

I" 
yv'x- 

i" 
v"X- 

n'f  sin. 

nH"  COS. 

n"i^  sin. 

n"P  COS. 

n«P  COS. 

n^P  sin. 

n^P  COS. 

li'f  sin. 

n'H^  COS. 

n'»P  sin. 

i'      i 
0   0 

—  I 

+53 

+234 

0 —  I 

-  8 

+  2 

—  2 

+  3 

+  4 

-  3 

—  3 

+  3 

—  2 

—  2 

0—  2 

+  2 

+  I 

-  5 

-53 

0—  3 

0 

—  2 

1+  3 

—  3 

0 

1+  I 

+279 

+  52 

—140 

+  26 

I    0 

-  5 

+  4 

+  II 

-  19 

—  3 

+  4 

+  17 

—  12 

1—  I 

+  84 

-271 

0 

+  3 

+  38 

+136 

0 

-  3 

I—  2 

+  21 

+   2 

+  3 

+  4 

2+   I 

+  8 

+   2 

-  3 

0 

2   0 

0 

+  4 

+206 

—420 

—  I 

—  I 

—102 

—210 

2—  I 

+  II 

—  3 

-  3 

-  3 

+  I 

—  I 

+  I 

+  4 

+   2 

—  a 

2—  2 

—  4 

+  I 

+  4 

+  I 

+  3 

+  2 

+   I 

0 

2—  3 

+  I 

+  I 

3   0 

+  8 

—  18 

-  6 

—  12 

3-  I 

+  13 

—  8 

—  2 

+  6 

—  I 

—  I 

-   S 

—  2 

3-  2 

+  4 

—  II 

-  19 

+  41 

+  I 

+  2 

—  10 

—  18 

3-  3 

—  I 

+  I 
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Arg= 

i'g'+ig 

(7i5^)v'Xj" 

(»'<S^') 

y'X- 

y'x-^' 

vv' 

I" 

X-2 

,„    I" 

n'^(-  ain. 

n'f  COS. 

n'H^  sin. 

n'H-  COS. 

nW  COS. 

n^<2  sin. 

n'<-  COS. 

»i=(2  sin. 

n'2t«  COS. 

n'^t-  sin. 

i'        i 

4       o 

0 

—  I 

4—  ' 

-  '3 

+  >o 

—       2 

+     4 

+6 

+7 

0 

+  J 

4—  2 

—   26 

—  i6 

+     I 

+  164 

0 

—2 

0 

+  8 

4—  3 

+    9 

+     8 

+9 

—6 

5-  I 

—     I 

-    5 

—  I 

—3 

5-  2 

+  " 

+  '5 

—    8 

—     2 

—4 

+3 

—18 

+3' 

5-  3 

—     6 

—      2 

—3 

+  J 

5-  4 

— 2 

+3 

6—  I 

+  1 

0 

6-    2 

+222 

+  ii8 

— 209 

-108 

0 

+  1 

+  7 

—  I 

6-  3 

—  23 

+  19 

—6 

-5 

7-  2 

+  '3 

+     4 

—  14 

—     2 

+  3 

0 

7-  3 

—      2 

+      2 

0 

—     I 

8-4 

+     2 

0 

9—  4 

-    7 

+     4 

+    "0 

—     6 

10 —  4 

+  I 

—       2 

—    2 

4-     4 

lo-  5 

II—  4 

0 

+      1 

CHAPTER  XVII. 


CALCULATION  OF  THE  SEVERAL  PORTIONS  OF  S^. 

The  fourteen  parts  of  the  portion  of  (5^T  not  factored  by  nt  or  nH'^  are  as  follows : 


Arg= 

An5»z 

BSv 

Fn'SV 

G5 

V' 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

X 

o 

i'       i 
0       o 

// 

—0.0000551 

// 

— 0.0000128 

// 

If 

— 0.0001186 

// 

— 0.0000415 

o —    I 

+0. 0000052 

+0.0000008 

— 0.0006 

— 0.  0000791 

+0.0000109 

—I 

o      o 

— o.  0004507 

+0.0013445 

—0.  0000076 

+0. 0003655 

—0.  0027567 

+0.0076775 

— 0.0003125 

+0. 001396S 

O—    I 

+0.0007 

— 0. 0016 

+0.  0028 

— 0.0069 

+0.0002 

— 0.0015 

O —    2 

— 0.000093 

+0.000746 

+0.000122 

—0.000056 

+0.002351 

+0. 000490 

—I 

O —    I 

— 0.006 

— 0.005 

— 0. 026 

— 0. 020 

— 0.004 

—0.002 

0 

O —    2 

0-  3 

+0.008 

+0.006 

+0. 028 
— 0.008 

+0.  021 
— 0.004 

+0.004 

+0.002 

—I 

1+     2 

+0.002 

+0.003 

o 

J+    I 

—0.007 

—0.006 

— 0. 025 

— 0.021 

—0.003 

— 0.004 

I          O 

+0.0051 

+0. 0048 

+0.0003 

+0.0005 

+0.0255 

+0.  0226 

+0.  0040 

+0.0051 

—I 

1+  I 

— 0.0005 

+0.  OOOI 

— 0.0020 

+0.0001 

— 0.0003 

— 0.  0001 

0 

I          O 

+0.  OOI2 

—0.  0006 

+0.  0002 

0.  0000 

+0.  0054 

-0.0033 

+0.  0014 

— 0. 0004 

I —  I 

— 0.0008 

+0.0002 

— 0.  0002 

0.0000 

—0.0062 

+0.  0033 

— 0.  0014 

+0.0002 

—I 

I       o 

0.0000 

+0.0002 

+0.0003 

+0.0016 

+0.0001 

+0.0008 

I —  I 

0.  0000 

— 0.0003 

— 0.0004 

—0.0013 

— 0.0002 

— 0.0003 

—I 

I —  I 

— 0.  0019 

—0.0003 

— 0.0091 

— 0.0016 

— 0.0016 

+0.0001 

I —    2 

+0.003 

0.000 

+0.011 

+0.001 

+0.001 

0.000 

>-  3 

—0.002 

0.000 

—I 

I —   2 

+0.003 

-0.007 

+0.012 

—0.  030 

»—  3 

— 0.004 

+0.009 

—0.012 

+0.  028 

I—  4 

+0.003 

—0.007 

2+    2 
2+    I 
2        O 

+0.  020 
— 0.069 
+0. 0728 

+0.005 
—0.017 
+0.  0164 

—I 

2+    I 

—0. 0019 

+0. 0020 

—0.005s 

+0. 0060 

— 0.0008 

+0.  0010 

2        O 

-f  0. 0042 

— 0.0065 

+0.0006 

—0.0005 

+0.0149 

— 0. 0248 

+0.0033 

—0. 0045 

2 —    I 

—0.0027 

+0. 0038 

—0.0006 

+0.0005 

— 0. 0163 

+0. 0262 

—0.  0038 

+0.0053 

—I 

2        O 

+0.0002 

— 0.0003 

+0.0010 

— 0.  0006 

0.0000 

—0.0003 

2 —    I 

+0. 00026 

+0. 00056 

+0.00016 

+0. 00027 

— 0. 00024 

+0. 00185 

+0.00006 

+0. 0005 1 

2 —   2 

— 0. 0001 

— 0.  OOOI 

— 0.  OOOI 

— 0. 0002 

0.0000 

— 0. 0026 

0.0000 

—0.0006 

—I 

2 —    I 

— 0.0003 

+0.0001 

—0. 0020 

+0.0005 

— 0.0012 

+0.0004 

o 

2 —   2 

+0. 0024 

^.0010 

+0.0010 

— 0.0004 
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Arg= 

A.nS^t 

B5v 

Fn'5V 

GS 

v' 

ain. 

COS. 

sin. 

008. 

sin. 

008. 

sin. 

COS. 

K 
—  I 

i'      i 

2 —   2 

// 
o.  ooo 

// 

— 0.002 

// 

h 

— 0.002 

// 
— 0.  010 

/' 

" 

O 

2—  3 

0.000 

+0.008 

—  I 

2-  3 

+0.006 

+0.002 

+0.021 

+0.005 

o 

a—  4 

—0.008 

— 0.002 

— 0.020 

— 0.005 

o 

3+  ' 

+0.002 

—0.003 

1 

3      0 

+0.002 

+0.001 

— I 

3+  I 

0.000 

+0.013 

0.000 

+0.019 

o 

3      o 

— 0. 0001 

— 0. 0306 

+0.0008 

— 0. 0705 

I 

3-  I 

+0.0001 

+0.0163 

— 0.0013 

+0. 0744 

+0.0002 

—0.0007 

—I 

3      o 

0.0000 

— 0.0016 

— 0.0002 

— O.OOOI 

+0.0013 

—0.0026 

+0.0006 

+0.0003 

0 

3—  ' 

+0.00193 

+0. 00206 

+0. 00086 

+0.00063 

+0.  0023s 

+0. 00528 

+0.  OOIS3 

+0. 000S4 

I 

3-  2 

— 0.0009 

— 0.0006 

— 0.0005 

—0.0004 

— 0.0043 

— 0.  0066 

— 0.0026 

— O.OOII 

—I 

3—  I 

0.0000 

+0.0002 

— 0.0004 

+0.0009 

0.0000 

+0.00OI 

o 

3—  2 

I 

3—  3 

—I 

3-  2 

— 0.0017 

— 0.0024 

0 

3-  3 

— I 

3—  3 

+0.008 

— 0.002 

o 

3—  4 

— 0.008 

-l- 0.002 

—I 

3-  4 

0.000 

+0.016 

o 

3-  S 

0.000 

— 0.016 

I 

4—  I 

— 0.0022 

— 0.0024 

— 0.0007 

— O.OOOI 

— I 

4      o 

+0. 0022 

— 0.0004 

+0.  0026 

— 0. 0005 

o 

4—  ' 

+0. 0023 

— 0.0005 

+0.0051 

—0.0008 

+0.0006 

— 0.0002 

I 

4—  2 

— 0.0092 

+0.0017 

—0.0003 

— O.OOOI 

— I 

4-  ' 

— 0.  0001 

+0.001 1 

—0.0003 

+0.0010 

— 0.0005 

+0.0018 

0 

4—  2 

+0.  0001 

— 0.  0008 

— O.OOOI 

— O.OOOI 

0.0000 

+0.0002 

+».  0001 

+0.0004 

I 

4—  3 

0.0000 

+0.0005 

+0.  0002 

— 0.00:2 

+0.0004 

+0.0019 

— I 

4—  2 

— 0.0013 

— 0.0009 

+0.0004 

+0.0004 

0 

4—  3 

0.000 

+0.001 

—I 

4—  3 

+0.002 

— 0.002 

-• 

4—  4 

+0.003 

+0.006 

—I 

4-  5 

— 0.012 

+0.002 

o 

I 

5-  I 

5—  2 

+0. 00048s 

—0. 000695 

+0. 000241 

— 0.000215 

—0.0008 
+0.  000877 

+0. 0025 
— 0. 002763 

0.0000 
+0. 000039 

+0.0007 
—0. 000867 

— I 
o 
I 

— I 

5-  J 
5-  2 
5-  3 
5-  2 

+0.001427 
+0. 0006399 
+0. 001489 
— 0.001379 

+0. 003366 

+0.0015326 
+0.00331 1 
—0. 000076 

— 0.00021 1 
+0. 0004766 
— 0. 000269 
— 0.000648 

— 0.000510 
+0.  OOII38I 
— 0.000639 
— 0.000031 

— 0.000005 
— 0. 0000225 
+0.  000108 
— 0.  002065 

— 0.000172 
+0.0002158 
+0. 000036 
— 0. 000908 

—0. 000241 
+0. 0004096 
— 0. 000207 
—0. 002835 

—0.000659 
+0.0009613 
— 0. 000504 
—0. 000527 

0 

5-  3 
S-  4 

+0. 0019 
— 0.0008 

+0.0001 

— O.OOOI 

+0. 0029 
— 0. 0010 

+0.0007 
—0.0002 

+0. 0025 
+0.0006 

+0.0005 
+0.0001 

— I 

S-  3 

0 

5-  4 

I 

S-  5 

— I 

5-  4 

0 

S-  5 
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1 

An(S 

»« 

BSv 

-Pn'S^z'                1 

QSv'                 1 

Arg= 

sin. 

COS. 

•    sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

K 

I 

i'    i 

6—    2 

// 

II 

" 

// 

// 

// 

// 

// 

—  I 

6—  I 

+0.0005 

+0.0003 

— 0.  0010 

— 0.0006 

O 

6—    2 

— 0.0004 

— 0.0002 

— 0.0007 

—0.0004 

— 0.0001 

+0.0001 

I 

6-3 

+0.0008 

+0.0006 

+0.0006 

+0.0006 

— 0.0001 

0.0000 

—  I 

6—    2 

+0.0002 

— 0.0002 

+0.0004 

— 0.0002 

+0.  0076 

— 0.0058 

+0.0002 

+0.0004 

o 

^3 

— 0.0021 

+0.0018 

— 0.0004 

+0.0003 

—0.0035 

+0. 0032 

— 0.0002 

— 0.0001 

I 

6-4 

— 0.0018 

+0.0014 

— 0.0022 

+0.0015 

— I 

6-3 

— 0.0006 

—0.0013 

+0.0005 

+0. 0038 

—0.0009 

— 0.0074 

o 

6-4 

— 0.003 

— 0.004 

+0.001 

+0.006 

— I 

6-4 

0 

6-5 

—I 

^5 

o 

6—  6 

I 

7-  3 

+0. 00085 

+0. 0001 1 

—I 

7 —  2 

+0.00004 

— 0.00022 

+0.00004 

— 0.00014 

— 0.00212 

— 0. 00685 

+0.00005 

— 0.00016 

o 

7—  3 

+0. 00048 

+0.001 1 5 

— 0.00004 

+0.00010 

+0.00270 

+0. 00489 

0.00000 

+0. 00026 

I 

7—  4 

— 0. 0012 

—0.0005 

— 0.0030 

— 0.0010 

— 0. 0001 

+0.0003 

—I 

7—  3 

+0.01 19 

+0. 0109 

+0.0002 

+0.0001 

+0.0549 

+0. 0328 

— 0.0002 

—0.0003 

o 

7—  4 

—0. 0223 

— 0. 021 1 

—0.0513 

—0. 0497 

+0.0002 

0.0000 

I 

7—  S 

+0. 010 

+0.009 

+0.  014 

+0.013 

— I 

7—  4 

—0.003 

+0.001 

+0.00S 

—0.002 

o 

7-  5 

—0.002 

— 0.002 

+0.002 

— 0.004 

—0.005 

+0.002 

— I 

8—   2 

,    0.0000 

+0.0004 

—0.0013 

— 0.0014 

0 

8-3 

+0.00017 

— 0.00071 

0.00003 

— 0.00046 

+0.  00146 

+0. 00056 

— 0.00004 

—0.00034 

I 

8-4 

— 0.0002 

+0.0005 

— 0.0012 

+0.0006 

+0.0001 

+0.0006 

—I 

8-3 

+0. 0036 

+0.0008 

+0.0001 

0.0000 

+0. 0236 

+0. 0059 

+0.  0004 

—0.0003 

o 

8-4 

— 0.0063 

— 0.0016 

— 0.0219 

— 0.0061 

I 

8-S 

+0. 0027 

0.0000 

+0. 0064 

0.0000 

—I 

8-4 

— 0.0113 

+0.  oi86 

— 0.0406 

+0. 0649 

+0.0003 

—0.0005 

0 

8-5 

+0.016 

— 0.027 

+0. 040 

—0.063 

I 

8-  6 

— 0.006 

+0. 010 

— O.OII 

+0. 017 

— I 

8-5 

— O.OOI 

— 0.001 

+0.002 

+0.004 

0 

8—  6 

0.000 

—0.004 

+0.003 

— 0.001 

—I 

9—  3 

+0.0005 

— 0.0002 

+0. 0049 

—0.0013 

+0.0006 

—0.0002 

0 

9—  4 

— 0.00092 

+0.00027 

— 0. 00432 

+0.00099 

+0.  OOOIO 

— 0.00003 

I 

9-  5 

+0.0003 

— 0.0003 

+0. 0010 

— 0.0010 

—0.0006 

+0.0002 

— I 

9—  4 

— 0.0003 

+0.0065 

—0. 0030 

+0.0291 

+0.0006 

+0.0006 

o 

9-  S 

+0.001 

— O.OIO 

+0.004 

—0.027 

I 

9-6 

0.000 

+0.003 

+0.001 

+0.009 

—I 

9-  5 

— 0.019 

—0.007 

— 0.061 

—0.023 

0 

9-6 

+0.O2S 

+0.008 

+0. 056 

+0. 020 

I 

9—  7 

— 0.  010 

—0.003 

— 0.017 

— 0.006 

—I 

9-6 

— 0.002 

+0.001 

—0.002 

0.000 

o 

9-7 

+0.003 

0.000 

+0.003 

+0.002 
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AnS^z 

BSv 

Fn' 

Ps' 

GSv 

Ai 

>9'+'9 

Bin. 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

— I 

i'      i 
10-  3 

-f  o.  00029 

— 0.  00032 

// 

// 

+0.  00059 

tl 

— 0. 00057 

// 
— 0.00005 

II 

+0.00001 

o 

10 —  4 

—0.  0001 146 

+0. 0000983 

— 0.0000091 

+0. 0000053 

— 0.  0005380 

-u.  0004872 

—0.  0000143 

+0. 0000247 

I 

10-  5 

+0.00001 

—0.00006 

+0.  00003 

-0.  00025 

+0.00004 

—0.00006 

—  I 

10 —  4 

+0.00055 

+0.00124 

+0.  00248 

-1-0.00618 

+0. 00034 

+0. 00052 

0 

10—  5 

— 0.0008 

—0.0016 

— 0.  0029 

— 0.  0062 

I 

lo —  6 

+0.002 

+0.002 

—I 

lo-  5 

— 0.  008 

+0.001 

— 0.  029 

+0.  002 

0 

lo—  6 

+0.  010 

— 0.002 

+0.  029 

— 0.004 

I 

lo—  7 

—0.004 

+0.002 

— 0.008 

+0.  002 

—I 

10 —  6 

+0.002 

— 0.016 

+0.  006 

—0.046 

o 

lo—  7 

— 0.  002 

+0.020 

-0.005 

+0.  044 

1 

lo—  8 

0.000 

— 0.007 

+0.001 

—0.013 

—I 

II—  4 

+0.  0002 

+0. 0002 

+0.0002 

+0.0004 

+0.0002 

0.0000 

0 

II-  5 

— 0.0002 

— u.  0001 

— 0.0006 

-0.0005 

— I 

II-  5 

— 0.0015 

+0.  001 1 

—0.  0067 

+0.0044 

0 

II—  6 

+0.002 

—0.002 

+0.006 

—0.005 

I 

11—  7 

— 0.  002 

+0.002 

—I 

II-  6 

— 0.  003 

-0.  007 

— 0.  009 

— 0.  025 

o 

I 

II—  7 
II-  8 

+0.004 

+0.009 

+0.  009 
—0.003 

+0. 024 
—0.007 

—  1 

II—  7 

+0.  on 

— 0.  001 

+0.  032 

—0.003 

o 

II-  8 

— 0.013 

+0.  002 

— 0.031 

+0.003 

0 

12-   5 

+0. 00002 

— 0. 00008 

+0.  00012 

— 0. 00041 

0.00000 

0.  00000 

—  I 

12—   5 

+0. 0003 

— U.0009 

—0.0007 

4-0.0017 

o 

12—    6 

+0.  0007 

— 0. 0016 

—  I 

12—    6 

— 0. 002 

— 0.002 

— 0.  007 

—0.006 

o 

12—    7 

+0.  006 

+0.  006 

—I 

12-    7 

—0.006 

— u.  004 

+0.019 

—0. 01 1 

o 

12—  8 

—0.006 

+0.004 

— 0,  018 

+0.  on 

— 

12—   8 

+0.002 

+0.007 

+0.  007 

+0. 019 

o 

12—    9 

—0.0 1 

— 0. 02 
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2  dg'^         ' 

T— («0«)V 

ag 

if    l^^if 
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COS. 

sin. 

COB. 
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COS. 

sin. 

COS. 

X 

o 

i'    i 

o      o 

" 

// 
-|-o.  0000064 

// 

+0.0000019 

//                      // 

— 0.0000921 

+0. 0000037 

I 

O —    I 

— 0. 0000052 

—0.0000098 

4-0.0001557 

— 0.0000018 

I 

O —    2 

—0.000057 

— 0.000209 

—0.000170 

—0.000051 

o 

1+  ■ 

0.000 

-|-o.oor 

I 

I        o 

—0.0003 

— 0.  ooog 

+0.0005 

—0.0016 

— I 

•+  I 

o 

I        o 

— 0.0004 

+0.  0001 

I 

I—  I 

+0.0001 

+0.0001 

— I 

I         0 

— 0.0007 

— 0. 0010 

o 

I —  I 

+0.0001 

+0.0004 

— I 
I 

I —  I 

2        O 

+0. 0038 
+0. 0023 

— 0.0010 
—0.0008 

I 

2—    I 

+0.0004 

+0.0008 

— I 

2        O 

—0.0013 

— 0.0002 

o 

2 —    I 

4-0.  OOOIO 

+0.00012 

+0.  00045 

+0. 00032 

+0.00105 

— 0.00005 

+0.00003 

+0.00004 

I 

2 —   2 

— 0.0003 

+0.0003 

—I 

2—    I 

+0. 0043 

— 0.0017 

+0.0117 

— 0.  0054 

o 

2 —   2 

— 0. 0076 

+o-  0033 

—0. 0107 

+0. 0046 

o 

3      o 

— 0.0009 

— 0.0016 

I 

3-  I 

+0.0005 

+0.0003 

+0.  0014 

+0.  0028 

— I 

3      0 

— 0.0006 

+0.0003 

o 

3—  • 

— 0.00014 

— 0.00005 

— 0.00014 

—0. 00027 

+0.00076 

— 0.00044 

— 0.  0001 1 

—0.00004 

I 

3-  2 

— 0.0005 

+0.0003 

— I 

3-  I 

+0.0016 

— 0.  0019 

+0.  0049 

— u.  0067 

o 

3—  2 

—0.0028 

+0.0035 

— 0.0044 

+0.0059 

I 

3-  3 

+0.0006 

— 0.0013 

— I 

3-  2 

-|-o.  0007 

+0.0010 

+0.  0109 

+0.0154 

0 

3-  3 

— 0.002 

— 0.002 

—0.  010 

-0.013 

I 

4—  I 

+0. 0041 

+0.0041 

o 

4—  I 

+0.0009 

— O.OOIO 

I 

4—  2 

— 0.  0014 

+0.0013 

— I 

4—  I 

+0.0001 

—0.0007 

+0.  0002 

—0. 0027 

o 

4—  2 

0.  coon 

+0.0002 

— 0. 0001 

+0.0008 

— 0.0003 

+0. 0023 

I 

4-  3 

—0.0002 

—0.0004 

— I 

4—  2 

+0.0003 

+0.0002 

+0. 0048 

+0. 0022 

+0.0120 

+0. 0062 

o 

4—  3 

— 0.006 

— 0.002 

—0.  01 1 

— 0.005 

o 

5-  I 

+0.0005 

— 0.0014 

+0.  0022 

—0.0035 

I 

S-  2 

— 0.  000156 

+0. 000169 

— 0. 001 197 

+0.001571 

— 0.002609 

+0. 003926 

— 0.000079 

+0. 000079 

— I 

s-  • 

-f  0.000080 

+0.000194 

+0. 000263 

+0. 000440 

— 0. 000161 

—0. 000688 

+0. 000057 

+O.OOOI4I 

0 

5-  2 

— 0. 0001827 

— 0. 0004691 

— 0. 000341S 

— 0.0009403 

+0. 0003366 

+0. 0007807 

— 0.0001234 

—0. 0003257 

■ 

S-  3 

+0. 000087 

+0. 000225 

+0. 000075 

+0. 000468 

—0.000408 

— 0. 000546 

+0. 000050 

+0.000123 
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Arg= 

1  dA,    .  ., 

2  dj'-       ' 

^AnSz){n'Sz') 

2  dg'^         ' 

f(nd.)v 

BID. 

COS. 

sin. 

COB. 

sin. 

COS. 

sin. 

COS. 

■H 

i'      » 

// 

„ 

// 

„ 

// 

// 

// 

// 

—I 

5 —  2 

+0.000217 

+0. 000026 

+0.002108 

+0. 000288 

+0.  005902 

+0. 000863 

+0. 000075 

+0.  000005 

o 

S—  3 

— 0.0027 

—0.0006 

— 0.  0054 

—0.0007 

I 

5—  4 

+0.0007 

—0.0003 

—  I 

5—  3 

— 0. 001 

+0.005 

—0.003 

+O.0IS 

o 

5—  4 

+0.002 

— 0.  007 

+0.004 

—O.OIS 

I 

s-  S 

0.000 

+0.003 

—I 

5—  4 

— 0.009 

-0.005 

—0.015 

— 0.  009 

o 

S-  5 

+0.  on 

+0.006 

+0.015 

+0.008 

I 

6—   2 

— 0.0025 

+0.0075 

o 

6—    2 

+0.0001 

0.0000 

+0.0007 

+0.0005 

+0.0014 

+0.0010 

I 

6-3 

— 0.0002 

—0.0002 

—0.0018 

—0.0013 

—I 

6-    2 

— 0.0002 

+0.0001 

— 0.0003 

+0.  0003 

+0.0016 

—0.0005 

— 0. 0001 

+0.0001 

o 

6-3 

+  0.0003 

— 0.  0003 

+0.0002 

— 0.  0004 

— 0.0017 

+0.0004 

+0.0002 

—0.0002 

—I 

6-3 

+0.0001 

+0. 0032 

+0.0005 

+0.0081 

o 

6-4 

0.000 

— 0.002 

0.000 

—0.008 

—I 

6-4 

— 0.006 

0.000 

— 0.  oi6 

—  0.  001 

o 

6-5 

+0.008 

0.000 

+0.012 

+0.001 

—I 

6-5 

+0.003 

— 0.009 

+0.004 

— 0.  014 

o 

6-  6 

—0.003 

+0.011 

— 0.004 

+0.013 

o 

7 —  2 

+0. 0029 

+0.0003 

+0. 0045 

+0.0006 

I 

7—  3 

— 0.00015 

— 0.00002 

— 0. 00181 

— 0. 00025 

— 0.  OOOII 

— 0.  OOOOI 

— I 

7 —  2 

— 0.00013 

+0.  00027 

+0. 00030 

— 0. 00030 

o 

7-  3 

+0.00003 

— 0.00006 

— 0.00008 

—0.00006 

—0.00052 

+0.00019 

+0.  OOOOI 

— 0.  00006 

I 

7—  4 

+0.0004 

— 0. 0001 

—I 

7—  3 

— 0. 0002 

4-0.0005 

-1-0. 0010 

+0. 0025 

+0.0001 

— 0. 0001 

0 

7—  4 

+0.0003 

+0.  0003 

— I 

7—  4 

— 0.002 

+0.001 

— 0.009 

+0.002 

o 

7-  5 

+0.004 

— 0.002 

o 

8-3 

+  0.00001 

+0.  00022 

—0.00009 

+0. 00058 

— 0. 00029 

+0. 00033 

+0.00001 

+0.00012 

— I 

8-3 

0.  0001 

0.0000 

—0.0004 

0.  0000 

+0. 0004 

+0.0004 

—I 

8-4 

—0.0028 

+0. 0022 

— I 

&-  6 

+0.005 

— 0.002 

+0.009 

— 0.004 

—I 

9—  3 

+0.0001 

+0.0001 

o 

9—  4 

+0.00016 

—0.00004 

—0.00004 

—0.  OOOIO 

—I 

10—  3 

— 0.00004 

+0.00004 

+0.  00002 

+0.00005 

o 

lo —  4 

+0. 0000014 

— 0.0000006 

+0. 0000029 

—0, 0000301 

—0. 0000468 

—0. 0000532 

+0.0000011 

— O.OOCXX3I9 

I 

10-  5 

+0.00004 

— 0.00004 

+0.00004 

— 0. OOOOI 

— I 

lo-  4 

— 0.00003 

—0.00004 

— 0.00029 

— 0.00009 

— 0. OOIOI 

—0.00021 

— 0.00002 

—0.00002 

o 

12-  5 

+0.  OOOIO 

—0. 00012 

+0. 00033 

—0.  C0035 

— I 

12-  5 

+0.0008 

— 0.0020 
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—0. 0063 

o 

12—  6 

— 0.0014 

+0. 0038 
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0 
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0 
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0 

S—  3 
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+0. 000088 


—0.0000316 

— o. 0000258 

-o.  000317 

-0.0006 
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— 0.0002 

— 0.0003 
— 0.0003 
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+0.0009 

0.0000 
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+0.  0004 

1. 0015 

+0. 0014 

>.  ooog 

+0.0013 
).  0002 

+0.0006 
).  0008 

+0.0005 

+0.0012 
3.001 


+0.0008 
— o.  001096 
+0.000221 
— 0.0001538 
— 0.000053 
+0.  OOIOI3 
— 0.0013 
— o.  001 

+0.0007 
— 0.0008 
— 0.0006 
+0.0004 
— 0.0003 


5.0006 

+0.001563 

+0. 000203 

3.  0003436 

+0.0001 13 
+0. 000539 

D.  0004 
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— 0.0007 
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+0. 0000055 
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^{nSz)y 
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8z')V 

I  J^  , 

sin. 

COB. 
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COS. 

sin. 

COS. 

sin. 

COS. 

H 

i'       i 

" 

// 

„ 

// 

,/ 

// 

II 

'/ 

0 

7-  2 

+0.0018 

+0.0003 

7—  3 

— o. 00040 

— 0.  00005 

—0.  00043 

— 0.00005 

— 0.00187 

— 0. 00024 

—  I 

7—  2 

— 0.  00007 

+  0.  00023 

— 0.  OOOI  I 

+u.  00039 

7—  3 
7-  4 

+0.00001 

— 0.00014 

— 0.  00003 

— 0.00003 

— 0.  00006 
+0.  0002 

—0. 00037 
—0.0002 

—  I 

7—  3 

—0.  001 1 

—0.0009 

0 

^3 

0.00000 

+  0.00024 

+  0. ''XXX)I 

+0.  00007 

—0.00002 

+u.  00009 

—  I 

8-  3 

—0.0003 

0.0000 

— 0.  0007 

0.  OOOI 

—  I 

8-4 

+0.0015 

— 0.  0016 

—  I 

9—  3 

— 0.  0002 

0.  0000 

0 

9-  4 

+0.00010 

— 0.00005 

+0.00013 

—0.00006 

o 

lo—  4 

+0.  OOOOIOI 

—0.  0000165 

+u.  0000082 

— 0. 0000II4 

+0.  0000323 

—0.000041 1 

—  I 

lo —  4 

— 0.000004 

— 0. OOOOIO 

+  0.  OOOOOI 

— 0.000003 

+0.00013 

+0.00008 

Arg=«;'+i'ff'+iff 

,<rT 
rr'      ,,W 
drdr' 
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COS. 
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COS. 

n      \'       i 
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I       0 —   I 

I       0—  2 

—  I        I       0 

— 120 

0       2 —   I 

—I        2—   I 

0  3—   I 
—I       3 —   I 

1  5 —  2 
^i       5 —   I 

0       5 —  2 

'      5—  3 

—  1       5 —  2 

0      7—3 
0     10 —  4 

— 0.  00007 

— 0.  OOOI  I 

—0. 000029 
+0.  0000524 
—0.  000038 
+0. 000029 

— 0.  00003 

+0.0000004 

// 

+0. 0000088 
— 0.0000079 
— 0.  000048 

— 0.000008 
— 0.00004 

—0.000039 
+0.  0000648 
— 0.000062 
+0.000006 

+0.00006 

—0.0000015 

// 
0.0000 

+  0.  OOOI 

— 0.00009 
— 0.0007 

— 0. 00025 
0.0000 

— 0.  000181 
— 0.  000043 
+0.  0000575 
—0.000058 
+0.  000292 

+0.0000001 

+0.  0000219 
— 0. 0000268 
— 0.  000058 

+0.  0002 

0.  0000 
-0. 00008 
+0. 0002 

— 0.00013 
—0.  0002 

+0.000126 

— u. 000045 

+0.  0000446 
— 0.000055 
— 0. 000055 

— 0.  0000008 
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The  fourteen  parts  of  the  portion  of  6^T  factored  by  nt  follow ;  for  convenience 
the  coeflScients  have  been  multiplied  by  1 00000: 
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GS 
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Ar 
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nt  COS. 
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nt  COS. 
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K 

i'     i 

// 

„ 

// 

II 

// 

II 

„ 

„ 

0 

0     0 

—  u.  3108 

-0.1 193 

—  0.  9327 

—0.1447 

I 

0 —  I 

+  0.0850 

+  0.3178 

+0.  0079 

+0. 138s 

+  0.  2281 

+  1.3868 

— 0.0081 

+0.  2255 

— I 

0     0 

—  1.8586 

—  0. 9437 

-0.  5523 

—0. 2297 

—  8. 6483 

—  4.  8762 

—2.  2695 

—1.  H06 

0 

0 —  I 

+  1-7 

+  0.9 

+  7-9 

+  4-7 

+2.2 

+  1.0 

I 

0 —  2 

-  'IS 

—  0.39 

—0. 14 

—0. 03 

-  2.83 

—  0.87 

—0.34 

—0.13 

— I 

0 —  I 
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—  4 

+20 

— 21 

+3 

—3 

0 

0 —  2 
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— 20 
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—3 

+3 

I 

0—  3 

+  4 

—  6 

— I 

0—  2 

+  6 

+  10 

+  16 

+30 

0 

0—  3 

—  7 

— 12 

—17 

—28 

I 

0—  4 

+  6 

+  9 

— I 

1+  3 

-  7 

—  2 

— 12 

-  S 

0 

1+  2 

+  17 

+  6 

+42 

+  13 

I 

1+   I 

—'3 

—  4 

-44 

-13 

— I 

1+  2 

+  2 

—  2 

+  s 

—  7 

0 

1+   I 

—  4 

+  7 

-15 

+24 

—3 

+4 

I 

I       0 

+  3-4 

-  5.0 

+0.5 

-0.7 

+16.4 

-25-3 

+2.7 

—4.0 

—I 

1+  I 

+  o.s 

+  1.6 

— 0.2 

0.0 

0 

I       0 

—  1.2 

-  1-5 

—0.  2 

—0.4 

—  3-4 

—  4.2 

—0.7 

—0.9 

I 

I —  I 

+  0.5 

+  0-7 

+0.4 

+0.5 

+  3-7 

+  4.6 

+  1.2 

+1.6 

—I 

I       0 

-  2-3 
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—0.7 

+0.1 

0 

I —  I 

+  2.3 

0.0 
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I —  I 
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+0.7 

-35 

0 

I —  2 
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^i 

+2 

—I 
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+  13 

+3 

+2 
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I 
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—  6 
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+  3 

— I 

I—  3 
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—18 
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0 

I 
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2+    I 
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—  7 

+16 

+  3 

—16 

— I 
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0 

—  9 
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-16 

0 
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I 
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+    4-2 
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o 

3—  ' 

— 0.  OI 

—0.04 

I 

5—    2 

-|-o.  040 

+0.  046 

—I 

5—  I 

—0.007 

-|-o.  012 

— 0.  005 

+0.003 

0 

5 2 

-fo.  0163 

— 0. 0023 

4-0. 0324 

— 0.  0279 

I 

5—  3 

+0.  016 

— 0.  019 

— 0.  017 

+0.008 

—  I 

5 —  2 

—0.  009 

—0.  058 

-|-o.  020 

— 0.  209 

o 

10 —  4 

— 0.0028 

— u.  0007 

—0. 0040 

—0.0037 

— I 

lo—  4 

— 0.005 

+0.  001 

The  fourteen  parts  of  the  portion  of  6^T  having  the  factor  nH^  follow ;  for  con- 
venience the  coefficients  are  multiplied  by  1 00000000: 
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ArK= 

^y+i^a'+ig 

^,(nSz)(n'Sz') 

2dg'^ 

n'Sz'y 

<JB, 

S*)v 

n'js  gin. 

nH"  COS. 

n»P  sin. 

n'P  COS. 

n^P  sin. 

nV  COB. 

»»«2  sin. 

nH"  COS. 

K      i'      i 

/' 

// 

„ 

// 

// 

ff 

// 

// 

000 

+0. 010 

— 0.014 

-0. 045 

+0.008 

I       0 —  I 

+0.  03s 

— 0. 010 

— 0.  007 

— 0.007 

—0.  151 

+0.  024 

— 0.  001 

— 0.  on 

—  100 

+0.005 

+0.085 

—0.047 

+0.  127 

—0.681 

+  1.002 

+0.  019 

+o-  035 

I       0      2 

0.0 

+0.1 

0.0 

+0.1 

-0., 

+0.3 

0      2 —  r 

+0.3 

0.0 

— I       2—  I 

+3 

— I 

0      3-  I 

+0.5 

—0.  I 

0      4 —  2 

0 

+  ' 

—I       5—  I 

—0.08 

— 0. 01 

-0.17 

— 0.  14 

— 0. 40 

—0.78 

—0.  II 

—0.03 

0      5-  2 

+0.  132 

+o-  033 

+0.244 

+0.  202 

+0.329 

+0.  761 

+0.  146 

+0. 049 

I       S-  3 

— 0.  II 

— 0.06 

—0. 14 

-0.15 

-1      s—  2 

+0.09 

— 0.20 

+0.65 

— 0.46 

+3-28 

—0.43 

+0.15 

— 0.21 

0      7—  3 

0.  0 

-0-3 

—0.  2 

+0.3 

-I     10—  3 

— 0. 1 

+0.  2 

0     10 —  4 

+0.004 

— 0.019 

+0. 026 

—0.061 

+0.  114 

—0.154 

^0. 001 

—0.013 

ArK= 

<JB, 
dg'^ 

Sz')v 

«iG,  , 

Sz')v' 

2    dr» 

nH^  sin. 

n'P  COS. 

n?P  sin. 

nV  COS. 

n'f  sin. 

n'^fi  COS. 

nH^  sin. 

nV  COS. 

K       i'       i 
000 

" 

+0.013 

„ 

// 
+0. 042 

// 

— 0.015 

■' 

— 0.002 

I       0 —   I 

+0.  073 

— 0.021 

— 0.  100 

+0.  055 

— 0.  160 

— 0.015 

—0.1 17 

+0.002 

— 100 

+0. 028 

+0.  252 

— 0.  036 

+0.  050 

— 0.  269 

+  1.045 

— 0.003 

-0.005 

I       0—  2 

0.0 

+0.1 

0.0 

+O.I 

I        2 —   I 

—0.4 

+0.9 

0       2—   I 

+0.2 

0.0 

—0.  2 

0.0 

0       3—  I 

+0.6 

— 0.  2 

+  1.0 

—0.  2 

40.2 

+0.1 

0       4—2 

+0.1 

+0.1 

+0.1 

+0.1 

0.0 

+0.2 

-I       5-   I 

-0.33 

—0. 18 

—0.24 

-o.is 

— 0.  56 

-0.9s 

0       5-  2 

+0.  362 

+0. 223 

+0.  329 

+0.  219 

+0. 465 

+0.817 

— 0.040 

— 0.002 

I      5-  3 

—0. 11 

— 0.03 

— 0.014 

— 0.05 

—0.  18 

— 0.  12 

-I      5-  2 

+0.87 

—0.65 

+0-73 

-0.52 

+3-67 

-O.S7 

-I      6-  2 

+  1 

— I 

0      7-3 

0.0 

-0-3 

— 0.  I 

+0.3 

—I       7—  3 

+2 

+  > 

0     10—  4 

+0.001 

—0. 037 

+0.  019 

—0. 027 

+0. 037 

— 0.084 
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,i^ 

i_,..*'T  ,. 

Arg= 

"  drdr''''' 

2    ar ' 

n-P  sin. 

ri^P  COS. 

n»("  sin. 

n«t»  COS. 

H       i'      i 

n 

/. 

// 

" 

o      o      o 

+0-093 

— 0.00 1 

I          O—    I 

-fo.  146 

— 0.  1 1 2 

— 0.  142 

— 0.007 

—  I        0        o 

+0.014 

-\-o.  082 

—0.  181 

+0.081 

1          O —    2 

+0.6 

+0.3 

O         2 —    I 

+0.4 

—0.5 

— 0-3 

0.0 

o      3—  I 

+  0.6 

— 0.  I 

+0.3 

0.0 

O         4 —    2 

0 

+  ' 

-i       5-  I 

-0.25 

-f-0.02 

—0.  25 

—0.38 

0         5—2 

+0.  293 

+0.014 

+0.  2n 

+0.344 

■       5-  3 

— 0.  10 

— 0.03 

— 0.  10 

— 0.05 

-I          5-    2 

+0.  16 

— I.  04 

+  1-3' 

—0.13 

o     10—  4 

— 0. 001 

+0.006 

CHAPTER  XVIII. 

THIKD-OBDER  PERTURBATIONS  OF  THE  MEAN  ANOMALY  AND  RADIUS-VECTOR  OF  JUPITER  ARISING 
FROM  THE  MUTUAL  ACTION  OF  THIS  PLANET  AND  SATURN. 

The  summation  of  the  fourteen  parts  of  S^,  given  in  the  preceding  chapter,  pro- 
duces the  following  expression: 


ATg= 

52T 

Bin. 

COS. 

nt  sin. 

nt  COS. 

n''f  sin. 

n'f  COS. 

X       i'      i 
o      o      o 

" 

// 
— 0. 0002131 

" 

+  0.3198 

" 

+0.  117 

I         o I 

— 0.0000013 

+  0.  2204 

—  0.0936 

+0.808 

— 0.058 

—  I       o       o 

— o. 0038635 

+0.0080094 

—  6.7600 

-  5-7051 

+0.544 

—0.494 

O        0 —    I 

+0. 0037 

— 0. 0100 

+  8.7 

+  5-7 

I        O —   2 

—0. 000149 

+0.002518 

-  2.18 

—  I.  12 

+0.  2 

+  1-7 

—  I         O —    1 

— 0. 036 

— 0.027 

+  25 

—26 

O         O —    2 

+0.  040 

+0.  029 

-27 

+26 

I      o—  3 

—0.008 

— 0.004 

+  4 

—  6 

—  1         0 —   2 

+22 

+40 

o      o—  3 

—24 

—40 

I       o—  4 

+  6 

+  9 

-I       '+  3 

—19 

—  7 

O         1+2 

+59 

+  19 

I    1+  I 

-57 

—17 

-I          1+    2 

+0.002 

+0.003 

+  7 

-  9 

O         1+    I 

—0.03s 

— 0.030 

—19 

+31 

I         I         0 

+0. 0340 

+0. 0299 

+  J7.7 

—29.3 

-I    1+  I 

— 0.0026 

—0.0003 

+  0.3 

+  1.6 

O         I         0 

+0.  0079 

—0.0044 

-  3-7 

—  3-9 

I      I—  1 

—0.0085 

+0. 0038 

+  4-5 

+  4-7 

+3 

— 2 

—  I         I         o 

— 0. 0001 

+0. 0020 

—  I.  2 

+  0.2 

O         I —    I 

— 0.0005 

—0.0015 

+  '■' 

+  0.1 

—I     I—  I 

—0.0109 

— 0.0030 

+  4-3 

—10.4 

— I 

— I 

O         I —   2 

+0. 014 

+0.001 

—  4 

+  10 

I       '-  3 

— 0.002 

0.000 

—  I         I—   2 

+0.  015 

—0. 037 

+29 

+18 

o      1—3 

—0.016 

+0.037 

—26 

—16 

I       I—  4 

+0.003 

— 0.007 

+  s 

+  3 

—I       1—  3 

—24 

+21 

o       I —  4 

+23 

—23 
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5»T 

Arg= 

siD, 

COS. 

nt  ain. 

nt  COS. 

n't^  sin. 

n'f  COB. 

X       i'       i 

.. 

„ 

„ 

// 

// 

// 

I         2+    I 

+  3 

—  2 

-I          2+    2 

-|-o.  020 

+0.005 

+  2 

-25 

O         2+    I 

— 0.069 

0.017 

-7           ' 

+75 

I         2        0 

+0.0751 

+0.0156 

+    5-2 

-70.5 

-I         2+    I 

—0. 0082 

+  0.0090 

+  8.4 

+    5-2 

O         2         0 

-|-o.  0230 

—o.  0363 

-29.5 

-10.5 

I          2—    I 

0.  022I 

+0. 0360 

+29.0 

+  10.9 

—  0.4 

+  0.9 

—  12         0 

— 0.0003 

— 0.0019 

—  0.65 

-  I.  16 

—  8 

-  7 

0         2—    I 

+0.00155 

+0. 00347 

+  1. 19 

—  0.  12 

+  7-9 

+  5-4 

I          2—    2 

— 0.0005 

— 0.0032 

—  3-3 

+  i-i 

—  I          2—    I 

+0.  01  I  2 

-0.0055 

+  0.1 

+  0-3 

+  ■ 

—   I 

O        2 —    2 

—0.0149 

+0. 0065 

+  0.5 

+  2.0 

—  I         2—    2 

—0.002 

— 0.012 

+  6 

+  ' 

0         2-   3 

0.000 

+0.008 

—  6 

—  I 

—  I         2—   3 

+  0.  027 

+0.007 

—  6 

+  14 

O        2—   4 

— 0. 028 

— 0.007 

+  6 

—14 

0       3+   ■ 

-|-o.  002 

—0.003 

I       3      o 

-f  0.002 

+0.001 

+   ' 

+  I 

-I       3+   ■ 

0.000 

+0. 032 

+23 

-  3 

030 

— 0.  0002 

— 0.  1027 

-71- 3 

+  9-5 

>       3-  I 

+0.0017 

+0.  0918 

+63- 4 

-8.5 

—  130 

+0.0009 

—0. 0037 

—   3-2 

—  0-7 

0      3-   I 

+0.00577 

+0. 00643 

+  4-43 

—  5.66 

+  6.0 

-  >  3 

'       3—  2 

— 0.  0081 

—0. 0077 

—  4-7 

+  7.4 

—  ■       3—  I 

+0.0076 

—0.0093 

+  2.5 

+  2.0 

+  14 

-25 

0      3—  2 

—0.0087 

+0.01 1 1 

—  1.8 

—  '-3 

—14 

+24 

I       3-  3 

+0.0006 

— 0.0013 

—  I       3—  2 

+0.0142 

+u.  0203 

+  2.3 

—  1.0 

0      3-  3 

— 0.012 

— U.015 

— '       3—  3 

+0.008 

— 0.002 

+   > 

+  6 

0      3—4 

0.008 

+0.002 

—  I 

—  6 

-I       3-  4 

0.000 

+0.016 

— 12 

—  2 

0      3—  5 

0.000 

— 0.  016 

+  " 

+  2 

I       4—  I 

+0. 0026 

+0. 0029 

-  o.S 

—  0.4 

—  1       4      0 

+0.  0048 

— 0.0009 

—  I.  I 

—  3-4 

0      4—  I 

+0. 0083 

— 0.0027 

—  1.8 

-  5.0 

I       4—  2 

— 0.0103 

+0. 0035 

+  2.3 

+  6.2 

—  I       4—   I 

—0.0006 

— 0.  0004 

+  3-9 

0.  0 

0 

-  8 

0      4—  2 

— 0.0004 

+0. 0034 

+  0.06 

—  0.  11 

+  3 

+  13 

I       4-  3 

+0.0004 

+0.0008 

—  2.9 

0.0 

—1       4—  2 

+0.0185 

+0.0093 

—  0.6 

+  0.9 

+22 

+  7 

0      4—3 

— 0.019 

— 0.007 

0 

+  I 

—  I       4—  3 

+0.002 

— 0.002 

—I       4—  4 

+0.003 

+0.006 

-I       4-  5 

0.  012 

+0.002 
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«»T 

Ai 

^g'+ig 

sin. 

•    COS. 

nt  sin. 

nt  COS. 

nH^  sin. 

n2f  COB. 

X 

«'     i 

// 

// 

// 

„ 

,, 

„ 

0 

5—  I 

-(-0. 0027 

— 0.0023 

I 

5 —  2 

—0. 004247 

+0.003517 

+  1.  no 

+  0.808 

— I 

5—  I 

+0. 001566 

+0.002618 

+  2.508 

-  1.251 

-3-65 

—4.46 

0 

5 —  2 

+0. 0008236 

+0.  OOI773I 

—  0. 2405 

—  0.  2069 

+  3-466 

+4-  538 

I 

S-  3 

+0. 000859 

+0. 002827 

+  3-  268 

-  I- 893 

-  1.23 

-0-7S 

— 1 

5 —  2 

+0. 003370 

+0. 000234 

—  0. 954 

+  0. 970 

+22.  72 

— 6.  70 

0 

5—  3 

— 0.0021 

— 0.0004 

—  0.  I 

—  0.7 

I 

S—  4 

— 0.0005 

—0.0005 

— I 

S-  3 

— 0.005 

+0. 023 

+  2 

0 

0 

5—  4 

-f-o.  006 

—0. 022 

I 

5-  5 

0. 000 

+0.003 

— I 

5—  4 

— 0.024 

— 0.  014 

0 

5-  5 

4-0. 026 

+0. 014 

I 

6-  2 

— 0.0025 

+0. 0075 

— I 

6—  I 

—0.0005 

— 0.0003 

-  0-3 

+  0.8 

0 

6—  2 

+0.0018 

+0.0017 

I 

6-3 

— 0. 0015 

— 0. 0010 

+  0.6 

—  1.0 

—I 

6-  2 

+0. 0084 

— 0.0049 

-  S-3 

—  5-7 

+  I 

— I 

0 

6-3 

— 0.0063 

+0. 0039 

+  4.0 

+  4-4 

I 

6-4 

— 0.0040 

+0. 0029 

+  2.5 

+  2.6 

— I 

6-3 

—0.0007 

+0. 0082 

+  3-7 

—  0.5 

0 

6-4 

-^.002 

—0.008 

—  1 

0 

— I 

6-4 

—0.022 

— 0.  OOI 

0 

6-  5 

+0. 020 

+0.001 

— I 

6-5 

+0.007 

—0.023 

0 

6—  6 

— 0.007 

+0. 024 

I 

7—  3 

—0. 00392 

— 0.00051 

+  0.07 

+  0.41 

— I 

7 —  2 

—0. 00200 

—0. 00678 

-6.25 

+  1-92 

0 

7—  3 

+0. 00247 

+0. 00593 

+  5-69 

-  2.52 

-  0.3 

0.0 

I 

7—  4 

—0.0037 

—0.0015 

—  0.9 

+  3-1 

— I 

7—  3 

+0. 0666 

+0. 0655 

+40.5 

-56.  3 

+  3 

+2 

0 

7—  4 

—0.0731 

—0. 0705 

—45.0 

+62.2 

I 

7-  5 

+0.024 

+0. 022 

+  '3 

—19 

— I 

7—  4 

— 0.009 

+0.002 

0 

+  I 

0 

7-  5 

— 0. 001 

—0.006 

—  I 

—  2 

—I 

8-  2 

—0.0013 

— 0.0010 

—  0.9 

+  i.i 

0 

8-3 

+0.001 19 

+0. 00070 

+    1-23 

—  1.51 

I 

8-4 

—0. 0013 

+0.0017 

+  0.1 

+  0.7 

— I 

8-3 

+0. 0266 

+0.0067 

+  3-1 

-25.7 

0 

8-4 

— 0. 0282 

—0. 0077 

—  3-4 

+25.2 

I 

8-5 

+0.0091 

0.0000 

—  0.9 

-  6.5 

— I 

8-4 

— 0. 0529 

+0.0836 

+67-4 

+30- « 

0 

8-5 

+0. 056 

—0.090 

-70 

—29 

I 

8—  6 

— 0.017 

+0. 027 

+22 

+  9 
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sn- 

Are= 

sin. 

COS. 

nt  sin. 

nt  COB. 

n'P  Bin. 

n^P  COS. 

X       i'       i 

„ 

// 

,/ 

„ 

„ 

;/ 

-I      8-5 

+o.  OOI 

+0.003 

+  3 

—  2 

o      8—6 

+0.003 

—0.005 

—  I      8—6 

+0. 014 

— 0.006 

-'      9-  3 

+0. 0059 

— 0.0016 

—  2. 1 

—  4-3 

o      9—4 

— 0. 00479 

+0.00098 

+  2-45 

+  S-85 

I       9-  5 

-f-o.  0007 

— 0.001 1 

—  1.  I 

—  0.8 

—  1       9—  4 

— 0.0027 

+0. 0362 

+33-8 

—  2.7 

o      9—  s 

+O.OOS 

—0.037 

—30 

+  2 

I       9—  6 

-|-o.  001 

+0.012 

+  8 

—  I 

-I       9-  5 

— 0.080 

—0.030 

—14 

+62 

o      9—  6 

+0. 081 

+0. 028 

+  12 

-64 

I       9-  7 

— 0.  027 

— 0.009 

-  3 

+  18 

—  I       9 —  6 

— 0.004 

+0.  001 

o      9—7 

-fo.  006 

+0.002 

— I     lo —  3 

-(-0.00081 

—0. 00079 

—    I.OI 

-  0.66 

—0.  I 

+0.2 

o     lo —  4 

— 0. 0006663 

+0.0004584 

+  0.9933 

+  u.  7S'6 

+0.  188 

—0.379 

I     10 —  5 

-1-0. 00012 

— 0. 00036 

-  0.35 

+  0.02 

—  I     10 —  4 

-fo.  00212 

+0.00753 

+  8-63 

-  5- 92 

o     lo-  5 

— 0. 0030 

— 0.0076 

-  5-3 

+  3-6 

I     10 —  6 

-|-o.  002 

+0. 002 

+  I 

—  I 

—  I       ID-    5 

-0.037 

+0.003 

+  8 

+28 

o     lo—  6 

+0. 039 

— 0.006 

—  8 

-28 

I     lo —  7 

— 0.012 

+0.004 

+  2 

+  6 

—  I     lo —  6 

-1-0.008 

— 0.062 

-46 

0 

o     lo—  7 

— 0.007 

+0.  064 

+46 

—  I 

I      ID—   8 

-|-o.  001 

—0. 020 

—  10 

+  I 

—  I      II—  4 

+0.0006 

+0.0006 

+  0.4 

-  0.9 

o     II-  5 

—0.0008 

— 0.0006 

—  0.4 

+  0,8 

-I     II-  5 

— 0.  0082 

+0. 0055 

+  5-6 

+  5-3 

o     II—  6 

+0.008 

-0.007 

-  5 

—  3 

I     II—  7 

— 0.002 

+0.  002 

—  I     II—  6 

— 0.012 

—0.032 

— 22 

+  12 

o    n—  7 

+0. 013 

+0. 033 

+22 

— 12 

I     II—  8 

—0.003 

— 0.007 

-  5 

+  3 

-I     II-  7 

+0.043 

— 0.  004 

-  8 

—3' 

o    II—  8 

— 0.  044 

+O.OOS 

+  9 

+31 

O      12 —   5 

+0. 00057 

— 0.00096 

-|-   O.OI 

+  0.  i8 

-I      12-   s 

+0. 0025 

— 0.0075 

+  i-S 

+  0.3 

O       12—    6 

—0.0007 

+0. 0022 

-  1-3 

—  0.4 

—  I       12—   6 

— 0.009 

—0.008 

—  4 

+  S 

O      12 —   7 

+0.006 

+0.006 

+  4 

-  5 

—  I       12—   7 

+0. 025 

—0.015 

—  10 

— 12 

O      12—   8 

— 0.024 

+0.015 

+  10 

+12 

—  1       12—   8 

+0.009 

+0. 026 

+  '3 

—  7 

O      12 —   9 

— 0.  01 

— 0.  02 

-13 

+  8 
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In  precisely  the  same  manner  as  Wo  and  6Wo  have,  in  preceding  chapters,  been 
derived  from  T  and  ST  we  now  get  S^Wo  from  6^T.  In  the  case  of  the  terms  depending 
on  the  arguments  ^g' —  2g  and  iq^'  —  4^  the  motion  of  the  argument  has  been  equated. 
We  proceed  as  at  page  275,  the  only  difference  being  that  here  terms  multiplied  by 
n^f  are  present.     By  adding  T,  6T,  and  tf^T  we  obtain 

//  //  // 

T  +  rfT  + tf'T=  [—  0.0718628  —  o.oooi390iont  +  o.ooooooo34667i'<^]  sin  (  $g'  —  2g) 
+  [—  0.1794415  +  o.oooo82567mt  +  0.00000004 5 38?i^<2]  cos  (  5Jf'  —  2g) 
+  [—  0.0051553  +  o.ooooo86o3M<  +  0.00000000 1 88«'<^]  sin  (10^'  —  4g) 
+  [     0.0052333  +  o.ooooo6509nf  —  0.0000000037971'^']  cos  (loy'  —  4^) 

In  the  case  of  the  argument  ^g'  —  2g  we  get  k  and  the  corrected  integrating  factor 
from 

log  X  =  6.917196571  log /i  =  1.8995 1 67 

In  the  case  of  the  argument  log'  —  4^  the  similar  quantities  are 
log  «  =  7.i63i7»  log /i=  1. 59510 

The  expression  just  written  can  then  be  transformed  into 

[—  0.0718628  +  o.ooooo9283n<  —  o.oooooooo903n'<']  sin  (  ^g'  —  2g  +  Htit) 
+  [—  0.1794415  +  o.oooo23i79»<  —  o.oooooooo823m'('J  cos  (  55'  —  2g  -\-  unt) 
+  [—  0.0051553  +  o.oooooo983Wt  —  0.000000002 i4n'<']  sin  (10^'  —  451  +  xnt) 
-\-  [     0.0052333  —  o.oooooo997nt  +  0.000000003 ign't^]  cos  (105'  —  4p  +  xnt) 

Integrating  this  the  result  is 

//  //  // 

Wo  +  tfWo  +  rf'Wo  =      [        5.83882  —  o.ooo8402nt    +  0.0000007 1 6n'<'  ]  cos  (  5^'— 2^+ xnt) 

+  [—  14.17103  +  0.001725411*    —  o.oooooo653n'<'  ]  sin  (  5*7'  —  2g  +  unt) 

+  [        0.201 13  —  o.oooo288in<  +  o.ooooooo842n'<']  cos  (log'  —  4^-1-  nnt) 

+  [       0.20714  —  o.oooo4586ii(  +  0.0000001 2 56m^<']  sin  (10^'  —  4^-1-  xnt) 

=  [  5.83882  +  o.oio8709M<  —  0.000002 704 Ji'('  ]  cos  (  sg' —  2g) 
-\-  [—  14.17103  +  o.oo65507n<  +  0.000003492*1'*'  ]  sin  (  sg'  —  2g) 
+  [  0.201 13  —  0.0003304171*  —  0.000000062271'*']  cos  {log'  —  45f) 
-|-  [       0.20714  +  0.0002469971*  —  0.000000136071'*']  sin  {log'  —  4^) 

If  from  the  latter  expression  we  subtract  the  following  (obtained  at  page  276) 

W„+tyWo=  [  5.92153  +  0.010772971*  ]  cos  (  5ff'- 25-) 
+  [-  14-29576  +  0.006837971*  j  sin  (  5p'  -  2g) 
-\-  \  0.16574  +  0.0000490171*]  cos  {log'  —  4p) 
+  [        0.17595—0.0000371871*]  8in(iofli'  — 4</) 
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<y'Wo=  [—0.08271  +  o.oooogSont  —  o.ooooo2704n'<' ]  cos  (  $g' —  2g) 
+  [  0.12473  —  o.oooaSyzn*  +  o.ooooo3492n*<*  ]  siu  (  S9' ~  ^9) 
+  [  °'°3S39  ~"  o.ooo37942«f  —  o.ooooooo622ri^t'']  cos  (log'  —  4^) 
+  [     0.03119  +  o.ooo284i7n<  —  0.000000 1 36on^<^]  sin  {log'  —  ^g) 

The  value  of  <5^Wo  follows : 


S'Vfo 

Arg=i'(7'+ij 

COS. 

Bin. 

nt  COS. 

nt  sin. 

n^f  COS. 

n^P  sin. 

i'       i 
0       0 

// 

// 

—  21.  12 

// 

+   160.7 

// 

0-   I 

+0-  0037 +fci 

+o.oo88+fcs 

+808.  55 

-391-49 

-2852.  5 

—3380.  0 

0—  2 

— 0.0187+ [8.  38])ti 

+0.0138+ [8.  38]fca 

+  32.3 

+     5-7 

—     68.7 

-     81.5 

0—  3 

— 0.  0009 

+0.0006 

+     5.8 

-    8.6 

-       2.5 

—       2.9 

1+  2 

— 0.  002 1 

+0.0018 

+  21 

—     8 

1+   ■ 

— 0.0621 

+0.  0549 

-  32.1 

—  54-6 

I       0 

—0.0321 

— 0.  0176 

+  16.4 

—  16.6 

+       5 

+      3 

I—   I 

— 0.  0006 

+0. 0074 

+    4.8 

+     03 

I —  2 

— 0.0106 

+0.  0046 

+    0.4 

+     1.1 

—      2 

+      2 

»—  3 

+0.  0037 

+0.0111 

+     9 

—     6 

2+   2 

— u.  002 

0.000 

—     2 

—     3 

2+   I 

—0. 0658 

+0.  0076 

+     I 

-  56 

2       0 

—0.  1349 

—0.2178 

+  180.9 

—  66.3 

—      2 

-      5 

a—  I 

+0.0080 

— 0. 0171 

+     4.3 

-     '-3 

+     SI 

-    37 

i —  2 

+0.0454 

+0.  0229 

+     0.9 

—      3-2 

+      5 

+      5 

2—  3 

— 0.  0003 

+0.0071 

+     2 

—     1 

2—  4 

+0.  0035 

— 0.  0010 

—     > 

—     2 

3+   I 

— 0.  0028 

+0.0104 

—     8 

0 

3      0 

—0.  0100 

+0.  3867 

—256.  2 

—  34-5 

3-  ' 

—0.  0398 

+0. 0387 

—  24.8 

—  36.8 

—     29 

-      6 

3—  2 

— 0.0467 

-0.0575 

-  15.1 

+    11.7 

-    85 

—  150 

3—  3 

+0.  0103 

— 0.0183 

+     3 

+      I 

3—  4 

+0.0021 

— 0.0002 

+     ' 

—     1 

3-  5 

0.0000 

—0.0015 

—     1 

0 

4—  I 

— 0. 0427 

—0.0136 

+    9-5 

-  26.2 

4—  2 

+0.0003 

-0.0086 

-    8.2 

+     0.3 

+      8 

-    46 

4—  3 

+0. 0338 

— U.0188 

—     '5 

—     2.7 

+     57 

—     18 

4—  4 

+0. 0025 

+0.0008 

4—  5 

+0.0013 

—0.0025 

4-  6 

—0.0035 

— 0.0006 

5-  I 

+°-  3583 

+0.3211 

—  82.6 

+    6o.;s 

5-  2 

—0. 08342 

+0.12451 

+  10.63 

—    28.  04 

—  268.0 

+  345-6 

5-  3 

— 0.0120 

+0.0206 

—    3-4 

+324.  8 

—  1692 

—  499 

5-  4 

— 0.0023 

— 0.0127 

+     2 

+     8 

—    40 

—     10 

S-  5 

—0.0035 

+0.  0017 
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«2Wc 

ATg=»'j'+isi 

COB. 

sin.  • 

nt  COS. 

ni  Bin. 

n^f  COS. 

nH^  sin. 

«'   t 

6—  2 

II 

— 0.0065 

// 
+0.  0056 

// 
+  1.2 

+   2-3 

" 

// 

6-  3 

-0. 033s 

— 0.  0203 

+  21.2 

—  22.8 

—  2 

—  2 

6-4 

—0. 0030 

—0. 0092 

+  5 

+   I 

6-5 

— 0.0062 

— 0.  0001 

6—  6 

+0.0005 

+0. 0022 

7—  2 

—0. 0327 

+0. 0043 

+  0.4 

—   2.3 

7—  3 

-fo.  0126 

—0. 0383 

+  38-3 

+  13-8 

—  2 

0 

7—  4 

-\-o.  3000 

—0.  3003 

+  191. 6 

+266.  7 

+  17 

— II 

7-  5 

+0.0003 

-0.  0073 

+  S 

+  7 

8-  3 

— 0.0062 

+0.0004 

-  4-8 

-  6.7 

8-4 

— 0. 1562 

+0.  0406 

—  18.9 

-144-7 

8-5 

—0. 0450 

— 0. 0646 

+  54 

—  29 

8—  6 

+0.0001 

— 0.0024 

+  4 

0 

9—  4 

— 0. 0214 

—0. 0047 

+  9-1 

—  21.9 

9—  5 

—0.0034 

— 0.  0721 

+  7«-4 

+  6.2 

9-6 

—0. 0322 

+0. 0104 

—  4 

—  23 

9—  7 

—0.0013 

—0.0005 

0 

—  1 

lo—  4 

+0-  03473 

+0. 03076 

—  37-31 

+  27.77 

—  6.1 

-«3-4 

lo-  5 

—0. 1630 

+0.  4065 

— 326.  2 

— 223.  6 

lo —  6 

— 0. 0261 

+0. 0082 

—  3 

—  22 

lo-  7 

+0. 0010 

+0.0148 

—  II 

—  I 

II-  5 

—0. 0028 

+0. 0024 

-  1.6 

-  3-5 

II—  6 

— 0. 0100 

— 0. 005  r 

+  7 

—  7 

II—  7 

—0.0037 

+0.0094 

—  6 

—  4 

II—  8 

+0. 0042 

+0.0006 

0 

+  3 

12-  S 

+0. 00346 

+0.00572 

+  0.06 

—  1.07 

12-  6 

+0. 0143 

+0. 0434 

+  7-8 

-  i-S 

13—  7 

—0.0048 

+0. 0040 

—  I 

—  2 

12—  8 

+0. 0039 

+0. 0022 

—  2 

+  2 

12    9 

+0.0004 

—0.0034 

+  2 

0 

Arg=i'j'+ts 

62Wo 

nH'  COS. 

n'P  sin. 

»'   i 
0   0 

0—  I 

0 —  2 

// 
+0.  00000000039 
— 0.  00000000165 
— 0.00000000004 

+0.  00000000181 
+0.00000000004 
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Also,  we  have  the  expression  of  the  following  function,  needed  in  the  determina- 
tion of  S^y  : 


Arg— »'ff'+t? 

I  (d  .  <PW„\ 

2\       dT       / 

Bin. 

COS. 

nt  8in. 

nt  COS. 

n'P  sin. 

nH'  COS. 

i'       i 

O—    I 

// 
+0.0169 

II 
— 0.  0366 

—401.0 

-193-7 

+  1426.3 

—  1690.0 

O —    2 

+0.0175 

+0.01 1 1 

-  31-4 

+     2.7 

+     69 

—     8l 

o—  3 

+0.0009 

+0.0006 

-     6.4 

-     8-7 

+       4 

—       4 

1+    2 

— u.  0021 

—0.0018 

+   16 

+     7 

>+    I 

—0. 0430 

— 0. 0369 

—   19.8 

+  34-8 

I         0 

—0. 0079 

+0. 0030 

+     3-8 

+     4-3 

+       2 

—       I 

I —    I 

— 0.  0001 

+0. 0024 

-    '5 

+     0.2 

1 —    2 

+0. 0089 

+0. 0026 

—     3 

+    8 

>—  3 

— 0. 0039 

+0. 0108 

—     9 

-    5 

2+    2 

— 0.002 

0.  000 

-     , 

+     2 

2+    I 

— 0. 0464 

—0. 0045 

+     ' 

+  41 

2        O 

—0.0572 

+0.091 1 

+  76.8 

+  29.2 

—       I 

+       2 

2—    I 

— 0.0005 

— 0.0024 

—     '-7 

—    0. 2 

-      5 

—      4 

2—   2 

— 0.  0289 

+0.  0141 

—    0.  2 

-    07 

—      2 

+       2 

2-    3 

— 0.0006 

+0.0057 

—    2 

0 

2—   4 

— 0.0061 

— 0.  0016 

+     " 

—    3 

3+  t 

O.OOIO 

— 0. 0II4 

—    7 

+     > 

3      o 

— 0.  0052 

— 0.  2208 

—  147.2 

+  19-9 

3-  > 

— 0.0047 

— 0.0060 

—    4.0 

+     4-3 

3-  2 

+0.0I8I 

— 0. 0224 

+     6-5 

+     S-° 

+     33 

—    60 

3—  3 

—0.0080 

—0.0139 

—     I 

0 

3—  4 

— 0.  0026 

— 0.  0001 

0 

—     1 

3-  5 

0.0000 

—0.0028 

+     2 

0 

4—   1 

— 0.0II4 

+0.0041 

+    2.6 

-     8.9 

4—  2 

— 0.0004 

— 0.0005 

+     2.2 

0.  0 

0 

—      6 

4-  3 

—0. 0237 

—0.  QI20 

+    0.7 

—     1. 0 

—     28 

—      9 

4—  4 

— 0. 0018 

+0.  0001 

4-  5 

LI.  0006 

— 0.0012 

4-  6 

+0.0017 

—0.0003 

5-  I 

+0. 1805 

— 0.  I6I7 

-  413 

-  30- 1 

5—  2 

+0.001 198 

+0.002714 

+    2. 897 

-     ..578 

—      2.42 

-       2.58 

5—  3 

+0. 0047 

+0.0098 

+     1.6 

+  162.0 

+  846 

—  249 

5-  4 

+0. 0027 

—0. 0106 

—     I 

+     8 

+    40 

—     10 

S-  5 

+0.0061 

+0. 0029 

6—    2 

— 0.0015 

— 0.0009 

+    0.4 

-    0-5 

6-3 

+0.0090 

— 0.  0051 

—    5-5 

—    6.0 

6-4 

+0.001 1 

— 0.0072 

—    3 

0 

6-s 

+0.0069 

0.0000 

6—  6 

— 0.  OOII 

+0.0044 
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Axg=i'g'+ig 


I  Id  .  PWo\ 
i\    dr     I 


nt  sin. 


nt  COS. 


in?P  sin. 


n't'  COS. 


t 

—  2 

—  3 

—  4 

—  S 

8-3 
8-4 
8-  5 

8—  6 

9—  4 
9-  5 
9-6 
9—  7 


lo —  4 
lo-  S 
10 —  6 

10 —  7 

11—  S 
II—  6 
II—  7 
II—  8 


12- 
12- 


— o.  0107 

— 0.0024 
— o.  1698 
— 0.0046 

— o.  0012 
-f  o.  0652 
+0. 0347 
-|-o.  0013 

-\-o.  0050 
-|-o.  0039 
-|-o.  0248 

-|-0.  0022 

-\-o.  00048 
-|-o.  0809 
-(-0.0209 
— 0.0019 

-|-o.  0007 
-|-o.  0067 
-1-0. 0034 
— 0.0083 

— 0.0074 
-|-o.  0038 


— 0.0014 
— 0.0046 
— o.  1698 
— 0.0092 

-|-o.  0007 

+0.0153 

— o.  0476 

—0.0033 

— 0.0014 
— o.  0444 

-1-0. 0074 

-)-o.  0003 

— 0.0005s 
-f  o.  2004 
-|-o.  0087 
4-0.0132 

-f  0.0007 
— 0.0047 
-|-o.  0092 
-|-o.  0007 

-|-o.  0226 

-1-0. 0034 


-\-      O.  2 

—  41 

— 108.9 

—  s 

—  0-3 

-1-6.8 

—  39 

—  3 

—  2.  I 

—  43-3 
3 


+ 


—  0.66 
-1-160.8 
+  4 

+  10 

-1-0.4 

—  5 

+  7 
+  I 

—  4.4 

+  I 


+   «•! 

-f-   2.  2 

+  151-  I 

+  7 

+  0-7 

—  S9-8 

—  21 

—  I 

—  3-7 
+  3-4 

—  20 


—  0.32 
— no.  4 

—  18 

o 


I.O 

4 
4 
6 


+ 


0.9 

2 


Arg=i's'-|-»s 

1 

I  Id  .  Jiwa 

2\  dy       ) 

tiH'  sin. 

n't'  COS. 

V      » 
0 —  I 

0 —  2 

-)-o.  00000000082 
-|-o.  00000000004 

-|-o.  00000000090 
-|-o.  00000000004 

The  rigorous  equation  determining  2  is 


dz_     ,  W  +  y' 


where  for  W  we  ought  to  substitute 


w  =  w;+(^->+i(^-)<»^"-  + 
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Here  the  several  factors  include  terms  of  all  dimensions  with  respect  to  the  disturbing 
forces.     Limiting  ourselves  to  the  terms  of  three  dimensions  we  have 


ndt 


^.Kwy'<^>'<^>''^^-'^^'''-^r 


All  the  factors  involved  in  the  right  member  of  this  equation  have  already  been 
given.  But,  as  in  forming  the  product  f-j-^jnds  in  the  computation  of  the  terms  of 
the  second  order,  we  have  corrected  the  two  factors  for  the  terms  multiplied  by  nt, 
belonging  to  the  arguments  g,  2g,  etc.,  and  which  result  from  the  previous  computation 
of  5Wo,  these  terms  must  be  omitted  from  the  factors  nSh  and  (  — ^ — -  )• 

The  values  of  the  five  additional  quantities  involved  in  the  expression  of    ^^^ 
follow : 


(^^1 

nS'z 

A.rg=i's'+i? 

COS. 

gin. 

nt  COS.       1 

i 

nt  Bin. 

n'^P  008. 

n'/'  sin. 

i'       i 
o       o 

// 

II 

+  0.287 

// 

1 
—  4.02 

" 

o-    I 

+0.0154 

+0.  0458 

+28.9 

—14.4 

O—    2 

-fo.  001 

+0.003 

+  3 

+   I 

o—  3 

+0.002 

+0.002 

4-  I 

—   I 

1+    2 

-0.003 

— 0.  005 

+  3 

—    I 

1+    I 

— 0.0050 

4-0.  0032 

—  31 

—  4.9 

I        o 

— 0.0004 

— 0.0002 

—  0-7 

+  0.6 

I—  I 

+0.  0001 

+0.  0004 

+     I.O 

-0.. 

I—    2 

— 0.  001 

0.000 

2+     I 

—0.013 

+0.  002 

0 

—  12 

2         O 

— 0.0085 

—0.0139 

+  9-S 

-  4.0 

-  3 

+  10 

3—    I 

— 0.  001 1 

+0.  0020 

+   1.8 

+  0,2 

—  9 

+  7 

:i —    2 

— 0.0009 

— 0.  0009 

— II 

—  2 

2-  3 

0.  000 

— 0.  001 

3+   I 

+0.001 

+0.004 

—  3 

0 

3      0 

— 0.0003 

+0.0818 

-59-3 

-8.5 

3—  ' 

+0. 0022 

— 0.0003 

—  1-3 

+  3-7 

+  13 

+  3 

3—  2 

— 0.0006 

— 0.0014 

+  0.8 

—  2.4 

3—  3 

— 0. 001 

+0.002 

4      o 

— 0. 001 

0.000 

4—  I 

—0.0095 

—0.0018 

+  2.4 

-6.5 

4—   2 

+0.0002 

—0.  0021 

0.  0 

—  0.  I 

4—  3 

— 0,  0007 

+0.  0008 

+  0.2 

+  1-5 
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m 

VS^2 

Aig=i'g'+ig 

COH. 

sin. 

111  COS. 

nt  sin. 

n'P  COS. 

n'f  sin. 

i'       i 

5—  o 

// 

+  3 

—  I 

" 

" 

5-  ' 

+SS-9 

—  19.2 

+    82 

+414 

5—  2 

+0.  000538 

—0.001328 

—  2.  690 

—  1.682 

+  35-76 

—  24.37 

5-  3 

— 0. 0022 

+0.0006 

+24.  I 

+54- 0 

—404 

+  118 

5—  4 

+  4 

0 

+  3° 

+  30 

6—    2 

—0.0008 

+0.0007 

—  0-3 

+  0.1 

6-  3 

—0. 0076 

—0. 0053 

+  4-6 

-  5> 

6-  4 

— 0. 001 

0.000 

7-  3 

-|-o.  0016 

— 0.  001 1 

—  0.  2 

+  U.8 

7—  4 

+0. 0595 

— 0.  0562 

+33-1 

+45-7 

7-  S 

0.000 

— 0.002 

+  4 

-  3 

8-  3 

4-0. 0002 

+0.0007 

+  0.9 

+  0.7 

8-4 

— 0.0158 

+0.  0032 

—  I.  I 

—  12.3 

8-s 

— 0.0007 

— 0. 0010 

+  7 

-  3 

9—  4 

— 0.0007 

—0.0002 

+  0.2 

—  0.4 

9—  5 

—0.0014 

— 0.  0069 

+  5-7 

+  0.5 

9-6 

—0.007 

+0.002 

—  I 

—  3 

lo—  4 

— 0.  OOOIO 

—0.00009 

+   '-43 

-  0-39 

0.0 

—    0-3 

lo-  5 

—0.0221 

+0. 0420 

-32.2 

— 19.  6 

lo—  6 

— 0. 001 

+0.  OOI 

—  2 

+  2 

'.mi^^^y 

ATg=i'g'+ig 

COS. 

sin. 

nt  COS. 

nt  sin. 

n^f  COS. 

nH'  sin. 

i'       i 
0       0 

// 

// 

+0.007 
— 1. 2 

+  '•3 

— 0.05 

" 

I —   I 

+0.0001 

-  0.  0003 

2 —  I 

— 0. 0001 

+0.0002 

2—  2 

+0. 0023 

+0.0010 

3-  ' 

— 0. 2 

— 0-3 

3  -  2 

—0.0003 

— 0.0004 

5-  2 

+0.000008 

+0.  000002 

—0.020 

—0. 020 

—0.14 

-0.15 

S-  3 

— 0.0014 

— 0.  0001 

7  -  3 

—0. 1 

0.  0 

8-  2 

+0. 0010 

+0.0005 

8-  3 

0.0000 

—0.0002 

10 —  4 

+0.00009 

+0.00009 

— 0. 02 

+0.01 

— 0.  I 

—0.  I 

&* 
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!)»,5« 

\    dr 

ATg=i'g'+ig 

COS. 

sin. 

nt  COS. 

nt  Bin. 

n't'  COS. 

n'f  8in. 

i'       i 
0       0 

" 

" 

+  0.540 

// 

-    1.81 

" 

0 —   I 

-|-o.  0107 

+0.0131 

—22.2 

+3-7 

0-  2 

+0.002 

—O.OOI 

—  I 

—  I 

1+  2 

— O.OOI 

— 0.002 

■+    I 

+0.0001 

—0. 0020 

+   1-4 

+  1-3 

I       0 

— 0.  0002 

—0.  0002 

—  0.6 

+0.3 

+  3 

+  3 

I—   I 

+0.  0003 

— 0.  001 1 

—  0.7 

+O.I 

2+   I 

+   « 

—2 

2       0 

—  3-3 

+..6 

—  3 

+  4 

2—   I 

—0.0008 

+0. 0020 

+  0.5 

—1.4 

—  7 

+  4 

z 2 

+0.0221 

+0.0095 

2-  3 

0.  000 

— O.OOI 

3+  I 

—  I 

+  " 

3      0 

— 0.  0007 

— 0.  0010 

3—  I 

+0.0017 

—0.0012 

—  0.  2 

+2.9 

+  9 

+    I 

3—  2 

— 0.0058 

— 0.0106 

0.  0 

+2.0 

3-  3 

+0.001 

— 0.005 

4      0 

— 0.  002 

+0.001 

4—  1 

+0.0004 

—0. 0010 

4—  2 

+0.0002 

—0.0003 

-      ,.6 

0.0 

—   I 

+  3 

4—  3 

+0.0061 

—0. 0031 

5      0 

—O.OOI 

+0.001 

5-  1 

0.0000 

+0.001 1 

+30 

+40 

s-  2 

+0. 000560 

—  0.  OOIII4 

—  2.  548 

-1.584 

+35-38 

—24.  65 

5—  3 

— 0.  0076 

—0.0016 

+50 

-  6 

5-  4 

— 0.  001 

—0.  002 

+  2 

—2 

+  20 

+30 

6—   I 

+0.  0013 

+0.  0042 

6—  2 

—0.0002 

0.  0000 

6-  3 

+0.  0003 

+0.0008 

6-4 

—   I 

0 

7—  2 

— 0.0091 

+0.001 1 

7-  3 

+0.0003 

+0.0001 

—   1.8 

— 0.  I 

7—  4 

—0.  0030 

+0.0006 

+  0.4 

-2-3 

7-  5 

—0.003 

0.000 

4-  2 

-5 

8—  2 

+0.0097 

+0.  0041 

8-3 

+0.0002 

+0.  0005 

+  0.5 

+0.3 

8-4 

— 0.  0004 

+0.0008 

-  0.5 

— 4.  z 

8-  5 

+0.001 

+0.001 

—  I 

+  ' 

9—  3 

— 0.  0003 

+0.0005 

9—  4 

— 0. 0005 

— 0.  0002 

—  0. 1 

—0.  I 

9—  5 

— 0.  0015 

+0.0016 

+  2.0 

+0.1 

9-  6 

— 0.  002 

0.000 

10—  4 

— 0.00027 

—0.  00024 

+  1-36 

— 0.40 

10-  5 

— 0.0030 

+0.0171 

10—  6 

+0.002 

—O.OOI 
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Aig=i'g'+ig 

2v6v 

COS. 

8fh. 

nt  COS. 

nt  sin. 

n^f  COS. 

ji't^  gin. 

«'      » 
0      0 

// 

// 

— 0. 150 

" 

// 
+  2.06 

" 

I      0 

+0.3 

-0.4 

2 —  I 

+0.0008 

— 0.  OOII 

—0.8 

+0.1 

+  4 

-  3 

3—  I 

— 0.  OOII 

+0.0008 

0.0 

—1.6 

—  5 

—  2 

4—  2 

— 0. 0001 

+0.0003 

+O.S 

0.  0 

5-  2 
S-  4 

— 0. 000295 

+0. 000669 

+  1-344 

+0.  834 

—17.94 
+  10 

+  12.41 
+  10 

6—  2 

+0.0001 

— O.OOOI 

7—  3 
7-  5 

— 0.0002 
— 0. 001 

0.  0000 

— O.OOI 

+0.9 

+0.1 

8-3 

0.  0000 

— 0.  0003 

—0.4 

— 0.  2 

9—  4 

+0.0002 

+0.0001 

10—  4 

+0.00003 

+0.00001 

—0.68 

+0.18 

The  single  sensible  term  of    ^^   v'  is  -\-o".oo^nt. 

d    6^z 
The  addition  of  the  six  terms  of     '^^     gives  the  following  expression  for  this 

quantity: 


A  .  S'z 

dt 

Arg=i's'+is 

COS. 

sin. 

nt  COS. 

nt  sin. 

n^P  COS. 

nH^  Bin. 

i'      i 
0      0 

" 

" 

—  20.  428 

" 

+  '56-93 

// 

0—   I 

+0. 0298+/^! 

+0.  o677+/fs 

+814.0 

—400.9 

—2852 

-3380 

0—  2 

-o.oi57+[8.38]fc, 

+0.  ois8+[8.  383^2 

+  34-3 

+    S-7 

-    69 

—    81 

0—  3 

+0.  OOII 

+0.0026 

+     6.8 

-     9-6 

—      2 

—      3 

1+  2 

— 0. 0061 

— 0.0052 

+  24 

-    9 

1+  ■ 

— 0. 0670 

+0. 0561 

-33-8 

-58.2 

I      0 

—0.  0327 

—0. 0180 

+   '5-4 

—  16. 1 

+      8 

+      6 

I —  I 

— O.OOOI 

+0.0064 

+    5-1 

+    0.3 

I —  2 

—0.0116 

+0.0046 

+    0.4 

+     I.I 

I—  3 

+0. 0037 

+0.01 1 1 

+     9 

-     6 

2+  2 

— 0. 002 

0.000 

—     2 

-    3 

2+  I 

—0. 0788 

+0.0096 

+     2 

-  70 

2      0 

—0. 1434 

—0.2317 

+  187.8 

-67.7 

-      8 

+      9 

2 —  I 

+0.0068 

— 0. 0140 

+     5-8 

—    2.4 

+     39 

—    29 

2 —  2 

+0. 0689 

+0. 0325 

+    0.9 

—      3-2 

—      6 

+      3 

2—  3 

—0.0003 

+0.0051 

+     2 

—     I 

2—  4 

+0. 003s 

—0. 0010 

—     I 

—    2 

25  AST- 


-26 
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d.  S^z 

dt 

Arg=»'j'+iff 

COS. 

sin. 

nt  COS. 

ntsin. 

n'P  COS. 

n't'sin. 

i'       i 
3+  I 

— 0.0018 

+0.  0144 

// 
—  12 

+     I 

// 

" 

3      o 

— 0.  Olio 

+0.4675 

-3'SS 

—  43- 0 

3-  I 

— 0. 0370 

+0.  0380 

-  26.5 

-    32-  I 

—  12 

—    4 

3—  2 

—0. 0434 

— 0.  0699 

-  I4-3 

+  11-3 

-85 

-ISO 

3-  3 

4-0. 0103 

— 0.  0213 

+    3 

+     I 

—    2 

-    3 

3—  4 

+0.  002 1 

— 0.0002 

+     I 

—     I 

3-  5 

0.0000 

— 0.0015 

—     I 

0 

4      0 

— 0.003 

+0.  OOl 

4-  I 

—0.0518 

— 0.0164 

+   11-9 

—  32-7 

4-  2 

+0.0006 

— 0.  0107 

—    9-3 

+    0. 2 

+    7 

—  43 

4-  3 

+0. 0392 

— 0.  02 1 1 

—     '-3 

—     1. 2 

+  57 

—  18 

4—  4 

-|-o.  0025 

+0.0008 

4-  5 

+0.0013 

-  0.0025 

4-6 

— 0.0035 

— 0.  0006 

S      ° 

— 0.001 

+0.  OOl 

+    3 

—     I 

5-  I 

+0-  3583 

+0.  3222 

-  26,7 

+  41-0 

+  112 

+454 

5-  2 

— 0. 082609 

+0. 122739 

+     6.716 

—  30.492 

—  214.94 

+308.  84 

S-  3 

—0. 0232 

+0. 0195 

+  20.7 

+  378.8 

—2046 

-387 

5—  4 

—0. 0033 

—0.0147 

+     8 

+     6 

+     20 

+  60 

S-  5 

-0. 0035 

+0.  0017 

6—  I 

+0.0013 

+0. 0042 

6—   2 

—0. 0074 

+0. 0062 

+    0.9 

+     2,4 

6-3 

— 0. 0408 

—0. 0248 

+  25.8 

-  27.9 

—      2 

—      2 

6-4 

— 0.0040 

— 0.  0092 

+     4 

+     I 

6-  S 

—  0.0062 

— 0.0001 

6—  6 

+0.  0005 

+0. 0022 

7—  2 

— 0.  0236 

+0. 0054 

+     "■4 

—      2-3 

7-  3 

+0.0143 

—0.0393 

+  37.1 

+    14-6 

—      2 

0 

7-  4 

+0.3565 

-0-35S9 

+225.  I 

+310.  I 

+     17 

—    11 

7-  5 

—0.0037 

—0.  0103 

+   II 

—     1 

8-    2 

+0.0107 

+0. 0046 

8-3 

—0. 0058 

+0.0011 

-    3-8 

-    5-9 

8-4 

—0.1724 

+0. 0446 

-  20.5 

— 161.  2 

8-  5 

— 0.  0510 

— 0.0736 

+  60 

-  31 

8-  6 

+0.0001 

— 0.0024 

+     4 

0 

9—  3 

—0.0003 

+0.0005 

9—  4 

— 0. 0224 

—0. 0050 

+      9-2 

-  22.4 

9-  5 

— 0. 0063 

—0. 0774 

+  79-1 

+    6.8 

9-6 

— 0.0412 

+0.0124 

-    S 

—  26 

9—  7 

— 0.0013 

— 0.0005 

0 

—     1 

10 —  4 

+0. 03448 

+0.03053 

-  35-  22 

+  27.17 

—      6.2 

-  13-8 

lo-  5 

—0. 1881 

+0. 4656 

-358. 4 

—243-  2 

10—  6 

—0. 025 1 

+0.0082 

-    5 

—  20 

*io —  7 

+0.  0010 

+0.0148 

—  11 

—     I 

•The  terms 

correBponding  to  tb 

e  divisioDB  1 1  and  i 

2  are  omitted,  e 

inoe  they  are  tl 

tie  same  as  the  f 

limilar  temu  of 

S^Wo,  given  on  page  395 
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ATg=i'g'+ig 

d  .  S'>z 
dt 

nH'  COS. 

n't'  sin. 

i'      i 
0—  I 

0—  2 

—0.00000000165 
—0.00000000004 

// 
+0.0000000018 1 
+0.00000000004 

On  integrating  this  expression  we  arrive  at  ndh.  In  order  to  make  the  terms 
depending  on  the  argument^  disappear  it  is  necessary  to  put  A;iz::  — o".0339  and 
^2=— o".o759.  In  the  case  of  the  terms  involving  the  arguments  5/  — 2^  and  log'—^g 
we  equate  the  motions  of  the  latter.     By  adding  the  values  which  have  been  obtained 

d.nSz    d.nS^z  ,    d.nS^z  ^   ^  i.        .1      ti      ,        i-       ^^^        .^  d  .  ndz 

n^t   )      ^^f    '  and      ^^^     we  get,  taking  the  liberty  01  calling  the  sum 


for 


ndt 


d  .  nSz 
ndt 


=  [  5.80177  +  o.oioo762»<  —  0.000002 1 49n^t2]  cos  (  ^g'  —  2g) 
+  [—  14.01188  +  0.005656771*  +  o.ooooo3o88»^t'']  sin  (  S9'  —  ^9) 
+  [  0.19539  —  o.ooo3o68ni  —  o.ooooooo62n^<^]  cos  (10^'  —  /^g) 
+  [       0.20289  +  o.ooo2363n<  —  0.000000 1 38n^(^]  sin  {log'  —  ^g) 

For  this  expression  may  be  substituted 

d  .  ndz  "  "  " 

— '-g- —  =     [        5-80177  —  0.000524771*  +  0.00000047 in^**]  cos  (  5^'  —  2^  +  HWt) 

+  [—  14.01188  +  o.ooi2673n*  —  o.oooooo525n^<^]  sin  (  5(7'—  217+  xnf) 

+  [       0.19539  —  0.0000296*1*  +  o. 000000079*1^*^]  cos  {\og'  —  4^  +  wtif) 

+  [       0.20289  —  0.000030771*  +  0.00000009271^*^]  sin  (loj'  —  4y  +  «7^*) 

where,  in  the  case  of  517'  —  2g,  k  and  the  corrected  integrating  factor  are  determined  by 


log  n  =  6.87884747^ 

and,  in  the  case  of  \og' — \g,  by 

log  «  =  7.1356071 

Integrating  the  last  expression  we  obtain 


log  n  =  1.8971 166 


log  //  =  1.59358 


nSz=:  [  465.230  —0.04794471* +  0.0000371671**']  sin  (  55f'— 25f  +  «7i*) 
+  [  nor. 855  —0.09413771* +  0.00004x4371***]  cos  (  Sfli'— 2gi+ «7l*) 
+  [  7.6077  —  0.00087971*  4-  0.0000031071***]  sin  (1051'  —  451+  «7i<) 
+  [—      7.9932  +  0.00144771*  —  0.0000036171'**]  cos  {log'  —  45f  +  Knt) 

By  developing  this  expression  and  subtracting  therefrom  the  value  of  ndz  -)-  nS'^z  we 
should  have  nS^s ;  but  as  this  quantity  has  no  particular  interest  we  omit  its  deriva- 
tion, and  in  the  following  value  of  nS^s  the  terms  corresponding  to  the  arguments 
55f'—  2g  and  10^  —  4^  are  not  given. 
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In  writing  a  final  form  for  the  great  inequality  of  Jupiter,  we  prefer  to  still  further 
equate  the  motions  of  the  arguments,  so  that  the  sum  of  the  squares  of  the  multipliers 
of  nt  in  the  coefficients  may  be  a  minimum.  This  gives,  severally,  in  the  cases  of 
Sg'—2g  and  log' —  ^g 


log  M  =  6.875207971 


log  K=7.i25o6n 


and  the  final  form  of  nSz  will  be 


ndz=      [1196.045    —  0.10537 in^]  sin  (  c,g' —  zg -\- unt  ■\-    6j     633.71) 
+         0.00005  546M^t''  sin  (  5<;'  —  2jr  +  xnt  +    48  46  ) 

+  [     11.0349  — o.ooi654»i<]  sin  (10(7'  — 417+ x»«  + 313  35.1         ) 
+         0.0000047  7  »^t^  sin  (logr'  — 4^+ «»<  +  311  21  ) 

The  great  inequality  excepted,  the  expression  of  nSh  follows.     The  proper  number 
of  decimals  is  restored  to  the  factors  of  nt  and  nH^ : 


nS 

'« 

&ie=i'g'+ig 

sin. 

COS. 

i'       i 

n                        '1                                     If 

//        //            // 

0       0 

— 0.  0OOIO2I4«2/^ 
4-0.  0000005 23 1  k3/ 3 

0 —  I 

— 0.  oo8207n<-f  0. 0000285  3nV= 

— 0.  oo4o66«/ — 0.  oooo338o«^/' 

-fo.  00000000 1 65  «3/ 3 

4-0.  ooooooooi8i»3/3 

0 —  2 

+0.  0082 — 0.  oooiT2nt-\-o.  oooooo34K^/'2 

4-0.  007 1 -fo.  oooo28n/ — 0.  ooooo040k2/« 

-fo.  0O00O000O02k3j'3 

-f  0.  00000000002k'/3 

0—  3 

— 0.  OOO4 — O.  OOOO23K/+O.  OOOOOOOIK^/S 

4-0. 0008 — o.  000032K/— 0.  oooooooinV 

1+  2 

— 0.  00254-0.  OOOIOOK/ 

4-0.  00224-0.  oooo37«/ 

1+  > 

— 0.  0481 — 0.  00024 in/ 

— 0.  04014-0.  000415K/ 

I   0 

—0.  o822-(-o.  ooo382n/4-o.  00000019KV' 

-fo.  0457-f 0.  000400n/ — 0.  ooooooi5«V" 

I —  I 

+0. 0002—0.  oooo85»/ 

4-0.  oiog-fo.  ooooo5«/ 

I—  2 

4-0. 0073 — 0.  oooo25n/ 

-f 0.  0029-f 0. 000069M/ 

'—  3 

— 0. 0014 — 0.  oooo35«/ 

4-0.  0043 — 0.  000023«/ 

2+  2 

— 0.  0007 — 0.  ooooo-jnt 

0.  OOOO-fO.  OOOOI  IK/ 

2+   I 

— 0. 04394-0.  ooooi  mt 

— 0. 00534-0.  ooo388n/ 

2   0 

0.  17904-0.  002332»/— 0.  OOOOOOIO«V2 

4-0.  29054-0.  ooo84i«/— 0.  ooooooi  m^f 

2—  I 

— 0.  0354—0.  00031371/ — 0.  00000200nV« 

— 0. 0704—0.  oooi03«/ — 0.  oooooi49»^/^ 

2—  2 

—0. 0577—0.  ooooo7»/4-o.  ooooooo5nV« 

-fo.  0272—0.  ooo027n/4-o.  ooooooo3«2/« 

2-  3 

-f  0.  0001 — 0.  ooooo9«/ 

4-0.  0023—0.  ooooo5»/ 

2-  4 

— 0. 001 1  -fo.  000003H/ 

— 0. 0003 — 0.  ooooo6«/ 

3+  ■ 

— 0. 0008 — 0. 000054K/ 

— 0. 0066 — 0.  ooooo5«/ 

3   0 

— 0.  0094 — 0.  0026 1 2«/ 

—0. 38924-0.  ooo356«/ 

3-  ' 

— 0. 1850 — 0.  ooi274«/ — 0.  oooooo58«V3 

— 0.  1889-fo.  ooi538«/4-o.  ooooooi9«''/» 

3-  2 

4-0. 0549-f  0.  oooi76«/-fo.  oooooio7«-/2 

—0. 08854-0.  oooi4o«/ — 0.  oooooi89«''/» 

3—  3 

— 0. 0057 — 0.  ooooi7«/4-o.  oooooooiwV 

— 0.  01 194-0.  000006«/ — 0.  00000002«V2 

3-  4 

— 0. 0008 — 0.  ooooo4»/ 

— 0. 0001 — 0.  ooooo4«/ 

3-  5 

0. 00004-0.  ooooo3«/ 

— 0.  00044-0.  oooocxmt 
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10 — 
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II — 

6 

II — 

7 

11 — 

8 

12 — 
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12 — 

6 

12 — 

7 

12 — 

8 

12 — 

9 

— 0.0019 

— o.  0856+0.  oooigsni' 

— o.  0015-I-0.  ooo234«/ — o.  ooooooi8«'/^ 

— o.  0282+0.  ooooogw/ — o.  oooooo4i«'/' 

— o.  0010 

— 0.0004 

+0.0008 

— o.  0005+0.  ooooi5«/ 

+0.  3539 — o.  000255n^+0.  oooooiii«'/' 

— o.  0274—0.  0002l8«/+0.  00002074«'';' 

+0. 0017 — o.  oooo4o«;'— o.  ooooooion'/^ 
+0.0012 

+0.0009 

— o.  0175+0. 00002IB/ 

+0. 0690 — o.  ooo442n/+o.  ooooooo3»V 

+0. 0025 — o.  000025«/ 

+0.0024 

— o.  0001 

— o.  0288+0.  ooooo5«/ 
— O.  0745 — O.  002047«^+O.  ooooooiikV 
— o.  2996 — o.  ooi9o6«^ — o.  ooooooi4«2;'^ 
+0. 001 7 — o.  oooo5o«/ 

+0. 0088 

— o.  0275 — O.  OOOI72«^ 

+0.  2187+0.  ooo263«/ 

+0. 0286 — o.  ooo337n/ 

o.  0000 — o. OOOOI4«/ 

—0.0005 

+0. 0580 — o.  ooo245«^ 

+0. 0046 — o.  OOOS75K/ 

+0.  0173+0.  00002I«^ 

+0.  0004  o.  oooooon^ 

+0. 1907+0.  oo3683»/ 
+0. 0127+0. 000025«/ 
— o.  0003+0.  oooo37»/ 

+0.  0047+0.  0O0O28«/ 

+0. 0064 — o.  oooo45«/ 
+0. 0014+0. 000023»/ 
— o.  0012    o.  oooooo«/ 

— o.  0210—0.  ooooo4«/ 
— o.  0122 — o.  000067K/ 
+0. 0022+0.  ooooo5«/ 
— o.  0012+0.  ooooo6«/ 
— o.  0001 — o.  ooooo5«/ 


— 0.0006 

+0. 0272+0.  ooo535«/ 

— o.  0280+0.  ooooo5n< — o.  oooooi  lonV 

— o.  0152 — o.  ooooo8«/ — o.  ooooooi3«'^2 

+0.0003 

— 0.0007 

— o.  0001 


— o.  0005+0.  ooooos«^ 
— o.  3182 — o.  ooo403n^— o. 
+0.  0200+0.  oo3798»^ — o. 
— o.  0074+0.  ooo030«/+o. 
+0.  0006 

— 0.0030 

— o.  0149 — o.  oooo58»/ 
— o.  0418 — o.  ooo478n/ — o. 
— o.  0058+0.  ooooo6«/ 

0.0000 
+0.0006 

— o.  0066+0.  oooo28n/ 
— o.  2058+0.  ooo8o6«/+o. 
— o.  2997+0.  002625«/ — o. 
— o.  0047 — o.  ooooo5«/ 

— 0.0038 

— o.  0059+0.  ooo266«/' 
+0.  0569 — o.  oo207on/ 
— 0.0412 — o.  oooi74fj/ 
— o.  0009+0.  oooooon^ 

— o.  0008 

— o.  0128 — o.  ooo596«/ 
— o.  0558+0.  oooo49B^ 
+0. 0052 — o.  oooi09«/ 
— o.  0001 — o.  ooooo3»/ 

+0. 4746 — o.  oo2499»/ 
+0. 0042 — o.  oooioin/ 
+0. 0050 — o.  ooooo3«/ 

+0. 0042 — o.  oooo6in^ 
— o.  0032 — o.  000045K/ 
+0. 0037 — o.  ooooi5«^ 
+0. 0002+0.  ooooogw^ 

+0. 0341 — o.  oooo64«/ 
+0. 0372 — o.  ooooi3«/ 
+0. 0018 — o.  ooooo9n/ 
+0. 0007+0.  ooooo6«/ 

— O.  0008+0.  OOOOOOB/ 


ooooo448»i'^« 
00000392B''/' 
oooooo3o«>/» 


ooooooo3«V 


oooooooo»2/'« 
ooooooogw^C 
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A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


As  it  is  not  necessary  for  practical  purposes  that  the  radius-vector  should  be 
known  to  the  same  degree  of  accuracy  as  the  longitude  and  latitude,  we  might  neglect 
all  the  terms  of  three  dimensions  in  it ;  but  as  it  is  extremely  easy  to  derive  from  S^Wo 
the  poition  of  S'^v  which  depends  on  it,  and  the  remaining  portion  is  probably  of  con- 
siderably less  importance,  this  quantity  has  been  derived  from  the  equation 


rfV 


=-i/(- 


|^>' 


It  is  thought  unnecessary  to  go  to  the  labor  of  deriving  the  constant  term,  probably 
very  small.  Also  the  two  terms  factored  severally  by  nt  and  nH^  and  independent  of 
g  and  g'  have  been  obtained  by  multiplying  the  similar  terms  having  the  argument  — g 
by  a  factor  whose  logarithm  is  8.3828  : 
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V 

Arg=t'9'+i3 

COS. 

sin. 

t'        . 

//                    „ 

//                   //                              // 

0       0 

— 0.  oooogSwC-l-o.  oooooo34»2/2 

0—   I 

+0.  0149 — o-  004044n/+0.  00001427KV2 

+0. 0326+0.  ooi966«^+o.  ooooi69o«2/2 

-j-o.  ooooooooo82nV3 

— 0. 00000000090«V' 

0—  2 

+0.  0087 — 0.  oooi57ni'+o.  000000347;^" 

—0. 0056 — 0. 000013K/+0.  r)ooooo40»V2 

-|-0.  00O0OO0O002k'/3 

— 0.  OO0O0OOO0O2«'/' 

0—  3 

+0.  0003 — 0.  000O2IB/4-0. 0000000 1  «V2 

—0.  0002+0.  000029«/+0.  OOOOOOOI«2/2 

1+   2 

+0. 0009 — 0.  oooo67«/ 

— 0. 0007+0.  oooo3o«/ 

1+   I 

+0.  0308-I-0.  oooi4i»/ 

—0. 0264+0.  ooo248»< 

I       0 

-)-o.  0199 — 0.  000094K/ — 0.  ooooooo5k»/» 

+0.  0077+0.  OOOI07«C — 0.  OO000O02»»/2 

I—   I 

— 0. 0002 — 0.  000025H/ 

—0.  0040 — 0.  000003B/ 

1 —  2 

+0.  0056 — 0.  ooooign/ 

— 0.  0016 — 0.  oooo5on/ 

'—  3 

— 0.  0015 — 0.  oooo35«/ 

—0. 0042+0.  O0O0I9B/ 

2+  2 

+0.  0007+0. 000004K/ 

0. 0000+0.  ooooo7«/ 

2+   I 

+0.  0258 — 0.  000005K/ 

— 0.  0025+0.  000227«/ 

2      0 

+0.  0715 — 0. 000954B/+0.  oooooooi«V» 

+0.  1144+0.  OO0363K/+O.  OOO0O0O2KV' 

2 —  I 

—0.  0026 — 0.  oooo87«/— 0.  oooooo267»V^ 

+0,  01 18+0.  000005«/+0.  0O0O0O2OKV" 

2—  2 

— 0.  0242 — 0.  000002«/ — 0.  00000002«'/» 

—0.  01 18+0.  000006«/ — 0.  O0O0OO02«'<« 

2-  3 

— 0.  0003 — 0.  ooooo9«/ 

—0. 0026+0.  OO0OO0«/ 

2—  4 

— 0. 0019+0.  ooooo3»? 

+0.  0005+0.  Qcooiont 

3+  I 

+0. 0005+0. 000032K/ 

—0. 0052+0.  ooooo5«? 

3      0 

+  0.  0045+0.  OOI2l8«/ 

—0.  1838+0. 0001 65«/ 

3—  I 

+0.  0235+0.  OOOI92«^ 

—0.  0298+0.  000207«/ 

3—  2 

+0.  0230+0.  O0O08o«/+O.  00000042»2/2 

+0. 0284—0.  oooo62«^+o.  oooooo76«'/» 

3—  3 

— 0. 0045 — 0.  ooooo6«/ 

+0. 0078+0.  oooooo«/ 

3-  4 

— 0.  0009+0.  OOOOOOK/ 

0. 0000+0. 000004K/ 

3-  5 

0. 0000+0. 000005K/ 

+0. 0007+0.  OOOO0O«/ 

4—  ' 

+0. 0185 — 0.  oooo43»/ 

+0. 0067—0.  oooi46«/ 

4—  2 

— 0.  ooio+o.  oooo57»/+o.  oooooooori^f 

+0. 0015+0.  oooooo«/+o.  oooooois«V» 

4—  3 

— 0.  OI7I+O.  000005»/ — 0.  00000020»V 

+0. 0086+0.  ooooo7«/+o.  ooooooo6«2/» 
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— o.  1784-J-0.000408K/ 

— o.  1966 — o.  oo2443n^+o.  oooooi8o«V» 

+0. 00644-0.  oooon«^-(-°-  ooooo8s8«V 

-|-0.  0014 — O.  000005«/-(-0.  00000020«'/^ 

-f-o.  0020 

+0. 0036 — o.  ooooio«/ 
-)-o.  0152 — o.  oooo94«/ 
-j-o.  0007 — o.  ooooiQn/ 
-j-o.  0027 
— o.  0003 

4-0.  01 3 1 — O.  000002«/ 
— O.  0127 — O.  000226«/ 
— O.  1427 — O.  O00922«/ 
— O.  0021 — O.  000O23«^ 

-)-0.  0054+0.  OOOOI3K^ 

-f-o.  0827-f-  o.  000087K/ 

-j-o.  OI9S — O.  0002I9»/ 

-|-o.  0005 — o.  ooooi  mi 

+0. 0130 — o.  oooos6«/ 
+0. 0028 — o.  0003 1 5H/ 
-|-o.  0104 -(-o.  000013K/ 
+0.0007 

— o.  0223+0.  ooo246«/ 
+0.  0820+0.  oo\(>$2nt 

+0.  0105+0.  000020W/ 

— o.  0006+0.  oooo34«/ 
+0. 0012+0.  ooooo7«^ 

+0.  0043 — O.  00003  2«C 
-f-o.  0013+0. 000028«/ 
— o.  0023+0.  ooooo3«/ 

— o.  0063 — o.  oooo38«/ 
+0. 0018+0.  ooooo5«/ 


o.  0000 
+0.0004 
+0.0001 

— o.  1600 — o.ooo297«/ 

+0.  3840 — o.  ooi443n/ — o.  oooooi92«»^" 

— O.  0099 — O.  OOl625n/+0.  O0OO0252«'/2 

+0.  0053 — o.  oooo40«i'+o.  ooooooosn^/* 
— o.  0010 

— O.  002I — O.  OOO0I2«? 

+0. 0086+0.  oooio3«/ 
+0. 0045+0.  oooooon/ 

0.0000 
— o.  0012 

— o.  0017+0.  ooooi3«/ 

+0.  0243 — O.  OOOI2I«^ 

+0. 1430—0.  ooi279«/ 
+0. 0042 — O.  000032«^ 

+0.  0032+0.  000032B/ 

— o.  0195+0.  ooo768k^ 
+0. 0266+0. 0001 1  int 
+0.  0012+0.  ooooo4n/ 

+0. 0035+0.  oooo^int 
+0. 0320 — O.  00O025n< 
— o.  003 1  +0.  oooo84«^ 
— o.  0001 

— o.  0298— o.  oooii9«/ 
— o.  2042+0. 001 135«/ 
— o.  0044+0. 00009 1  nC 
— o.  0044+0.  oooooo»/ 

— o.  0012+0.  ooooi7«/ 
+0. 0030+0. 000025«/ 
— o.  0036+0.  OOOOI  5«/ 
— o.  0002 — o.  OOOOI 7«/ 

— o.  0193+0.  ooooo8«/ 
— o.  0016+0.  ooooo^nt 


CHAPTER  XIX. 


CALCULATION  OF  THE  SEVERAL  PORTIONS  OF  S^T. 

The  fourteen  parts  of  the  portion  of  6^T'  not  factored  by  n't  or  n'H'^  are  as  follows : 
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sin. 
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+0.015432 

— 0. 008046 

+0.003443 
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0 

+0.  on 

— 0.008 

+0.003 

— 0.004 

+0.018 

— 0.015 

+0.004 

— 0.002 

o 

2 

0 

— 0. 161 

+0. 245 

— 0.038 

+0.  040 

— 0.  046 

+0.  068 

—0.008 

+0.006 

I 

o 

+0.  206 

— 0-334 

+0. 042 

— 0. 049 

+0.  041 

—0.066 

+0.007 

— 0.007 

—I 

4 

o 

0.000 

— 0.023 

— 0.  001 

—0.  020 

o 

3 

o 

-|-o.  014 

+o-  431 

— 0.005 

— 0.020 

+0.006 

+0.  187 
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o 

— 0.004 
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— 0.  OOl 
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— 0.002 

-0.229 
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+0.  12 
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—0.03 

3 

o 

0.064 

+0. 038 

-0.035 
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— I— 

2 — 
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— I— 
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o— 

2 — 
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3— 
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—I 

o — 
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+0. 028 
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I — 
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+0.  169 
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+0. 024 
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+0. 015 

I— 

2 — 

+0.016 

— 0.021 
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+0.014 
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—I 

1  — 

+o-°35 
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— 0. 001 

— O.OIO 

+0.007 

—0.022 
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o 

0 — 

—0.028 

+0. 072 

+0.002 

+0.008 

— 0.009 

+0. 026 
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+0.003 

I— 

I  — 

0.000 
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—I 

2— 

—0.0014 

— 0.0209 

— 0.0047 
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— 0.0017 
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I  — 

o— 

+0.006 
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+0.001 

+0.004 
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3— 

— 0.0069 

—0.0068 

+0.  0046 
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— 0.0007 
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2 — 

+0. 0043 

-0.0259 

— 0.0166 

— 0.0128 

-0.0073 

— 0.0II3 

+0. 0025 
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I  — 

+0.0166 

+0. 0443 

+0. 0108 

+0.0120 

+0.0093 

+0.0132 

— 0.  0019 

— 0.0007 

—I 

4— 

— 0. 0302 

— 0.0050 

+0.  0106 

+0.0002 

—0. 0038 

+0. 0031 

—0.0085 

— 0.0023 
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3- 

+0.  1400 

— 0. 0230 

—0.0972 

—0.  0438 
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— 0. 0272 
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+0.  0409 

+0.  0477 

+0. 0290 
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— 0. 0010 
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5-  I 

+0.  003 

-0.  001 

— 0.616         +0.122         1 
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+  I.I4S 
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— 0. 098        1 
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3—  I 

— 0. 1892 
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— 0. 0146       — 0. 0007       1 

— 0. 0525       +0. 0093       J 

+0.0190 
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0 

5—  I 

4-0.  (X)4 

—0.015 

I 

4—  I 

+0. 030 

+0.  014 

— I  — 

I —  2 
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+0.03 
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0 —  2 

+0.  22 
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0 — 

I —  2 
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1 — 

2 —  2 
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+0.06 

+0.01 

+0.03 

— I 

I —  2 

+0.25 

+0.19 

+0.02 

+0.02 

+0.06 

+0.05 

0 

0 —  2 

— 0.22 

— 0. 14 

— 0.02 

—0.02 

— 0.06 

—0.05 

I  — 

I —  2 

+0.03 

+0.01 

— I 

2—  2 

+0.094 

+0.018 

+0.015 

0.000 

+0. 022 

+0.004 

0 

1 —  2 

-0.095 

— 0.  on 

— 0.  on 

0.000 

—0.021 

— 0.003 

— I 

3-  2 

+0.  021 

— 0.  007 

+0. 014 

— 0.007 

+0.004 

—0.002 

0 

2—  2 

— 0. 025 

+0.  on 

—0.006 

+0.003 

—  I 

4—  2 

+0. 0022 

— 0. 0029 

—0.0042 

+0.  0018 

+0. 0029 

—0.0036 

— 0.0004 

+0.0009 

0 

3—  2 

-f-o.  021 

— 0.018 

+0.010 
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— 0.002 

+0.002 

— 0. 002 

I 

2 —  2 

—0.  022 

+0. 020 

— 0. 006 

+0.005 
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—  I 

s-  2 
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+0.04481 
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-0.  05499 

+0.  01210 

— 0. 03234 

— 0. 00985 
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0 

4—  2 

+0. 0326 

— 0. 0799 
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— 0.0017 

+0.01 12 

+0.0095 
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I 

3-  2 
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— 0. 0085 

+0. 0448 
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+0.  0162 

—0. 0028 
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— I 

6—  2 

+0.  14474 

+0.  35026 
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+0.00381 
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0.00025 

0 

5—  2 

+0.  0042577 

— 0. 0026910 

— O.OI  13662 

— 0.0198853 

— 0.0060156 

— 0. 0136926 

— 0.0001245 

— 0.0013962 

I 

4-  2 

-|-o.  14020 

+0. 34072 

+0. 00458 

+0. 00674 

+0. 00376 

+0.01056 

+0.00090 

+0.00103 

— I 

7—  2 

+0.090 

+0. 054 

0.000 

+0.003 

+0.  014 

— 0.004 

—0.003 

+0.003 

0 

6—  2 

—0.0519 

—0.0073 

+0.0128 

— 0.0031 

—0.0085 

+0.006 1 

+0.0057 

—0.0015 

I 

5-  2 

— 0.00406 

—0.00712 

—0. 01093 

+0.00183 

—0.  00374 

—0.00518 

— 0.  00365 

—0.  00026 

—  I 

8—  2 

+0. 020 

— 0. 001 

0 

7-  2 

+0. 019 

+0.00S 

I 

6-  2 

—0.051 

— 0.006 

0 

8-  2 

+0. 032 

— 0.019 

—  I 

0-  3 

+0.05 

+0.02 

—  I 

—  3 

—0.28 

+0.21 

—0.  10 

+0.07 

0 

0—  3 

+0.21 

-0.17 

+0.09 

—0.08 

I— 

-  «—  3 

— 0.04 

+0.03 

—  I 

2—  3 

—O.I  I 

+0.25 

—0.03 

+0.07 

0 

I-  3 

+0.07 

— 0. 19 

+0-03 

—0.06 

I 

0—  3 

— O.OI 

+0.03 

— I 

3—  3 

+0.01 

+0.10 

0.  00 

+0.02 

0 

2-  3 

— O.OI 

—0.09 

0.00 

— 0.02 

—  I 

4—  3 

+0.012 

+0. 019 

0 

3-  3 

— O.OI 

— 0.02 

—I 

5—  3 

+0. 014 

+0. 010 

4IO 
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1 

A'n'S'z' 

B'S 

v' 

F'nS'z                 1 

G'dr 

Arg=          _ 

sin. 

COS. 

sin. 

COS. 

ein. 

COS. 

siu. 

COS. 

— I 

i'      i 
6-  3 

-fo.oiS 

// 

+0. 025 

+0.  089 

+0.  006 

0.000 

+0.008 

+0.006 

+0.001 

0 

S-  3 

— o. 127 

— 0.009 

— 0.  103 

—0.005 

—0.012 

0.000 

I 

4—  3 

+0.003 

— 0.009 

—  I 

7-  3 

+0.  1584 

— 0.  I02I 

— 0.0002 

— 0.0006 

+0.  0496 

—0. 0349 

— 0.0179 

+0.0I2I 

0 

6-3 

— 0.966 

+0.651 

+0.009 

— 0.  01 1 

—0.  423 

+0.  298 

+0.  022 

-0.015 

I 

S-  3 

— 0. 010 

+0.009 

+0.516 

-0.365 

—  1 

8-3 

— 0.0049 

+0. 1423 

+0.0014 

+0. 0081 

— 0.  0049 

+0.0313 

+0.0031 

— 0.0066 

o 

7-  3 

—0.  0831 

—0. 0234 

+0. 0034 

— 0.  0036 

— 0.  0132 

—0.0132 

—0.  0039 

+0.  0084 

I 

6-3 

-1-0.0176 

—0.0219 

— 0.0038 

— 0.  0046 

+0.  0062 

— 0.0028 

+0.  0029 

— 0. 0046 

—  1 

9-  3 

+0.0134 

+0. 0402 

+0.0002 

— 0.0028 

+0. 0024 

+0. 0072 

—0.0002 

— 0.0012 

o 

8-3 

— 0. 0247 

— 0.  0590 

+0.0016 

+0.0277 

— 0.0038 

— 0.0009 

+0.0006 

+0.  0042 

I 

7—  3 

+0.  0062 

— 0.0065 

— 0.  0017 

— 0. 0227 

+0.0009 

— 0.  0079 

— 0.0004 

—0.0042 

—I 

10—  3 

+0.006 

+0.006 

+0.025 

+0. 040 

o 

9—  3 

-0.059 

— 0.082 

— 0.004 

— 0.  006 

— 0.  019 

-o-  033 

— 0.002 

0.000 

I 

8-3 

+0.  0084 

+0.  OI2I 

+0. 0030 

•fo.  0050 

+0.0009 

+0, 0032 

+0,0005 

+0.0005 

— I 

2—   4 

—0.18 

-0.15 

—0.07 

—0.05 

o 

I—  4 

+0.15 

+0.  12 

+0.06 

+0.05 

—  I 

3-  4 

—0.17 

— 0.04 

—0.05 

— 0.  01 

o 

2—    4 

+0.15 

+0.04 

+0.  OS 

+0.01 

— I 

4—  4 

—0.07 

+0.  02 

o 

3-  4 

+0.06 

—0.02 

—I 

5-  4 

— 0.02 

+0.  02 

—  1 

7—  4 

+0. 068 

— 0.  o8r 

+0.  009 

+0. 062 

+0-  035 

—0.015 

0.000 

+0. 015 

o 

6-  4 

—0.  105 

+0.095 

—0.  006 

-0. 033 

—0,09s 

+0. 042 

+0.001 

—0.032 

I 

5—  4 

+0.  10 

—0.04 

u.OO 

+0.03 

—I 

8-  4 

—0,570 

-0.  565 

+0.  014 

+0.  012 

— 0.  167 

— 0. 162 

o 

7—  4 

+0.  308 

+o-3'5 

—0.015 

—0.  012 

+0.  132 

+0-  133 

I 

6-4 

— 0.015 

— 0.014 

—1 

9—  4 

—0.309 

—0.078 

— 0.  007 

+0.007 

— 0. 064 

— 0.017 

—0.004 

— 0. 001 

o 

8-4 

+0.  226 

+o-  039 

+0.010 

—0.009 

+0.063 

+0.  010 

+0.007 

—0.004 

I 

7—  4 

— 0.013 

-j-o.  002 

—0.003 

— 0.001 

— 0.  oi6 

+0.007 

^I 

10 —  4 

— 0.  06119 

+0.  01391 

— 0.01363 

+0. 00446 

—0.  02906 

+0. 00807 

+0.01509 

— 0. 00420 

o 

9—  4 

+0.  0529 

— 0.0154 

+0.0015 

— 0.0004 

+0.0255 

—0. 0080 

—0.0184 

+0. 0057 

I 

8-4 

+0.021 

— 0.  001 

+0.014 

— 0.004 

— 0.002 

+0.002 

—I 

II—  4 

+0.01289 

— 0.01603 

+0. 00086 

—0.00021 

—0.00177 

+0.00182 

0.00004 

—0.00007 

o 

10—  4 

+0.007175 

—0.  005886 

+0.001315 

— 0. 001785 

+0.  001802 

—0.001870 

0.000096 

+0. 000222 

I 

9—  4 

+0.021 16 

— 0.02153 

—0. 00230 

+0. 00256 

+0. 00029 

+0. 00019 

— 0. 00048 

+0.00005 

o 

11—  4 

+0.0004 

—0.0002 

— I 

3-  5 

+0.07 

— 0.  14 

o 

2-  S 

— 0.05 

+0.  12 

—  I 

4-  5 

0.00 

-0.13 

o 
— I 

3-  5 

5-  5 

0.00 
— 0.  03 

+0.  12 
— 0.  06 

o 

4-  5 

+0.03 

+0.05 

— I 

8-  5 

+0.01 

— 0.03 

— 0.04 

+0.  01 

— u.  01 

+0.  01 

o 

7-  5 

+0.02 

—0.0 1 

J 
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Arg= 

A'n' 

5»«' 

B'S 

V' 

Y'nS'z 

G'« 

V 

xy'+i'g'+ig 

sin. 

COS. 

^in. 

COS. 

sin. 

COS. 

sin. 

COS. 

K      i'      i 

// 

// 

„ 

n 

11 

,, 

„ 

,, 

-I      9—  5 

+0.  364 

—0.  582 

— 0.  010 

+0.014 

+0.  113 

—0.  187 

—0.006 

+0.  010 

0      8—  s 

— 0.  24 

+0.40 

+0.01 

— 0.  01 

— 0.09 

+0.  IS 

+0.02 

— 0.02 

I      7-  5 

+0.01 

—0.02 

— 0.  01 

+0.01 

— I     10 —  5 

+0-  03s 

— 0. 311 

— 0.007 

0.000 

+0.004 

—0.082 

0.000 

—0.004 

0      9--  5 

— 0. 026 

+0.  230 

+0.001 

— 0.006 

—0.004 

+0. 083 

I      8-  5 

—0.004 

— 0.026 

— O.OOI 

—0.021 

0.000 

—0.008 

— I     II —  5 

— 0.032 

—0.081 

— 0.012 

— 0. 022 

— 0.009 

— 0.018 

0    10 —  5 

+0. 042 

+0.092 

+0. 014 

+0.  026 

+0.008 

+0.017 

I      9—  5 

— 0.006 

— 0.006 

—I     12—  5 

— 0. 0223 

— 0.0187 

+0.0007 

+0.  0008 

—0. 0058 

— 0.0036 

— 0.  0006 

+0.0003 

0    II—  5 

+0.093 

+0.061 

—0.003 

— 0. 001 

+0-  037 

+0. 023 

— 0.  001 

—  O.OOI 

I     10 —  5 

— 0.042 

—0. 026 

—J     >3-  5 

+0.0094 

—0.0055 

+0.0002 

0.0000 

+0.0010 

— 0. 0006 

0    12 —  5 

+0. 0022 

+0. 0074 

— 0.0003 

— 0. 0001 

+0.0006 

J-o.  0014 

— 0.  0001 

0.0000 

I    II—  5 

—0.0013 

— 0.0008 

' 

— I      4 —  6 

+0. 10 

+0.02 

0      3—6 

—0.08 

— 0.  01 

-I      5-6 

+0.09 

— 0.02 

0      4—6 

—0.08 

+0.01 

—I      9—  6 

+0.01 

— 0. 01 

0      8—6 

0.00 

+0.03 

— 1     10—  6 

+0.51 

+0.19 

0      9 —  6 

—0.36 

— 0.  12 

I       8—  6 

+0.06 

+0.02 

— I     II —  6 

+0.29 

— 0.04 

0     10—  6 

—0.22 

+0.03 

I       9—  6 

+0.03 

— 0.  01 

— I     12—  6 

+0. 054 

— 0.032 

0     II—  6 

—0. 041 

+0.041 

—I     13—  6 

— 0.0:8 

+0. 050 

0    12—  6 

+0.008 

— 0.022 

— I     10 —  7 

+0.05 

— 0.02 

—I     II—  7 

— 0.04 

+0-35 

0    10 —  7 

+0.03 

—0.27 

—I     12—  7 

+0.08 

+0.22 

0    II—  7 

— 0.06 

—0.17 

—I     13—  7 

+0.0S 

+0.04 

0    12—  7 

— 0.05 

— 0.05 
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Arg= 

1  dk' 

2  dg''^ 

n'Sz'f 

/f  A' 
^{,nSz){n'Sz') 

1  dF',  J  ,, 

2  dg^       ' 

Sz'^V 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

o 

i'      i 
0       o 

" 

+0.001323 

" 

— 0.000177 

// 

— 0.000105 

" 

— 0.000118 

— I 

I        o 

— 0. 003627 

— 0.  000367 

+0. 000106 

+  0.000541 

— I 

2         0 

— 0.  OI4I4 

+0.00014 

+0. 00022 

— 0. 00290 

o 

I         O 

— o.  0063 

+0.  0032 

+0.0044 

— u.  0045 

+0.0015 

— 0.  0007 

+0.  0030 

— 0.0012 

I 

O        O 

— 0.  007885 

— 0.002139 

— 0.  003072 

— 0. 000028 

— 0.  002474 

+0.  001186 

— 0.  000383 

+0. 000970 

— I 

3      o 

+0.  001 

— 0.004 

o 

2        0 

— 0.  010 

+0.008 

— 0.006 

—0.001 

— 0.002 

—0.003 

I 

I        o 

— 0.  002 

— 0.016 

— 0.004 

0.000 

— 0.003 

+0. 010 

o 

3      o 

+0.007 

+0.013 

+0.003 

—0.014 

I 

2        O 

— 0.017 

— 0033 

—0.007 

+0.019 

o 

4       o 

+0.02 

+0.04 

' 

3      o 

-0.053 

— 0.050 

—1 

0 —    I 

-|-o.  006 

+0. 024 

— 0.009 

+0.002 

o — 

I—  I 

0.000 

— 0.008 

—I 

I—  I 

+0.013 

+0.  014 

+0.004 

+0.009 

+0.005 

— 0.020 

o 

O I 

—0.008 

+0.012 

—0.003 

+0.009 

—0.004 

+0.015 

— I 

2 —    I 

+0. 0053 

— 0.0187 

+0.  0001 

—0.  0063 

—0.0003 

— 0. 0012 

—0.0021 

— 0.0047 

o 

I —  I 

+0.012 

+0.  084 

+0.  014 

+0.  067 

+0.003 

+0.014 

+0.001 

+0.004 

I 

O—    I 

— 0.  004 

— 0.018 

— I 

3—  I 

+0. 0299 

+0.01 1 1 

+0.  0108 

+0. 0075 

+0.0013 

+0.0017 

+0.0154 

+0.0193 

o 

2 —    I 

+0.  0014 

+0. 0231 

+0.  0027 

+0.  0076 

— 0.  0001 

— 0.0001 

— 0. 0067 

—0.0098 

I 

I—  : 

+0.  0024 

— 0.  0042 

— 0.0025 

— 0.0028 

—0.  0048 

-0. 0035 

—  I 

4—  I 

+0. 0227 

+0. 0037 

+0.  0049 

+0.0007 

+0.0052 

+0. 0048 

o 

3—  I 

— 0.0II9 

+0. 0040 

— 0.0004 

+0.0017 

+0.0016 

+0.0005 

+0.  0019 

+0.0021 

I 

2 —    I 

+0. 0050 

— 0.0067 

— 0.  0021 

—0. 0028 

— 0.  0022 

— U.0007 

—0.  0085 

— 0. 0052 

—  I 

5-  ' 

+0.005 

— 0.002 

—0.007 

+0.002 

o 

4—   I 

— 0. 016 

+0.013 

— 0.  006 

+0.005 

+0.  001 

0.000 

0.000 

+0.002 

I 

3-  I 

+0. 0220 

—0.0190 

+0.  0036 

—0.0065 

+0.0012 

— 0.  0006 

— 0.  0108 

— 0. 0047 

o 

5-  I 

— 0.  019 

+0.  029 

—0.007 

+0.005 

I 

4—   I 

+0. 038 

— 0.  056 

+0.012 

— 0.021 

o 
I 

6—  I 

s-  I 

— 0.017 

+0. 032 

+0.051 
—0.095 

—I 

I —    2 

— 0.03 

0.00 

— I 

2 —    2 

— 0.056 

— 0.  001 

—0.013 

— 0.012 

+0. 026 

+0.002 

o 

1—   2 

+0. 016 

+0. 013 

— 0.001 

+0.015 

— 0.  on 

— 0. 001 

—  I 

3         2 

—0. 186 

+0.  086 

-0.091 

+0.036 

— 0.  012 

+0.005 

+0.009 

— 0.005 

o 

2—    2 

+0.069 

— 0.028 

+0.  047 

0.019 

+0.010 

— 0. 004 

— 0.005 

+0.002 

—I 

4—  2 

— 0.0817 

+0.  1 122 

—0. 0350 

+0. 0455 

— 0.0038 

+0. 0047 

— 0. 0I3I 

+0. 0169 

o 

3-2 

+0-  035 

—0.050 

+0.  022 

— 0.027 

+0.002 

— 0.003 

+0.007 

—0.009 

—  I 

5-2 

—0. 0037s 

+0.  04529 

—0.00072 

+0. 01604 

— 0.00002 

+0.00178 

— 0. 00875 

+0.00902 

o 

4-2 

— 0.  0060 

— 0.021 1 

— 0.0066 

—0.0033 

— 0.0018 

— 0.0013 

+0.0045 

—0. 0023 

I 

3-  2 

+0.0015 

+0.  0038 

+0.0008 

— 0.0043 

+0. 0014 

— 0.0007 

+0. 0027 

— 0.0080 

—  I 

6-   2 

+0. 00285 

+0.01340 

—0.  00273 

— 0. 00425 

— 0. 00131 

— 0. 00289 

—0. 00867 

— 0. 01349 

o 

5—  2 

— 0.0025163 

— 0.0113586 

+0.  0038286 

+0.0074037 

+0. 0016933 

+0. 0042305 

+0. 0032508 

+0-OI373SS 

I 

4—   2 

+0. 00597 

+0. 00996 

—0. 00034 

—0.00347 

^0.  00090 

— 0. 00265 

+0. 00247 

-0.01047 
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Arg= 

xy'+i'g'+ig 

if(«'^^')^ 

^{n5z)^n'Sz') 

2  dg^        ' 

dB',  , 

'iz')v' 

m 

Bin. 

COS. 

sin. 

COS. 

Bin. 

COS. 

sin. 

COS. 

K 
1 

i'      i 
7—  2 

+0.002 

+0.003 

— 0.002 

— 0.002 

// 

" 

— 0.004 

— 0.002 

0 

6—  2 

—0.  0053 

—0. 0147 

+0.0019 

—0. 0070 

+0.0011 

— 0.0017 

— 0.  0096 

— 0. 0022 

I 

s-  2 

+0.02512 

+0.02192 

+0. 01 108 

+0. 01018 

+0.  00134 

+0. 00148 

+0.01919 

+0. 00687 

— I 

3—  3 

— 0.02 

— 0.05 

0.00 

+0.03 

0 

2-  3 

0.00 

+0.03 

— I 

4-  3 

—0.  131 

—0. 186 

—0.068 

— 0.096 

— 0.  on 

—0.015 

+0.009 

+0.01 1 

0 

3-  3 

+0.07 

+0.  10 

+0.05 

+0.06 

+0.01 

4-0.01 

—  I 

S-  3 

—0.156 

—0.083 

— 0. 072 

—0.034 

— 0.007 

—0.003 

—0.024 

—0.013 

0 

4—  3 

+0.083 

+0.  040 

+0. 046 

+0. 022 

+0.006 

+0.003 

+0. 014 

+0.007 

—  I 

6-3 

— 0.085 

—0.015 

—0-033 

— 0.006 

— 0.016 

— 0.006 

0 

5—  3 

+0.  047 

+0.004 

+0.  022 

+0.002 

+0.009 

+0.002 

—  I 

7-  3 

—0. 0264 

+0. 0048 

—0.0039 

— 0. 0020 

— 0. 0009 

+0.0003 

+0.0124 

— 0. 0107 

0 

6-3 

+0.  017 

— 0.005 

+0.008 

+0.002 

+0.001 

0.000 

—0.001 

+0.004 

—  I 

8-3 

—0. 0068 

— 0. 0018 

+0.0001 

— 0. 0025 

+0. 0009 

— 0.  0020 

+0. 0039 

— 0.0062 

0 

7-  3 

+0.0072 

— 0.0014 

+0.0009 

+0.0019 

— 0.0005 

+0.0013 

+0.  0015 

—0.0021 

I 

^3 

— 0.0080 

+0.0122 

— 0. 0028 

+0. 0037 

—0.0040 

+0. 0128 

—  1 

9—  3 

— 0.0024 

— 0.0005 

— 0.  0001 

—0.0013 

+0.0003 

—0.0012 

0 

8-3 

+0. 0073 

+0.0185 

+0. 0026 

+0. 0060 

— 0.0002 

— O.OOII 

—0.0009 

— 0.0137 

I 

7—  3 

—0.0053 

+0. 0081 

— 0.0012 

+0. 0086 

0.0000 

+0. 0020 

+0.0015 

+0.024S 

0 

9—  3 

+0. 023 

+0. 034 

+0.019 

+0. 028 

+0. 004 

+0.006 

+0.002 

+0.002 

I 

8-3 

— 0.0071 

— 0.  oio6 

— 0.  0030 

— 0.0046 

— 0.  0028 

— 0. 0035 

—  I 

4—  4 

+0.04 

— 0.02 

—  I 

S-4 

+0.15 

—0.16 

+0.08 

— 0.09 

+0.01 

—0.02 

0 

4—  4 

— 0.07 

+0.08 

— 0.06 

+0.06 

— I 

6-  4 

+0.03 

— 0. 16 

+0.02 

—0.08 

+0.01 

—0.03 

0 

S-  4 

— 0.02 

+0.  11 

— 0.01 

+0.05 

— : 

7—  4 

— 0.006 

-0.097 

— 0.001 

— 0.042 

+0.003 

— 0.019 

0 

6-4 

+0.006 

+0.  o6i 

+0.004 

+0.017 

+0.002 

+0. 010 

— I 

8-4 

— 0.016 

—0.034 

0.000 

— 0.007 

+0.  013 

+0.014 

0 

7-  4 

+0.012 

+0. 022 

— 0.005 

—0.005 

—0.009 

—0.012 

— I 

9—  4 

— 0.  on 

— 0.006 

0.000 

— 0.002 

+0.003 

+0.008 

0 

8-4 

+0. 013 

— 0.002 

+0.003 

—0.006 

+0.001 

—0.004 

— I 

10 —  4 

+0. 00546 

— 0.00744 

+0.  00076 

— 0.00152 

+0.00251 

— 0. 00068 

—0. 00479 

+0. 00209 

0 

9—  4 

+0. 0040 

0.0000 

—  0.0056 

+0.0007 

— 0.0018 

+0.0005 

—0.0009 

— 0. 0001 

— I 

II—  4 

+0.01013 

— 0.01421 

+0.00007 

— 0.00064 

—0.  00013 

+0.00080 

0 

10 —  4 

+0. 000387 

+0. 001219 

+0. 000027 

+0. 000300 

— 0.000008 

+0. 000040 

+0.  OOOIOO 

— 0.000083 

I 

9—  4 

— 0.00907 

+0. 00932 

— 0.00020 

+0.00008 

+0. 00067 

— 0.00107 

0 

II—  4 

— 0.  0002 

+0.0012 

—I 

6-5 

+0.14 

+0.08 

+0.09 

+0.05 

0 

S—  5 

— 0.09 

— 0.05 

—0.07 

— 0.03 

— I 

7-  S 

+0.  16 

0.00 

+0.07 

0.00 

0 

6-s 

— 0.09 

0.00 

— 0.06 

0.00 

— I 

8-5 

+0.  10 

—0. 02 

+0.02 

— 0.  Ol 

+0.01 

— O.OI 

0 

7-  5 

— 0.  05 

+0.03 

— 0.02 

+0.01 
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Arg= 

idA' 
2dg'^ 

n'dz'y 

^(nSz)  (n'S,') 

if("^^>' 

dB',   , 

Sz')v' 

8iD. 

COS. 

Bin. 

COS. 

Bin. 

COB. 

sin. 

COS. 

K      i'      i 
—I      9-  5 

+0.033 

— 0.024 

// 

" 

It 

it 

— 0.016 

+0.018 

o      8—  S 

— 0.02 

+0.01 

—  I     lo—  S 

+0.  022 

+0.014 

+0.008 

+0. 014 

— 0.006 

—0.002 

o      9—  5 

— 0.006 

— 0.007 

—I     II—  5 

-fo.  009 

—0.  002 

— 0.014 

—0.023 

o     lo—  s 

-fo.ooi 

+0.  015 

+0.004 

+0.008 

+0.007 

+0.014 

—  I      12 —  s 

0.0000 

—0.0078 

—0.0020 

—0.0029 

— 0.0025 

— 0. 0010 

o    II—  s 

+0.032 

+0. 025 

-|-o.  029 

+0. 018 

+0.001 

—0.00 1 

-I     13-  5 

+0.0179 

—0.0075 

+0.0039 

— 0.0016 

— 0.  0002 

+0.0003 

O     12 —  5 

—0.0013 

+0. 0070 

— 0.0003 

+0. 0026 

+0.0003 

—0.0002 

1     II—  5 

—0.0004 

— 0.0004 

-I      7-6 

—0.03 

+0.  12 

o      6-6 

+0.02 

—0.08 

—  I      8—6 

+0.02 

+0.  II 

o      7—6 

—0.01 

—0.08 

—  I      9 —  6 

+0.03 

+0.04 

o      8—6 

— 0.02 

—0.03 

— I     10 —  6 

+0.03 

+0.03 

—  I     II—  6 

— O.OI 

+0.02 

-I      12-  6 

—0. 032 

+0. 041 

o     II —  6 

+0.013 

—  0.019 

—I     13—  6 

— 0.036 

+0.  100 

0     12 —  6 

+O.OIS 

— 0.038 

-I       8-  7 

— 0.09 

0.00 

0      7—7 

+0.07 

0.00 

—  I       9—  7 

—0.08 

+0.03 

0      8—7 

+0.06 

—0.03 

-I     13-  7 

—0.03 

— 0.02 

0     12 —  7 

+0.01 

+0.02 
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Arg= 

Kr'+»y+»s 

fen'..). 

7   dr'^^ 

Bin. 

COS. 

•bin. 

COS. 

sin. 

COS. 

sin. 

COS. 

X 

0 

i'      i 
0      0 

" 

— 0. 000226 

" 

+0. 000254 

" 

II 

+0. 000040 

—0.  000297 

— I 

I      0 

+0. 000223 

— 0. 000147 

—0.000028 

+0.  000338 

—I 

2      0 

— 0.  OOOIO 

—0.00195 

—0.00042 

— 0.00070 

0 

I      0 

+0. 0018 

— 0.  0001 

—0.0034 

+0.0014 

— 0.0021 

+0.0011 

+0.0001           — 0.  OOII 

I 

0      0 

—0.002155 

+0. 001478 

— 0.001393 

+0. 000899 

+0.001 197 

— 0.000521 

— 0.  000554 

-l-o.  003166 

0 

2      0 

4-0.002 

0.000 

I 

1  0 

2  0 

-|-o.  002 
— 0. 001 

+0.003 

+0.004 

— 0.  OOI 

+0.  OOI 

— 0.004 

+0.005 

— I 

I—  1 

-)-o.  001 

— 0.004 

0 

0 —  I 

— 0.002 

+0.006 

— I 

2 —  I 

0.  OOII 

— 0.0029 

+0.0001 

+0.  0015 

— 0.0024 

— 0. 0082 

0 

I—  I 

+0.001 

+0.003 

I 

0 —  I 

+0.001 

+0.003 

—I 

3—  • 

+0. 0025 

+0.0033 

+0.  0032 

+0. 0040 

+0.0008 

+0.0007 

+0.0003 

— 0.0017 

0 

2—  I 

— 0.0024 

— 0.0038 

—0.  0020 

— 0.0007 

— 0.  0003 

— 0. 0001 

+0.  0013 

+0.0017 

I 

I —  1 

— 0.0007 

— 0.0005 

— 0.  0010 

—0.0018 

— 0.0021 

+0.0004 

— I 

4—  I 

-|-o.  0015 

+0.0006 

+0.0015 

+0.0005 

+0.0021 

+0.0006 

0 

3-  I 

+o.oon 

+0.0006 

+0.0002 

+0.0005 

— 0.  0001 

+0.0001 

+0.  001 1 

+0.0009 

I 

2 —  I 

—0.0027 

— 0.0018 

—0.  0025 

— 0.0016 

— 0.  0003 

— 0.0002 

—0.  0042 

— 0. 0024 

0 

4—  « 

+0.002 

0.000 

+0.  01 1 

—0.003 

0.000 

+0.001 

I 

3-  ' 

— 0.0019 

— 0.0007 

—0.  0023 

0.0000 

— 0.0017 

+0.0002 

+0.  0025 

— 0.0020 

— I 

3—  2 

+0.008 

—0.003 

— I 

4—  2 

— 0.0029 

+0.0039 

-0.0033 

+0. 0040 

— 0.0008 

+0.0010 

+0. 0032 

0.  0000 

0 

3-  2 

+0.002 

— 0.004 

—  I 

5-  2 

—0.00190 

+0. 00326 

— 0.00190 

+0. 00330 

— 0.00035 

+0. 00098 

—0.00042 

+0. 00421 

0 

4-  2 

-f  0.0021 

— 0. 0010 

+0.0015 

— 0. 0019 

+0.0005 

— 0.0003 

+0.0001 

— 0.0001 

I 

3-  2 

+0.  001 1 

— 0.0022 

+0.0002 

— 0.0041 

— I 

6—  2 

—0.00167 

— 0.00324 

— 0.00161 

— 0. 00298 

— 0.  00022 

—0. 00041 

—0.00024 

+0.  00023 

0 

5-  2 

+0.0017479 

+0.0062521 

—0.0003651 

+0. 0003996 

+0.0001113 

+0.  0004123 

— 0.  0009770 

— 0.0010015 

I 

4—  2 

+0.00004 

— 0. 00252 

+0.00021 

— 0.00167 

+0. 0001 1 

— 0.00005 

+0.00192 

+0. 00135 

0 

6—  2 

— 0.0041 

— 0.0009 

— 0.0018 

—0.0008 

— 0.  0013 

— 0.0010 

I 

s-  2 

+0. 00386 

+0.00135 

+0. 00474 

+0. 00230 

+0.001 13 

+0.00051 

+0.00169 

+0. 00168 

— I 

5-  3 

—0.007 

— 0.003 

— I 

6-3 

—0.003 

— 0.002 

— 0.002 

0.000 

— I 

7—  3 

+0. 0029 

—0. 0028 

+0. 0037 

— 0. 0029 

+0.  0040 

— 0.0025 

— 0.0007 

—0.0007 

0 

6-3 

—0.002 

+0.002 

-0.009 

+0.006 

— I 

8-3 

+0.0003 

—0.0017 

+0.0009 

—0.0023 

— 0. 0001 

+0.0002 

+0.0004 

— 0.0009 

0 

7—  3 

— 0.0002 

+0.0004 

+0.0015 

—0.0017 

+0.0003 

— 0.0004 

+0.0007 

— 0.001 1 

I 

&-3 

—0.0008 

+0.0017 

— 0.0022 

+0.0041 

—0.0012 

+0. 0026 

—I 

9-  3 

+0.0001 

+0.0007 

—0.0003 

—0.0009 

0 

8-  3 

—0.0005 

—0.0065 

+0.0001 

—0.0013 

+0.0001 

— 0.0005 

0.0000 

+0.0003 

I 

7—  3 

+0.0004 

+0. 0056 

+0.0002 

+0. 0038 

0.0000 

+0. 0010 

1 
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Arg= 
xy'+\'g'+tg 

-^(n6z)y' 

f(n'..> 

f(„5.)v 

2     dr" 

Bin. 

COS. 

sin. 

COS. 

sin. 

COS. 

sin. 

COS. 

K      i'      i 
—I       8—4 

'■ 

+0.004 

II 

+0.004 

" 

" 

" 

/) 

—I       9—  4 

o.  ooo 

+0.002 

+0.002 

+0.002 

0      8—4 

+0.  0O2 

— 0. 001 

—  I      lo—  4 

-|-o.  00050 

—0.00018 

+0.  00068 

—0.00033 

— 0. 00182 

+0. 00039 

— 0.00019 

+0.  00002 

o      9—4 

+0.  0050 

— 0.0012 

+0.  0024 

— 0.0007 

—  I      II —  4 

+0.00006 

— 0.  00002 

+0.00012 

— 0.00018 

0.00000 

+0.  00002 

o     10 —  4 

—0. 000053 

+0. 000109 

— 0.000083 

+0.000172 

— 0.000024 

+0. 000036 

+0.  000012 

+0.000008 

I       9—  4 

+0.0001 1 

— 0.  00003 

+0.00006 

0.00000 

— 0.  ooooi 

— 0.  OOOOI 

—I     II—  5 

—0.003 

-0.005 

O      ID-   5 

+0.003 

+0.  006 

—  I       12—   5 

— O.OOOI 

0.0000 

-i     13-  5 

— 0.0002 

0.  0000 

O      12 —   5 

+0.0001 

0.  0000 

—0.  0001 

0.  0000 

,(PT' 
drdr' 

1  d'^T' 

2  dr» 

Arg=xy'+i'j'+is 

sin. 

COS. 

sin. 

COS. 

X 

i'       i 

// 

II 

„ 

,, 

0 

0      0 

— 0.000028 

+0.000031 

— I 

I—  0 

+0. 000073 

—0. 000050 

—  I 

z—  0 

+0.  OOOOI 

+0.  00038 

—  I 

2—   I 

— 0.0054 

— 0.  0019 

—  I 

3—  ' 

— 0.0002 

— 0.0006 

0 

^ I 

+0.0007 

+0.0007 

+0.0002 

+0.0003 

0 

3-   I 

+0.  0013 

+0.0004 

I 

2 —  I 

— 0.0016 

— 0.0008 

—  I 

5-  2 

— 0.00012 

+0.00106 

— 0.00005 

— u.  00016 

0 

4—  2 

— 0.0001 

+0.0008 

— I 

6—  2 

0.  OOOOI 

+0.00015 

+0.00002 

+0.00001 

0 

5—  2 

— 0. 0001883 

— 0. 0005367 

— 0. 0000502 

— 0.0000056 

I 

4—  2 

+0. 00050 

+0.  00070 

+0.00005 

+0. 00006 

I 

5-  2 

+0.00052 

+0. 00039 

+0.00003 

+0.00003 

—  I 

7-  3 

0.0000 

— O.OOOI 

0 

7-  3 

+0.0002 

-0. 0004 

—  1 

10 —  4 

— 0.00007 

+0.00002 

0 

10—  4 

— 0.000014 

+0.000003 
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The  fourteen  parts  of  the  portion  of  <5^T'  factored  by  n't  follow  ;  for  convenience 
the  coefficients  are  multiplied  by  locxx): 


Arg= 

K'n' 

SH' 

• 

B'fi 

V' 

^'»i5'« 

G'(5 

V 

n't  sin. 

n't  COS. 

n't  sin. 

n't  COS. 

n't  sin. 

n't  COS. 

n't  sin. 

n't  COS. 

«      i'       t 
000 

// 

It 
+    3-3579 

" 

// 
+  0.  7738 

" 

+  0.8543 

" 

+0. 3302 

— I       I       0 

+     0. 7826 

—    4. 6520 

—  0.  0752 

—  1.0503 

-(-  0.  1966 

—  1.0570 

+0. 0030 

— 0. 4250 

—  120 

+     0-49 

-    0.35 

+  0-75 

+  I- 41 

+  1-9" 

+  I- 40 

—0.  12 

— 0. 10 

0       I       0 

+    3-85 

+    6.32 

+  3-99 

+  4-57 

+  '-37 

+  2-24 

+0.26 

+0.42 

100 

—  11.0432 

—  13-4758 

-  4-  8603 

—  6.3974 

—  3-  3079 

—     4-  2943 

—0.  2432 

—0. 4404 

—130 

—     1.9 

-1.8 

—  1.  I 

—     0.8 

020 

+  43-5 

+  18.0 

+  6.0 

+  3-5 

+  12.7 

+     4-8 

+  1.6 

+0.8 

I        I       0 

—  71.0 

-28.S 

— 10.  4 

-  4-8 

—14.8 

-5-9 

—1.9 

—0.9 

—  I       4      0 

—    4-3 

+    0.7 

-  3-6 

+     0.6 

030 

+  78-4 

—  '5-9 

-  3-2 

+  2-. 

+32.6 

-     5-6 

I       2       0 

— H3-  4 

+  23-2 

+  5-^ 

—  I.  I 

—39-9 

+     6.2 

-1       5       0 

+  8 

+  20 

040 

—     7 

—  24 

—  7 

—  19 

'       3      0 

+     6.6 

+  14-8 

+  3-5 

+     5-8 

0—  4—  . 

+  ' 

—     2 

—I—  2—  I 

+     4 

-    5 

+  2 

—     2 

0—  3-  I 

-    3 

+     I 

—I-    I—  I 

4-  10. 0 

-|-I2I.  I 

—  0.2 

-  3-5 

+  ..8 

+  38-5 

0 —  2—  I 

—    7 

—    80 

0 

+  3 

—  3 

—  33 

'-  3-  I 

+     ' 

+    10 

0 

+     6 

—I      0 —  I 

+  40.7 

+    64-0 

+    5-2 

+  7-7 

+  9-7 

+  14-7 

+  1.0 

+  >-3 

0—  I—  I 

—  28.9 

—  45-6 

-38 

—  5-3 

-8.9 

—   13-4 

—0.8 

— I.  2 

I —  2—  I 

+    4.3 

+     4-6 

+    1-4 

+      1-4 

—  I       I—  I 

-r   26.  0 

+  14-5 

+  8.3 

+  4-" 

+  5-9 

+      3-0 

+  1.2 

+0.4 

0      0—  I 

-  23.  2 

—  U.8 

-  8.4 

—  3-4 

-  5-3 

—     3-0 

—0.7 

— 0.  2 

I —  I  —  I 

+       2-  1 

+     0-4 

— I       2—  I 

+       6.35 

+     0.63 

-1-  1.88 

—  0.54 

+   1.60 

—     0. 05 

+0.41 

— 0.  10 

0       I—  I 

-     7-8 

—     0-3 

—  2.4 

+  0.4 

—  1.6 

+      O.I 

—0.6 

+0.3 

I       0—    I 

+     3-4 

-     0.6 

+  0.9 

—  0.  2 

+  0.2 

0.  0 

—I       3-  1 

+     3-42 

-    2.57 

-  3-79 

+  3-91 

-  '-59 

+     2.23 

+  1.26 

-1-3' 

0      2 —  I 

—  12.  23 

+    5- 25 

-|-  2.60 

-  i->3 

—  0.  OI 

—     0. 63 

-1.87 

+  1-95 

I       I —  I 

-!-   11.66 

—    8.29 

4-  2. 10 

—  3-09 

+  «-45 

-     1.29 

+  1.  18 

—1.26 

—  I       4—  I 

+     I- 31 

+     '-85 

—  0.02 

-  2.19 

+  0-5' 

+     1-93 

+0.07 

— 0.40 

0      3—  ■ 

-    8.84 

—  32-42 

—  4-34 

+22.45 

—  3-41 

+     1-29 

^0.  61 

+2.03 

I       2—  I 

+   14-49 

-  17-72 

+  3-88 

-18.56 

+  3-02 

-     6.84 

+0.58 

—2.31 

—I      5-  I 

•f  0.  6 

+  1-5 

+35-2 

+  105-3 

+1-5 

+  1.1 

0      4—  I 

-  69-  3 

— 200.9 

-  2.8 

-  9-' 

-27-6 

—  84.  I 

—1.6 

—1.2 

I       3-  I 

+  10.71 

+  32- 19 

+  2.13 

+  7-33 

+  «-59 

+     7-15 

+0.58 

+0.57 

—I       6—  I 

-    0.5 

+     1-7 

+  0.3 

—    0.7 

0      s-  I 

—    2.0 

—    2.3 

I      4—  I 

—     3-4 

-    5-5 

—  1-4 

—     2.5 

—I—  1—  2 

+     7 

+    6 

H-  3 

+     2 

0 —  2 —  2 

-    3 

—    5 

25  AST- 


-27 
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Arg= 

A'n' 

^■'z' 

B'(5 

V' 

F'n 

S^z 

G'Sv 

n't  Bin. 

n't  COS. 

n't  sin. 

n't  COS. 

n't  sin. 

n't  008. 

n't  sin. 

n't  COS. 

H 

—  I 

i'      t 

O —   2 

—  88 

It 
+   27 

'■ 

" 

—30 

II 
+  9 

// 

// 

0 — 

I —    2 

+  64 

—  20 

+27 

—  8 

I  — 

2—    2 

—  10 

+     3 

—  6 

+  2 

—  I 

I—    2 

-  46 

+  45 

—  4 

+  5 

—  II 

+  12 

+   1 

+  1 

o 

O —    2 

+  35 

-  36 

+  4 

—  4 

+  i> 

—  II 

I — 

I —   2 

—     4 

+    5 

—I 

2—   2 

-    7-7 

+  23.8 

-  '-5 

+  7-5 

—  1.8 

f  5-9 

—  0.  I 

+0.7 

o 

1—    2 

+    6.2 

-  19-3 

+  U.7 

-  4-3 

+  1-3 

-4-8 

I 

O —    2 

0 

+     I 

— I 

3-  2 

+     1-4 

+     6.6 

+  I.I 

+    2-5 

+  0.7 

+   1.8 

o 

2—   2 

—     2.0 

-    5-6 

—  0.3 

-  0.9 

—  0.  2 
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The  fourteen  parts  of  S^T'  which  are  muhiplied  by  n'H^  follow ;  for  convenience 
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+2.48 

+  0.55 

+0.51 

+0.14 

+0.39 

— 0.02 

o 

3-  I 

-)-I.OI 

+  I-  "9 

— z.  30 

—  0.77 

—0.45 

-0.13 

—0.31 

— 0. 01 

I 

2 —    I 

— u.  II 

—  0.  14 

0.00 

—  0. 01 

+0.05 

— u.  01 

+0.02 

— 0.02 

— I 

5-  > 

+0.4 

—  0.3 

+0.2 

—  0.  ^ 

o 

4—  1 

-0.2 

+  0.2 

— 0.  2 

+  0.1 

—  I 

2—    2 

+8.3 

+  2.2 

-5.8 

-  '.5 

—2.6 

—0.8 

o 

I —    2 

-45 

—  1.2 

+3-9 

+  0.9 

+3-9 

+1.4 

+5-4 

+  1.8 

I 

0 2 

-5 

—2 

—I 

3-  2 

+2-3 

—  2.4 

—2.6 

+  1.0 

—3-3 

+0.3 

o 

2 —    2 

—  I.O 

+  '-S 

+  1.2 

—  1.2 

—I 

4—  2 

—4.04 

+  6.60 

—3-34 

+  5.81 

— 0-73 

+  1.63 

— 0.42 

+0.94 

o 

3-  2 

+  1-9 

—  3-5 

+  ■!■■    I 

-3-8 

+0.6 

—  1.4 

+0.3 

-0.8 

— • 

S-    2 

-0.145 

+  3.931 

+  0.  084 

+  2.  529 

— 0.016 

+0.  650 

+0. 050 

+0.409 

o 

4—  2 

-|-o.  II 

-  2.47 

0.05 

-  1.76 

—0.04 

— 0.  62 

— 0.07 

— 0.36 

I 

3-  2 

+0.06 

+  0.13 

+0.03 

+0.09 

—I 

6-    2 

+0.491 

+  0.972 

+  0.  329 

+  0.  501 

+0.057 

+0. 136 

+0.060 

+0. 076 

0 

5-  2 

—0.  3414 

—  0. 6896 

—0.  2546 

—  0.  3946 

— 0. 0520 

—0. 1265 

—0.0550 

— 0. 0689 

I 

4—  2 

+0. 052 

+  0.027 

+  0.031 

—  0. 010 

+0.013 

+0.013 

+0.010 

+0.004 

—I 

7—  2 

+0.1 

-1-  0.1 

o 

6-    2 

— 0.  II 

—  0.06 

I 

S-   2 

+0.013 

—  0.003 

+  0.003 

—  0.004 

+0.004 

0.000 

+0.002 

— O.OOI 

— I 

3-  3 

— I 

+  8 

0 

-  5 

0 

+1 

0 

2-  3 

0 

-  5 

0 

+  3 

— I 

4-  3 

+  1.6 

+  3-1 

— 1.0 

—  1.6 

o 

3—  3 

— ' 

—  2 

+• 

+  I 
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Arg= 

xy'+i'g'+ig 


A'n'S'z' 


n'H^  sin. 


n'2f  COS. 


B'Sy' 


«'2P  sin. 


n'H''  COS. 


F'n8'z 


n'H''  sin. 


n"'f  COS. 


G'dv 


n'^t^  sin. 


n"(»  COS. 


o 
— I 

o 
— I 

o 

o 

o 
— I 

o 
— I 

o 
— I 

o 
— I 

o 

— I 
o 


i' 

5- 
4— 
6— 

5- 
7— 
6— 
S— 

7— 
8— 

5— 
4— 
6— 

5— 
7— 
6— 
8— 
7— 
9— 
8— 

10 — 

11 — 
10 — 


—6.1 

+3-9 
—4.0 

+2-5 

— o.  96 
+0.8 
—0.08 
+0.09 
— o.  01 

—3 
+  1 
+  1 
o 
— I.  2 
+0.9 
—0.8 

+0.7 
— 0.2 

-fO.  2 
— 0.065 
— 0.006 
+0.0081 


— «S 

+0.9 

+0.7 

—0.5 

+0.80 

—0.7 

+0.26 

— o.  22 

—0.03 

+2 
— 2 

-5 

+4 
—2.9 

+2.3 
—0.6 
+0.5 

0.0 

0.0 
+0.  024 
+0.007 
— o.  0086 


-4-5 
+3-3 
— 2.2 

+  1.4 
—0.44 

+0.3 
— 0.02 

+0.02 


o 

o 
—0.8 
+0.6 
—0.4 


.024 


+0. 0026 


-'•5 
+  1.1 
+0.6 
—0.4 
+0.45 
-0-3 
+0.  12 
— o.  10 


—3 

+3 
— i-S 
+  1-3 
— 0-3 


+0.015 


—1.4 

+  1.2 

—0.7 

+0.6 

—0.13 

+0.1 

— u.  01 

+0.01 


—0-3 
+0.2 
+0.  2 

— O.  2 

+0-I3 

+0.03 
—0.03 


-0.8 

-0-3 
ho- 3 
-0.06 

o.  00 
0.00 


+0.1 

— O.  I 

+0.09 

+0.03 
—0.03 


.0044 


3.  008 


+0.004 

— o.  0009 


— o.  004 
+0.0005 


+0.004 
— 0.0007 


Arg= 

xy'+i'g'+ig 

1  dA' 

2  dg'^ 

n'Sz'f 

^-^(nSz){n'Sz') 

idF 
2   dg^ 

nSzf 

dB'     , 

dz')v' 

n'2«2  sin. 

n'H-  COS. 

n'H^  sin. 

ll'H-  COB. 

n'H'  sin. 

n'H''  COR. 

n"P  sin. 

n'H'  COS. 

H        V         i 

II 

// 

// 

.. 

II 

II 

" 

000 

+0.  0350 

—0.  1436 

+0.0004 

+0.0031 

—  I          I          0 

+0.  3767 

— 0.  0569 

— 0. 1006 

+0.0212 

— 0.0122 

+0.  0006 

— 0.  2158 

+0.0016 

— I         2        0 

+0.3 

— 0.  2 

010 

—0.23 

+0.  18 

— 0.  22 

+0.16 

I         0        0 

+4.  946 

—4.  641 

+0.  0722 

—0.0313 

+0.  0890 

—0.0310 

+0.  6146 

-0.  3815 

—130 

+0.3 

-0.6 

020 

— 0.  2 

+0.4 

— 0.  I 

+0-3 

I         I         0 

+0.4 

—  I.O 

+O.S 

— 1.2 

— I         0 —    I 

+2.3 

-1.9 

0—    I—    I 

— 1.0 

+0.8 

1         I—    I 

+0.3 

—0.4 

+0.3 

—1.0 

0        0—    I 

—0.2 

+0.4 

—I         2—    I 

—0.  10 

—0.83 

+0.25 

+0.29 

—0.08 

-0.3s 

0         I—    I 

+0.4 

+  2.0 

— 0.  2 

— 0. 1 

+0.1 

+0.3 

—I        3—   ' 

+0.61 

+0.  21 

+0.16 

+0.  II 

— 0. 01 

—0.03 

0      a—  I 

—0.02 

+0.25 

— 0.  II 

— 0.  12 

— 0.01 

— 0.02 

—0.22 

— 0.  12 

I       I—  I 

+0.9 

+  1.9 

+0.33 

+0.29 
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Arg= 
xy'+i's'+tj 

ig^("'«^')= 

d\' 

^  (nSz)(n'Sz') 

2  dg^       ' 

dB'  ,  , 

Bz'-)v' 

n''f  siD. 

n'»P  COS. 

n'V  Bin. 

n''l'  COS. 

n'2f  sin. 

n'»<'  COS. 

n"P  sin. 

n'H'  COS. 

H 
1 

»'       i 
4—  I 

+0.  02 

// 
— 0.05 

+0.35 

// 
—0.07 

-\-o.  10 

—0.09 

11 

+2.14 

If 

+0.56 

0 

3—  « 

+  ■•09 

+0.29 

— 0.  20 

— 0.03 

—0. 14 

+0.04 

-1.70 

— 0.41 

I 

2—    I 

— 0.04 

+0.04 

+0.09 

+0.09 

+0.06 

+0.05 

+0.70 

+0.13 

— I 

5—  I 

-t-0.6 

—0.  2 

0 

4—   I 

— 0.  I 

0.0 

I 

3—  I 

+0.28 

+0.  02 

—0.30 

-f  0.  10 

— I 

I—   2 

—2 

—  I 

+2 

+2 

— I 

2 —    2 

+0.8 

+0.2 

+0.9 

+0.1 

— I 

3—  2 

-3' 

+  '•3 

o 

2—    2 

+  1.2 

-0.5 

— I 

4—  2 

—  1.30 

+  '•49 

— u.  03 

+0.23 

o 

3—  2 

+0.6 

—0.8 

—  I 

5-  2 

^.183 

+  1.960 

+0. 182 

+0.  492 

+  0. 171 

-|-o.  004 

— 0. 109 

-f  2.  402 

o 

4—  2 

+0.09 

—0.89 

—0.19 

—0.  24 

—0.  i6 

0.00 

+0.03 

—0.9s 

I 

3—  2 

0.00 

+0.  18 

0.00 

+0.23 

—  1 

6—    2 

+0.319 

+0.  780 

+0. 17' 

+0.  147 

+0.  066 

-)-o.  012 

+0.511 

-|-o.  922 

o 

5-  2 

— 0.  2026 

—0.  4598 

—0. 1 186 

—0.  0885 

— 0.0627 

—0.0158 

-0.  2497 

— 0.4606 

I 

4—  2 

+0.  081 

+0.  147 

•f  0.009 

+0.004 

-|-o.  on 

+0.003 

—0.039 

— 0.  120 

—  I 

7—  2 

0.0 

0.0 

0 

6—    2 

— 0.  12 

—0.08 

—0.13 

— 0.  06 

I 

5-   2 

+0.  145 

-f  0.  085 

—0. 024 

— 0.004 

—0.  321 

—0. 168 

—I 

4-  3 

—2.4 

—3^4 

o 

3—  3 

+  1 

+2 

— I 

5-  3 

— 2.  2 

—I.  I 

o 

4—  3 

+  1-3 

+0.6 

— I 

6-  3 

—2.7 

+0.3 

—0.4 

-|-o.  2 

-3^' 

+0.6 

o 

S-  3 

+  1.8 

— 0.  2 

+  '•7 

— 03 

—  I 

7—  3 

—0.97 

+0.59 

—0.  II 

-1-0.23 

—  1.09 

+0.85 

o 

^3 

+O.S 

—0.5 

0.  0 

— 0.  2 

+0.5 

-0.5 

—  I 

8-  3 

-0.23 

+0.48 

— 0.03 

— 0.  09 

^-0. 01 

—0.08 

+0.17 

— 0.67 

o 

7-  3 

+0-35 

— 0.90 

+0.  06 

-0.15 

0.00 

+0.07 

— 0.09 

+0.35 

— 1 

9-  3 

—0.17 

— 0.  14 

— 0.  05 

— 0.  07 

—0.07 

— 0.  30 

o 

8-  3 

+0.08 

— 0.  10 

-1-0.03 

-1-0.04 

-|-o.  02 

+0.03 

-|-o.  02 

-1-0. 18 

— I 

5—  4 

+3 

—3 

—  I 

6-  4 

+  « 

-3 

o 

S-  4 

0 

+2 

— I 

7—  4 

— o-S 

-'■5 

— I.  0 

-2.6 

o 

6-  4 

+0.5 

+  1.2 

—I 

8-4 

—0.4 

—0.4 

—0.9 

—0.7 

o 

7-  4 

+0.5 

+0.5 

-1-0.6 

+0.5 

—  I 

9—  4 

+  >-3 

0.0 

+0.5 

0.0 

+0.7 

0.0 

o 

8-4 

—0.3 

0.0 

-0.3 

0.0 

—  I 

10 —  4 

+0.  697 

—0.326 

+0. 177 

—0.  122 

+0. 034 

—0. 037 

+o-  355 

—0.206 

o 

9—  4 

— 0.  27 

+0.  14 

-0.13 

4-0. 10 

— 0.03 

+0.03 

—0.15 

+0.09 

—I 

II—  4 

+0.  125 

— 0.  160 

+0.021 

—0.049 

+0.002 

— 0.013 

+0.0SS 

—0.  Ill 

o 

10 —  4 

—0. 0795 

+0.  1 1 28 

— 0. 0I8I 

+0.0389 

— 0.0025 

+0. 0104 

— 0.03 1 1 

+0.0642 

I 

9-  4 

+0.020 

— 0. 048 

—0.006 

+0.002 
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1 

dB'     „ 

1 

dG'     ,„ 

1 

dG'     . 

1 

I  ,„cPT'   , 

Arg= 

d^^"^*)" 

-^(n'S.')r 

-Tg  ("'^^)'' 

r'3          v'' 
2     dr'^ 

xr'+i'g'+ig 

n"'*^  sin. 

n'2p  COS. 

•'2(2  sin. 

n'-P  COS. 

«"P  sin. 

n'^f  COS. 

n'^f  sin. 

n'H^  COS. 

;/            - 

// 

// 

// 

// 

// 

// 

X 

«       » 

0 

0       0 

—0.  2450 

+0.  3354 

— 0.  0047 

+0.  0016 

— I 

I         0 

^.3185 

+0.  2294 

+0.6051 

—0.  3019 

— 0.  OOIO 

+0. 0063 

—■•3714 

—0. 0046 

— I 
0 

2         0 
I         0 

+0.1 
— 0.  16 

— 0.  I 
+0.09 

+0.  II 

— 0.07 

I 

0      0 

+0.0138 

—0. 0189 

+0.  1686 

— 0.0186 

— 0.0271 

+0.0056 

+0.0575 

— 0.0617 

—I 
0 

3      0 
2—  0 

0.0 
0.0 

—0.4 

+0.5 

0.0 

+0.1 

-0.7 

+0.7 

—  1 

0 —  I 

—0.8 

+0.6 

— I 

I—  I 

0.  0 

+0.3 

— I 

2—  I 

— 0-3S 

— 0.42 

+0.29 

+0.29 

—0.37 

—1.94 

0 

I —  I 

+0.2 

+0.3 

—0.  2 

—0.2 

+0.1 

+0.7 

I 

0 —  I 

+0.1 

+0.7 

— I 

3—  ' 

— 0.  22 

— 0.  u 

+0.  21 

— 0.03 

—0.42 

—0.38 

0 

2—  I 

-|-o.  II 

+o-'3 

— 0.  16 

— O.OI 

— 0. 01 

— O.OI 

+0.18 

40.19 

I 

1 —  I 

+0.02 

+0.08 

+0.  12 

+0.09 

— I 

4—  I 

+0.51 

-0.13 

+0.52 

— 0.  14 

+0.14 

—0.08 

+0.88 

+0.25 

0 

3—  I 

— 0-35 

+0.  II 

-0.33 

0.00 

-0.15 

+0.04 

—0.27 

— 0.09 

I 

2 —  I 

4-0-I3 

+0.  12 

-0.40 

—0.  II 

I 

3-  « 

— 0.  21 

+0.06 

— I 

3-  2 

—0.4 

0.0 

+0.4 

+0.5 

+  I-9 

-0.8 

0 

2 —  2 

+0.5 

0.0 

—0.7 

0.0 

— 1.0 

+0.4 

— I 
0 

4—  2 
3—  2 

+0.02 

-0.2s 

+0. 12 
0.0 

+0.  22 
— 0.2 

+0.42 
—0.2 

— 0.61 

+0.4 

— I 

5-  2 

+0.217 

+0.512 

+0.  274 

+0.  554 

+0.060 

+0.218 

—0.052 

+0.  899 

0 

4—  2 

-0.17 

-0.37 

— U.04 

—0.  64 

— 0.05 

— 0.  22 

+0.05 

— 0-43 

I 

3-  2 

— 0. 14 

+0.24 

+0.01 

—0. 12 

— I 

6—  2 

+0.  218 

+0.  154 

+0.  22s 

+0. 138 

+0. 080 

+0.  023 

+0.244 

+o-  413 

0 

5-  2 

— 0. 1600 

—0. 0868 

—0. 1569 

—0. 1 197 

— 0.0695 

—0.0231 

— 0-JI53 

--0. 1990 

I 

4—  2 

+0.004 

—0.032 

+0. 038 

+0-  033 

+0.015 

—0.002 

-0.053 

—0.  116 

— I 

7-  2 

— 0-3 

0.0 

0 

6—  2 

+0-3' 

+0.03 

+0. 16 

+0.01 

I 

5-  2 

+0.005 

— 0.003 

0.000 

—0.008 

— 0-I33 

—0.005 

+0.008 

— 0.004 

— I 

4—  3 

+  1.1 

+  1-5 

— I 

5-  3 

+0.8 

+0.2 

— 1 

6-  3 

-o.s 

+°-3 

— 0-5 

+0.3 

—0.7 

+0.1 

0 

5-  3 

+0.4 

—0.2 

+0.5 

—0. 1 

— I 

7-  3 

— 0. 10 

+0.28 

—0.  II 

+o.3« 

— O.OI 

+0.09 

— 0.42 

+0-37 

0 

6—  3 

0.0 

— 0.  2 

0. 0 

— 0.2 

+0.  2 

— 0.  2 

—I 

8-3 

+0-I3 

— 0.26 

— O.OI 

—0.  II 

+0.01 

— 0.  05 

— 0. 03 

+0.13 

0 

I 

7-  3 
6-3 

—0. 14 
+0.01 

+0-3S 
— 0.04 

0.00 

+0.02 

— 0.  01 

+0.03 

+0.02 

— 0. 10 

— I 

9—  3 

— 0.02 

—0.06 

—0.08 

— 0.07 

0 

8-3 

—0.03 

+0.03 

+0.02 

+0.03 

+0.02 

+0.01 

_, 

8-4 

-o-3 

—0.  I 

— 03 

—0. 1 

-0-3 

— 0.2 

—I 

9—  4 

+O.S 

0.0 

+0.1 

+0.1 

—0. 1 

+0.1 

0 

8-4 

—0.4 

0.0 

— I 

10 —  4 

+0.091 

—0.007 

+0.062 

—0. 083 

+0.021 

— 0. 022 

— 0.016 

+0.012 

0 

9—  4 

.   — 0.09 

+0.06 

— 0.05 

+0.08 

—I 

II—  4 

+0. 016 

—0.006 

— 0. 001 

—0. 034 

0.000 

— 0.009 

+0.002 

+0.001 

0 

10—  4 

— 0. 0118 

+0-003S 

— 0.0009 

+0. 0229 

+0.0002 

+0. 0079 

+0.0008 

—0.0023 
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Arg= 

xy'+i'g'+ig 

drdr' 

2     dr' 

n'H^  Bin. 

n'-P  COS. 

n"P  sin. 

n'^f  COS. 

X 

i'      i 

// 

// 

„ 

„ 

o 

o      o 

+0.  0692 

+0.0007 

— I 

I        o 

— o.  2521 

+0.  0253 

+0. 0448 

—0.0016 

—1 

2         O 

0.  0 

— o.S 

I 

O         O 

-)-o.o6o4 

+0. 4914 

—0.0099 

+0.0170 

o 

2         O 

0.0 

— 0.  2 

— 1 

I—    I 

—0.6 

+0.1 

o 

0—    I 

—0.6 

+0.1 

— I 

2—    I 

—0.25 

— 0.  19 

— 0.02 

—0.08 

o 

I —    I 

+0.2 

+0.1 

+0.1 

+0.4 

I 

O —    I 

— 0.  I 

—0.4 

— I 

3-  I 

+0-44 

— 0. 10 

+0.01 

0.00 

o 

2—    I 

+0.71 

— 0. 17 

0.00 

+0.02 

I 

I —    I 

—0.70 

+0.  IS 

— I 

4—  I 

+0-53 

—0.32 

o 

3—  I 

— 0.  24 

+0.1S 

I 

2—    I 

—0.  12 

+0.06 

— I 

2 —   2 

-0.4 

—  I.O 

—I 

3-  2 

— 0.2 

—o.S 

— I 

4—  2 

+0.41 

+0.83 

0 

3-  2 

—0-3 

—0.6 

— 1 

S-    2 

+0.517 

+0. 496 

—0.023 

— 0.024 

o 

4—  2 

— 0-37 

—0.37 

— I 

6—   2 

+0.  272 

+0. 073 

— 0.021 

—0.003 

o 

5-  2 

—0.1729 

—0. 0427 

+0.  0168 

+0.  0035 

I 

4—  2 

— 0.024 

— 0.031 

I 

S-   2 

+0.004 

—0.003 

— I 

5—  3 

— I.  0 

+0.6 

o 

4-  3 

+0.6 

—0.4 

— ' 

6-  3 

-o-S 

+0.8 

o 

5-  3 

+0.1 

—0.4 

— I 

7—  3 

0. 00 

+0.32 

0 

6-3 

0.0 

—0.1 

—  I 

^3 

+0.0S 

+0.07 

o 

7-  3 

— 0.04 

— 0.05 

—I 

10 —  4 

— 0.  003 

+0.019 

o 

lo —  4 

— 0.0004 

—0.0037 

CHAPTER  XX. 

THIED-OEDER  PEETUEBATIONS  OF  THE  MEAN  ANOMALY  AND  EADIUS-VECTOE  OF  SATUEN  AEISING 
FROM  THE  MUTUAL  ACTION  OF  THIS  PLANET  AND  JUPITEE. 

The  summation  of  the  fourteen  parts  of  d^T",  given  in  the  preceding  chapter,  pro- 
duces the  following  expression: 


Arg= 
xy'+i'g'+ig 

S^T 

sin. 

COB. 

n't  sin. 

n't  COS. 

n"f  sin. 

n''P  COS. 

K      i'      i 

0        O        0 

// 

// 
+0.  003041 

// 

+     0-933' 

" 

+  0.0422 

—  I         I         0 

— 0. 005697 

+    0-37S8 

+    0-3563 

—0.3410 

+  0.  2616 

—  I        2        o 

-0.02333 

+     1-64 

+     2-03 

+9-5 

—  8.0 

0        I        o 

— 0.  1043 

+0.0548 

+    6.54 

+     5-37 

-1.66 

+   '-45 

I       o       o 

-f-o.  100156 

— 0.059616 

—  I2.49S7 

—    8.6862 

+0. 124 

+  0.  555 

-130 

+0. 037 

— o°33 

-    30 

—    2.6 

+1.2 

—  4.4 

020 

— 0.  269 

+o-  363 

+  SS-6 

+    21.2 

—0.6 

+  2.9 

1       I       0 

-f  0.  284 

-0-453 

—  81.  I 

-   28.1 

+0.6 

—  1.6 

—140 

— 0. 001 

—0.043 

-    7-9 

+     1-3 

030 

+0. 025 

+o.  597 

+  106.4 

+  «9-3 

I       2      0 

— 0.032 

— 1. 010 

-174.9 

+  28-5 

-I      5      0 

+    8 

+  20 

040 

+0.25 

—0.03 

—  16 

—  42 

>      3      0 

— 0. 152 

+0.003 

+  «4-7 

+  17-9 

0—  4—  I 

+     I 

—    2 

— I —  2—  I 

—0.04 

—0.03 

+    7 

—  II 

0-  3—  I 

-    5 

+    S 

—I—  I—  I 

+0. 856 

—0. 190 

+  "-9 

+  152.4 

0—  2—  I 

-O.S9 

+0.14 

—  10 

-108 

I—  3—  ' 

4-0.06 

— 0.02 

+     I 

+  16 

• 

— I      0 —  I 

-f  0. 361 

—0.302 

+  39-9 

+  70.1 

+  I-S 

-  «-3 

0—  I —  I 

— 0.298 

+0. 261 

—  34- 0 

—  56-4 

—1.0 

+  0.8 

I —  2 —  I 

-f  0. 056 

-0.057 

+    5-7 

+    6.0 

—I       I—  I 

+0.063 

—0.123 

+  22.2 

+  17-4 

-5.0 

+  9-7 

0      0 —  I 

—0. 053 

+0. 151 

—  27.2 

-  15-7 

+9-3 

—20.9 

I —  I—  I 

0.000 

— 0.008 

+      2-1 

+    0.4 

-0.5 

+  I.I 

—I      2 —  I 

—0. 0079 

—0. 0880 

+    0.  IS 

+    0.90 

— 0. 91 

—  1.24 

0      I —  I 

+0.044 

+0.  205 

-    S-6 

-     >-3 

+0.7 

+  0.7 

I      0—  I 

— 0.004 

—0.003 

+    2.2 

—    0.6 

-o.s 

+  0.4 
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(5^T 

Arg= 

sin. 

C08. 

n't  sin. 

n't  COS. 

n'^P  Bin. 

n"f  COS. 

X 

— I 

»'       i 
3—  I 

-I-0.0607 

+0. 0422 

-     0.75 

// 
+     0.41 

+8.55 

+  6.5s 

o 

2 —    I 

— 0.  0223 

— 0. 0302 

—    6.92 

+     3-70 

— 0.30 

—  0.60 

I 

1 —    I 

+0.0261 

+0. 0564 

+     7-56 

-     8.64 

+0.90 

+   1-69 

— I 

4-   I 

+0.0060 

+0. 0069 

+     1. 61 

—     0.06 

+9.88 

+  0.  18 

o 

3-  I 

+0.  0320 

— 0.0810 

-  15.67 

-     7-03 

—4-34 

+  0.38 

I 

2—    I 

+0.  1774 

+0. 1312 

+   17.66 

-  37-  53 

+0.38 

+  0.  20 

—  I 

s-  I 

—0.608 

+0. 123 

+  37- S 

+  108.3 

+  1.2 

-  0.7 

o 

4—  I 

+  1.632 

—0.  299 

— 100. 6 

—293.  2 

-0.5 

+  0.3 

I 

3—  ■ 

— 0.2247 

+0. 0086 

+  «3-27 

+  45- " 

-0.23 

+  0.  18 

—I 

6—  I 

—    0.  2 

+      I.O 

o 

5—  I 

— 0.022 

+0.019 

+     1.2 

+    0.9 

I 

4—  I 

+0.080 

—0.063 

-    7.9 

—  10.  I 

0 

I 

6—  I 
5-  > 

— 0.017 

+u.  032 

+0.051 
—0.095 

— I— 

-    I 2 

+0.03 

— 0.05 

+  13 

+    8 

0— 

2—    2 

— 0.02 

+0.03 

—    8 

-    5 

— I 

O —    2 

+0.29 

+0.61 

—116 

+  35 

o— 

I —    2 

— 0.  23 

—0.48 

+  88 

—  27 

I— 

2 —    2 

+0.03 

+0.09 

-  16 

+    5 

—I 

I—    2 

+°-33 

+0.26 

-48 

+  46 

0 

+    I 

o 

0_    2 

—0.30 

— 0.  24 

+  45 

-  45 

I— 

I —    2 

+003 

+0.01 

—     4 

+    5 

— I 

2 —    2 

+0. 088 

+0.  on 

—     9.9 

+  22. 1 

+  1.2 

—  0.8 

o 

1 —    2 

— 0. 123 

+0. 013 

+     7-7 

—  21.0 

+8.7 

+  2.9 

I 

O-    2 

0 

+     > 

—5 

—  2 

—  I 

3—  2 

— 0-233 

+0. 103 

+    0.9 

+     1-3 

—5.0 

—  0.6 

o 

2—    2 

+0.090 

—0.035 

—    0.4 

—      3-2 

+0.  2 

+  0.2 

—  1 

4—  2 

— 0.  1369 

+0. 1844 

-    6.25 

-     5. II 

-8.89 

+  16,89 

o 

3—   2 

+0.  lOI 

— 0.  120 

+  12.3 

+     4-9 

+5-0 

-10.7 

I 

2 —    2 

— 0. 030 

+0. 030 

+    o-S 

+     1-2 

—I 

5-  2 

—0.00889 

+0.06173 

—    2.871 

—     2.045 

+  1.027 

+  •5-032 

o 

4—  2 

+0. 0232 

— 0.  1062 

—    6.54 

+     1-05 

-0.86 

—  9-32 

I 

3—  2 

— 0.  0470 

+0.  I9I3 

+  39-97 

—    0.  21 

— 0.04 

+  0.75 

— I 

6—    2 

+0.  14015 

+0-3S7IS 

+  61.696 

—  37-701 

+3-  022 

+  4-344 

o 

5-  2 

—0.0067136 

—0.0181338 

+    0-6473 

+    0. 2683 

—1.9944 

-  2.7721 

I 

4—  2 

+0.  15947 

+0.  35029 

+  55-634 

—  33-  729 

+0.  148 

—  0.080 

— I 

7—  2 

+0.097 

+0. 055 

+  10.  2 

—  23.0 

—0.2 

+  0.1 

o 

6—    2 

— 0.  0610 

—0.0341 

—    2.72 

+    7-80 

+0.  II 

—  0.  i6 

I 

S-    2 

+0.  04632 

+0. 03598 

+     '-413 

—    2.566 

—0.294 

—  0. 118 

—I 

8—    2 

+0. 020 

— 0. 001 

—    0.7 

—    3-4 

o 

7—  2 

+0.019 

+0.005 

+    0.4 

+     1.8 

I 

6—    2 

-0.051 

— 0.006 

o 

8-    2 

+0. 032 

— 0.019 

-I 

o-  3 

+0.05 

+0.02 

—    7 

+  '9 

o— 

I-  3 

+     6 

—    7 

—I 

I—  3 

—0.38 

+0.28 

—  40 

-  72 
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5»T' 

Arg= 
ny'+i'g'+ig 

Bin. 

COS. 

• 

n't  sin. 

n't  COS. 

n'2(2  sin. 

n'2p  COS. 

0 

i'      i 
o—  3 

+0.30 

-0.2s 

+  35 

+  60 

" 

1/ 

I  - 

-I—  3 

— 0.04 

+0.03 

—    8 

—    12 

—I 

2-  3 

—0. 14 

+0.32 

—  49 

-  34 

0 

I—  3 

+0. 10 

-0.23 

+  43 

+  27 

I 

o—  3 

— 0. 01 

+0-03 

-     5 

—    3 

—I 

3-  3 

— 0. 01 

+0.  10 

—  16 

-     5 

—  I 

+  4 

o 

2—  3 

— 0. 01 

—0.08 

+  23 

+     3 

0 

—  2 

— 1 

4—  3 

—0. 189 

— 0.  267 

—     2.5 

+    0.3 

—  0.7 

—  0.4 

0 

3—  3 

+0. 12 

+0.  IS 

+     6 

—    3 

+  I 

+   I 

— I 

5-  3 

— 0. 252 

— 0.  126 

+     3-4 

+    0.1 

-15.2 

-3-8 

0 

4-  3 

+0. 149 

+0.  072 

—     1.6 

+      2-7 

+  10.3 

+  2.4 

I 

3—  3 

+      ■•4 

-    4-5 

— I 

6-  3 

—0. 026 

+0.01 1 

+      2.2 

—  23.6 

-15-4 

+  4-2 

o 

5—  3 

—0. 164 

— 0.006 

+  i>.3 

+  63.1 

+  9-3 

—  ^.4 

I 

4—  3 

+0.003 

— 0.009 

—     1-7 

-    3-3 

—I 

7—  3 

+0.1813 

—0.  1425 

—  22.34 

—  28.  28 

—  4-  39 

+  4-59 

0 

6-  3 

—1-344 

+o-  932 

+  199.  I 

+  220.  6 

+  2.4 

—  30 

I 

S-  3 

+0.  506 

-0.356 

-  74-7 

-  80.5 

— I 

8-3 

— O.OOS7 

+0-  '579 

+  41.02 

—     1.48 

—  0.06 

—  0.  14 

o 

7—  3 

— 0.  0852 

— o-  0353 

—     5-69 

+   17-78 

+  0.27 

—  0.  76 

I 

6-3 

+0.  0039 

+0. 0032 

—    0.49 

-     2.78 

+  0. 01 

—  0.04 

—I 

9-  3 

+0.0134 

+0. 0402 

+   12.73 

—    6.03 

—  0-39 

—  0.64 

0 

8-3 

— 0.0178 

— 0. 0263 

-     6.35 

+     4.78 

+  0.15 

+  0.19 

I 

7—  3 

+0.0006 

+0. 0123 

+     1. 61 

—    0. 64 

— I 

lo—  3 

+0.031 

+0. 046 

+      1-4 

-     1-9 

o 

9—  3 

—0.  036 

—0. 05 1 

+     1-9 

—       I.O 

I 

8-3 

—0.0006 

+0. 0016 

—     0.37 

+     0.09 

—  I 

I—  4 

—     8 

—     2 

0 

o—  4 

+     5 

+     3 

—I 

2—  4 

-0.25 

—0.20 

+  43 

—  41 

0 

I—  4 

o—  4 

+0.  21 

+0. 17 

-  35 
+     6 

+  34 
-     5 

— I 

3-  4 

—0.  22 

— 0. 05 

+  '8 

—  41 

0 

I 

2—  4 
I—  4 

+0.  20 

+0.05 

—  15 

+     2 

+   36 

-    5 

—I 

4—  4 

—0.03 

0.00 

-    3 

—  17 

0 

3-  4 

+0.06 

— 0.02 

+     I 

+  16 

— I 

5-  4 

40.  22 

—0.25 

—     I 

—    I 

0 

—  I 

o 

4—  4 

-0.13 

+0.14 

+     2 

+     3 

+  I 

—  2 

— I 

6-4 

+0.06 

—0.  27 

+     I 

—    3 

+  2 

— II 

o 

S-  4 

—0.03 

+0. 16 

+     4 

+    S 

0 

+  9 

—I 

7-  4 

+0. 108 

—0. 177 

—  12.8 

-  16.  s 

-  3-5 

-8.5 

0 

6-4 

-0.  193 

+0. 160 

+   II-4 

+  40- 0 

+  2.3 

+  4-8 

I 

S-  4 

+0.  10 

— 0. 01 

+    5 

—  24 

—I 

8-4 

— 0.  722 

-0.738 

—117. 1 

+  157.2 

—  3-4 

—  2.4 

0 

7-  4 

+0.  423 

+0-443 

+  70.4 

—  92.2 

+  1.8 

+  1-5 

I 

6-4 

-0.015 

— 0.014 

—  4.9 

+     6.1 

25  AST- 


-28 
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52T' 

Arg= 

>'y'+i'g'+i9 

sin. 

COS. 

n't  sin.         j 

n't  COS. 

n'^t^sin. 

n'H'  COB. 

K       i'       i 

// 

// 

,, 

// 

„ 

" 

—  I       9—4 

—0.390 

—0.085 

—  II. 6 

+93-5 

+2.8 

+0.^ 

o      8—4 

+  0-325 

+0. 023 

+     7-6 

-60.5 

-0.8 

0.0 

I       7-  4 

— 0.  032 

+0.  008 

+     1.2 

+  3-2 

—  I      10—  4 

—0.08575 

+0.  OI46I 

+  10.  200 

+24.  440 

+  i-3'7 

-0.  725 

0      9—4 

+0.  0646 

— 0.0189 

—    7.04 

—16.81 

—0.72 

+0.50 

:       8—  4 

+o-  033 

— 0.003 

+     0.9 

+  0.7 

—  I     11 —  4 

-|-o.  02219 

— 0. 02872 

+     4-  309 

+  3-  296 

+0.  214 

— 0-374 

0     10 —  4 

+0. 010540 

—0.007515 

—     3-  3849 

—  2.5618 

— 0.  1310 

+0.  2400 

I       9—  4 

+0.  01023 

— 0. 01044 

+     0.812 

+  0.  332 

-fo.  014 

— 0.046 

o     II—  4 

+0.0002 

+0. 0010 

-'       3-  5 

+0.07 

—0.14 

+  3' 

+20 

0        2-  5 

-0.05 

+  0.  12 

—  28 

-18 

-I       4-  5 

0.  00 

— o>3 

+  32 

+  4 

o      3-  5 

0.  00 

+0.  12 

—  27 

—  5 

-I      5-  5 

— 0.03 

—0.06 

+   10 

—  3 

o      4—5 

+0.03 

+0.05 

—     9 

+  3 

-.      6-5 

+0.23 

+0-  13 

+     3 

—  3 

0      5-  5 

—0.  16 

—0.08 

-I      7-  5 

+0.23 

0.  00 

0      6—  5 

—0.15 

0.  00 

+     I 

+  2 

-I      8-  5 

+0.09 

— 0.  05 

—     6 

—  I 

o      7-  5 

— 0.  05 

+0.03 

+     2 

+  4 

-'      9-  5 

+0. 478 

-0.751 

—158.8 

—70.9 

0      8—5 

—0.32 

+0-53 

+  108 

+48 

'       7-  5 

0,  00 

—0.  01 

-  15 

—  6 

—I     10 —  5 

-I-U.056 

—0.371 

—  93- 0 

+  5-8 

0      9—5 

—0. 035 

+0.309 

+  66.7 

—  4-4 

.       8-s 

-0.005 

—0. 055 

-     6.7 

+    2.  I 

-I     II-  5 

— 0.061 

—0. 151 

-  25.1 

+  16.2 

o     10—  5 

+0.079 

+0. 178 

+  18.3 

-II. 9 

I      9—  5 

—0.006 

— 0.006 

—    0.8 

+     1.2 

—  I       12—   5 

— 0. 0326 

—0. 0329 

-     3-67 

+    6.63 

o    II—  5 

+0. 188 

+0. 124 

+     3-0 

—   6.0 

I       ID—   5 

— 0.  042 

— 0.  026 

0.  u 

+    0.3 

-1     13-  5 

+0.  0320 

—0.  0149 

—    0.28 

+    0.88 

0      12—   5 

+0.001 1 

+0. 0I8I 

+    0. 18 

—    I.  14 

I     II-  5 

— 0.0017 

— 0.  0012 

-I       4-  6 

+0.  10 

+0.02 

—     6 

+  16 

0      3—  6 

—0.08 

— 0. 01 

+     4 

-15 

-I       5-6 

+0.09 

— 0.  02 

+      I 

+  17 

0      4—  6 

—0.08 

+0.01 

—     I 

-14 

—I       6—  6 

+     4 

+  7 

o      5—6 

—     4 

—  6 

-I       7-  6 

— 0.03 

+0.  12 

o      6—6 

+0.02 

—0.08 
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Arg= 
xy'+fg'+ig 


X 

— I 

o 
— I 

o 

o 
I 

— I 
o 
I 

—  I 
o 
I 

— I 
o 

— I 
— 1 

o 
— 1 

o 
—I 

o 
— I 

o 

I 
— I 

o 

I 
—I 

o 

— I 
o 

— I 
o 
I 

—I 
o 
I 

— I 

o 


8—  6 
7-6 
9-6 
8—  6 

10 —  6 
9-6 
8—  6 

11—  6 

10 —  6 
9-6 

12 —  6 

11—  6 
lo —  6 

13-6 

12 —  6 

6— 
8— 
7— 
9— 
8— 

10 — 

9— 

11 — 

10 — 
9— 

12 — 
II  — 
ID- 
'S— 
12 — 

11—  » 

10—  8 

12—  8 

11—  8 
lo—  8 
13-8 

12—  8 


S-'T 


13- 
12- 


+0.02 
— o.  01 
+0.04 
— 0.02 

+0-54 
—0.36 

-|-o.  06 
+0.28 

— O.  22 
+0.03 
-|-0.  22 
—0.28 

— o.  054 

+0.  023 

— o.  09 

+0.07 
—0.08 
+0.06 
+0.05 

— o.  04 

+0.03 
+0.08 

— 0.06 

-|-0.  02 
— 0.04 


+0.  II 
—0.08 
+0.03 
0.00 
+0.  22 
— O.  12 
-\-0.  02 
— 0.02 

+0-03 

— O.OI 

+0.09 

-|-0.  22 

+0.  150 
— o.  060 

o.  00 
0.00 

+0.03 
—0.03 
— 0.02 

+0-3S 
—0.27 

+0.  22 
— o.  17 

-|-o.  02 

—0.03 


n't  sin. 


—  3 
+  2 
+26 
—18 

+  4 
— 20 

+  15 

—  3 
-15-3 

+  12-3 

—  2 

—  4-7 
+  4-t 


n't  COS. 


+  ' 

—  4 
+93 
-76 

+  14 
+5' 
—41 

+  5 
+  " 

—  9 

+  4 

—  5 
+  16 

— "3 

+  2 
+29 
—24 
+  4 

—24 

+  20 


—  3 
+  6 
— 129 
+  99 

—  17 

—  66 

+  54 

—  6 

—  >5i 

+  12.4 

—  I 

—  1-3 

+      !•' 

+     3 


n'^f'  sin. 


n'H''  COS. 


— 

7 

+ 

3 

— 

2 

+ 

3 

U 

— 

28 

+ 

23 

— 

3 

— 

17 

+ 

«4 

0 

+ 

3 

+ 

61 

— 

48 

+ 

7 

+ 

33 

— 

28 

+ 

3 

+ 

13 
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In  precisely  the  same  manner  as  Wo'  and  dW^  have,  in  preceding  chapters,  been 
derived  from  T'  and  ST'  we  now  get  S'-Wo  from  5^T'.  In  the  case  of  the  terms 
depending  on  the  arguments  Sg' —  2g  and  10^  —  4^  the  motion  of  the  argument  has 
been  equated.     By  adding  T',  6T',  and  6^T'  we  obtain 

//  //  // 

T'+6T'+6^T'=      [      i.i2388o5  +  o.oo4092i9on'<  — o.oooooi9944»"«2]  sin  (  S9' —  ^9) 

+  [      2.781093s  —  o.002383674m'(  —  o.ooooo2772i»"^t^]  cos  (   Si?' —  zp) 

+  [     0.0796974  —  o.ooo294o8n'f    —  o.ooooooi3ion'^<']  sin  (log''  —  45') 

+  [—  0.0812486  —  o.ooo22i88n'<    +  o.oooooo240on'^<^]  cos  (1051'  —  4^) 

In  the  case  of  the  argument  5^'—  2g  we  get  «  and  the  corrected  integrating  factor 
from 

log  «  =  7.i938so8n  log /^  =  1.4977415 

In  the  case  of  the  argument  log'  —  ^g  the  similar  quantities  are 
log  K  =  7.5064911  log  fA  =  1. 1972902 

The  expression  just  written  can  then  be  transformed  into 


[  1. 1238805  —  o.ooo2S3577»i'<  +  o.oooooo3s82n"<^]  sin  (  c,g' —  2g  +  xn't) 
+  [  2.7810935  —  o.ooo627487w't  4- 0.000000227 iw'^i^J  cos  (  59' —  2g  +  tcn't) 
+  [  0.0796974  —  o.oooo3328n't  +  0.000000 i7o6»'^i']  sin  (lo^'  —  4gr  +  xn't) 
+  [—  0.0812486  +  o.oooo3394n'<    —  o.oooooo2854n'^t^]  cos  (log'  —  ^g  -\-  nn't) 

Integrating  this  the  result  is 

■Wo'+  tfWo' +  tf'Wo' =      [—35-95457  +  o.oo842664n't  —  o.ooooii267m"<2]  cos  (  sjf' —  2^4-  xn't) 
+  [     87.22464  —  o.oi903io7n't  +  0.000007 i43w'2^2j  sin  (  5^'  —  2g  +  xn't) 
+  [—    1-24551  +  o.ooo3825w'<    —  o.ooooo2687w'2(2]  cos  (log'  —  45  +  xn't) 
+  [—    1-28572  +  o.ooo6i9in'<    —  o.ooooo449sn'2<2]  sin  (10^'  —  4p  +  xn't) 
=      [—35-95457 -o-i2787isn'«    +  o.oooo62367n'2(2]  cos  (  551' —  2^) 
+  [      87.22464 —  o.o7S2i4in'«    —  0.0000861 79n'2(2]  sin  (  sj;'— 2^) 
+  [—    1-24551  +  o.oo4so96n'(    +  0.00000 1 743m'2f2]  cos  {log'  —  45) 
+  [—    1.28572  —  o.oo33789TO'«    +  o.ooooo3357n'2t2]  sin  (10^'  —  ^g) 

If  from  the  latter  expression  we  subtract  the  following  (obtained  at  page  319) 

//  // 

Wo'+(yW„'=      [- 36.20315  — o.i26i798w't]  cos  (  sg' —  zg) 

+  [     87.71763  —  o.0767907n'(]  sin  (  5^'  —  2g) 

+  [—    1.02918  —  o.ooo66oon'<]  cos  (log'  —  45) 

+  [—  i-°9S5S  +  o.ooo5io6n't]  sin  (lop'  —  4p) 
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we  get 


S^Wq  =  [  0.24858  —  o.ooi69i7m't  +  o.oooo62367n"<^J  cos  (  c^g'  —  2g) 
+  [—  0.49299^  0.001576671'^  —  0.0000861 79n'^<']  siu  (  c,g'  —  zg) 
+  [—  0.21633  +  o.oo5i696»'*  +  o.oooooi743»'^t^]  cos  {log'  —  ^g) 
+  [—  0.19017  —  0.0038895*1'*  +  o,ooooo3357n'2<2]  sin  {log'  —  4g) 


The  value  of  6'WJ  follows ; 


S^Wo' 

Aig=i'g'+ig 

COS. 

sin. 

n't  COS. 

n' 

t  sin. 

n''P  COS. 

n'2<5  sin. 

i'      i 
0      0 

// 

// 

+  30.  0165 

// 

+  46.8625 

// 

I      0 

+0.  i04S+fc, 

+0.  0438+J-2 

-603.51 

+  1007.93    1 

—437-  40 

-627.  38 

2      0 

-o.i64+[8.4S]fci 

-o.289+[8.45]fe 

+  37-6 

+ 

9-7 

—  12.  9 

—  19.  2 

3      0 

— 0.  001 

-0.  333 

+  55-5 

+ 

8.5 

4      0 

— 0.  on 

— 0.  020 

—    0. 1 

— 

0.  1 

—4—  I 

—    0. 2 

+ 

0-3 

-3-  I 

— 0.002 

+0.009 

+    0.8 

+ 

0.4 

— 2 —  I 

+0.  130 

+0.031 

+     ^-9 

— 

23-3 

—I —  I 

+0.  074 

+0.  062 

+     8.0 

— 

13-6 

+     0. 2 

+     0.1 

0 —  I 

-|-o.  021 

+0.  030 

+    4.6 

— 

5.6 

+     0.1 

+     1-7 

I —  I 

-fo.  0089 

+0.  0475 

-     2.63 

— 

0.78 

—    2.07 

+    2.28 

2 —  I 

—0.1444 

+0. 1034 

-    7-34 

— 

0-34 

—  16.73 

+  12.78 

3-  I 

+0. 2896 

— 0.4214 

+  65.  58 

+ 

65.16 

+     2.67 

+    0.44 

4—  I 

-o-  3839 

— 0.  1381 

+  26.  76 

— 

60.81 

+    0.32 

+    0.26 

5-  I 

—0.031 

—0. 033 

+     4-1 

— 

3-6 

6—  I 

— 0.009 

— 0. 024 

+     0.1 

— 

0.  2 

— 2 —  2 

-f  0.004 

+0.001 

+     0.4 

— 

0.8 

— I —  2 

+0.025 

—0. 058 

-  "-3 

— 

3-5 

0—    ;i 

+0. 029 

— 0.  020 

—     3-9 

— 

3-5 

0.  0 

—    0.3 

I —   2 

—0.004 

—0.008 

—     i^ 

— 

2-3 

+    1-5 

0.0 

2—   2 

— 0.092 

— 0.044 

+     0.6 

+ 

0.4 

—    2.7 

+    0.4 

3-  2 

—0. 097 

— 0.  117 

+  10.4 

+ 

1.  I 

—     7-4 

+    0.5 

4—  2 

+0. 1342 

+0.  8045 

+368.  07 

— 

44.88 

-  31-78 

+460. 1 1 

S-   2 

+0. 26876 

—0.  49996 

—  18.561 

+ 

13-919 

+  59-597 

—  81.901 

6—   2 

— I.  6194 

+  1.  1965 

—  45-  27 

— 

85-03 

+    8.80 

—    3-64 

7—  2 

— 0.013 

+0. 030 

—     1.2 

— 

2-5 

8—  2 

— 0.  on 

— 0.006 

-I-  3 

+0.005 

—0.004 

-     0.5 

— 

1-5 

0—  3 

— 0. 025 

— 0.015 

-     2.7 

+ 

4-7 

I—  3 

— 0.012 

— 0.025 

-    3-1 

+ 

2-5 

2—  3 

— 0.006 

—0.006 

+    0.6 

+ 

0.6 

—    0.  2 

-    0.5 

3-  3 

— 0.031 

+0.044 

+    0.6 

+ 

0.8 

—    0. 2 

—    0.  I 

4—  3 

—0.061 

+0.  030 

+    0.9 

— 

0.4 

-    3-5 

+    0.8 

5-  3 

-0.073 

+0.007 

+     4-3 

— 

6.9 

—    7-1 

—    2. 2 

6-3 

— 0.3219 

—0. 1746 

+  55-95 

— 

56.94 

—    8.11 

—    8.14 
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«2Wo 

Ais=i'a'-^ia 

*^*-^fS                 if        i^'if 

COB. 

sin. 

n't  COS. 

n't  Bin. 

n'^t^  COS. 

n'H^  sin. 

«'        i 

7-  3 

// 

— o.  1628 

+0.  3788 

—  88.  71 

// 
—  39-45 

+  0-73 

+  1.46 

8-3 

-fo.  0240 

—0.  0495 

+    6.87 

+     6.24 

—  0. 02 

—  0.06 

9-  3 

+0.0121 

—0.0127 

—    1.01 

—     1. 20 

o-  4 

—    0. 2 

0.0 

I—  4 

—0.009 

+0.006 

+     2.2 

+     2.1 

2—   4 

— 0.007 

+0.001 

+    0.9 

+     2.1 

3—  4 

+0.005 

+0.004 

—    0.4 

+     0.6 

4—  4 

+0. 023 

+0.  029 

+    0.1 

—    0-3 

+  0.  2 

+  O.S 

5-  4 

+0.010 

+0-  039 

+    0.8 

—    0.  I 

+  0-5 

+  i.i 

6-4 

— 0. 003 

— 0.017 

—    2. 2 

—     2.0 

—  0.6 

+  1-7 

7—  4 

-0.238 

+0. 236 

-38.3 

-  53-8 

—  I.  I 

+  0.7 

8-4 

—0.  199 

+0. 088 

-    12-5 

-  59-5 

+  2.0 

-  o.S 

9—  4 

+'•9273 

+0-  4733 

-•63.35 

+390. 03 

-20.  53 

— 11.42 

10 —  4 

—0. 22537 

—0. 20540 

+  48.531 

—  36. 168 

+  I- 557 

+  3- 055 

2-  5 

+0.003 

+0.003 

+    0.6 

—    0.4 

3-  S 

0.000 

+0.002 

+    0.9 

0. 0 

4-  5 

+0.001 

+0.001 

+    0.3 

0.0 

5-  5 

+0.015 

— 0.009 

+    °-5 

+    0.5 

6-  5 

+0.019 

0.000 

+    0. 2 

—    0-3 

7-  5 

+0.015 

+0.011 

—    2.2 

+     0.1 

8-  5 

+0. 068 

+0. 104 

—  26.0 

+  10.8 

9-  5 

+0.  on 

+0.  077 

—  21. 0 

-     1-9 

lo—  5 

—0.013 

+0. 036 

-  10.5 

-     7-3 

n—  5 

+0.  0394 

—0.0006 

—     6.68 

—  11. 76 

12-   5 

—0. 0543 

—0. 0678 

+     0.91 

+     4-25 

3-  6 

+u.  002 

— 0. 001 

—    0.  2 

—    0.  2 

4-  6 

+0.002 

+0.001 

0.0 

—    0.4 

S-  6 

0.0 

—    0.  2 

6—  6 

— 0.002 

— 0. 006 

7-     6 

+0.002 

— 0.006 

8-  6 

+0.007 

— 0.006 

—    0.  I 

+     0.3 

9-6 

+0.060 

—0. 028 

+     2.7 

+  12.5 

10 —  6 

+0.032 

+0.001 

—     2.6 

+    7-0 

u—  6 

0.000 

— 0.  on 

—     2.6 

+     2.2 

12—  6 

— 0.020 

—0.058 

—     I.  1 

+    0.3 

5-  7 

—      I.O 

-    0-3 

7-  7 

— 0.003 

0.000 

8—  7 

— 0.004 

— 0.001 

9—  7 

+0.007 

+0.001 

0.0 

+    0.6 

lo —  7 

— 0.002 

— 0.019 

+    6.3 

0.0 

II—  7 

+0.006 

— 0. 014 

+     3-8 

+     2.0 

12—   7 

— 0.  002 

+0.001 

+    0.8 

+     1-3 

lo—  8 

—    0.  I 

—    0-3 

II—  8 

+    0.7 

-    3« 

12—  8 

+     1-5 

-    i-S 

12-   9 

—    0.7 

-    0-3 
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ATg=i'g'+ig 

smo' 

n">P  COS. 

n"<'  sin. 

i'      i 

0  0 

1  o 

2  O 

// 
-fo.  00000001407 
+0.0000001850 
+0.0000000051 

+0.0000000413 

+0.  OOOOOOOOI  I 

ATg=i'g'+ig 

2\       dy'       ) 

sin. 

COS. 

n't  siu. 

n't  COS. 

n'H''  sin. 

n"'f  COS. 

i'       i 
I       0 

+0.  1646 

— 0. 1232 

—297.  69 

// 
— 500. 26 

—214.75 

+310.  36 

2        0 

— 0.  046 

+0. 160 

+  23.3 

-   14-5 

—  12.3 

+   17.6 

3      0 

+0.005 

+0. 259 

+  44.0 

-    8.0 

4      0 

+0.  025 

+0. 014 

+     0.8 

+     1-4 

—3—  ' 

—0.003 

+0.005 

—     0.9 

0.0 

—2—  I 

— 0.  122 

+0. 028 

—     2. 1 

—  21.  2 

—I—  I 

—0.  068 

+0. 057 

-    7-8 

-  13-8 

—     0. 2 

0.0 

0 —  I 

— 0.02 1 

+0. 046 

—    7.2 

—    6.0 

+     1.8 

—     30 

I —  I 

+0.  0104 

+0. 0926 

+    0.32 

-     1.05 

+     1-3' 

+    1-57 

2 —  I 

+0.  0669 

+0. 0596 

+     1.66 

—     2.  14 

+     8.45 

+    6-34 

3-  I 

+0.  1711 

+0.  1366 

+  19-35 

-  37-77 

+     3-65 

+    0.25 

4—  > 

+0.  1141 

+0.0212 

-     4-37 

—  24.  32 

+     0.48 

—    0.30 

5-  « 

— 0.  013 

+0.  020 

+     '-9 

+       I.O 

6—  I 

— 0.007 

+0.  020 

+     0.1 

+     0. 2 

— 2 —  2 

—0.004 

+0.001 

—    0.4 

-     0.8 

—I —  2 

— 0.029 

—0.  057 

+   10.9 

-     3-5 

0 —  2 

— 0.  040 

— 0.032 

+     5-8 

-     5-6 

I —  2 

—0.012 

—0.003 

+     1.6 

-     3-6 

—    0.7 

—    0. 1 

2—  2 

+0. 063 

—0. 030 

—    0.6 

—     0-3 

+    '-5 

+    0.3 

3—  2 

+0. 062 

-0.069 

-     6.9 

+     I.I 

+     5-4 

+    3-9 

4—  2 

—0.  0774 

+0.  4493 

-166.35 

—  22.48 

+   15.46 

+225.67 

S—  2 

+0.  15093 

+0.  35737 

+  59.296 

—  35-980 

+     I- 534 

+     2.073 

6-  2 

—0.  7888 

—0.  5824 

—  18.14 

+  34-45 

+     4-35 

+     1-79 

7—  2 

— 0.019 

-0033 

-     '3 

+     1.8 

-I-  3 

— 0. 001 

— 0.002 

+    0.7 

—     1.0 

0-  3 

+0.  028 

— 0.  021 

+     3-0 

+    5-1 

I—  3 

+0.013 

—0.027 

+     4-' 

+    2.9 

2-  3 

+0.003 

+0.013 

+     1.8 

-    0-5 

3-  3 

+0.031 

+0. 039 

+    0-3 

0.0 

+     0.3 

0.0 

4-3 

+0.  052 

+0.  025 

—    0-7 

+    0.5 

+     3-4 

+    0.7 

5—  3 

— 0.002 

+0.006 

+    0.4 

+  10.2 

+     5-6 

—     1.7 

6-3 

— 0.  0922 

+0.0893 

+    11.02 

+  14.70 

+     4-88 

-    5-" 

7-  3 

+0. 0023 

+0.  1481 

+    36.51 

—    3-33 

—    0.06 

—    0. 14 

8-  3 

+0.  0053 

+0.  0270 

+      5-90 

—    2-73 

—    0.  12 

—    0. 20 

9-  3 

+0.  0066 

+0. 0083 

+      0.70 

—    0-49 
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Aig=i'g'+ig 

2\    dy     1 

sin. 

COS. 

n't  COS. 

n't  sin. 

n'H-  sin. 

n'H'  COS. 

I—  4 

+O.OI7 

+0.012 

// 
—    2.8 

+     2.8 

// 

// 

2-  4 

+o.  oi6 

+0.003 

—    I.  2 

+     2.6 

3—  4 

+O.OOI 

+0.001 

+  0.2 

+     1-4 

4—  4 

— 0.  022 

+0. 027 

+    O.I 

+     0.1 

0.  0 

+0.1 

5-  4 

— o.  oo8 

+0.  036 

+  0.1 

+     0.5 

—0.  2 

+"•5 

6-  4 

+0.  002 

+0.  064 

+  4-4 

—     1,9 

+0.6 

+  1-4 

7—  4 

+0. 194 

+0.  191 

+30.0 

—  42.7 

+0.8 

+0.6 

8-  4 

+0.  146 

+0.  059 

+10.8 

—  39- I 

—0.9 

—0.4 

9—  4 

— 0.9I3I 

+  0.  22S3 

+78-  43 

+  186.46 

+9.88 

— S'44 

10 —  4 

+0.01622 

—0. 0189s 

+  2.470 

+     1-736 

+0.  107 

—0.  199 

2-  5 

— 0.  004 

+0.007 

—  1.6 

—     1. 0 

3-  5 

0.000 

+0.007 

—  1.9 

—    0. 2 

4-  5 

+0.001 

+0.003 

—  0.6 

+     0. 2 

5-  5 

— 0.019 

— 0. 010 

—  0.  2 

+     0. 2 

6-  5 

— 0.021 

0. 000 

7-  5 

— 0.  014 

+0.  on 

+   1-9 

+     0.7 

&-5 

— 0.  070 

+0. 113 

+22.9 

+  10.7 

9-  S 

— u.  010 

+0. 073 

+  19.0 

—     1-7 

lo-  5 

+0. 022 

+0. 055 

+  8.9 

-    6.3 

II-  5 

+0. 0300 

+0-  0323 

+  4-39 

-     7.8s 

la-  5 

+0. 0261 

— 0.  0134 

—  0.  24 

+    0.75 

3-6 

— 0.004 

— 0. 001 

+  0.2 

—    0.7 

4-6 

— 0.  004 

+0.001 

0.  0 

—    0.9 

6-  6 

+0.  002 

— 0.007 

7-6 

— 0. 001 

—0.008 

8—  6 

— 0.  006 

—0.  003 

+  0.1 

+     0.9 

9-6 

-0. 053 

—0.  02 1 

—  2.  2 

+  12.4 

lo—  6 

—0. 034 

+0.  001 

+    2-3 

+     7-9 

11—  6 

— 0.003 

—0.003 

+    2-3 

+     2.4 

12—   6 

+0.014 

—0.039 

+     1.2 

+    0.3 

5-  7 

+    0.5 

—    0.  I 

7—  7 

+0.005 

0.000 

8-  7 

+O.0OS 

— 0. 002 

9—  7 

—0.003 

—0.001 

—    0.4 

+     0.5 

10 —  7 

+0.003 

— 0.028 

-  6.8 

+     0. 2 

II—  7 

— 0.  007 

— 0.020 

—  4.4 

-\      2.4 

12 —   7 

— 0.002 

—0.002 

—  1.2 

+     1.9 

ID—    8 

—  0.  2 

0.  0 

II—  8 

—  0.9 

-    4.2 

12-  8 

—   1-9 

-    2.3 

12—    9 

+   1-3 

—    0.7 
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Aig=i'g'+i9 

I  (d  .  ff-Wo'V 

2\       dy'       I 

•         n'^fi  sin. 

n"P  COS. 

i'      i 

1  0 

2  0 

+0. 0000000925 
-|-o.  000000005 1 

—0. 0000000206 

— 0.  OOOOOOOOII 

Similarly,  as  in  the  case  of  Jupiter,  we  have  the  equation 


d  .  Sal 


All  the  factors  involved  in  the  right  member  of  this  equation  have  already  been 

given.     But,  as  in  forming  the  product  f-^-^jn'dz',  in  treating  the  terms  of  the  second 

order,  we  have  corrected  the  two  factors  for  the  terms  multiplied  by  n't,  belonging 
to  the  arguments  g' ,  2g\  etc.,  and  which  result  from  the  previous  computation  of  S'Wo, 


these  terms  must  be  omitted  from  the  factors  n'S^z'  and  (     w  /  °  )• 


The  expressions  of  the  five  additional  products  involved  in 


d .  <y  V 

dt 


follow: 


Arg=i'ff'+is 

m 

n'S^z' 

COB. 

siu. 

n't  COS. 

n't  sin. 

7!"t"  COS. 

n'H''  sin. 

i'       % 
0       0 

" 

// 

+  1.3876 

" 

—4.  2695 

" 

I       0 

—0.  3845 

— 0.  2190 

+47-  63 

—62.  77 

—0.23 

0.  00 

2       0 

+0.013 

+0.  05s 

—  12.8 

+   1.9 

-1.9 

-  3-5 

3      0 

+0.002 

+0.  131 

-23.2 

—  2.7 

—0.  I 

—  0.  2 

4      0 

+0.013 

+0.008 

—  2.0 

+  2.0 

—3-  I 

—  0-3 

+  0.1 

— 2 —  I 

—0.043 

—0.  010 

—  0.8 

+  8.2 

—I—  I 

—0.  019 

— 0.015 

—  3i 

+  4.6 

0 —  I 

—0.003 

—0.007 

-  '3 

+  0.9 

—  2.  0 

—  3-7 

I —  I 

+0.  01 1 1 

-0.0231 

—  0. 05 

—  0.  61 

+  2.13 

-  4- 89 

2 —  I 

+0. 0080 

+0.0113 

+  3.60 

+  3-51 

-2-37 

+  2.78 

3—  « 

+0.0139 

+0.0689 

—10.  88 

+  3-47 

+6.32 

+  0.60 

4—  « 

+0. 3762 

+0.  0809 

—24. 44 

+69.  92 

+0.84 

+   I.  12 

5-  « 

+0. 010 

+0.0006 

—  2.4 

+  2.2 

—I—  2 

—0.008 

+0.016 

+  3-2 

+    I.O 

0—  2 

— 0.009 

+0.006 

+  I.7 

+  1.6 

I —  2 

— 0.004 

+0.001 

+  0.3 

+  0.6 

—  '■3 

+  0.3 

2 —  2 

+0.002 

+0.001 

—  0.6 

+  0.4 

+0.3 

—  I.  I 

3—  2 

— 0. 001 

— 0. 001 

—14.9 

+  9-5 

—7-9 

-23-9 
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Arg=i's'+iff 

m 

n'S'^z' 

con. 

sin. 

n'i  COB. 

n't  sin. 

n"t>  COS. 

n'^P  sin. 

i'      » 

4—  2 

-l-o.  oois 

+0.0063 

II 

—91.48 

+  '5-79 

II 
-    3-27 

—  162.45 

5-  2 

+o.  OOS94 

— 0.  01510 

—  9-967 

—  3.  022 

+  JS-53I 

-  25.  272 

6—   2 

+0.0381 

— 0.  0296 

—52. 10 

—69.  91 

+147-  >4 

—  76.41 

7-  2 

—0.007 

0.000 

-  3-0 

-3-6 

+  10.6 

—    4.4 

o—  3 

-|-o.  006 

+0.005 

+  0.7 

—  1-3 

1—  3 

-\-o.  002 

+0.005 

+  0.8 

-  0-5 

^-  3 

+  0.4 

—  0. 1 

0.0 

+    o.s 

4—  3 

0.  0 

+  0.7 

+    0.4 

—    0.  I 

5-  3 

+0.044 

— 0. 001 

—  ^-9 

+  •2.7 

+    0.6 

0.0 

6-  3 

+0.  3240 

+0.  2040 

-39-  72 

+50.  6s 

—    0. 12 

—    0. 09 

7-  3 

+0. 0454 

— 0.0621 

+  11-93 

+  9-i8 

+    0-09 

+    0.30 

^  3 

+0.0009 

+0.  0028 

+    2-23 

+  3-53 

+     0.08 

—    0.38 

9—  3 

—0. 0188 

+0.0256 

+  0.27 

+  0.52 

I—  4 

—  0.4 

—  0.4 

2-  4 

—  0.  2 

—  0.4 

5-  4 

0. 0 

+  0.4 

6-4 

+0.017 

—0.008 

+   >-9 

+  3-9 

7—  4 

+0.  096 

— 0.  096 

+  IS-9 

+21. 1 

8-4 

-f  0.  004 

— 0.017 

+   1-9 

-  3-5 

9—  4 

—0. 4295 

—0.  1 185 

+34-  62 

—80.82 

—    0.36 

-    0.13 

lo —  4 

—0. 00229 

— 0. 00132 

+  3-3" 

—  2.898 

—    0.  II I 

—    0.  153 

II—  4 

— 0.0009 

+0.0022 

+  7-28 

—  I. 71 

—    0.04 

—    0.39 

7-  5 

—0.004 

— 0.  001 

+     i.O 

—  0.6 

8-  5 

— 0.023 

—0.  038 

+  8.1 

-  3-5 

9—  5 

—0.  004 

— 0.  023 

+  4.6 

+  0.3 

lo—  5 

—0.002 

+0.002 

+  1-5 

+  I-' 

II-  5 

— 0.  0082 

+0.0175 

+  0.42 

-t-  0.86 

12—    5 

+0.0044 

+0.0063 

+  0-05 

—  0,  10 

^6 

—0.018 

+0.006 

—  0.6 

—   3-2 

10—  6 

— O.OII 

—0.002 

+  0.6 

—  1.9 

II-  6 

0. 000 

0.  000 

+  0.6 

—  0-5 

12—   6 

+0,005 

+0.012 

+  0.2 

—  0.  I 

Arg=i's'+is 

(^^)„'.V 

n'3<3  COS. 

n'»«3  Bin. 

i'      i 

1  0 

2  0 

3  0 

— 0.0000000031 

+0.000000091 

+0.000000013 

// 
— 0.0000000068 
— 0.000000035 
— 0.000000002 
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(n'^^')" 

Axg=i'g'+ig 

008. 

• 

Bin. 

n't  COS. 

n't  sin. 

n'2t»  COS. 

n'2('  sin. 

i'      i 
o      o 

" 

// 

// 
+0.  3610 

" 

—0.  4998 

" 

I        o 

— 0.  oi8i 

—0. 0059 

+3-55 

—5.86 

—0.  25 

+0.24 

2         O 

—0.008 

— 0.  001 

+2.8 

—1-7 

— 0.  I 

— 0.  I 

O —    I 

-|-o.  004 

-|-o.  012 

— 0.  2 

+0.4 

I —  I 

— 0.0176 

-f-o.  0627 

+0.36 

—0.83 

—0.27 

+  1.19 

2 —    I 

— 0.0162 

-|-o.  0207 

+0. 12 

—0.95 

—0.08 

+0.27 

3—  I 

—0.  0010 

+0.  Olio 

—  1. 00 

-2-53 

—0.06 

+0.07 

4—  I 

—0.29 

-1.76 

+0.29 

+0.28 

5-  ' 

+  1.6 

—■■7 

+0.3 

+0.3 

I 2 

— O.OOI 

+0.003 

2—    2 

— 0. 010 

— 0.004 

— 0-3 

+0.1 

+0.9 

+0.5 

3-2 

-(-0.002 

+0.003 

—0.6 

+0-3 

+  1.8 

+2.0 

4—  2 

-|-o.  0105 

+0. 0365 

—2.54 

— 0.04 

— 0.02 

+0.50 

S—    2 

-f  0. 00426 

+0.00003 

—0. 685 

—0.  245 

+0.041 

— 0.  151 

6—    2 

+0. 0195 

— 0.0079 

—1.05 

—1.17 

+0.83 

—0.70 

7—  2 

—0.003 

— O.OOI 

0.  I 

—0.  I 

+2.7 

—0.  I 

8—    2 

— 0.  004 

— 0.  002 

3-  3 

— 0.  003 

+0.003 

4—  3 

— 0.002 

+0.001 

+0.2 

+0.5 

5-  3 

O.OOI 

+0.001 

^.5 

-1-2.6 

—0.4 

— u.  I 

6-3 

-|-o.  0012 

— 0.  0024 

—1.49 

+1.00 

—0.04 

—0.  20 

7  -  3 

-|-o.  0058 

—0. 0094 

2.  12 

+1.04 

-0.13 

—0.47 

8-3 

-|-o.  0019 

—0.0188 

+0.68 

+0.80 

—0.13 

+0.03 

9—  3 

+0.0I5I 

— u.  0231 

+0.78 

+0.67 

6-4 

—0.4 

— 0.  I 

7—  4 

— 0.002 

0. 000 

-|-0.  2 

+0.2 

8-4 

— 0.006 

— 0.  005 

+  0.7 

+2.4 

—0.7 

0.0 

9-  4 

—0.0142 

— 0. 0062 

—0.66 

-1-2.70 

—1.09 

— 0-43 

10 —  4 

—0.01892 

— 0.  01948 

-|-o.  910 

—0. 704 

+0.  113 

+0.  191 

II—  4 

— 0.0009 

— 0.  0017 

+3-24 

—0.78 

+0.09 

+  1.  17 

lo-  5 

— 0.006 

+0.01 1 

—0.4 

— 0-3 

II-  s 

— 0.0300 

+0. 0145 

—0.  39 

-I.  OS 

+0.09 

— 0.02 

12-  5 

-0.  ooss 

— 0.  OOOI 

+0.02 

—0.23 

II—  6 

— 0.  002 

— 0.002 

12-   6 

—0.002 

—0.004 

Arg=i'g'-\-ig 

l{^)ir^'s^y 

n'H'  COS. 

n'H^  sin. 

i'      i 

1  0 

2  0 

3  0 

// 
+0.0000000044 
+0.000000001 
+0.000000005 

ff 
— 0.0000000068 

— 0.  OOOOOOOOI 

+0.000000001 
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n'Sz' 

\    dy 

Arg=»'9'+t? 

COS. 

sin. 

n't  COS. 

n't  sin. 

n'-'t^  COS. 

n'H'  sin. 

i'       » 
0       o 

" 

" 

+  I. 2216 

" 

—  0. 0010 

" 

I        o 

—0.  1265 

—0.  1058 

— 20.  70 

+48.  72 

+  0.  12 

+  0.09 

2         O 

— 0.  005 

— 0.002 

+  3.0 

-  o.S 

3      o 

— 0.  005 

— 0.  003 

+  2.3 

+  0.2 

4       0 

—0.008 

-I-0.006 

+  1.6 

+     !•' 

5      o 

—0.009 

+0.004 

—4—   I 

—0.003 

+0.  004 

-3-  I 

—0.004 

+0.003 

—  0.  2 

—   0.6 

—  2—    I 

+  "■' 

—  0.8 

—  I—    I 

-j-o.  002 

+0.  009 

+  1-7 

—  2.  I 

—  o.S 

—  0.8 

0—    I 

—0.008 

— 0.  004 

+  >-9 

—  0.7 

I —    I 

+0.0132 

—0.  0396 

+  2.68 

+  "-74 

-   1.26 

—  1.04 

2—    I 

+0.  0650 

—0.  0168 

—  4.27 

+   1-33 

+  0.  18 

—  0.31 

3-  > 

+0. 0185 

— 0.  0118 

+  3- '6 

+  6.40 

+  5-23 

+  '-67 

4-  I 

— 0.0031 

+0.0128 

—  0.  18 

+   3- 04 

+  0-39 

+  0.59 

5-  > 

+0.009 

-f  0. 024 

—  ■•3 

+  2.6 

6—  I 

+0.  007 

+0.  019 

7—  I 

— 0.003 

+0.014 

O-    2 

—  0.6 

—    I.O 

i —    2 

+0.012 

— 0.  001 

0.0 

—  0.9 

2—    2 

+0. 074 

+o-  033 

+  0.1 

—  U.4 

+   i-S 

-  0.3 

3—   2 

+0. 047 

+0. 058 

-  5-5 

+   5-4 

-8.5 

—14.9 

4—  2 

— 0.  01 19 

— 0.  0841 

+    2-04 

+  0.  18 

+  6-39 

+23.  02 

S-    2 

+0. 00045 

—0.01806 

—  7.214 

—  2.  084 

+  '5- 183 

—24.  804 

6—    2 

+0.  0026 

-0. 0035 

+  0.81 

+    1-38 

+20.27 

-U.76 

7—  2 

+0-  053 

— 0.  006 

0.  0 

+  0.2 

+   11 

-   0.6 

8-    2 

+0.030 

+O.OI3 

'—  3 

—  0-3 

+  "•' 

2-   3 

+0.  001 

— 0.003 

3-  3 

+0. 023 

— 0. 029 

+  0.5 

—  0.6 

4—  3 

+0. 032 

—0.017 

—  0.4 

—  0.6 

+  0.6 

—  0.  2 

5-  3 

+0. 025 

— 0.  on 

+  0.5 

—  1.8 

+    1-2 

+  0.3 

6-3 

—0. 0023 

—0. 0303 

+  9-93 

—   :..  19 

+   0.40 

+  0.39 

7—  3 

—0. 0054 

+0. 0247 

+  6.80 

-  I- "3 

+   0.14 

+  0.45 

8-3 

+0. 0045 

+0.0523 

+  I-4I 

+  U.88 

—  0.  02 

—  0.08 

9—  3 

— 0. 0083 

+0.0168 

+  0.09 

+  0.07 

4—  4 

— 0. 010 

—0.013 

5-  4 

— 0.  004 

—0.013 

6-4 

— O.OOI 

—0.009 

+  2.8 

+  0.9 

+   0.2 

-  0.3 

7—  4 

—0.  007 

0.000 

+  2.2 

+  1.6 

+    0.  2 

—  0.  2 

8-  4 

—0. 047 

+0.  016 

—  0-7 

-12.6 

—    0.  I 

0.0 

9—  4 

—0. 1678 

—0.0215 

+21.32 

—50.00 

—   0.  16 

—  0.02 

lo —  4 

+0. 03340 

+0. 03602 

+  3-045 

—  2.678 

-  O.OS9 

—  0. 082 

II—  4 

+0.0009 

+0. 0038 

—  0.09 

—  0.13 

+  0.02 

+   u.  16 

THIRD  ORDER  PERTURBATIONS  OF  SATURN. 


445 


Xrg=i'9'+ig 

1 

(d.SW 

\      dy' 

-)n'Sz' 

COS. 

sm. 

n't  COB. 

n't  Bin. 

«'»<'  COB. 

n'^V  Bin. 

i'       i 
6—  S 

—0.005 

0. 000 

" 

// 

" 

// 

7—  S 

—0.004 

— 0. 001 

8—  s 

4-0.8 

— 0-3 

9-  5 

— 0.006 

-1-0. 005 

+..6 

+0.3 

10—  5 

0.000 

—0.009 

+  1-7 

+  1.1 

11—  5 

-1-0.0252 

—0. 0048 

-1-0.51 

-^1.21 

12—  5 

-1-0. 0188 

-|-o.  0102 

+0.03 

— 0.02 

lo—  6 

+0.3 

—  I.  I 

II—  6 

-f-o.  010 

-1-0.009 

+0.5 

-0.5 

12—  6 

-1-0. 015 

+o-  039 

+0.3 

0.0 

II—  7 

— 0-3 

— 0.  I 

XTe=i'g'-\-ig 

(  dr'  r^' 

n'V  COS. 

n'H'  sin. 

i'      i 

1  0 

2  0 

3  0 

-f-o.  0000000006 
-|-o.  000000092 
-|-o.  000000005 

—0.  0000000042 
— 0.  000000034 
— 0.000000002 

2V' 

SV 

A.Te=i'g'+ig 

COB. 

sin. 

n't  COS. 

n't  sin. 

n'V  COS. 

n"t^  sin. 

i'       i 
0   0 

" 

" 

—0. 7446 

+2.  136s 

■' 

I   0 

0.0038 

—0.0055 

-f-o.  82 

—0.28 

-l-i.ii 

+  0-77 

2   0 

0.002 

—0.003 

+I-' 

—0.2 

— i.o 

—  1.8 

3   0 

-f-o.  4 

0.0 

0 —  I 

-\-o.  001 

-f-o.  002 

-f-o.  6 

— 0.  2 

—0.6 

-  t-3 

I —  I 

-|-o.  0026 

— 0.0022 

-fo.09 

—0.38 

— 0.  05 

—   1.08 

2 —  I 

-|-o.  0002 

—0.0096 

—0.17 

-1.23 

-|-o.  61 

—  1.03 

3-  I 

—0. 0147 

-t-o.  0054 

-1.38 

—2.72 

—2.14 

—  0.  62 

4—  I 

+0. 0037 

-)-o.  0007 

-0.37 

-I-1.86 

+0-23 

+  0.49 

5—  I 

0.0 

— 0.  1 

2 —  2 

-)-o.  002 

-f-o.  001 

— 0.  2 

-fo.i 

+0.4 

—  0.  2 

3—  2 

0.000 

-f-o.  001 

—4.2 

+3-7 

—4.1 

-7.8 

4—  2 

-|-o.  0022 

-f-o.  0074 

-I- 54 

-f-o.  28 

— 0.62 

+  2-79 

5-  2 

— 0. 00294 

-f  0. 00605 

+5-  905 

+2.043 

—7.510 

+  12.476 

6-  2 

-f-o.  0002 

-f-o.  0007 

-0.37 

-0.51 

+3-28 

—  1.30 

7-  2 

-hi.  2 

—  0. 1 

S-  3 

-f-o.  013 

— 0. 001 

—0.7 

+3-7 

6-3 

—0.0002 

—0. 0074 

+3-93 

-1. 16 

—0. 16 

-0.13 

7-  3 

— 0. 0017 

— 0.0018 

— 0.  26 

— 0.96 

— 0.05 

—  0.  IS 

8-3 

-f-o.  0002 

— 0.0009 

—0.38 

—0.58 

— 0.02 

-f-  0. 10 
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2v' 

Sv' 

ATg=\'g'+ig 

COS. 

sin. 

n't  COB. 

n't  sin. 

n'»(2  COS. 

n'H'^  sin. 

i'       i 

,/ 

„ 

// 

,. 

,/ 

// 

6-4 

+0.5 

+0.  2 

7—  4 

+0.7 

+0.6 

8-4 

— 0.  02I 

+0.007 

—  I.O 

—7-1 

9—  4 

+0.  0038 

+0.0017 

-1.23 

+2-43 

lo—  4 

-)-o.  00038 

—0.00017 

-I.  132 

+  ■•132 

+0.  052 

+0.  073 

II—  4 

+0-39 

— 0.  04 

lo—  5 

— 0.  004 

+0.006 

II—  5 

-|-o.  0052 

+0.  0018 

12—    5 

— 0.  0008 

— u.  OOII 

0.  CO 

— 0.  04 

A.Tg=i'g'+ig 

2v'6y' 

n'H^  COS. 

n'H^  sin. 

i'       i 
I       0 
J       0 
3       0 

-1-0.0000000031 
+0. 000000046 
+0.000000004 

— 0. 0000000024 
— 0.000000017 
0. 000000000 

d  .  S 

dt 

Arg=i'9'+tj 

COS. 

sin. 

n't  COS. 

n't  sin. 

«'*12  COS. 

n'-'P  sin. 

»'       t 

,/ 

/- 

., 

// 

„ 

,, 

0       0 

— u.  0777 

—0. 0073 

I       0 

0.  30 

+0.47 

I—   I 

— 0.  06 

+0-31 

2 —  I 

+0.  0004 

— u.  0001 

+  0.  14 

+0.  10 

+0.  18 

+0.02 

3—  ' 

+0.  II 

+0.08 

+0. 15 

— 0.05 

4-   I 

+0.  02 

—0.08 

2—  2 

+0.3 

+0.1 

4—  2 

— 0.  0001 

—0.  0012 

—0.  12 

—0.94 

s—  2 

— 0.  00054 

+0.  00053 

— 0.  019 

+0.008 

— 0.  076 

— 0.  1 1 5 

6—  2 

—0.38 

+  0.25 

6-  3 

— 0.  06 

+0.08 

7—  3 

+0.  0003 

+0.0004 

+0.  12 

+0.09 

9—  4 

+  0.  06 

—0.23 

10—  4 

—0.  037 

+0.  001 

— 0.  001 

—0.  005 

ATg=i'g'+ig 

d  .  Sz' 

■y'i 

dt 

n'H'  COS. 

1 
n"P  sin. 

i'       i 
I       0 

— 0.  0000000047 

+0.  0000000075 
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The  addition  of  the  six  terms  of 


quantity: 


d .  tf  V 
dt 


gives  the  following  expression  for  this 


d  .  S'z' 

dt 

Arg=i'ff'+«J 

COS. 

sin. 

n't  COS. 

n't  sin. 

n"P  COS. 

n"<'  sin. 

i'      » 

O        0 

" 

" 

+  32.  1644 

" 

+  44.  2214 

// 

I         0 

— o.  4284+^1 

—0.  2924+,4i, 

-572.51 

+988.  21 

-436. 65 

—626.  28 

2        O 

— 0.  i66+[8.44]fci 

—0.  240+[8.  A.i]k^ 

+  31-7 

+     9-2 

-  15.9 

—  24.  6 

3      o 

— 0.004 

— 0.205 

+  35- 0 

+    6.0 

—    0.  I 

—    0. 2 

4      o 

—0.006 

— 0.  006 

—    0.5 

+     3-0 

S      o 

— 0.009 

+0.004 

—4—  I 

—0.003 

+0.004 

—    0. 2 

+    0.3 

-3—  I 

— 0.006 

+0. 012 

+     0-3 

—    0.  I 

— 2 —    I 

+0. 087 

+0.021 

+     1.2 

—  15.9 

—  I —    I 

+0.  057 

+0. 056 

+     6.6 

—  II.  I 

-    0-3 

—     0.7 

O—    I 

+0.015 

+0-  033 

+     5-8 

-    5-6 

-    2.7 

—     2.9 

I —    I 

-}-O.Ol82 

+0.  04S3 

+     0.45 

—     1.86 

-     1.58 

-    3-23 

2 —    I 

— 0. 0870 

+  L>.    1089 

-    7-92 

+    2.42 

—  18.21 

+  14- 5" 

3—  I 

+0. 3063 

—0.  3479 

+  55- S9 

+  69.86 

+  12.17 

+     2.11 

4—  I 

—0.0071 

—0. 0437 

+     1.50 

+  12.17 

+     2.07 

+     2.74 

5-  I 

— 0.012 

—0.003 

+     2.0 

—    0.6 

+    0.3 

+    0.3 

6-  I 

— 0.002 

—0.005 

+    0.1 

—    0. 2 

7-  I 

—0.003 

+0.  014 

—2—    2 

+0.004 

+0.001 

+    0.4 

-    0.8 

— I —   2 

+0.017 

—0.  042 

-    8.1 

-      2.5 

0-2 

+0.  020 

—0.  014 

—    2.8 

—    2.9 

0. 0 

—     °-3 

I—    2 

+0.003 

-0.005 

—     I.  I 

—    2.6 

+     0.2 

+     0.3 

2—    2 

— 0.024 

—0.013 

—    0.4 

+    0.6 

+    0.7 

—    0.6 

3-  2 

—0.  049 

— 0.056 

—  14.8 

+  20.0 

-  26.1 

—  44-  I 

4—  2 

+0.  1364 

+0.  7694 

+274.  55 

-  28. 59 

—  29.42 

+323-  03 

5-  2 

+0.  27S93 

— 0.  52651 

—  30-  541 

+  10.619 

+  82.766 

—119.767 

6—    2 

-ISS90 

+1.1562 

—  97-  98 

-155.24 

+  179.94 

-  93-  56 

7-    2 

+0. 030 

+0.  023 

-     4-3 

—    6.0 

+  15.6 

-     5-2 

8-    2 

+0. 015 

+0.005 

—1—  3 

+0.005 

— 0.004 

-    0.5 

-    1-5 

o—  3 

— 0. 019 

— 0.  010 

—     2.0 

+    3-4 

I—  3 

—0. 010 

—0.  020 

-     2.6 

+    2.1 

2—   3 

-0.005 

— 0.009 

+       I.O 

+    0.5 

—    0. 2 

0.0 

3-  3 

— 0.  on 

+0.018 

+    0.6 

+    0.8 

+    0-3 

—    0.7 

4—  3 

—0. 031 

+0. 014 

+    0.7 

+    0.2 

-    2.5 

+    0.5 

S-  3 

+0.008 

—0.005 

+    0.7 

+  10.3 

-    5-7 

—    2.0 

6-  3 

+0.0008 

— 0. 0107 

+  28.  54 

-    8.56 

—    8.03 

-    8.17 

7-  3 

— 0. 1184 

+0.  3306 

—  72-  24 

-  31-23 

+    0.78 

+     «-S9 

8-  3 

+o-03>S 

—0. 0141 

+  10.81 

+  10.87 

—    0.  II 

—    0.39 

9—  3 

+0.0001 

+0. 0066 

+    0-I3 

+    0.06 
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d  .  8=2 

/ 

kTg=i'g'+ig 

dt 

COS. 

sin. 

n't  COS. 

n't  sin. 

n'^P  COS. 

n"'t^  sin. 

i'      i 
o-  4 

" 

" 

—     0.  2 

0.0 

tt 

" 

I—  4 

— o.  009 

+0.006 

+     ..8 

+     '-7 

2—    4 

— 0.  007 

+0.  001 

+     0.7 

+     1-7 

3—  4 

+0.005 

+0.  004 

—     0.4 

+    0.6 

4—  4 

+0.013 

+0.  016 

+     0.1 

—    0.3 

+  0.2 

+  o.s 

5-  4 

+0.006 

+0.  026 

+     0.8 

+    0.3 

+  0-5 

+   I.I 

6-  4 

+0.013 

—0.034 

+     2.6 

+     2.9 

—  0.4 

+   1.4 

7—  4 

—0. 151 

+0.  140 

—  '9-3 

-  30-3 

-  0.9 

+  0.5 

8-4 

— 0.  269 

+0. 089 

—  II. 6 

-80.3 

+    1.2 

-  U.5 

9—  4 

+  '-3'96 

+0.  3288 

—  109.  24 

+264.  II 

— 22. 14 

—  12.00 

10 —  4 

— 0. 21280 

—0.  19035 

+  54.628 

—  41-315 

+  I- SSI 

+  3-079 

II-  4 

— 0.0009 

+0.  0043 

+  10.82 

—    2.66 

+  0.07 

+  0.94 

^-  5 

+0.003 

+0.003 

+     0.6 

—    0.4 

3-  5 

0.  000 

+0.002 

+     0.9 

0. 0 

4-  5 

+0.001 

+0.  001 

+     0.3 

0.0 

5-  5 

+0.015 

— 0.  009 

+     0.5 

+    0.5 

6-  5 

+0.014 

0.000 

+     0.2 

—    0-3 

7-  5 

+0.007 

+0.  009 

—     1.2 

—    0-5 

8-  5 

+0.  045 

+0.  066 

—  17-  I 

+     7-0 

9-  5 

+0.  001 

+0.  059 

-  13-8 

—     1-3 

lo—  5 

—0.  025 

+0.  046 

-     7-7 

—     5-4 

II—  s 

+0.  0316 

+0. 0284 

—     6.  14 

—  10.74 

+  0.09 

—  0.02 

12—    5 

—o.  0374 

—0.  0525 

+     1. 01 

+    3-86 

3-6 

+0.  002 

— 0.  OOI 

—     0. 2 

—    0. 2 

4-  6 

+0.002 

+0.001 

0.  0 

—    0.4 

5-  6 

0.  0 

--    0.  2 

6—  6 

— 0.002 

—0.006 

7-  6 

+0.  002 

— 0.  006 

8-  6 

+0.007 

—0.  006 

—     0.  I 

+    0.3 

9-  6 

+0. 042 

— u.  022 

+     2.1 

+     9-3 

lo—  6 

+0.021 

— 0.  OOI 

—     1-7 

+     4.0 

II—  6 

—0.008 

— 0. 004 

-     i-S 

+     1.2 

12—  6 

— u.  002 

— O.OII 

—    0.6 

+     0.2 

5—  7 

—     1. 0 

—     0-3 

7-  7 

—0.003 

0.000 

8-  7 

— 0.  004 

— 0.  OOI 

9—  7 

+0.007 

+0.001 

0.  0 

+     0.6 

lo—  7 

— 0.  002 

— 0.019 

+     6.3 

0.  0 

II —  7 

+0.006 

— 0. 014 

+     3-5 

+     1.9 

12 —  7 

—  0.002 

+0.001 

+    0.8 

+     •■3 

10—  8 

—    0.  I 

-    0-3 

II-  8 

+    0.7 

—    31 

12—   8 

+    «-5 

-    i-S 

12—    9 

—    0.7 

—    0-3 
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ATg=i'g'+ig 

dt 

•  n'V  COS. 

7>"f  sin. 

i'      i 
I   o 

a  o 

3   o 

+0.0000001853 
+0.0000002351 
+0. 000000027 

+0.  0000000286 
— 0. 0000000859 
— 0.000000003 

d  .  Sz'    d  .  S^z' 
dt     '       dt 

d  .  6z' 
dt 


On  integrating  this  expression  we  arrive  at  n'<5V.  In  order  to  make  the  terms 
depending  on  the  argument  g'  disappear  it  is  necessary  to  put  ki=z-\-o".^2S7  and 
k2z=.-\-o".22^g.  In  the  case  of  the  terms  involving  the  arguments  5^'  —  2g  and  1091'— 4^ 
we  equate  the  motions  of  the  latter.     By  adding  the  values  which  have  been  obtained 

for  —^ — ,  —^37 — )   and  —^ —  we  get,  taking  the  liberty  of  calling  the  sum  —^ — > 

=  [—35.06817  —  o.iso436sn'<  +  o.oooo82766TO'^f^]  cos  (  sg' —  2g) 
+  [  84.57304  —  Q.o853S58m't  -  0.000 1 19767M"**]  sin  (  c,g'  -  2g) 
+  [—  1. 17743  +  o.oo478o7m'<  +  0.000001551^"^ ]  cos  (10^'  —  ^g) 
+  [—    1.22444  —  o.oo359gon'f  +  o.ooooo3079»"<^]  sin  (10^'  —  4^) 

For  this  expression  may  be  substituted 

d    Sz'  "  "  " 

— ^3 — =     [— 35.06817  +  o.oo8i298«'*  —  o.ooooi563in'*t']  cos  (  t^g' —  2g -Y  xn't) 

+  [     84.57304  —  0.019606471't  +  0.0000 1 3638n'*<2]  sin  (  551'  —  2g-\-  xn't) 

+  [—    1. 1 7743  +  0.000498711'^  —  o.ooooo3835w"<*]  cos  {log'  —  ^g  +  xn't) 

+  [—    1.22444  +  o.ooo5i86M'i  —  0.0000061 527i'*t^]  sin  {log'  —  ^g  ■\-  nn't) 

■where,  in  the  case  of  ^g'  —  2g,  «  and  the  corrected  integrating  factor  are  determined  by 


log  «  =  7.2729790*1 
and,  in  the  case  of  log'—^g,  by 

log  M  =  7. 5437 in 

Integrating  the  last  expression  we  obtain 


log  n=  1.5020293 


log//=  1. 1992594 


n'dz'  =  [—  1 132.9347  +  o.285824w't  —  0.0004966 in'^*']  sin  (  5^'  —  zg  +  xn't) 
+  [—  2677.8791  +  o.59i358n'<  —  o.ooo43329»''«']  cos  (  ^g'  —  2g  +  xn't) 
+  [—  18.4689  +  0.00481  in't  —  o.oooo6o67»'*t^]  sin  (log'  —  ^g  +  xn't) 
+  [  19.4491  —  o.oioi26»'f  +  o.oooo9734n"<^]  cos  (log'  —  4.g  +  xn't) 

By  developing  this  expression  and  subtracting  therefrom  the  value  of  n'82'  -{-n'd'^z'  we 
should  have  «'<JV  ;  but  as  this  quantity  has  no  particular  interest  we  omit  its  deriva- 
tion, and  in  the  following  value  of  w'dV  the  terms  corresponding  to  the  arguments 
5^—  2g  and  10^  —  4^  are  not  given. 
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In  writing  a  final  form  for  the  great  inequality  of  Saturn,  we  prefer  to  still  further 
equate  the  motions  of  the  arguments,  so  that  the  sum  of  the  squares  of  the  multipliers 
of  n't  in  the  coefficients  may  be  a  minimum.  This  gives,  severally,  in  the  cases  of 
Sg'—2g  and  \og' —  \g 


log  K  =  7.2703s65» 

and  the  final  form  of  ri  Sz'  will  be 


log  x=7.52728n 


n'Sz'  =      [2907.676    —  o.65599om'<]  sin  (  5^'  —  2g -^r  xn't  +  247     4     5.37) 
+         o.ooo656o2»i''t'  sin  (  5^' — ig  +  nn't  +  221  41  ^3      ) 

+  [     26.8211  —  o.oio6s9M'<]  sin  (10^'— 4^  +  KW't  +  133  31     9-3  ) 
+         0.000 1 1 ^CSn'H^  sin  (log' —  4g  +  Kti't  +  122  38  ) 

The  great  inequality  excepted,  the   expression  of  «'5V  follows.     The   proper 
number  of  decimals  is  restored  to  the  factors  of  n't  and  n'H^ : 


n'S 

V 

Aig=i'g'+ig 

sin. 

COS. 

i'       i 
0      0 

"               "                        " 

+0.  OOl6o822«'V» 
+0.  ooooi47405«'V 

I       0 

— 0.  os8505«'/ — 0.  ooo43656»f"/' 

— 0. 099t)94«V+o.  ooo52684«'V 

-|-o.  ooooooi853«'V» 

—0.  ooooooo286»'V' 

2      0 

— 0.  0784+0.  OOI595K7— 0.  ooooo8oo«'2/» 

+0.  1 177 — 0.  000470«V — 0.  ooooi25o«'V» 

-|-o.  ooooooi  I75k''/» 

+0.  ooooooo429«'V' 

3      0 

— 0.  ooi2-(-o.  ooii67»'/— 0.  ooooooo3«'2/2 

+0.  0686 — 0.  00020O«7+0.  00O00O07«'2^' 

4-0.  oooooo0O9O«''/» 

+0.  OOOOOOOOIO«''/' 

4       0 

— 0.  0015 0.  OOOOI2K7 

+0.  0015 — 0.  oooo75«7 

5      0 

—0.0018 

—0.0008 

—4—  I 

-|-0.  OOO5-I-O.  000003B'i' 

+0.  0006+0.  ooooo5«7 

—3—  ' 

-|-o.  001 1  — 0.  000005B V 

+0. 0022 — 0.  ooooo2n7 

— 2 —  I 

— 0. 0194 — 0.  oooo27k7 

+0. 0047 — 0.  ooo355«7 

—  I—  1 

—  0. 0164 — 0.  oooi89n7+o.  ooooooo9«'V 

+0. 0161— 0.  ooo3i9«7— 0.  oooooo2o«"/« 

0 —  I 

— 0.  0060 — 0.  ooo234«V-f-o.  oooooiogn'V 

+0.  0133—0.  0O0226«7— 0.  OOOOOII7«"/« 

I—  I 

— 0. 0123—0.  oooo33n'/+o.  rionooioyn'^/'' 

+0.  0305—0.  OOOI27«7— 0.  O00002l8«'V2 

2—  I 

-\-o.  i8o6-|-o.ooi763K7-f-o.  ooon3768«'2/» 

+0. 2216+0.  ooo346«V+o.  oooo3003k'»/' 

3—  I 

-\-o.  6187-I-0.  oio777b7-|-o.  oooo2356n'2/2 

+0.  6942—0.  oi343I«V— 0.  ooooo4o8»'V« 

4—  I 

— 0. 0042+0.  oooi02n7+o.  oooooi36«'V« 

+0. 0289 — 0.  ooo8oo«7 — 0.  oooooi8i«'V2 

5-  I 

— 0.  0048+0.  ot)oo79KV+o.  ooooooi2«'V 

+0.  0012+0.  0O0O24M7— 0.  000000I2«"/« 

6—  I 

— 0.  0006+0.  000003KV 

+0. 0014+0.  ooooodn't 

7-  I 

— 0.0007 

— 0.0031 

-2-  2 

— 0.  0006—0.  ooooo6«V 

+0.  0001— 0.  ooooi  in't 

—  1 —  2 

—0.  0028+0.  0001 36«7 

— 0.  0070 — 0.  000042«V 

0 —  2 

—0. 0040+0. 000056HV+0.  OOOO00OO»'V« 

—0. 0028—0.  oooo58«V— 0.  ooooooo6«'V« 

I —  2 

— 0.  0008+0.  000028»7— 0.  ooooooo5«'V» 

—0. 0013—0.  oooo66«V+o.  ooooooo8k'2/« 

2—  2 

+0.  0081+0.  ooooi3n7 — 0.  oooooo24»'2^» 

— 0.  0044+0.  000020»7 — 0.  00000020«'V' 
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^g=i'g'+ig 


«'      I 

3—  2 

4—  2 

6—  2 

7—  2 
&-  2 

-«—  3 

o—  3 
»—  3 

2—  3 

3—  3 

4—  3 

5—  3 

6—  3 

7—  3 
8-3 
9—  3 

0—  4 

1—  4 

2—  4 

3—  4 

4—  4 

5—  4 
6-4 
7—  4 
8-4 
9—  4 

II—  4 

2-  5 

3-  5 

4-  5 

5-  5 
6-s 

7—  S 
8-S 
9—  5 

10-  5 

11-  s 

12-  5 

3-  6 
4-6 

5-6 

6-  6 

7-6 

8—  6 

9—  6 


n'lSV 


+0. 0254+0.  ooo732»'^-)-o.  ooooi327«"'/' 
— o.  1442 — o.  0277 1  i«V+o.  oooo3043»''/» 
— 1. 5236 — o.  oo9658«7+o.  oooi74i3«'V» 
4-0. 0148 — o.  ooo2i6»'/+o.  ooooo767«'»^» 
+0. 0049 

— o.  0006+0.  ooooo6»7 

+0. 0026+0.  ooooiyn't 

+0.  0015+0.  oooo40«'/ 

+0. 0009 — o.  ooooi8kV+o.  ooooooo4«''^* 

+0. 0025 — o.  ooooi3n7 — o.  ooooooo7n'V 

+0.  0090 — O.  O0OO20«7+O.  O0000072»"/'' 
— o.  0032 — O.  000029«V+0.  00000233«"^' 

— o.  0010— o.  ooi975«V+o.  ooooo554»"'/" 
+0. 2477+0.  oi6o69n7 — o.  oooooi73«'»/^ 

+0.  0609+0.  OOI963HV — O.  00000020«'»/2 

+0. 0001+0.  ooooo8«V 

— O.  000002«'/ 

+0. 0010 — o.  oooozon't 
+0.  0009—0.  ocxxxxjn't 
— o.  0007+0.  ooooo6»V 
— o.  0022 — o.  ooooo2nV — o.  ooooooo3»'V« 
— o.  0012 — o.  ooooi5kV — o.  ooooooion'V 
— o.  0033 — o.  oooo66«V+o.  ooooooion'V^ 
+0. 0511+0.  ooo658«V+o.  oooooo3o«''/^ 
+0. 1371+0.  ooo6oo«7 — o.  oooooo62n'V 
— I  ■  3837+0. 01  i677«7+o.  oooo2373k'V» 
— o.  ooio+o.  ooioi6«V+o.  ooooooo7«''<» 

— o.  0003 — o.  ooooo6«'/ 
o.  0000 — o.  ooooion't 
— o.  0001  — o.  oooo04»7 
— o.  0020 — o.  ooooo7»'/ 
— u.  0022 — o.  ooooo3«V 
— o.  0013+0.  ooooz2n't 
— o.  0102+0.  ooo387»'/ 
— o.  0003+0.  ooo404«'/ 
+0. 0103+0.  ooo3i9«7 
— o.  0229+0.  ooo433«V — o.  ooooooo6»'V 

+0.  0919 — O.  000242«V 

— o.  0002+0. 000002»V 
— o.  0002+0.  oooooo«7 
o.  oooooo»7 
+0.0002 
— 0.0003 

— O.  OOIO+O.  OOOOOI«'/ 

— o.  007 1 — o.  oooo36»'/ 


— u.  0290+0.  00I002n'/ — O.  00002242«''/' 

+0.  8245 — o.  oo302i«7+o.  ooo334i7«'V 
— I.  1283+0.  oi536o«V+o.  oooo9056n'"/* 
— o.  01 13+0.  ooo305«V+o.  ooooo256«"/» 
— 0.0017 

— o.  0005 — o.  ooooi8»'/ 

— o.  0013+0.  ooo046n'/ 

— o.  003 1  +0.  oooo33«V 

— o.  0016+0.  ooooo9h'/+o.  oooooooom"/' 

+0. 0040+0.  ooooiSn'/ — o.  ooooooi6«'»/' 

+0. 0041+0.  ooooo6n'/+o.  ooooooi4»"/' 

— u.  0020+0.  000420^7 — u.  OOOOOo82«'^i" 

— o.  0060 — o.  oooS98n7— o.  ooooos63«''/» 
+0.  6988 — o.  oo6934n7+o.  ooooo353k'V 
+0.  0293 — o.  ooi976nV+o.  0000007 Im'V 
— o.  0043—0.  ooooo4«V 

o.  oooooo«7 
+0. 0007+0.  ooooignV 
+0.  OOOI+O.  O0O02I«V 

+0.  0006+0.  ooooognV 
+0. 0027 — o.  ooooo5n7+o.  ooooooogn''/' 
+0. 0053+0.  ooooo6«V+o.  00000022«'^^* 
— o.  0086+0.  oooo74n7+o.  oooooo36n''V 
+0. 0474 — o.  ooi033«V+o.  ooooooi7n'V' 
+0. 0455 — o.  oo4i54«V — o.  oooooo26n''/' 
+0.  3398+0.  028248nV— o.  ooooi286«'V» 
— o.  0031+0.  ooo249n7 — o.  oooooo88«''/'' 

+0.  0003 — o.  000004KV 
+0. 0002+0.  oooooo«7 
+0. 0001  +0.  oooooowV 
— o.  0012+0.  ooooo7«7 
o.  0000—0.  ooooo5«7 
+0. 0017 — o.  ooooo9«7 
+0.  0149+0.  0001 58«7 
+0. 0173 — o.  oooo38«7 

+0.  0190 — O.  0OO223«7 

+0. 0198 — o.  ooo7s8«V — o.  oooooooin'V 

— o.  1255+0. 000927K7 

— o.  0001 — O.  000002»7 
+0. 0001 — o.  ooooo4«7 

— O.  OOO0O2«7 

— 0.0007 

— 0.0008 

— o.  0009+0.  oooo04«V 

— o.  0037+0.  oooi58»'/ 
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Aig=i'g'+ig 

n'S^i' 

sin. 

COS. 

i'       i 

,/ 

II                   II 

ti 

lo—  6 

—0.  0043+0. 00003SnV 

—0. 0002+0.  oooo82«'/ 

II—  6 

-|-o.  oo20-|-o.  oooo38«V 

— 0.  ooio+o.  oooo3i«'/ 

12—   6 

-f-o.  0007 -fo.  nooo2i«'/ 

— 0. 0038+0. 000007x7 

5-  7 

-f-o.  oooooSn'/ 

— 0.  oooooin't 

7—  7 

+0.0003 

0.0000 

8—  7 

+0.  0004 

— 0. 0001 

9—  7 

—0.  0009+0.  oooooo«7 

+0. 0001  +0.  oooooTn't 

10 —  7 

+0.  0003 — 0.  oooo85«7 

— 0.  0026+0.  oooooo»7 

II—  7 

— 0.  0009 — 0.  oooo55«7 

— 0. 0022+0.  oooo30»'/ 

12—    7 

+0. 0004 — 0.  noooi5«7 

+0. 0002+0.  oooo24»7 

ID—   8 

+0.  oooooiwV 

— 0.  ooooo3«7 

II—  8 

— 0.  oooooSk'/ 

— 0.  oooo35«V 

12—  8 

— 0.  ooooi9«V 

— 0.  ooooi9«'/ 

12—    9 

+0.  ooooo7«'/ 

— 0.  oooooyt't 

As  in  the  case  of  Jupiter,  for  the  general  value  of  S^v',  we  employ  the  formula 


-=-i/(^^>- 


But  in  the  terms  which  involve  the  argument  5/  —  2g  it  has  been  discovered  that  the 
complementary  portion  of  the  right  member  has  a  sensible  value.  Consequently,  for 
this  argument  we  make  use  of  the  complete  formula 


The  expressions  for  the  factors  involved  in  the  right  member  have  all  been  given, 

except  those  for  —  ^(  dy'^J  ^"^^  ~\\d^)-     "^^  ^  sufficient  number  of  terms  for 
our  purpose  the  latter  are : 


Arg=i'9'+i3 

I  /*SW„'l 

2\  dy"  / 

COS. 

sin. 

n't  COS. 

n't  sin. 

n"'1?  COS. 

n'»««  sin. 

i'       i 
0      0 

—0.4057 

" 

-     8.52 

// 

" 

" 

1  0 

2  0 

3  0 

+0- 1443 

—1. 6441 

—0-1175 

+0.  2489 
—2.  8744 
-2.5142 

—  73.09 

—  11.09 

—  0. 90 

+91.21 
+  2.00 
—  I.  19 

—1268.  72 

—  142.  12 

—  13.41 

—976.  23 
—109.38 
—  10.3S 

— ^ —   I 

+  1-2195 

+o.  3504 

+     0.97 

—  0.48 

— I —  I 

+  1.0988 

+0.  9397 

+   12.29 

-  4- 89 

0—  I 

+0.  9288 

+I.007S 

+  151-54 

—54-  69 

I —  I 

+0.  401 1 

+0.4819 

+  33-  83 

+23.51 
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Axg=i'g'+ig 

1 

2\  <Jy"  J 

COB. 

• 
Bin. 

n't  COS. 

n't  sin. 

n"'f  COB. 

n'2i»  Biu. 

i'      i 

2—  1 

3—  1 

4—  1 

1 —  2 

2 —  2 

3—  2 

4—  2 

5—  2 

6—  2 

6-3 

7—  3 
8-3 

7-  4 

8-4 

9—  4 

lo—  4 

+O.II76 

+2. 9733 
+3-  5992 

+0.5144 
+0. 1096 
—0. 5676 

—3-4317 
— 0. 1017 
—0. 1658 

+2. 4988 

+0. 1794 
— 0.0064 

-1.9564 
—I.  2025 

+5-  7067 
+0. 0459 

—  0.  1709 

—  1-5995 
+  0.  3508 

—  0.  2865 

—  0.  2139 

—  I. 1824 

—13-  7965 
+  0.0055 

—  0.0129 

+  1.6449 
+  I- 5819 
+  0. 1474 

+  1-8079 
+  0.6377 
+  1.6780 
+  0.0441 

// 
+  229.  69 
+      8.70 

-  4.62 

-  35-67 
+      4-26 
+  121.88 
+3887.  57 
+    24. 30 

-  3-57 

-  51-87 
+     12-  32 
+      0.59 

+     12. 64 
+      2.38 
+      9-68 
+      0.18 

II 
+306.  74 
+  61.  II 
+     5-87 

-  33-  89 
+  26.58 
+  181.27 

—  13-04 
+  12.76 

+  13-95 

+  60.34 

-  4.38 

—  0.08 

+  16.79 
+    6.90 

-  23.94 

—  0. 1 6 

// 

II 

Axg=i'g'+ig 

4\  <ly"  1 

sin. 

COB. 

i'      i 
I       0 

—       18.06 

-            5-29 

+  16531       n'( 

+  26479         "'<■ 

2      0 

-        2.85 

—            0.83 

+  3703       n'( 

+  5933      "'<• 

I —  I 

-       18. 77 

-     128.95 

2—  I 

+       21.54 

-      35-05 

3—  ' 

+         1-32 

—        8.01 

I —  2 

+         8.23 

-        8.32 

2 —  2 

+      43-78 

—      19.21 

3—  2 

+       12.44 

+       12-  83 

4—  2 

—       18. 70 

-     152-23 

5-  2 

+        0.42 

+        0.83 
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The  multiplication  being  performed  we  get 


-  -(  -g-jf  Jn'dV    =      [-  0.14019  -  62.646m'<  +  4.472m''f  ]  sin  (sp'  -  2^) 
+  [-  0.33710  +  36.383»'f  +  6.2g6n'H'']  cos  ($9'  -  ^9) 


"K^?^)"'*^    =      [-0.00524+    3.9^z'^'t-s.o2Mi'H']sin(sg'-2g) 
+  [—  0.00824  —    0.98971'*  —  7.943m"t^]  cos  (5^'  —  2g) 


-  -i-^)(n'Sz'f  =      [-  0.00277  -    o.i89»'<  +  i.040«"«^]  sin  (5^'  -  zg) 
+  [—  0.00569  —    0.07571'*  4-  2.563»t'^<^]  cos  (551'  —  zg) 


If  we  add  these  three  quantities  to  the  corresponding  terms  of  —  -(    '  ^  ,  "  j  and 

d  .  Sv'        ,  dv' 

-im-  """^^  Wdi  ^e  get 

dr' 

—j^  =      [—  0.76561  —  30.66471'*  +  2.02271'^*^]  sin  ($g'  —  zg) 

+  [—  1.51056  +  19.03271't  +  2.989r»'**']  cos  (55^'  —  zg) 
This  expression  may  be  changed  to 

dy' 

-j-j-  =      [—  0.76561  +  0.000140871'*  —  o.oooooo2937^'^*']  sin  (5^'  —  2g  +  xn't) 

+  [—  1. 51056  +  0.000277671'*  —  0.00000011771"*^]  cos  (5^'  —  2g  +  xn't) 

where  the  proper  number  of  decimals  has  been  restored  to  the  coefficients  of  n't  and 
n'H\     The  value  of  «  and  the  corrected  integrating  factor  are  given  by  the  equations 

log  K  =  7.32699  log  /i  =  1.5054687 

On  integrating  the  last  expression  we  obtain 

y'  =     [     24.7830  —  0.00475071'*  +  0.0000093871"*']  cos  (55''  —  2g  +  xn't) 
+  [—  48,2213  +  0.00828871'*  —  0.0000037571"**]  sin  (5<7'  —  2g  +  xn't) 

In  order  to  put  this  in  a  final  form  we  equate  the  argument  still  further,  so  that  the 
sum  of  the  squares  of  the  coefficients  of  n't  may  be  a  minimum.  This  makes  log 
X  =  7.32535,  and  we  have  the  following  expression 

//  //  o       /  // 

v'  =  [54-2171  —  0.00954371'*]       cos  (5^'  —2g+  xn't  +  62  47  58.0) 
+  0.0000100571"**  cos  (5p'  —  2g  -\-  xn't  +  22    9         ) 
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Omitting,  then,  the  terms  corresponding  to  the  argument  5^'  —  ig  the  expression 
for  S^v'  follows.  The  proper  number  of  decimals  are  restored  to  the  coefficients  of 
«7and«'¥: 


Arg=»'ff'4-*? 


S^v' 


3  o 

4  o 

—3— 
— 2 — 

0 — 

1 — 

2 — 
3— 

4— 

s— 

6— 

— 2 —  2 
— I —  2 

0 —  2 

1 —  ^ 

2—  2 

3—  2 

4—  2 

6—  2 

7—  2 

—I—  3 
o—  3 
J—  3 

2—  3 

3—  3 

4—  3 

5—  3 
6-3 
7—  3 
8-3 
9—  3 

1—  4 

2—  4 

3—  4 


+0.  <xx&2in't-\-o.  ooooo6i3«"^' 

— o.  000000O026»''<' 
-\-o.  2151+0. 030390«V-|-0.  ooo2i469«'^/* 

O.  0C)0O0O092S«'^/' 

+0. 0226 — o.  ooii56«'/-|-o.  ooooo6iSn'V» 

— O.  OOOCXXX)025»''/' 

— o.  0018 — o.  ooJ467«7 

— O.  0063 — O.  000020»'/ 


.  oc)ooooo6»'*/* 


— o.  0005 — o.  0000 1 6«V 

— o.  0272 — o.  oooo47n'/ 

— o.  0195 — O.  000224«V- 

— o.  0085 — o.  ooo290nV-|-  o.  oooooo72»"/» 

4-0. 0069+0.  oooo23«'/+o.  oooooo88»"/' 

+0.  1374+0.  ooo397»'/+o.  ooooi749»'V 

— o.  34S3 — °-  °03744''''' — °-  ooooo7o6»'V« 

— o.  0763+0. 000288»'/— O.  00000032»'V« 

+0. 0052 — o.  oooo76n'/ 
+0. 0020 — o.  ooooo3«'/ 

— o.  0006 — o.  ooooo6»V 
— o.  0049+0. 0001 83n'/ 
— o.  0081+0.  oooii-jn't 
— o.  0030+0.  oooo40«7 — o.  ooooooiSn''/' 
+0.0212 — o.  000020KV+0.  oooooo5i»'V" 
+0. 0315—0.  ooo35inV+o.  ooooo275«'V> 
— o.  0825—0.  oi6726«V+o.  ooooi599n'V» 
+0.  7667+0.  ooi759«V — o.  ooooo42i»'^/* 
+0.  0093+0.  oooo64n'/ 

— o.  0001 +0.  ooooo8«V 

+0. 0038+0.  00004OKV 

+0.  0020+0.  000064K'/ 

+0. 0005+0.  oooo33«'/ 

+0. 0070+0.  ooooo7»V+o.  ooooooo7«'V 

+0. 0151 — o.  oooozomV+o.  oooooo99«''/' 

— O.  0008+0.  0000l6«'/+0.  0O0O0229«"/* 

— o.  0629+0.  ooo755«V+o.  ooooo337»'V» 
+0. 0036+0. 0081  I2»V — O.  OOO0O0I3«'»/' 
— O.  0105 — O.  00I074«'/+0.  CO0OO022»'«/« 

— o.  0043 — o.  oooo4S«'/ 

+0. 0019 — o.  oooo3i«V 
+0. 0020—0.  ooooisn'r 
+0. 0001 +0.  ooooo3«'/ 


— o.  1536— o.  o50455n'/+o.  ooo3io64«"/' 

— o.  ooooooo2o6n'V 

+0. 0806 — o.  ooo73i«V+o.  ooooo88o«'V 
— o.  ooooooooo5«''/^ 

+0. 0868 — o.  ooozt-jn't 

+0. 0035 — o.  oooo35»'/ 

— o.  0009+0.  oooooonV 
— o.  0062+0.  ooo473nV 
— o.  0164+0.  ooo396«V+o.  oooooooob'^/'' 

—O.  0185+0.  O00242«V+0.  OOOOOI2I»'V 

— o.  0624+0.  oooo72«V — o.  oooooio6n''z'' 
— o.  1225+0.  ooo5i5«V— o.  ooooi3i2n''/' 
+0.  2715 — o.  007283KV+0.  oooooo48n'V 
+0. 0138 — o.  ooi6o3»V — o.  oooooo2o«'V 
+0. 0079+0. 000040K'/ 
+0. 0057+0.  ooooo6»V 

— o.  oooi+o.  0O0OII«'/ 
+0. 0096+0. 000059B'/ 
+0. 0064+0.  0001 1  3k'/ 
+0.  0008+0.  oooogiwV+o.  ooooooo3«'V 
+0.0101+0.  ooooionV — o.  ooooooiow''/^ 
+0.  0351 — o.  00005 1  k7—o.  oooooi98n'V 
— o.  4821+0.  oo2358«7— o.  ooo23345k'V 
— o.  5655+0.  oo3342«V+o.  oooooi73n'2/« 
— o.  0162+0.  oooo89«V 

+0. 0002+0.  ooooizn't 
+0. 0028—0.  oooo68»'/ 
+0. 0042 — o.  000045  «V 
— o.  0024+0.  ooooognV 
— o.  0088+0.  oooooo«V+o.  oooooooob'V 

— O.  0072—0.  0O0OI4«'/ — O.  OO0OOO2O»'2/' 

— o.  0025 — o.  00041 6«'/+o.  oooooo69«'V' 
— o.  0610 — o.  ooioo9»7+o.  ooooo352»'»/» 
— o.  3111  +0.  ooo740«7+o.  0000003 ' «"'' 
+0. 05 1 1 — o.  ooo496n  V — o.  oooooo36«"/> 

+0.  0054 — O.  0OO032«'/ 

— o.  0013 — o.  oooo3in'/ 
— o.  0004 — o.  oooo33«V 
— o.  0001 — o.  000020K'/ 
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6^V 

Axg=i'p'+ig 

COS. 

Bin. 

i'      % 

//                       //                                   n 

„ 

4—  4 

— 0. 0037-I-0.  000002kV-)-0.  oooooooo«'»/» 

0.  0046—0.  000002«7— 0.  00000002W'*/'' 

5-  4 

— 0.  ooi6-(-o.  ooooo2»7 — 0.  ooooooo4«'2/'' 

— 0. 0073—0.  ooooio«7 — 0.  oooooo3o«'V 

6-4 

-|-o.  00054-0. 0001  I2h7-)-o.  ooooooi5n'2/> 

— 0. 0163-I-0.  oooo48«'/— 0.  oooooo36«'V« 

7—  4 

-fo.  0658+0.  ooio23«V-|-o.  ooooooayn'V^ 

—0.  06484-0.  OOI455n'/'— 0.  00O00020«'2/« 

8-4 

-|-o.  0745-1-0.  ooo559«7 — 0.  oooooo46»'V» 

— 0.  03004-0.  002022«V4-O.  00000020«''/^ 

9-  4 

— 0.  9570-f-o.  oo8390«V-f-o.  ooooio59«'V 

—0.  2324—0.  oi9956«'/-f  0.  ooooo583«''/» 

10 —  4 

— 0. 2034 — 0.  oo3793«V — 0.  oooooi6o«'»/» 

— 0.  22734-0. 00265i«7 — 0.  ooooo298»"/' 

a-  S 

— 0. 0004 — 0.  OOOOI5n'/ 

— 0. 00074-0.  ooooiowV 

3-  5 

0.  0000 0.  000020«'/ 

— 0. 00084-0. 000002«V 

4-  5 

-|-o.  0001 — 0.  ooooojn't 

— 0.  0004 — 0.  000002«'/ 

5-  5 

— 0. 0026 — 0.  ooooo3«7 

4-0. 0013 — 0.  ooooo3«V 

6-s 

-0.  0033 

0.0000 

7-  5 

— 0. 0026-fo.  oooo35»7 

— 0.  0020 — 0.  0000 1 3nV 

8-5 

— 0.  0158-I-0.  ooo5i8nV 

—0. 0254—0. 0O0242nV 

9-  5 

—0. 0030-I-0.  000556/;'/ 

—0.  021 14-0.  oooo5o«7 

lo-  5 

+0.  0O9i-)-o.  ooo368«'/ 

— 0.  02284-0.  ooo26in7 

u-  5 

-j-o.  0207 -|-o.  0003  io«7 

— 0.  02264-0.  ooo554n7 

12—  s 

-(-o.  0631 — 0.  oooo58n'/ 

4-0. 0319 — 0.  oooi8o«7 

3-6 

— 0.  0003-)-©.  000002»V 

-fo.  0001  -|-o.  ooooo6«7 

4-6 

— 0. 0004-I-0.  oooooob'/ 

—0.  oooi-f-o.  ooooo8«7 

6—  6 

-j-o.  0002 

4-0.0008 

7-6 

— 0. 0001 

4-0.  0010 

8—  6 

— 0.  0009-I-0.  oooooinV 

4-0. 0004 — 0.  ooooi3«7 

9-6 

— 0. 0090 — 0.  oooo37»'/' 

4-0.  0036 — 0.  0002I0«'/ 

10 —  6 

— 0. 00694-0.  oooo47n7 

—0. 0002 — 0.  oooi6i»7 

II—  6 

— 0,  0008-I-0.  oooo59n7 

4-0.  0008—0.  oooo62«7 

12—   6 

-f-o.  00484-0,  oooo4i«'/ 

4-0. 0134 — 0.  ooooio«7 

5-  7 

4-0.  ooooo^n't 

4-o.onoooi»«7 

7-  7 

4-0.0005 

0.0000 

8—  7 

4-0.0005 

4-0.0002 

9—  7 

— 0.  0004 — 0.  ooooo5«'/ 

4-0.  0001— 0.  ooooo6«V 

lo —  7 

4-0.  0004 — 0.  000O92»'/ 

4-0.  0038 — 0.  ooooo3«7 

II —  7 

— 0.  001 1 — 0.  oooo69«7 

4-0. 0031—0.  oooo38»7 

12—   7 

— 0.  0004 — 0.  000022B'/ 

4-0. 0004 — 0.  oooo35«7 

lo—  8 

—0.  000002»7 

0.  O0OO0O«7 

II—  8 

— 0.  ooooion'e 

4-0.  oooo47«7 

12—  8 

— 0.  00CO24»7 

4-0.  oooo29»7 

12—   9 

— 0.  OOOOI3B7 

4-0.  ooooo7>i7 

CHAPTER  XXI. 

PEKTUEBATIONS   OF   SATDEN   OF  THE   SECOND   ORDER  FROM   THE   ACTION  OF  URANUS   AND 

FACTORED  BY  n'<. 

Having  now  pushed  the  approximation  to  the  perturbations  of  the  longitudes 
and  radii-vectors  of  Jupiter  and  Saturn,  so  far  as  these  arise  from  their  mutual  action, 
to  a  suflScient  length,  it  remains  to  consider  certain  terms  of  the  second  order,  with 
respect  to  disturbing  forces,  which  involve  the  mass  of  Uranus  as  a  factor. 

In  the  first  place  the  perturbations  of  Saturn,  due  to  the  action  of  Uranus,  which 
have  been  determined  in  Chapter  III,  are  of  the  first  order  with  respect  to  the  dis- 
turbing force.  The  elements  of  both  planets  have  been  regarded  as  constant.  In 
this  chapter,  then,  we  determine  the  additional  terms  which  arise  in  the  perturbations 
from  attributing  to  these  elements  their  augmentations  proportional  to  the  time. 
Here  it  will  be  sufficiently  accurate  to  neglect  the  variations  of  the  elements  which 
determine  the  position  of  the  planes  of  the  orbits  relative  to  each  other.  Also  the 
effect  on  the  latitude  of  Saturn  may  be  neglected. 

The  more  important  part  of  the  terms  we  wish  to  derive  arises  from  the  variation 
of  the  function  T'  (denoted  as  T  at  page  130;  but  here  we  propose  to  give  one  accent 
to  quantities  belonging  to  Saturn  and  two  to  those  belonging  to  Uranus).  To  find 
the  variation  of  T'  we  therefore  employ  the  abbreviated  formula 

'^'  =  w""'"''  +  ?""'^"  +  ^^'"  +  ^'^'"'  +  ''''^' 

in  which  the  latter  factors  of  the  five  terms  may  be  limited  to  their  secular  terms. 
By  joining  together  the  terms  of  one,  two,  and  three  dimensions,  obtained  in  the  pre- 
ceding chapters,  we  have  for  Saturn 

n'dz'=  —  [o.S24S'j]n'tsiQ    y' —  [i.oagyijn'f  cos    g* 

—  [8.97io4]w'<  sin  2g'  —  [g.iysggjw'f  cos  zg' 

-  [7.4183  ]n't  sin  351'  -  [7.6233  ]n't  cos  sg' 

y'=      [8.97i9s]n'< 

-I-  [o.s2384]to'<  cos  g'  —  [o.72868]n't  sin  g' 
+  [8.97io4]to'<  cos  ig'  —  \^.iy^g^]n't  sin  2g' 
+  [7.5944  ]n't  cos  3g'  -  [7-7994  \n't  sin  3/ 

^k^  =  -  l9-273°  \»'t 
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The  corresponding  quantities  for  Uranus  must  be  derived  from  the  theory  of  this 
planet.  Availing  ourselves  of  Professor  Newcomb's  determinations,*  the  unit  of  t 
being  a  Julian  year,  we  have 


^  =  -o".o54.o  ^^  =  +^"-846 


These  data  give 


n"dz"  =  —  [9.7o665]to'«  sin    g"  —  [o.ogSo^jn't  cos   g" 

—  [7-7756  ]n't  sin  2g"  —  [8.1671  ]n't  cos  2g" 

—  [6.1456  ]n't  sin  29"  —  [6.5370  ]n't  cos  $g" 

r"=      [7.7764  ]n't 

+  [9.40562]n't  cos  g"  —  [g.'jgjoo]n't  Bin  g" 
+  [7-7756  ]n't  cos  2g"  —  [8.1671  ]n't  sin  2g" 
+  [6.3217  ]n't  cos  351"—  [6.7131  ]n't  sin  ^g" 

The  expressions  for  the  factors  g-7  and  g-77  are  readily  derived  by  partial  differ- 
entiation of  the  value  of  T',  given  in  Chapter  III  (pages  130-133)-     It  only  remains 

dT'  dT' 

to  show  how  r'^  and  r"^p-,  are  obtained.     We  have  the  formulae 

where 

dg'  dr' 

The  values  of  the  factors  involved  in  the  right  members  of  these  equations  have  all 

been  given,  excepting  that  of  {^^'spj  c-'^',  A'  and  B'  at  page  74,  M'  and  N'  at  page 

dfl'  dfl' 

212,  a'j-r  and  a'^^p-  at  pages  128-130.     For  the  single  remaining  factor  we  have 

the  equation 

The  expressions  for  —  ,  {^—J  ,  [^  J  y  ^2'  «V»'  and  (H)  have  been  given  in  Chapter 
III.     We  also  readily  get 

^|_^2  -  '^^ij  =  [9-6346]  -  2[8-72S3]  cos  g"  +  2[7.oi2o]  cos  2g" 

+  2[8.i9s6]  cos  g'  +  2[6.56o8]  cos  2g' 

—  2[6.989o]  cos  (g"  —  g')  —  2[6.989o]  cos  {g"  +  g') 


'An  Investigation  of  the  Orbit  of  Ur»nu8,  pp.  80, 81,     The  only  alteration  made  is  the  putting  the  mass  of  Neptnn* 
•t  Tjhso  instead  of  Trhsv- 
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Making  the  single  multiplication  required  and  availing  ourselves  of  all  the  data 
afforded  in  Chapter  III  we  obtain  the  following  expression : 


Arg= 

jlVdr 

)V/2' 

Arg= 

fi\     dr 

)V/2' 

Arg= 

p  V  dr 

ya'n' 

i'g"+ig' 

i'g"+ig' 

i'g"+ig' 

COB. 

sin. 

COS. 

sin. 

COS. 

sin. 

i'      i 

i'      i 

i'      i 

0       o 

0. 4714 

3—  4 

—0.  0597 

+0. 0193 

6-  7 

+0. 0095 

— 0.  0450 

°—  ' 

—0.  0793 

—0. 0495 

3—  5 

—0.0037 

+0.0005 

6—  8 

+0. 0025 

— 0.0041 

O—    2 

0.0000 

+0.0016 

4-  I 

— 0.  0001 

+0. 0057 

7—  3 

+0.0012 

O.OOIO 

«+    I 

0.0067 

— 0.0022 

4 —  2 

+0. 0374 

— 0. 0422 

7-  4 

— 0.  0123 

— 0.  0014 

I          O 

+0.  0725 

+0.  1 167 

4—  3 

—0. 3184 

+0. 0194 

7-  5 

+0. 0302 

+0. 0503 

I—    I 

+0.  I3SS 

—0. 6836 

4—  4 

+0.  4737 

+0.5111 

7—  6 

+0.  0661 

—0. 1414 

I —    2 

—0.0124 

+0.  0391 

4-  5 

+0.01 12 

+0. 0667 

7—  7 

—0. 1677 

+0.0119 

•—  3 

— 0. 0001 

+0.0007 

4—  6 

— 0.0004 

+0. 0050 

7-  8 

— 0. 0301 

—0.0133 

5 —  2 

+0.  0081 

+0.0002 

8-  4 

— 0.0013 

— 0.0017 

2+    I 

+0.0001 

— 0.0007 

5—  3 

— 0.  0464 

— 0. 0466 

8-  5 

— 0.  0029 

+0.0119 

2        O 

— 0.0099 

+0.01 17 

5—  4 

—0.  0233 

+o-  2743 

8—  6 

+0. 0447 

—0.0183 

2—    I 

+0.  2466 

— 0.  0170 

s-  S 

+0.  3947 

— 0.  2305 

8-  7 

—0.  0866 

— 0.  0627 

2 —   2 

— 1.1123 

—0. 4730 

5—  6 

+0. 0592 

+0.  0007 

8—  8 

— 0.  0161 

+0. 0945 

3—   3 

— 0. 0105 

—0.  0325 

5—  7 

+0. 0048 

+0.0016 

8-  9 

— 00133 

+0.0182 

2—   4 

— 0.0006 

—0.0014 

6—  2 

+0.0006 

+0.0009 

9-  S 
9-  6 

— 0.0018 
+0.01 1 1 

+0.0012 
+0.0044 

3      ° 

— 0.0022 

— 0.0004 

6-  3 

+0.  0006 

— 0. 0106 

9—  7 

—0.  0074 

— 0.  0387 

3—  • 

+0. 0290 

+0. 0287 

6-4 

—0.0513 

+0.0416 

9-8 

—0.  0579 

+0. 0487 

3—  2 

—0.  0549 

—0.3160 

6-  5 

+0.  2083 

+0.0538 

9—  9 

+0.  0523 

+0.  0295 

3—  3 

— 0.  5614 

+0.  8oi6 

6—  6 

— 0.0844 

— 0.  2700 

9 — 10 

+0.0187 

+0.  0055 

Thence  we  obtain  the  expression  for  V: 


Arg=x:/+iV"+<S' 

V 

Arg=xy+i'g"+ig' 

V 

sin. 

COS. 

sin. 

COS. 

X      i'      i 
I       0 —  I 

-4.  568 

It 

— 0.006 

X      i'       i 
— 1       1       0 

+ 1 . 020 

+5- '25 

— I       0      0 

—0.  489 

+0-3S3 

0       1 —  1 

—0.522 

—2.  706 

0      0—  I 

+0.  346 

-0.  167 

I       1—  2 

-0.325 

—1.  500 

1       0—  2 

+0.  028 

—0.131 

— 1       1 —  I 

— 0.  014 

—0.428 

— I       0 —  I 

+0.003 

— 0.010 

0       I —  2 

-0.  077 

+0.306 

0      0 —  2 

+0.003 

+0.001 

I       I-  3 

+  0.099 

—0.081 

I       0—  3 

+0.001 

+0.002 

—I       I —  2 

—0.003 

— 0.002 

-I       1+  2 
0       1+  I 

— 0.005 
— 0.025 

— 0.005 
+0.006 

0  1—3 

1  1—  4 

— 0.004 
+0.005 

+0.012 
— 0.007 

1       1       0 

+0. 040 

+0.001 

-1       2+  2 

0.000 

0.000 

-1       1+  1 

+0.  377 

—0.452 

0      2+  1 

0.000 

+0.001 

0       I       0 

0.000 

0.000 

1       2      0 

+0.001 

— 0.002 

I       I—  I 

—0.  396 

+o-  350 

-I       2+  1 

—0.008 

—0.053 
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A.Tg=Hy'+i'g"+ig' 

V 

XTg=Hr'+i'g"+ig' 

V 

sin. 

COS. 

sin. 

COS. 

X       i'       i 

.. 

„ 

K      i      i 

/' 

// 

0         2        0 

0.  000 

0.000 

-I       4-  5 

— 0.011 

— 0.052 

I          2 —    I 

—  0.  044 

+  0.059 

0      4—6 

— 0.004 

+0. 107 

—  12        0 

+   1.768 

+  0. 131 

I       4—  7 

+0.003 

—0.04s 

O         z —    I 

—  1-247 

+  0.  085 

—I       5—  I 

+0.063 

+0. 018 

I          2—    2 

+  0.  370 

—  0.456 

0       5 —  2 

— 0.  051 

— 0.  019 

—  I         2 —    I 

-13-875 

+  5-936 

'      5—  3 

+0.  025 

— 0.009 

O         2—    2 

+  12.592 

—  5-  402 

'       2—  3 

—  2.  968 

+  1-255 

— I       5 —  2 

-0.589 

+0. 383 

°      5—3 

+0.  540 

—0-334 

—  I         2 —   2 

+  0-049 

+  0. 430 

I      5—  4 

—"-136 

+0. 187 

O         2—3 

+  0.504 

—  0.  686 

I          2—    4 

—  0.  25 1 

+  0.282 

-■       5-  3 

+0.061 

-3.482 

0      5—4 

—0. 077 

+3. 282 

—  I          2—    3 

—  0.  001 

+  0.  oil 

0         2 —    4 

+  0.031 

—  0.048 

I       5-  5 

-0.138 

— 1.025 

I        2—   5 

—  0.016 

-|-  0.  024 

—  I       5—  4 

+5- 517 

+3-  248 

0      5-  5 

-5-  356 

—3.001 

-I       3+   1 

—  0.006 

—  0.  001 

I       5—  6 

+«S97 

+0.880 

030 

0.000 

0.000 

-1       5-  5 

+0-  747 

— 0.072 

1       3—  ' 

0.  000 

+  0.008 

0      5—6 

-0.  977 

-0.059 

-130 

+  0.  225 

—  0.  163 

'      5—  7 

+o-  354 

+0.  041 

0       3—  ■ 

—  0.  154 

+  0.  130 

—  I       5—  6 

+o.  053 

-0.  025 

I       3—  2 

+  0.  014 

—  0. 120 

0      5-  7 

—0.  102 

+0. 021 

—I       3—  I 

—  1.060 

+  3-  >87 

I       5—  8 

+0.044 

—0.006 

0      3—2 

-f  0.  966 

—  2.  761 

'      3—  3 

+  0.029 

+  0.877 

—I       6—  1 

+0.007 

— 0.  003 

—  I       3—  2 

—  7-465 

—  10.  661 

0      6—  2 

— 0.006 

+0.002 

0      3-  3 

+  7-097 

+  9-  956 

I       6-3 

+0.002 

— 0.002 

I       3—  4 

-  1-938 

—  2.719 

—I       6—  2 

— 0.024 

+0.  100 

->       3-  3 

—  0.  739 

—  0.087 

0      6—  3 

+0. 025 

— 0.089 

0      3—4 

+  1.048 

+  0.  522 

I       6—  4 

+0.008 

+0.  041 

'      3-  5 

-  0.  392 

—  0.  239 

-I       6-  3 

—0.  501 

—0.581 

—  ■       3—  4 

—  0.036 

+  0.002 

0      6—  4 

+0.456 

+0.548 

0      3-  5 

+  0.088 

+  0.  026 

I       6-5 

— 0.  207 

—0.135 

I       3-  6 

—  0.  040 

—  0.012 

—I       6—  4 

+2.785 

—0.467 

—140 

+  0.009 

—  0. 033 

0      6 —  5 

—2.  658 

+0.444 

0      4—  I 

—  0.006 

+  0.022 

1       6—  6 

+0.  822 

—0.243 

I       4—  2 

—  0.  010 

—  0.  on 

-I       6-5 

— 1.220 

+3-831 

—I       4—  I 

+  0.  238 

+  0.  456 

0      6—6 

+  1.070 

— 3-7<9 

I       6—  7 

—0.  311 

+  1.  126 

0      4 —  2 

—  0.  192 

—  0.  393 

I       4-  3 

+  0-  «49 

+  0.092 

—1       6—  6 

+0.  160 

+0.  576 

—  I       4—  2 

-  3-721 

—  0.695 

0      6—  7 

—0.  113 

—0.735 

0      4—3 

+  3-417 

+  0.678 

1       6—  8 

+0. 029 

+0. 264 

I       4—  4 

-  I- 079 

+  0.027 

-I       6-7 

+0.033 

+0. 046 

-I       4-  3 

+  6-514 

—  7-007 

0      6-8 

—0.038 

—0.081 

0      4-4 

—  6. 107 

+  6.766 

1      6 —  9 

+0. 013 

+0.034 

I      4-  5 

+  1-757 

—  1.961 

_l       4_  4 

+  0-039 

—  0.  830 

—  1      7—  2 

+0.006 

+0.012 

0      4—  5 

—  0.306 

+  1. 122 

0      7-3 

— 0.005 

— O.OII 

I       4 —  6 

+  0.144 

—  0.410 

1      7-  4 

+0.005 

+0.003 
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V 

1 

Are— xy'-l-«'n"-t-tn' 

A.Tg=xy'+i'g"+ig' 

sin. 

a             COS. 

sin. 

008. 

X 

i'      i 

// 

// 

X       i'       i 

„ 

// 

—I 

7—  3 

—0.132 

— 0.017 

I       8—  8 

— 0-357 

+0.280 

0 

7—  4 

+0.  119 

+0. 019 

-1       8-7 

— 0.221 

-'•375 

7-  5 

— 0.046 

+0.  on 

0      8-8 

+0-  273 

+1.318 

—  I 

7—  4 

+0. 46s 

— 0.SS4 

I       8-9 

— 0.091 

—0.403 

0 

7-  5 

—0.447 

+0.518 

—I       8—  8 

—0.186 

—0. 236 

7—  6 

+0.  108 

— 0.207 

0      8—9 

+0. 198 

+0.  293 

— I 

7-  5 

+o.  743 

+  1.964 

I      8—10 

—0.068 

— 0. 106 

0 

7—  6 

—0.721 

—1.886 

7—  7 

+0.  291 

+0. 567 

—I       9—  4 

— 0.015 

— 0.018 

—I 

7—  6 

-2.405 

—0.188 

0      9-  5 

+0.014 

+0.017 

0 

7—  7 

+2-  323 

+0.098 

I       9-6 

—0.008 

—0.003 

7—  8 

—0.  706 

— 0.019 

-I       9-  5 

+0.  .38 

— 0.024 

— I 

7—  7 

—0.  389 

+0. 186 

0      9—  6 

— 0. 127 

+0.019 

0 

7—  8 

+0.  491 

— 0. 191 

I       9-  7 

+0. 039 

— 0.018 

7—  9 

—0.180 

+0.063 

-I       9-6 

—0.158 

+0.471 

0 

0 
0 

8-3 
8-  4 

^5 
8-4 
8-s 
8—  6 
8-s 
8-  6 

— 0.016 
+0.  015 
—0.004 
— 0.002 
— 0.002 
-0.015 

+o-  535 
—0. 507 

+o.on 
— 0.009 
+0.006 
— 0. 140 
+0. 132 
—0.04s 

+o-  307 
—0.299 

0  9—7 

1  9-8 
-I       9-  7 

0  9—8 

1  9—  9 
-I       9-  8 

0  9—9 

1  9 — lo 

+o-  157 

—0.031 
— 0. 711 
+0. 669 
—0.  203 

+0. 736 

—0. 679 
+0. 190 

—0.441 
+0.144 
-0.707 
+0. 668 
— 0. 191 
—0.348 
+0. 336 
— 0.070 

8-  7 

+0. 188 

+0.066 

-I       9—  9 

+0. 169 

— 0. 125 

—  I 

8-  6 

— 1. 241 

+0.  783 

0      9 — 10 

-0.15s 

+0. 165 

0 

8-7 

+1.191 

—0.  767 

I       9-n 

+0.011 

— 0.082 

In  the  next  place  we  have  the  expression  for  X' ; 


X' 

1 

Arg=xv'+i'ff"+ij 

Aig=xy'+i'g"+ig' 

sin. 

COS. 

sin. 

COS. 

X      i'      i 
000 

" 

+0.006 

K       V      i 
-1       1+   1 

—0.  127 

+0.084 

I       0 —  I 

+1.  664 

— 0.002 

0       I       0 

+0. 020 

+0.098 

— 100 

+0.  158 

— 0.071 

1       I —  I 

+0.  120 

—0.  120 

0      0 —  1 

—0.  141 

0.000 

— 1       I       0 

—0.225 

—  I.  164 

I       0 —  2 

+0. 022 

+0. 041 

0       I—  I 

—0.008 

+0.  OOl 

— I       0—  I 

— 0.002 

+0.001 

1       I —  2 

+0.  133 

+0. 62s 

0      0 —  2 

— 0.002 

— 0.004 

— 1       1 —  1 

—0.037 

+0. 107 

1       0—  3 

+0.001 

+0.003 

0       1—2 

— 0.012 

-0.053 

-1       1+  2 

— 0.002 

+0.004 

I       I—  3 

— 0.006 

+0. 026 

0       1+   I 

+0.011 

— 0.007 

0      1-3 

0.000 

— 0.002 

I       I       0 

— 0.011 

+0.003 

1       1—  4 

— 0.  001 

+0.002 
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X' 

1 

Arg=X)''+»'j"+i5' 

Arg=X7'+»'»"+«S' 

sin. 

COB. 

sin. 

COS. 

H         V         i 

// 

/, 

X      i'       i 

„ 

„ 

-1         2+    1 

— 0.005 

+0.  OIO 

1       4—  6 

+0.003 

— 0.006 

020 

+o-  035 

+0.001 

-I       4-  5 

+0.002 

+0.008 

I          2—    I 

0.000 

— 0.014 

0       4—6 

0.000 

+0.001 

—  120 

—0.417 

—0.013 

— I       5 —  I 

—0.008 

—0.008 

0        2 —    I 

—0-334 

+0.144 

I         2 —   2 

-fo.  088 

+0.069 

0       5—  2 

— 0. 009 

+0.002 

—  I         2—    I 

+3-965 

-1.709 

I      5-  3 

+0.002 

0.000 

—I       5—  2 

+0.  108 

—0. 031 

0        2 —   2 

— 0.009 

+0.003 

-" 

1         2—   3 

—0.244 

+0.  Ill 

0      5—3 

+0.007 

— 0. 042 

—  1         2—   2 

+0.005 

— 0. 109 

I       5—  4 

—0.007 

+0.002 

0      2-3 

+0.  019 

— 0.009 

-I       S-  3 

— 0. 071 

+0.  494 

I         2—   4 

—0.017 

+0.005 

0      5—4 

+0.060 

+0-  033 

'      5—  5 

+0.002 

— 0.  020 

—  I         2—   3 

+0.001 

—0.003 

0       2—4 

+0.002 

+0. 001 

-I      5—  4 

— 0.  700 

— 0. 402 

I         2-   5 

— 0. 001 

— O.OOI 

0      5-  5 

+0.007 

+0.001 

I       5—  6 

+0. 020 

+0.  on 

—         3+    I 

0.000 

—O.OOI 

-I       5-  5 

— 0.087 

+0.004 

030 

+0.005 

— 0.  002 

0      s—  6 

— 0. 001 

— 0.002 

I       3—  I 

— 0. 001 

0.000 

'      5—  7 

+0.003 

0.000 

-130 

— 0.056 

+0. 029 

—  I      5—  6 

— 0.007 

+0.003 

0      3—  I 

— 0. 036 

+0. 058 

0      5-  7 

— 0.  001 

0.000 

'       3—  2 

+0.012 

— 0.  001 

I       5—  8 

0.000 

+0.001 

-I       3-  I 

+0.416 

—0.685 

0      3 —  2 

— 0.  127 

—0.179 

—  I       6 —  2 

+0.009 

—0.012 

'      3-  3 

—0.032 

+0. 059 

0      6—  3 

— 0.004 

—0.008 

-I       3-  2 

+  1.512 

+2-  139 

I       6 —  4 

— O.OOI 

0.000 

0      3-  3 

—0.008 

— 0.009 

-I       6-  3 

+0. 046 

+0. 089 

■       3-  4 

—0.071 

— 0.  092 

0       6 —  4 

+0. 029 

— 0.  003 

->       3-  3 

+0.  131 

+0. 027 

.       6-5 

— 0.002 

— 0.  005 

0      3-4 

+0.004 

+0.007 

-I       6-4 

— 0-335 

+0.021 

'       3-  5 

—0.007 

—0.008 

0      6 —  5 

— 0.  OIO 

+0. 034 

— '       3—  4 

+0.006 

0.000 

I       6—  6 

+0.012 

— 0.002 

0      3-  5 

0.000 

+0.  OOI 

-I       6-  5 

+0. 125 

— 0. 410 

I      3-6 

— O.OOI 

— O.OOI 

0       6—6 

0.000 

+0.005 

—140 

—0.005 

+0.005 

I       6-  7 

—O.OOI 

+0.009 

0       4—   I 

0.000 

+0.009 

—  I       6 —  6 

— 0.013 

—0.058 

0      6—  7 

0.000 

— 0.  OOI 

—  I        4—   I 

— 0.  OIO 

— 0.  lOI 

0       4—  2 

—0.054 

— 0.019 

I       6—  8 

0.000 

+0.001 

'       4—  3 

+0.002 

+0.010 

-I       6-  7 

— 0.004 

— 0.005 

—  I       4—  2 

+0. 640 

+0-  233 

—  I       7—  2 

0.000 

— 0.002 

0      4—3 

+0. 083 

— 0.  091 

0      7-  3 

— 0.002 

0.000 

I       4-  4 

-0.037 

— 0.  OIO 

-I       7-  3 

+0.014 

+0.008 

-'      4-  3 

— I.  002 

+1.094 

0      7—4 

+0.006 

— 0.005 

0      4—4 

+0.005 

— 0.008 

'       7-  5 

0.000 

— 0.  OOI 

•       4-  S 

+0. 034 

^D.039 

-I       7—  4 

— 0.064 

+0. 050 

-I       4-  4 

— 0.013 

+0.  117 

0      7-  5 

+0.005 

+0.017 

0      4—5 

— 0.003 

+0.002 

I       7—  6 

+0.002 

—0.003 
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X' 

X' 

Axg=xy'+i'g"+ig' 

Arg=x>''+t's"+iff' 

Bin. 

•             COS. 

sin. 

COB. 

X       »'       » 

// 

K      »'       » 

„ 

;/ 

-I      7-  s 

-0.058 

— 0.205 

0      8—8 

— 0.002 

— 0.001 

0      7—6 

— 0.018 

0.000 

1       8-9 

0.000 

0.002 

I       7—  7 

+0.002 

+0.006 

-  I       8-8 

+0. 014 

+0.019 

-I       7—  6 

+0.  222 

+0. 014 

0      8—9 

0.000 

+0.001 

0      7-  7 

— 0.002 

+0.001 

1       8—10 

0.000 

0.001 

I      7—  8 

—0.006 

0.000 

—I       7—  7 

+0. 034 

— 0.016 

—I       9-  4 

+0.  001 

+0.002 

I       9-6 

— 0. 001 

0.000 

-.       8-3 

4-0.002 

— 0.001 

-1       9-  5 

— 0.013 

0.000 

0      8-4 

0.000 

— 0.002 

09-6 

— 0.002 

+0.003 

-1      8-4 

—0.005 

+0.014 

-I       9-6 

+0.  019 

—0.036 

0      8-  5 

+0.004 

+0.003 

0      9—  7 

— 0.005 

— 0.  004 

-I       8-5 

-0.  045 

—0.039 

I       9-8 

0.000 

+0.001 

0      8—6 

— 0.  010 

+0.006 

—1       9—  7 

+0.  050 

+0.  057 

I       8-  7 

+0.001 

+0.002 

0      9-8 

+0.004 

—0.003 

-I       8—  6 

+0.  114 

— 0.062 

I       9—  9 

— 0.  001 

0.  001 

0      8—7 

— 0.  001 

—0.008 

-I       9-8 

— 0.051 

+0.023 

I       8-  8 

—0.003 

+0.002 

_,       9—  9 

—0.009 

+0. 010 

+0.019 

+0.  112 

I       9—11 

— 0. 001 

0.000 

The  foregoing  developments  enable  us  to  derive  the  expressions  for  the  factors 


,<JT' 
"  dr' 

•^  dr" 

Aig=Ky'+i'g"+ig' 

sin. 

COS. 

ain. 

COS. 

X       i'       i 
000 

// 

+0.006 

// 

(/ 

I       0 —   I 

—2.904 

— 0.008 

+6.  232 

+0.008 

—  100 

— 0-33' 

+0. 282 

+0.644 

—0.438 

0       0 —  I 

+0.  205 

—0. 167 

-0. 476 

+0.  211 

I       0 —  2 

+0. 050 

— 0.090 

— 0.010 

+0.  157 

—  I       0 —  1 

+0.001 

— 0.009 

—0.004 

+0.010 

0       0 —  2 

+0.001 

— 0.003 

— 0.005 

0.000 

1      0—  3 

+0.002 

+0.005 

0.000 

— 0.002 

-1       1+  2 

— 0.007 

— 0. 001 

+0. 004 

+0.007 

0      1+  1 

—0.014 

— 0.  OOl 

+0.034 

—0.008 

1       1      0 

+0. 029 

+0.004 

— 0.051 

—0.002 

-.       1+  1 

+0. 250 

—0.368 

—0.499 

+0.  561 

0      I      0 

+0. 020 

+0.098 

1       I—  1 

—0.276 

+0.  230 

+0.524 

—0. 429 
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ATS=ftr'+i'g"+ig' 

siD. 

COS. 

BID. 

COS. 

X 

i'      « 

„ 

„ 

„ 

// 

— I 

I       0 

+  0- 795 

+3-  959 

—  1-297 

.  -  6.  555 

0 

I —  I 

-  o-  53° 

-2-  705 

-|-  0. 669 

+  3-  504 

I 

I —  2 

—  0.  192 

-0.875 

+  0.408 

+  1.860 

— I 

I —  I 

—  0.051 

—0.321 

—  0.053 

+  0.560 

0 

I —  2 

—  0.089 

+0-  253 

+  u.  l6o 

—  0.409 

I 

I-  3 

+  0-093 

—0.055 

—  0. 138 

+  0. 116 

—  I 

1—  2 

—  0.003 

— 0.002 

+  0.003 

+  0. 004 

0 

I—  3 

—  0. 004 

+0.010 

+  0.009 

—  0.018 

I 

'—  4 

+  0.004 

— 0.005 

—  0.008 

+  0. 010 

0 

2+  I 

0. 000 

+0.001 

0.  000 

—  0. 001 

I 

2      0 

+  0. 001 

— 0.002 

—  0.002 

+  0.002 

—  I 

2+  I 

—  0.013 

—0. 043 

-f  0. 010 

+  0.064 

0 

2      0 

+  0.035 

+0. 001 

I 

2—  I 

0.  044 

+0-  045 

+  0.  065 

—  0. 075 

—I 

2      0 

+  '-351 

+0. 1 18 

—  2.415 

—  0.087 

0 

:* —    I 

—  1.581 

+0.  229 

+  1-759 

—  0. 179 

I 

2—   2 

+  0.458 

-0.387 

—  0. 614 

+  0. 628 

—  I 

2—    I 

—  9.910 

+4.  227 

+  19.692 

—  8.444 

0 

2—    2 

+  12.583 

—5-  399 

—18.  131 

+  7-  795 

I 

2—    3 

—  3-212 

+  1-366 

+  4-  555 

—  '-935 

— I 

2--    2 

+  0.054 

+0-  321 

+  0.017 

—  u.  620 

0 

2-  3 

+  0.  523 

-0. 695 

—  0.819 

+  0.986 

I 

2-  4 

—  0.  268 

+0. 287 

+  0.  398 

—  0. 402 

—  1 

2-  3 

0.000 

+0.008 

+  0.004 

—  0.019 

0 

2-  4 

+  0.033 

—0. 047 

—  0.051 

+  0.071 

I 

2-    5 

—  0.017 

+0. 023 

+  0.027 

—  0. 036 

-I 

3+  I 

—  0.006 

— 0. 002 

+  0.007 

+  0. 001 

0 

3      0 

+  0.005 

— 0.002 

I 

3—  > 

—  0. 001 

+0.008 

+  0. 002 

—  0.  on 

— I 

3      0 

+  0. 169 

—0. 134 

—  0.  310 

+  0.219 

0 

3—  ' 

—  0. 190 

+0.  188 

+  0.  222 

—  0. 178 

' 

3—  2 

+  0. 026 

— 0.  121 

—  0. 039 

+  0. 166 

—  I 

3—  I 

—  0.644 

+2.  502 

+  1-644 

—  4.  220 

0 

3-  2 

+  0.  839 

—2.940 

-  1-532 

+  3-704 

I 

3-  3 

—  0.003 

+0.  936 

+  0.064 

—  I.  219 

— I 

3—  2 

-  5-953 

—8.  522 

+  9-  703 

+  i3-8'3 

0 

3—  3 

+  7-089 

+9-  947 

-  9-  291 

—  12.965 

I 

3—  4 

—  2.009 

-2.  81 1 

+  2.596 

+  3-614 

—  I 

3-  3 

—  0.608 

— 0.060 

+  0.  958 

+  0.  158 

0 

3—  4 

+  1-052 

+0.  529 

—  1-366 

—  0.  727 

I 

3-  5 

—  0-  399 

—0.247 

+  o-5>3 

+  0.  329 

— I 

3—  4 

—  0.030 

+0.002 

+  0.048 

0.000 

0 

3—  5 

+  0.088 

+0. 027 

—  0.  116 

—  0. 039 

I 

3-6 

—  0.041 

-0.0:3 

+  0.053 

+  0.019 
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ATg=xy'+i'g"+ig' 


,dT 


„dT' 
dr" 


—140 

0      4 —  I 

I       4—  2 

-I       4-  I 

0      4 —  2 

I       4-  3 

—I       4—  2 

0      4—3 

I       4—  4 

-I       4-  3 

0      4—4 

I       4-  S 

—I       4—  4 

0      4—5 

I      4—  6 

-I      4-  5 

0       4 —  6 

I       4—  7 

-I       5-   I 

0       5-2 

I       5—  3 

—I       5-  2 

0      5-  3 

I       5-  4 

—I       5-  3 

0      5—4 

I       5-  5 

-I       5-  4 

0      5-  5 

I      5-6 

-I       5-  5 

0      5—6 

I       S-  7 

_.       5-6 

0      5-  7 

.       5-8 

-I      6-  I 

0      6—  2 

I      6-  3 

—  I       6—  2 

0      6—3 

I       6—  4 

-I       6-  3 

0      6—4 

I       6-5 

-)-o.  004 
— o.  006 

— O.  010 

+0.  228 
— o.  246 

+0. 151 
-3.081 
+3-500 

— 1. 116 

+5-5>2 

— 6.  102 

+1.791 

-|-o.  026 

—0.309 

+0. 147 

— 0.009 
— o.  004 

+0.003 
+0.055 

— o.  060 
+0. 027 
— 0.481 
+0,  547 
— o.  143 
— o.  010 
-<j.oi7 
— o.  136 
+  4.817 
—5-  349 
+  1.617 
+0. 660 
— o.  978 

+0.  357 
+0. 046 
— o.  103 
+0.044 

+0.007 
— 0.006 
+0.002 
— 0.015 
+0.021 
+0.007 

— 0-455 
+0.485 
— 0.209 


— o. 028 
+0.031 
— o.  on 

+0.  355 
— o.  412 
+0. 102 
— o. 462 

+0. 587 

+0.017 

—5-913 

+6.758 

— 2.000 

—0.713 
+1. 124 

— o.  416 
— 0.044 
+0. 108 
— o.  045 

+0.  010 
— 0.017 
— 0.009 

+0-  352 

— o. 376 
+0. 189 
—2.988 

+3-315 
—1.045 
+2.846 
—3.000 
+0. 891 
—0.068 

-o.  06 1 
+0. 041 
— o.  022 
+0.021 
— 0.005 

—0.003 
+0.002 
— 0.002 

+0. 088 

— o.  097 
+0. 041 
— 0.492 

+0-  545 
— o.  140 


—  o.  014 
+0.011 
+0. 010 
— o.  261 

+0.  206 

—1.180 

+4-  679 
—4-  324 
+  '-385 
—7.  99« 
+7-  506 
—2. 179 
— o.  072 
+0.  401 
— o.  186 
+0.012 
+0.008 
— 0.006 

— o-  075 
+0. 061 
— o.  032 
+0.  749 
— o.  691 
+0.  182 

-o-  «55 
+0.  171 

+0-  139 
-6-557 
+6.  380 

-1-913 
-o.  888 
+  1.163 
—0.423 
— o.  064 
+0.  122 
— o.  053 

— 0.009 
+0.007 
—0.003 
+0. 037 
— o.  038 
— o.  007 
+0-  574 
— o-  523 
+0.  241 


+0. 043 
—0.030 
+0.017 
— 0.608 
+0-532 
— o-  137 
+  1.020 

-0.998 

+0.021 

+8.631 

-8.365 
+2.451 

+  1.021 

-1.384 

+0. 508 
+0. 065 

— o-  133 
+0. 056 

— o.  029 

+0. 030 

+0.  008 
— 0-435 
+0-  378 

O.  220 

+4.219 

-3-  990 
+  1-255 
-3-  839 
+3-547 
—1.044 
+0. 073 
+0. 082 
— o.  053 
+0.  028 
— o.  023 
+0. 006 

+0.003 

— o.  002 
+0.003 
— o.  119 
+0. 106 
— o.  049 

+0.713 
—0.675 

+0. 172 
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dT' 

^„d^' 

•^d? 

"^  dF 

Asg=xy'+i'g"+ig' 

siu. 

COS. 

sin. 

COS. 

H         i'         i 

„ 

// 

— I       6—  4 

+2.450 

— 0.446 

-3-  283 

+0.506 

o      6—  5 

—2.668 

+0.478 

+3-  '39 

—0.483 

I       6—  6 

+0.  834 

—0.245 

—0.97s 

+0. 273 

-I       6-5 

—..095 

+3-421 

+  1.400 

—4-  439 

0      6—6 

+  1.070 

—3-714 

—1.  225 

+4-3'5 

I      6-  7 

— 0.312 

+  I-I35 

+0-  356 

—1.311 

—I      6—  6 

+0.  147 

+0.518 

—0.179 

-0.  668 

0      6 —  7 

—0.  113 

-0-  736 

+0. 126 

+0.  854 

I      6—  8 

+0.  029 

+0.  265 

— 0.032 

-0.307 

—I      6—7 

+0.  029 

+0.041 

—0. 038 

—0. 054 

0      fr-  8 

—0.038 

—0.  081 

+0. 043 

+0. 095 

I       6—  9 

+0.013 

+0-  034 

—0.015 

— 0.040 

—I         7—   2 

+0.006 

+0.010 

— 0.006 

—0.015 

o      7—3 

— 0.007 

— 0.  on 

+0.005 

+0.013 

I       7-  4 

+0.005 

+0.003 

— 0.006 

— 0.004 

—I       7—  3 

—0.  118 

—0.009 

+0.  154 

+0. 027 

0      7—4 

+0.  125 

+0. 014 

—0-139 

— 0.029 

«      7-  5 

— 0.  046 

+0.010 

+0-  055 

— 0.  010 

—1       7—  4 

+0.  401 

—0.504 

—0-557 

+0.631 

0      7-  5 

—0.442 

+0.  535 

+0.  536 

—0.591 

I      7—  6 

+0.  no 

—0.  210 

—0.133 

+0.  238 

-I      7-  5 

+0. 685 

+  1-759 

—0.834 

— 2.  267 

o      7—6 

—0-739 

—1.886 

+0.  811 

+2. 180 

>       7—  7 

+0-  293 

+0-  573 

—0.329 

—0.659 

—I       7—  6 

—2.  183 

—0.174 

+2.  733 

+0.  205 

0      7—7 

+2.321 

+0.099 

—2. 643 

— 0.  lOI 

I       7—  8 

— 0.  712 

— 0.019 

+0.805 

+0.018 

—I       7—  7 

—0-355 

+0.  170 

+0.444 

— 0.  210 

0      7-8 

+0.491 

— 0.  191 

-0.560 

+0.215 

I       7—  9 

—0.  i8o 

+0. 063 

+0.  205 

— 0.071 

-I       8-3 

— 0.014 

+0. 010 

+0.019 

— 0.012 

o      8—4 

+0.015 

— 0.  on 

—0.018 

+0.  010 

I       &-S 

— 0.004 

+0.006 

+0.005 

—0.007 

—I       8—4 

— 0.007 

—0. 126 

— 0.003 

+0.  i6i 

o      8—5 

+0.002 

+o-  «35 

+0.008 

— 0.  152 

I       8—  6 

— 0.015 

—0.045 

+0.015 

+0. 053 

-I       8-5 

+0.490 

+0.  268 

— 0.  604 

—0.362 

0      8—6 

-0.517 

-0.293 

+0-  573 

+0-  353 

I       8-  7 

+0.  189 

+0.068 

— 0. 213 

— 0.080 

—I       8—  6 

-1. 127 

+0.  721 

+  1.410 

—0. 876 

0      8—7 

+  1.190 

—0-775 

-'-354 

+0.860 

r      8—  8 

—0.360 

+0.  282 

+0. 407 

— o-3'4 

-I      8-7 

— 0.  202 

— 1.  263 

+o-  253 

+  1.540 

o      8—8 

+0. 271 

+  1-317 

— 0.312 

—1.476 

I       8—  9 

—0.091 

—0.405 

+0. 104 

+0.452 

SECOND  ORDER  PERTURBATIONS  OF  SATURN  BY  URANUS. 


467 


ATg^Hr'+i'g"+ig' 

"f 

r" 

JT' 

ir" 

sin. 

COS. 

sin. 

COS. 

K      i'      i 

// 

// 

„ 

—I       8—  8 

—0.  172 

— 0.  217 

+0.  207 

+0. 265 

0      8—9 

+0.  198 

+0-  293 

— 0.  221 

—0.329 

I       8—10 

—0.068 

—0.  107 

+0.  076 

+0. 119 

—1       9—  4 

— 0.  014 

— 0.016 

+0.016 

+0. 021 

0      9-  5 

+0.014 

+0.017 

—0.015 

— 0. 020 

I       9-6 

— 0.009 

—0.003 

+0.009 

+0.004 

-I       9—  5 

+0.  I2S 

— 0.024 

—0.  156 

+0. 023 

0      9 —  6 

—0.  129 

+0. 016 

+0.  145 

— 0.018 

I       9—  7 

+0. 039 

— 0.018 

—0.045 

+0.019 

-I       9-6 

—0. 139 

+0-  435 

+0.  185 

— 0.  526 

0      9—7 

+0.  152 

— 0-44S 

— 0.  184 

+0.  494 

I       9-8 

— 0.031 

+°-  145 

+o-  037 

—0.  163 

-I       9-  7 

—0.661 

— 0.  650 

+0.  786 

+0.  792 

0      9—8 

+0. 673 

+0.  665 

—0.744 

-0.  749 

I       9—  9 

— 0.  204 

— 0.  192 

+0.  229 

+0.215 

-I      ^8 

+0. 685 

-o-  32s 

—0.812 

+0.  384 

0      9-9 

—0.679 

+0.  336 

+0.751 

—0.376 

I      9—10 

+0. 190 

— 0.  070 

—0.212 

+0.083 

—  I       9—  9 

+0. 160 

— 0. 115 

—0.  183 

+0. 141 

0       9 — 10 

-0.  IS5 

+0. 165 

+0.  172 

—0.  183 

1      9 — 11 

+0.010 

— 0.082 

—0.017 

+0. 088 

The  following  is  a  sufficiently  exact  expression  for  C;  it  is  derived  from  the 
equation 

C  =  2  (T'  +  X'  +  T') 


Arg=Kr 

'+i'g"+ig' 

C 

ATg=xr'+i'g"+ig' 

C 

sin. 

COS. 

sin. 

COS. 

X 

0 

i'      i 
I       0 

+0. 024 

+0. 116 

X      i'       i 
>       3-  ' 

// 
—0.006 

+0.006 

I —   I 

—0.016 

—0. 082 

-130 

+0. 058 

—0. 054 

—I 

I       0 

+0.  104 

+0.532 

0       3-  « 

—0.  130 

+0. 124 

0 

I —   I 

— 0.  208 

—1.058 

I       3—  2 

+0.  074 

— 0. 094 

I —  2 

+0.  100 

+0-  53° 

—  I       3—  I 

-o-  336 

+0. 696 

—I 

I —   I 

+0.060 

— 0. 050 

0      3—2 

+0. 624 

—'•434 

0 

2       0 
2 —  I 
2 —  2 

+0.460 
— 1.022 
+0.  664 

— 0. 114 
+0.  270 
— 0.  206 

I      3-  3 
-I       3-  2 

0      3-3 

— 0.  250 
—1.452 
+2.928 

+0.  802 
— 2. 026 
+3-976 

—I 

2 —    I 

—3-  704 

+  1598 

I       3-  4 

-1.458 

-1.974 

0 

2 —    2 

+7.  3S8 

—3.  186 

0      3—4 

+  1.119 

+0.  761 

I 

2—    3 

-3-  662 

+  1.582 

0      3-  5 

+0. 129 

+0.  067 
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A.ig=xy'+i'g"-\-ig' 

C 

XTg=j<y'+i'g"+ig' 

C 

sin. 

COB. 

Bin. 

COB. 

K       »'       i 

// 

// 

\ 

H         i'          i 

,/ 

// 

—I       4-   I 

-f  0.  026 

+0.  102 

0        S —   2 

— 0. 022 

—0.014 

0        4-2 

—0.074 

—0.  202 

-.      5-2 

—0.  104 

+0. 042 

I       4-  3 

+0.066 

+0.  no 

0     5—4 

—0.  060 

+0. 976 

-I         4—   2 

— 0.  636 

—0.  184 

—I      5—  4 

+0.  680 

+0.378 

o      4—3 

+1.292 

+0-332 

0      5-  5 

—  1.360 

— 0.  712 

I       4—  4 

—0.686 

— 0. 116 

I      5—  6 

+0.  672 

+0.  35° 

-I      4-  3 

+0. 950 

—  I.  060 

0      6—  2 

+0.002 

—0.002 

o      4—4 

— 1.840 

+  2.128 

—  I      6—  2 

— 0.  008 

+0.  014 

I      4—  s 

+0.912 

—1.058 

0      6—5 

— 0.644 

+0. 088 

In  deriving  the  terms  of  6T',  all  which  afforded  less  than  o".oooooo5«'i  in  n'Sz' 
were  neglected.  In  the  following  expression  for  ST'  the  coefficients  have  been  multi- 
plied by  1 000000  in  order  to  escape  the  necessity  of  writing  so  many  zeros: 


ST 

SV                       \ 

Aig=Kr 

+i'g"+ig' 

ATg=Ky'+i'g"+i'g 

n't  sin. 

n't  COS. 

n't  sin. 

n't  COB. 

X 

i'       i 

// 

„ 

H       i'      i 

// 

// 

— I 

1+    2 

+     ' 

0 

0       2 —  2 

+  44 

+   16 

0 

«+    I 

0 

+     « 

'       ^—  3 

—  24 

+     3 

I        0 

-     8.4 

-    5-6 

— I       2 —  2 

-    7 

—  27 

—  I 

1+   I 

-  48.8 

+  32- 6 

0      2-  3 

—  10 

+  157 

0 

I       0 

+  48.68 

—  45- 15 

I        z—  4 

+  II 

-103 

I —    1 

+  29.7 

-  16.3 

—  I        2—  3 

-    5 

—    2 

—  I 

I       0 

+     5-8 

-  '3-5 

0       2—4 

+     4 

+  26 

0 

I —   I 

—  II. 0 

+    0.1 

I         2-   5 

—     4 

-  19 

I—    2 

+     6-7 

+     1.7 

-I      3+  ■ 

+     2 

+     2 

— ' 

I—    I 

+  57-9 

• 

+  27.7 

030 

—    4-  I 

—     2.0 

0 

I —    2 

'—  3 

—  16 

+     9 

—  "3 

+    7 

I       3-  ' 
-130 

+    4.58 
—  74.02 

—  0.47 

—  1. 41 

I 

I—  2 

^_         1 

+    3 

0      3-  I 

+  111.57 

+      °-72 

0 

I-  3 

—       2 

—    6 

«      3-  2 

—  45-  12 

+  12.19 

I—  4 

+    ' 

+     4 

-I      3-  I 

+208.  5 

—313- 5 

— I 

2+  2 

+    I 

0 

0      3—2 

—250.  4 

+441-3 

0 

2+  I 

0 

—     I 

'      3—  3 

+  84 

—161 

2      0 

-     '3 

—    0.3 

—  I       3—  2 

-    5 

-  30 

—  I 

2+  I 

+     1-7 

+  J3-4 

0      3-3 

0 

+  86 

0 

2      0 

—  17.4 

+  24.1 

I       3-  4 

—    8 

—  41 

2 —  I 

+  24-0 

+     8.9 

-'      3-  3 

+  72 

-  IS 

_, 

2      0 

—282.  3 

—213.6 

0      3—4 

-150 

+  28 

«      3—  5 

+  83 

—  13 

0 

2—  I 

+469.9 

+334-  2 

— «      3—  4 

+  10 

—    7 

2—  2 

—178.0 

—120.0 

°      3-5 

—  40 

+  10 

2—  1 

-    3-6 

—    6.1 

I      3-6 

+  20 

0 
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A.Tg=xr'+i'g"+i9' 

«T' 

Arg=x;''+i'j"+is' 

5T' 

n'<  Bin. 

,  n't  COS. 

■«'<  Bin. 

n't  COB. 

H 

»'   i 

- 

// 

w   i'   i 

// 

„ 

—  I 

4   0 

—  8.2 

+  5-9 

I   6-3 

—  1-44 

+  0-39 

0 

4—  I 

+  11.8 

-  8.4 

—I   6—  2 

+  '3-55 

—  »7i9 

I 

4—  2 

-  3-4 

+  6.6 

0   6—3 

-  16-3 

+  20.9 

—  I 

4—  I 

-  7.0 

— 100.6 

I   6 —  4 

+  3 

—  12 

0 

4—  2 

+  «4-3 

+  133-  • 

-I   6-3 

+  42 

+  85 

I 

4—  3 

—  16.2 

—  49-' 

0   6 —  4 

-  53 

-96 

—  I 

4—  2 

+285.6 

+  II3-9 

I   6-  5 

+  25 

+  31 

0 

4—  3 

-360 

-115 

—1   6—  4 

-137 

+  8 

I 

4—  4 

+  129 

+  35 

0   6—5 

+  156 

—  20 

—  I 

4—  3 

+  49 

—  20 

I   6—  6 

-  S3 

+  8 

0 

4—  4 

-89 

+  27 

-I   6-5 

—  32 

+  36 

I 

4—  S 

+  41 

—  17 

0   6—6 

+  40 

—  70 

—  I 

4—  4 

+  29 

+  69 

I   6-7 

+  10 

+  20 

0 

4—  5 

-46 

— 106 

—I   6—  6 

—  80 

—  20 

I 

4-6 

—  20 

+  70 

0   6—7 

+  30 

+  30 

—  I 

4-  S 

0 

+  10 

I   6-  8 

—  10 

—  20 

0 

4-6 

—  10 

—  20 

— I   6 —  7 

0 

—  10 

I 

4—  7 

+  10 

+  20 

0  6—8 

1  6 —  9 

+  «o 
—  10 

0 
—  10 

—  I 

5—  ■ 

—  II. 7 

—  12.7 

0 

5—  2 

+  15-20 

+  16.26 

I 

5—  3 

_  9-8 

-  3-8 

— 1   7 —  2 

—  0.  1 

-  3-9 

—  I 

s—  2 

+  102.3 

-26.7 

0   7—3 

0. 0 

+  4-1 

0 

5—  3 

— 122 

+  37 

I   7-  4 

—  0.6 

—  1-7 

I 

S-  4 

+  45 

—  18 

-I   7-  3 

+  19.8 

+  10.6 

—  I 

5-  3 

-36 

+211 

0   7—4 
«   7—  5 

—  22 
+  'o 

—  8 

+  I 

0 

5—  4 

+  24 

—249 

I 

5—  S 

—  7 

+  87 

—  I   7—  4 

-56 

+  45 

—  I 

5-  4 

+  29 

+  44 

0  7-  S 

1  7—  6 

+  63 

—  20 

-  54 
+  22 

0 

s-  S 

—  43 

—  69 

-I   7—  5 

—  28 

—  77 

I 

S-  6 

+  20 

+  29 

—  I 

s-  S 

—  44 

+  36 

0   7—6 

+  35 

+  81 

0 

5-6 

+  70 

—  40 

1   7—  7 

—  20 

—  30 

I 

5-  7 

—  30 

+  40 

-I   7-  6 

-  30 

—  20 

1 

5-6 

0 

+  »o 

0   7—  7 

+  40 

+  30 

0 

5-  7 

+  10 

—  20 

I   7-  8 

—   10 

—  10 

I 

S-8 

—  10 

+  10 

-I   7-  7 

+  10 

—  20 

—  I 

6—  I 

—  2.32 

—  0.32 

0   7-8 

—  20 

+  30 

0 

6—  2 

+  2. 920 

+  0.467 

I   7—  9 

0 

—  10 
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From  this  expression  for  ST'  we  derive,  by  the  oft-repeated  process,  the  expres- 


sions for  <SWo'  and  -  l(l^^y. 


5Wo' 

-li- 

5W„'\ 
dy'     1 

Aie=i'g"+ig' 

COB. 

n't  COS. 

sin. 

n't  sin. 

sin. 

n' 

t  sin. 

COS. 

«' 

f  COB. 

i'      i 

" 

+     24-9 

— 0.  0001 

—     14. 6 

" 

+ 

13-5 

// 

+ 

7-3 

I       o 

—0. 00038 

-     56.9 

+0.0044 

-    79-6 

— 0.00003 

+ 

4.9 

— 0.00005 

— 

0.5 

I—  I 

— 0. 0001 

-     28.2 

0.  0000 

-    39' 

+ 

9-3 

— 

17.9 

I —   2 

+0.0001 

+     82 

+0.0001 

-    39 

0.0000 

— 

42 

+0.0001 

— 

21 

'-  3 

0 

—      2 

— 

2 

— 

I 

2+    I 

0 

—      2 

+ 

I 

+ 

I 

2        O 

-|-o.  0001 

+  100.3 

+0.0003 

-    53-7 

0.0000 

+ 

36-8 

— 0.0002 

+ 

16.2 

2—    I 

+0. 00323 

+  1838.3 

+0.  00458 

—1330-  7 

+0.00018 

— 

270.0 

—0.00024 

- 

198.3 

2 —   2 

— 0. 0001 

+     22.9 

0.0000 

-      0.8 

— 

10.4 

+ 

1-4 

2-  3 

—      6 

-     '5 

+ 

5 

— 

5 

2—  4 

—      2 

—      2 

+ 

I 

— 

I 

3        0 

— 0.0002 

—     86.7 

+0.0017 

—    10.3 

— 0.  0001 

— 

44.8 

— 0.0009 

+ 

5-3 

3-  ' 

+0. 000280 

—2127.81 

+0.  041384 

+      2.04 

+0.000007 

— 

57-73 

— 0.000009 

+ 

3-46 

3—  2 

— 0. 1 161 

—4240.  7 

+0.  0772 

—6428.  7 

+0.  0583 

+2030. 2    1 

+0. 0387 

—3064.9  1 

3-  3 

— 0.0026 

—  120 

+0.  0022 

-  165 

+0.  0026 

+ 

116 

+0. 0022 

— 

158 

3—  4 

+      2 

—       4 

— 

I 

— 

7 

3-  5 

—      2 

—        I 

— 

I 

+ 

I 

4—  I 

— 0.00005 

—    29.5 

+0.00007 

—     26.8 

— 

6.0 

+ 

6.7 

4—  2 

—0. 00025 

+     32.5 

0.00000 

-  442.3 

+0.  00031 

— 

12.9 

— 0.00002 

— 

>39-9 

4—  3 

+0.0003 

+  292 

+0.0007 

—  139 

— 0.0002 

— 

219 

+0.0004 

— 

95 

4—  4 

+    21 

+      3 

— 

22 

— 

I 

4-  5 

—      5 

-     13 

— 

9 

— 

5 

4-  6 

0 

—       4 

+ 

I 

0 

5—  2 

+0. 00025 

+    69.7 

+0. 00023 

-    795 

+0.00001 

— 

II.  I 

— 0.  OOOOI 

10. 1 

S-  3 

— 0. 0004 

+  336-  7 

+0.0018 

+    86.0 

+0.0002 

— 

197.6 

+0.0008 

+ 

49-9 

5-  4 

+0.0002 

-      8 

0.0000 

—    82 

— 0. 0001 

+ 

t 

0.0000 

— 

69 

5-  5 

+       4 

—     11 

— 

3 

— 

12 

5-6 

—      3 

—     10 

+ 

4 

— 

2 

6—    2 

+0.00004 

—    27.62 

+0. 00027 

+      3-94 

— 

1.79 



0.08 

6-3 

— 0.0016 

—  146.9 

+0.0013 

—  183.0 

+0.0008 

+ 

66.2 

+0.0006 



85.7 

6-4 

+     24 

—    60 

— 

15 

— 

47 

6-S 

-    31 

—      2 

+ 

28 



4 

6-  6 

—      I 

+      2 

+ 

9 



4 

^7 

-     16 

+      2 

+ 

9 

+ 

I 

7-  3 

+      0.7 

-     15.0 

+ 

0.2 



4.8 

7—  4 

+     26 

—    14 

— 

16 



10 

7—  5 

—     16 

-    '5 

+ 

14 

— 

13 

7-  6 

—      8 

+     "3 

+ 

4 

+ 

II 

7—  7 

—      2 

+      2 

+ 

3 

+ 

3 

7—  8 

—      2 

0 

— 

I 

0 
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We  next  must  obtain  the  terms  of  w'<5V  and  6v',  which  undergo  but  one  integra- 
tion.    These  are  given  by  the  formulae 

3  .  dV  dv' 

dt     -      ^n'dt^  "^^  +  '^ 


'dt  2\  dy''  J^  ^^ 


Employing  the  subscript  (^z,)  to  denote  the  portions  of  the  co-ordinatea  of  Saturn 
proportional  to  the  first  power  of  the  mass  of  Uranus,  and  which  have  been  determined 
in  Chapter  III,  the  formulae  just  given  are  expanded  into 


^n'&t)^,.      ^ 


d.6^i^_      /  dv' 

dv 


secalar  terms  of  —  zn'Sz' 


dt  \r 

+  (n'6z')„„       X  secular  terms  of  —  2^^ 

+  (''')"."  X  secular  terms  of     2v' 

— Wt^  —  —  -(    J  ,0°   )    X  secular  terms  of     n'Sz' 
n'dt  2\  dy'^  X', 


+  {n'6z')„„       X  secular  terms  of  — (    ,  ,1  j 

For  the  second  factors  of  the  terms  of  these  equations  we  have  the  values 

i" 
—  an'tf/X-   =      [s.sio4]n't  sin   g'  +  [t,.-]i^2]n'tcos  g' 

+  [3.6566]n't  sin  25'  +  [3.861 5]n'<  cos  2g' 

+  [2.10    ]n't  siu  2,g'  +  [2.31     ]n't  cos  3*/' 

dv'       i" 
-  2^  X  -   =      [s.2094]n'<  sin    g'  +  {'^.^x^2\n't  cos   ^ 

+  [3-9577]"'*  sin  2g'  +  [4.i526]TO't  cos  2g' 
+  [2.76    ]n't  sin  2g'  +  [2.96    ]n't  cos  sg" 


2V'  X  ^  =      [3-9585K* 

+  [5.2094]n'«  cos  g'  —  [s.4i42]n'«  sin  g' 
+  [3-6s66]n'<  cos  2g'  —  [3.86is]n'<  sin  2g' 
+  [2,28    ]n't  cos  $g'  —  [2.48    ]n't  sin  ^g' 


i('^^^xi"=-[4.9o84]»'<co8   <7'  +  [s.ii32]n'«Bin   g* 
—  [3-9577]'*'*  cos  2g'  +  [4.i626]»'<  sin  2g' 
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rfWo' 


The  following  expression  for  —  -(^^-^^   is  derived  from  the  value  of  —  ^-^ 
obtained  in  Chapter  III: 


A.Tg=i'g"+ig' 


+  I 
o 

—  I 

—  2 

—  3 

2  O 
2 —    1 

2 —    2 

^—   3 

2—  4 

3  o 

3—  I 
3—  2 
3—  3 
3—  4 

3-  5 

4—  I 
4-  2 

4—  3 


2\  dy-'   /„" 


—  o.  026 

—  o.  147 

—  0.424 

+  0.014 
+  0.002 

—  0.027 

—  o.  406 
—10. 134 

—  I- 144 

—  o.  108 

+   O.  021 

—  0.032 

+  s-  589 

—  o.  663 

—  o.  143 

—  0.016 

—  o.  001 

—  o.  027 

—  o.  857 


— 0.005 
— o.  089 

+2.144 

+0-  336 
+0. 032 

—0.023 
+0.018 

—4-  352 
—0.561 
—0.059 

+0.  029 
— o.  on 

+9-  883 
+2-93' 

+0. 320 
+0. 030 

0.000 
+0. 176 
+0.310 


Arg=i'ff"+i5' 


t'  « 
4—  4 

4—  S 
4-6 

5—  2 
S—  3 
5—  4 

5—  S 
5-6 

6-  3 
6-4 
6-  5 
6—  6 

6-  7 

7—  3 
7—  4 
7-  5 
7-  6 
7—  7 


I  /d'Wo'\ 
"2\  dy"  L" 


+0.  432 
+0.  054 
+0.005 

— 0.006 

— 0-334 
+0.  006 
+0.  270 
+0.  054 

+0.060 
— o.  038 
+0.  145 
— 0.021 
0.000 


+0.609 
+0. 108 
+0.014 

+0.007 
— o.  108 

+0. 316 

—O.I  18 

—0.013 

+0. 088 

+0. 090 
+0. 020 
— o.  123 
— 0.028 


0.  000 

+0.003 

— 0. 022 

+0.009 

+0.031 

+0. 029 

+0. 024 

—0.066 

— 0053 

— 0.  005 

The  five  products  being  now  computed,  and  the  first  three  added  to  6Wa'  and 

the  last  two  to  —  -(     '^  ,  "  ),  we  have  the  following  expressions  for  the  portions  of 

d     6^z'  d  .  Sv' 

and    J, J,   ,  which  have  the  factor  n't,  the  portions  independent  of  this  factor 


dt 


n'dt 


being  the  same  as  for  5Wo'  and  —  Y     '^  ,  °  \. 


Aig=i'g"+ig' 

d  .  S'^z' 
dt 

d.  Sv' 
n'dt 

n't  CO8. 

n't  sin. 

n't  sin. 

n't  COS. 

i'       i 
•+   I 
I         0 

I —  I 
I—  2 

'—  3 

+  69.3 
+  156.9 

-  •3-5 
+529 
+  33 

—  23.0 
+  118.3 

—  65.0 
—212 

—  24 

+  42.4 
+  53-3 
+     2.0 
-229 
-  27 

+  6.5 
—44.6 

—23-9 

-93 

-13 
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d. 

S^z' 

d.  < 

sv 

Arg=i'ff"+tjf' 

(2t 

n' 

it 

7l't  COS.  * 

n't  sin. 

n't  sin. 

n't  008. 

i'      i 

„ 

// 

„ 

// 

2+    I 

0 

+      7 

—      4 

—     10 

2        O 

-      61.2 

+  •44- 0 

—     50.0 

-    83-6 

2—    I 

+II87.6 

—  880.  6 

—  160.  7 

—  122.9 

2 —   2 

+  142.8 

+  33°- 8 

-    43-7 

+  '44-3 

2-  3 

+  »93 

+  1263 

-    79 

+  544 

2—  4 

+      6 

+    93 

—      6 

+     70 

3        0 

—  941-2 

+  342.9 

—  432.  7 

—  164.  I 

3-  « 

-1025.44 

+    52-77 

—     19. 62 

+       1.60 

3-  2 

-4225.  0 

— S443-  2 

+2003.  2 

—2559-  9 

3—  3 

+  763 

—  1729 

-  23s 

—  742 

3—  4 

+  240 

-     98 

-  136 

—    82 

3-  5 

+     17 

—       2 

-     '5 

—      I 

4—  > 

-      4-6 

-      S-4 

+       1-4 

+      0.2 

4—  2 

+     19-8 

-  386.  2 

-       8.9 

—  123-4 

4—  3 

+  379 

-  165 

-  257 

-  105 

4—  4 

+    94 

+     57 

-     58 

+    24 

4-  S 

+     12 

—    60 

—     21 

-    29 

4-6 

+       2 

—      7 

—       I 

—      3 

S—  2 

+    49-8 

—    62.6 

-       8.3 

-      7-6 

S-  3 

+  363-  6 

+    96. 5 

—  209.0 

+     54-7 

5—  4 

+      3 

-    56 

—      3 

-    59 

5-  5 

+     24 

—    21 

—     14 

-     '9 

5-6 

-     i8 

—    20 

+       '2 

—      8 

5-  7 

—      I 

+      2 

+         I 

—      I 

6-   2 

—     16.56 

+      3-54 

—         I. 01 

—      0.09 

6-3 

—  141. 9 

-  '75-9 

+      63-8 

-    82.5 

6-4 

+     38 

-    83 

—      21 

-    56 

6-  5 

—    29 

—       4 

+      27 

-      5 

6-  6 

—      7 

—      6 

+       " 

—      9 

6-7 

—     21 

+      6 

+      «2 

+      4 

7-  3 

+      0.6 

-     13-5 

+      3 

-    45 

7—  4 

+     28 

—     14 

—     18 

—     II 

7-  5 

—     «7 

—     16 

+     '6 

—     H 

7—  6 

-      9 

+     13 

+      5 

+     " 

7—  7 

—      6 

+      3 

+      5 

+      3 
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By  integrating  the  preceding  expressions  we  obtain  the  values  of  w'^V  and  tf  v'. 
In  the  following  statement  of  these  values  the  proper  number  of  decimals  is  restored 
to  the  coeflScients  multiphed  by  n'U 


n'S 

%' 

Sr' 

Axg=i'g"+ig' 

sin. 

n't  sin. 

COS. 

n't  COS. 

COB. 

n't  COS. 

sin. 

n't  sin. 

i'       i 

1+   1 

o.  oooo 

+0.000051 

+0.0001 

+0.000017 

" 

— 0.000031 

// 

+0.000005 

I        o 

— O.  OOOI 

+0. 000447 

0.0000 

-0. 000337 

— 0.0003 

—0.000152 

+0.0003 

—0.000127 

I —  I 

+0.0003 

+0.000021 

0.0000 

— 0.  OOOIOO 

+0.000003 

+0. 000037 

I —   2 

— O.OOOI 

— 0.000321 

+0.0002 

—0.000129 

— O.OOOI 

—0.000139 

—O.OOOI 

+0. 000056 

I—  3 

— 0.000012 

— 0.000009 

— 0.  OOOOIO 

+0.000005 

2+    I 

0.000000 

— 0.000004 

+0.000002 

—0.000006 

2        0 

-f  0.0004 

—0.000087 

—0.0006 

—0. 000205 

— O.OOOI 

+0.000071 

— 0.0004 

— 0.000119 

2—    I 

—0. 0207 

—0. 003975 

+0. 0286 

—0. 002948 

— 0.  0008 

— 0. 000538 

—0. 0010 

+0. 00041 1 

2 —   2 

+0.0003 

— O.OOOI  10 

+0,0001 

+0. 000255 

+0.0001 

— 0. 000034 

0.0000 

— 0.  0001 1 1 

2-   3 

+0.0002 

— 0.000084 

0.0000 

+0. 000549 

+0.0001 

—0. 000034 

0.0000 

—0. 000237 

2—   4 

— 0.000002 

+0. 000028 

— 0.000002 

— 0. 000021 

3      0 

+0.0001 

— 0.000895 

—0.0025 

—0. 000326 

— O.OOOI 

+0. 000403 

— 0.0012 

— 0.000156 

3-  • 

+0. 0250 

—0.019777 

—1. 1796 

— 0. 001018 

+0.0005 

+0. 000378 

— 0.0075 

+0. 000031 

3—  2 

+0. 1 164 

+0. 004456 

+0.  0767 

—0.005741 

+0. 0586 

-f  0.002113 

—0. 0386 

+0. 002700 

3-  3 

+0.  0009 

— 0. 000392 

+0.0013 

— 0.  000887 

+0.001 1 

— 0.  OOOI2I 

— 0. 0012 

+0. 000381 

3—  4 

— 0.  000081 

— 0. 000033 

— 0.000046 

+0. 000028 

3-  5 

— 0.000004 

— 0.  OOOOOI 

—0.000004 

0.000000 

4—  I 

— O.OOOI 

— 0. OOOOII 

— 0.0002 

+0.000013 

— 0.000003 

0.000000 

4—  2 

— 0.0007 

—0.000033 

+0.0001 

— 0.000646 

+0.0002 

— 0.000015 

0.0000 

+0. 000206 

4—  3 

—0.0003 

— 0. 000237 

+0.0006 

— 0. 000103 

—0.0002 

— 0.  OOOI6I 

^.0004 

+0.000066 

4—  4 

—0. 000036 

+0. 000022 

— 0. 000022 

— 0. 000009 

4-  5 

—0.  000003 

—0.000017 

— 0.000006 

+0.000008 

4-  6 

0.000000 

—0.000002 

0.000000 

+0.000001 

5-  2 

— 0.0020 

— 0. 000202 

+0.0017 

— 0. 000254 

— O.OOOI 

— 0.000034 

— O.OOOI 

+0.000031 

5—  3 

+0.0004 

— 0. 000292 

+0.0017 

+0. 000077 

+0.0002 

—0.000168 

— 0.0008 

— 0.000044 

5-  4 

— O.OOOI 

— 0.  OOOOOI 

0.0000 

— 0.000025 

—0.00000 1 

+0.  000026 

s-  S 

— 0.000007 

— 0.000006 

— 0.000004 

+0.000006 

5-6 

+0.000004 

— 0.000005 

+0.000003 

+0.000002 

6—    2 

+0.0007 

— 0.  000160 

— 0.0041 

—0.000034 

+0.  OOOOIO 

— 0.  OOOOOI 

6-3 

+0.0016 

+0.000158 

4-0.  0OI2 

—0.000196 

+0.0008 

+0.000071 

—0.0006 

+0.000092 

6-4 

— 0.000020 

—0.000044 

—0.  OOOOII 

+0. 000030 

6-5 

+0.000010 

—0.  OOOOOI 

+0.000009 

+0.000002 

6—  6 

+0.000002 

—0.000002 

+0.000003 

+0.000002 

6-  7 

+0.000004 

+0.000001 

+0.000002 

— 0.  OOOOOI 

7—  3 

— 0.  OOOOOI 

— 0.000025 

+0.  OOOOOI 

+0.000008 

7—  4 

— 0. 000018 

— 0.000009 

—0.000012 

+0.000007 

7-  5 

+0.000007 

— 0.000006 

+0.000006 

+0.000005 

7—  6 

+0.000003 

+0.000004 

+0.000001 

— 0.000003 

7—  7 

+0.000001 

+0.000001 

+0.  OOOOOI 

—0.  OOOOOI 
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Thinking  that  possibly  the  second-order  terms  in  6T'  not  factored  by  the  time 
might  sensibly  affect  the  long-period  inequality  in  the  longitude  having  the  argument 
2,g"  —  9'  1  I  have  made  a  rough  determination  of  them.  But  as  the  resulting  quantity 
was  quite  small,  it  seems  unnecessary  to  give  more  details  in  reference  to  it  than  the 
following : 

I  found 

-^n'Sz'  =      0.000000  sin  (3</"  —  g')  —  0.000005  cos  {2>9"  ~  9') 
-^—f-,n"6z"  =  +  0.000039  +  0.000009 

r'-3-7v'  ^  —  0.000013  +  0,000006 

dT' 

f"-3zry  =  ~  0.000007  +  0.000035 


<ST'  =  +  0.000019  sin  {ig"  —  g')  +  0.000045  cos  (3*;"  —  g') 

Whence,  by  twice  integrating, 

m'dV  =  —  ©".0071  sin  (zg"  —  g')  -  o".oi67  cos  (sg"  —  g') 


CHAPTER   XXII. 

PERTURBATIONS  OF  JUPITER  PROPORTIONAL  TO  THE  PRODUCT  OF  THE  MASSES  OF  SATURN  AND 

URANUS. 

We  now  attend  to  the  sensible  inequalities  of  Jupiter  and  Saturn  whose  argu- 
ments involve  not  only  the  mean  anomalies  of  these  two  planets  but  also  that  of 
Uranus.  They  all  owe  their  sensible  magnitude  to  large  integrating  factors.  In  the 
present  chapter  we  investigate  the  inequalities  of  this  kind  which  belong  to  Jupiter. 
They  are  only  two  in  number,  having  severally  the  arguments  6g'  —  ig  —  2,g"  and 

If  we  divide  the  function  T  into  the  two  portions,  T^,  and  T„„,  severally  pro- 
duced by  the  action  of  Saturn  and  Uranus,  and  adopt  a  similar  division  and  notation 
for  ndz^  n'6z\  n"8z" ,  r,  v',  and  v",  the  portion  of  the  correction  6T  of  T,  which  pro- 
duces the  terms  of  the  kind  we  are  seeking,  is 

It  has  been  assumed  that  all  terms  arising  from  inclination  of  orbits  may  be  neglected. 
Of  the  ten  terms  of  this  formula  it  is  discovered  that  two,  the  seventh  and  ninth,  are 
quite  insignificant.  The  first  factors  of  the  first  five  terms  have  been  determined  in 
Chapter  VIII,  and  are  there  designated  severally  as  A,  F,  B,  G,  and  C.     T„„  is  given 

in  Chapter  IV.     The  factors  r~~^  and  C„„  we  have  had  no  occasion  to  derive.     The 

terms  which  here  depend  on  them  are  so  minute  that  it  is  accurate  enough  to  estimate 

the  few  terms  of  these  factors  by  a  sort  of  induction.     We  assume  that  r-V^  and  C„„ 

bear  the  same  relation  to  T„„  that  r^T„.  and  C„.  do  to  T„,.     In  this  way  we  get, 

dr 
the  coefficients  in  seconds  of  arc  being  expressed  by  their  logarithms, 

dT 
r-g^  =  -  [9-36]  sin  (3p"  -  2g)  +  [9.48]  cos  (sg"  -  2g) 

+  [9.43]  sin  {z9"  -  39)  -  [9-92]  cos  (3^;"  -  35) 
-I-  [8.52]  sin  (3p"  -  45)  -  [9.12]  cos  izg"  -  ^g) 

C„„  =  -  [8.86]  sin  {zg"  -  »</)  -f  [8.98]  cos  {zg"  -  2*/) 
+  [8.93]  sin  {zg"  -  Z9)  -  [9-41]  cos  (35-"  -  3^) 
-  [8.00]  sin  (zg"  -  45)  +  [8.60J  cos  {z9"  -  4P) 
476 
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The  second  factors  of  the  formula  have  already  been  given,  with  the  exception  of 
^(  E  )  '  ^^^*^^  ^^  given  by  the  equation 

It  is  sufficient  to  compute  in  6T  the  coefficients  of  the  terms  having  the  four 
arguments 

-y  +  6g'  —  2g  —  ^g"         —y  +  6g'  —  g  —  ^g"         6g'  —  2g  —  ^g"         y  +  6g'  —  ^g  —  39" 

For  those  having  the  argument  6g'  —  2g  —  3^"  it  is  necessary  to  employ  the  complete 
formula,  involving  eight  terms ;  but  in  the  case  of  the  remaining  three  arguments, 
which  involve  y,  it  suffices  to  reduce  the  expression  of  5T  to 

In  computing  the  terms  with  the  argument  6g'  —  2g  —  ^g"  the  following  are  all  the 
combinations  of  arguments  (by  subtraction)  which  give  sensible  results : 


A,  B,  or  C 

(n(5*)„",  v„-',  01  S( 

A„J 

L" 

ForG 

(' 

!'««')„"  or  v\ 

65'  -  39 

with 

39"-    5 

55'  -  25 

with 

39"-    9' 

69'  -  45 

with 

35"  -  25 

45'  -  25 

with 

35"  -  25' 

65'  -  55 

with 

39"  -  39 

39'  -  25 

with 

35" -35' 

65'  -  65 

with 

39"  -  45 

25'  -  25 

with 

35" -45' 

<Jff  '  '^  dr  '  •" 

c„. 

(»«.)„,  v„,  or  SQ^, 

39"  -  25 

with 

65' 

-45 

39"  -  39 

with 

65' 

-55 

39"  -  45 

with 

tg< 

-6^ 

In  the  terms  of  tfT,  containing  y  in  their  arguments,  the  combinations  giving  sensible 
results  are 

For  —  r  +  6?'  —  2J  —  3ff"  For  — y  +  6j'  —  ff  —  39" 

F  or  G  (»'*«')„"  or  v'«" 

-r+S5'-5      ^itli      35"-   9' 

-  r  +  45'  -  5    ■'f  itt    39"  -  25' 

-X+35'-5      ■w^tli      35" -35' 
_  J/  +  25'  -  5      with      35"  -  45' 

For>-4-6^'  — 3?  — 3S" 
F  or  G  (n' ««')«"  or  v'„" 

y  +  55'  -  35  '^ith  35"  -  9' 
r+A9'-  39  ^itli  35"  -  25' 
r  +  35'  -  35      ^itt      35"  -  35' 


ForG 

(n'Sz')m"  or  V'm' 

-  r  +  55'  -  25 

with 

39"-    9' 

-  r  +  45'  -  25 

with 

39"  -  25' 

-r  +  29'-^9 

with 

39" -39' 
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These  details  suffice  to  show  how  the  terms  we  seek  are  to  be  obtained.  But  the 
results  are  limited,  in  point  of  precision,  to  quantities  of  two  dimensions  with  respect  to 
disturbing  forces.  However,  in  the  coefficients  of  the  terms  having  the  arguments 
6g'  —  2g  —  2)9"  ^^^  —  7  +  6^'  —  ^9  —  39" t  it  is  necessary  to  have  their  variations  pro- 
portional to  t,  which  are  of  three  dimensions  with  respect  to  disturbing  forces.  As  it 
is  impossible  to  follow  a  rigorous  process  in  getting  these  terms,  on  account  of  the 
numerous  combinations,  we  are  compelled  to  resort  to  very  much  abbreviated  formulae. 
There  is  no  proof  that  the  latter  afford  results  sufficiently  accurate  for  practical  pur- 
poses, yet  there  is  reason  for  thinking  that  they  give  the  salient  portion  of  these  terms. 
It  is  deemed  sufficient  to  put 

6T  =  F{n'6z')„..  +  Qv'„., 

Each  of  the  four  factors  in  the  right  member  of  this  equation  must  be  supposed  to 
receive  an  augmentation  proporticnal  to  nt  Operating  then  on  the  equation  with 
the  symbol  6  we  have 

tf'T  =  F{n'6^z%..  +  Qdy'„.,  +  6F  .  (n'dz')„''  +  <SQ  .  V„., 

Of  the  factors  involved  in  this  (n'6V)^„  and  Sv'^„  have  been  determined  in  the  preced- 
ing chapter.     Of  the  two  new  quantities  <5F  and  6Q  introduced  into  the  equation, 

dT 
when  we  recall  that  F  =:  g-j ,  it  will  be  seen  that  an  approximate  expression  for  <JF 

wiU  be 

6F  =  §n'Sz'  +  ^y+^,  [auSz  +  Br  +  C^J 

Of  the  quantities  involved  in  this  equation  j-,  and  ^  have  already  been  used  in 
Chapter  XVII  for  the  determination  of  6^T;  AnSz  +  Bf  has  been  computed  in  Chapter 
XI ;  to  the  factors  n'Sz"  and  v'  we  attribute  only  their  secular  terms  as  values.  In 
like  manner  we  have 

All  the  first  factors  of  the  right  member  of  this  equation  have  been  used  in  Chapter 
XVII.     As  before  «'<5/,  nSz,  v',  and  v  may  be  supposed  reduced  to  their  secular  terms. 
After  (5T  has  been  determined,  it  still  remains  to  get  the  portion  of  ndh  which 
undergoes  but  one  integration;  this  is 


The  quantities  involved  here  are  so  small  that  there  is  no  necessity  for  considering 
any  terms  of  three  dimensions  with  respect  to  disturbing  forces. 
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Giving  to  the  factors  involved  their  previously  ascertained  values,  performing  the 
multiplication,  and  preserving  only  the  terms  which  are  of  use,  we  have  the  following 
expressions  for  SF  and  (5G: 


ATg=Hy+i'g'+ig 

SF 

(5G 

nt  COS. 

nt  sin. 

nt  sin. 

nt  COS. 

H       i'       i 
-I       3-  2 

O  2 —  2 
—  I          4—    2 

O  3-2 
-I          5-    2 

O         4-2 

O         5-    2 

— o.  000523 
— 0.000041 
—0.  002623 
—0. 005872 
-fo.  000948 
— 0. 002740 
—0. 000568 

— 0. 000208 
-f  0. 000304 
— 0. 008376 
-f  0. 002898 
—0. 004258 
— 0.000160 
— 0.000372 

-f  0. 000410 
—0.000067 
-f  0. 004163 
-f  0.  010443 
— 0.001599 
-f  0. 003667 
+0. 000554 

// 
—0.  000035 
-f  0.000081 
-0.012753 
-f  0.005455 
—0.005215 
—0. 000542 
— 0.000541 

The  following  expression  is  obtained  for  <5T: 


Argument. 

ST 

sin. 

COS. 

-r+^9'-2g-3g" 

—r+^9'—  9—39" 

6g'-2g-3g- 

r-\- ^9-39-39" 

-f 0. 00099    — 0.  oooooioi3»/ 
— 0.00067 

-f  0. 0005921—0.  OOOOOOI4IOB/ 
— 0.  00015 

— 0.00381     -f  0.  oooooo422nC 

— 0.00002 

-f  0. 0000322 — 0.  oooooo2907«^ 

+0.00009 

The  logarithms  of  the  integrating  factors  are 


69'-    9-39" 

0.0032 

6g'  -2g-  39" 

2.1282011 

eg' -39 -39" 

9.9968W 

It  is  found  that  the  terms  from  (-g^}w<J^+  v^  are  insensible. 
By  the  application  of  the  usual  treatment  to  5T  we  get 

//  /'  " 

nSz  =     [—  0.1396  +  o.oooi35n<]  sin  {6g'  -39-  39")  +  [     0-4897  -  o.oooos6n<]  cos  (6<;'  -  3^  -  39") 

+  [—  9-345'  +  o.oo2S4snt]  sin  {6g'  —  2g  —  sg")  +  [—  1.2796  +  o.oos246ri<]  cos  (6p'  —  zg  —  ^g") 

y=     [—o.o6g8  +  o.oooo6-jnt]cos(6g'  —  sg  —  3g")  +  [-o.244g  +  o.oooo2Snt]  sin  (eg'  —  ^g-^g") 
+  [-  0.0551  ]  cos  (6g'  -zg-  zg")  +  [-0.0047  ]  sin  {6g'  -zg-  zg") 


CHAPTER  XXIII. 

PERTURBATIONS  OF  SATURN  PROPORTIONAL  TO  THE  PRODUCT  OF  THE  MASSES  OF  JUPITER  AND 

URANUS. 

Like  those  discussed  in  the  preceding  chapter  these  perturbations  owe  their  sensi- 
ble magnitude  to  large  integrating  factors.  They  are  more  numerous  and  larger  than 
in  the  case  of  Jupiter.     The  formulae  for  their  determination  are  quite  similar. 

If  we  divide  the  function  T'  into  the  two  portions,  T'„  and  T'„„,  severally  pro- 
duced by  the  action  of  Jupiter  and  Uranus,  the  portion  of  the  correction  <5T'  of  T'. 
which  produces  terms  of  the  kind  we  are  seeking,  is 

6T'  =      A'{n'Sz')„..  +  BV'„..  -|-  C'tf^ J)_^  +  F'{nSz)„..  +  G'v,,. 

/fT'  /?T'  /'h'\         <?T'  /7T' 

A',  B',  C,  F',  and  G'  have  been  determined  in  Chapter  VIII,  the  remaining  five  first 
factors  have  been  employed  in  Chapter  XXI.     The  factor 


.fh'\  I'd  .  n'6z'\ 


The  factors  {n"S;^')^  and  »'"„,  being  the  Jupiter-perturbations  of  Uranus,  must  be 
derived  from  the  theory  of  the  latter  planet.  The  terms  they  give  rise  to  are  very 
small.     The  following  are  sufficiently  exact  expressions  for  these  factors:* 

i" 

{n"6z")^X-    =-[4.49]  sin  (2fif-    jr")  -  [2.03]  cos  (2(/ -    g") 

—  [3-7°]  sin  (25  -  2flf")  -  [3.27]  cos  (23  —  2g") 

-  [3.10]  sin  (2g  -  sg")  -  [2.88]  cos  {zg  —  ^g") 

y"„X^  =- [4.49]  cos  (251  -  9")  +  [i.6s]  cos  (zg  -  g") 
+  [3-SS]  cos  (2<?  -  2g")  -  [3.41]  cos  (25  -  2g") 
+  [3.26]  cos  {2g  -  2,9")  -  [3-04]  cos  (2g  -  ^g") 

The  remaining  factors  have  already  been  given. 

As  in  the  case  of  Jupiter  it  is  necessary  to  consider  some  terms  of  three  dimen- 
sions with  respect  to  disturbing  forces  and  which  are  factored  by  n't.     This,  however, 

"An  Investigation  of  the  Orbit  of  Uranus,  by  Prof.  S.  Nkwcomb,  page  63. 
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is  only  necessary  for  the  terms  of  6T'  having  the   arguments   6^'— 2-7— 3/'  and 
—  y'+  6/—  2g  —  3^".     Here  we  can  reduce  the  expression  for  ST  to 

tfT'  =  A.'{n'6zX..  +  BV'„„  +  A!  „.,{n>  6z')„  +  B'„„v'„ 

Subjecting  this  equation  to  the  operation  d  we  have 

tf^'  =     A'in'S'zX..  +  W6v'„..  +  A'„..{n'S'zX  +  B'„„rfiV„ 
+  SA!(n'8z')^..  +  rfBV'„„  +  SA.'^..{n'6z')^  +  (JB'„„v'„ 

In  this  expression  four  new  factors,  SM,  dB',  ^A'^,,,  and  ^B'„„,  appear.     Remembering 
that 

it  will  be  seen  that,  with  sufficient  approximation,  we  have 
<iB'  ,  .„../.  d  \2„.  .  dB'.. 


*B'"'  =  V^'*^'  + 


(.',4)  v„„ . . + ^1;^....+ (.  i,)(.'.i,)T'„„." 


Here  the  factors  nSz,  n'Sz' ,  n"6z'\  v,  v' ,  and  v"  are  to  be  reduced  to  their  secular 
terms.  The  proper  expressions  for  n"6z"  and  v"  have  already  been  given  (page  458). 
Y'nSz-\-G'  V  has  been  determined  in  Chapter  XIV.  The  first  factors  of  the  expres- 
sions for  ^A'  and  <5B'  have  already  been  employed  in  the  determination  of  the  terms 
of  three  dimensions  for  Saturn.     B'^,,  and  G',„,.  have  been  derived  in  Chapter  XXI. 

The  terms  which  arise  from  the  term  having  the  factor  (  r'^-,  j  T'^„  are  very  small. 

It  has  been  thought  sufficiently  accurate  to  estimate  by  induction  the  needed  terms 
of  this  factor.     They  are 

('■'a?/''^'"'"  =       f9-28     ]sin(3^"-    g')-[9.21     ]  cos  (3^"  -    g') 

-  [0.2248]  sin  (3(jf"  -  2g')  +  [0-7693]  cos  {^g"  -  ig') 

-  [1.3276]  sin  (35"  -  zg')  -  [1.4748]  cos  (zg"  -  zg') 

-  [0.6241]  sin  izg"  -  49')  -  [o-Z^S^]  cos  (351"  -  ^g') 
-[9.64     ]sm(zg"-59')-[9-^3     ]  cos  (zg"  -  $9') 

On  account  of  the  smallness  of  v"  the  last  term  of  <5B'^„  has  been  neglected. 
Lastly,  for  the  terms  of  ST',  having  the  argument  —y'-\-  6g'  —  2g  —  3^",  it  suffices  to 
consider  ^A'  and  5B'  alone,  omitting  altogether  5A'„«  and  <5B'„,,. 

26  AST 31 
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On  making  the  substitutions  in  the  formulae  there  has  been  found 


Argameot. 

(5A' 

SW 

COS. 

sin. 

Bin. 

COS. 

—r'+39'-29 
2g'—2g 

—r'+49'—29 
39'— 29 

-y'+S9'—29 
49'— 29 
S9'—2g 

// 

— 0.  ooi2n'/ 

-|-o.  oo283«7 
— 0.  I954«7 
-f-o.  09058«7 
—0.  logbn't 
-f-o.  o6i26«V 
+0.  oi685n7 

-f-o.  oi86»7 
— 0.  oos72«7 

-|-0.  II02»7 

— 0.  04545«7 
— 0.  oo2on7 
-|-o.  oo2Sin7 
-f  0.  oi075»7 

-f-o.  ooo7»7 
—0.  oo264«7 
-l-o.  02985«7 
—0,  I5999«7 
-f-o.  I374»'' 
—0.  08SS2«7 
— 0.  oi79Sn7 

-)-o.  oo5o»7 
-|-o.  ooio7»7 
-(-0.  Ol^o^n't 
— 0.  o8274«7 
—0.  oi32»7 
-f-o.  oo898»7 
-|-o.  oi542»7 

Argument. 

SK'„: 

5B'." 

COS. 

sin. 

sin. 

COS. 

39"-  9' 
39"-29' 
39"— 39' 
39"— 49' 

// 

— 0.  ooo2i63«7 
-j-o.  ooojooyn't 
-|-o.  ooooi«7 
+0.  ooo44n7 

-|-o.  ooooo54»7 
-f-o.  ooi37oo«7 

-|-0.  00029«7 

-|-o.  oooio«7 

-|-o.  oooioi«7 
—0.  ooo288n7 
-f-o.  ooo23n7 
— 0.  ooi6i«7 

— 0.  oooo3i»7 
-f-o.  oo0444»»7 
-f-o.  ooo23«7 
-f-o.  0002I«7 

Computing   the    terms    of   two    dimensions  of  ST,  which  have  the   argument 
6/  —  2g  —  sg",  we  obtain  severally  for  each  of  the  ten  terms 

A'(n'6z')„.,  =  —  0.0044383  sin  (6g'  —  zg  —  ^g")  —  0.0003686  cos  {65'  —  ig  —  zg") 


B'v'„„  =  —  0.0026341 
O'df  T-7  j    =  -(-  0.0000205 

F'{n6z)„.,  =  —  0.0000102 

Q^v^..  ^  —  0.0000042 

-^(n'dzX  =  —  0.0032506 

B'm-''''m  ^    —  0.0024209 
C'„..tf(    J-,   j    :=  -)-  0.0000094 


<rr 


dg' 


jj-{n"6z")„  =  —  o.ooooooi 


,.^T'  „ 


^v"„  =  -f-  0.0000003 


+  0.0003563 
+  0.0001902 
+  0.0000402 
+  0.0000342 
+  0.0000926 

—  0.0002530 

—  0.0002299 

-J-  0.0000003 
■f-  0.0000014 


'     dr" 

And  their  sum 

6T'  =  —  o".oi27282  sin  {6g'  —  zg  —  3^")  —  o".oooi363  cos  {6g'  —  tg  —  ^g") 
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In  like  manner  the  terms  having  the  argument  —y'-{-  6g'  —  2g  —3^"  are  composed  as 

follows: 

//       ^  // 

A.'{n'Sz')„„  =  +  0.02049  sin  (—  y'  +  6g'  —  2g  —  ^g")  +  0.01306  cos  (—  k'  +  6(/'  —  2g  —  $g") 

B'v'„„  =  +  0.01484  +  0.00461 

C'Sl  Tn  )    =  +  0.00016  —  0.00028 

W(nSz)^,:  =  +  o.oooio  —  0,00009 

G'v„.,  =  +  0.00008  —  0.00007 


,  7  (  n'Sz'  )  =  —  0.00029  +  0.00034 


dr' 


r'    ,  7  '^'m  =  —  0.00019  +  0.00022 


C'„..tf (  s"  )  =  —  0.00007  +  0.00020 

And  their  sum 

ST  =  +  o".o35i2  Bin  (—  y'  +  6p'  —  2g  —  zg")  +  o".oi799  cos  (-  y'  +  6j/'  -  2^  —  3p") 

In  computing  the  terms  of  three  dimensions  having  these  arguments,  it  has  been  found 
that 

A'{n'S^z')„„  =  +  o.oooooi69iw't  sin  {6g'  —  tg  —  Z9")  +  o.oooooo669n'<  cos  (6g'  —  2g  —  sg") 

B'(Jv'„..  =  +  0.000000657  —  0.000000066 

A'„..(n'(yV)„  =  —  0.000000071  +  0.000003517 

B'  .,Sv'   =  +  0.000000258  +  0.000002653 

6A'(n'Sz')„:  =  +  0.000000205  +  0.000003270 

rfB'v'„..  =  +  0.000001171  +  0.000002409 

6A'^..{n'6z')„  =  +  0.000002989  +  0.000000528 

(JB'„..v'„  =  +  0.000000269  —  0.000000182 

And  their  sum 

6^T  =  +  o".ooooo7i69m'«  sin  (6g'  -  2g  -  sg")  +  o".oooo  12 79871'*  cos  {6g'  -  2g  -  sg") 
In  a  similar  manner  for  the  terms  belonging  to  the  argument  -/  +  6g'  -  2g  -  sg" 

A'(n'(5VL„  =  -  o!ooooo7i«'«  sin  {-  /  +  6<7'  -  ^g  -  S9")  -  0.0000074^'* cos  (-  /  +  65'  -2(7-35-") 

WSv'^..  =  -  0.0000042  -  °-o°°°°i° 

6A'{n'6zX..  =  +  0.0000067  -  0.0000087 

6B'y'^..  =  -  0.O00OO03  -  0.0000104 

And  their  sum 

«y»T'  =  -  o.ooooo48«'t  sin  {- y  +  Sg'  -  2g  -  S9")  -  o.oooo27S»'«  cos  {-  y'  +  6g'  -  zg  -  S9") 
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Adding  to  the  previous  terms  those  dependent  on  the  arguments  — y'-\-7g' — ^g — 3^ 
and  X +5^'— 2^— 3^',  of  the  computation  of  which  it  is  thought  unnecessary  to  give 
any  details,  we  have  the  following  complete  expression  for  ST' : 


Argument. 

sin. 

COS. 

—r'+(>g'—29—3g" 

-y'+79'-2g^ig" 

6g'_29— 3p" 

r'+S9'—29—39" 

-j-o.  035 1 2     — 0.  ooooo^Sn'i 

+0.011SS 

— 0.  0127282-f-o.  000007 1 69n'/ 

-)-o.  00419 

+0.01799     — 0.  000027S«'/ 
-|-o.  00092 

—0.  0001363+0.  ooooi2798«V 
— 0.  00039 

The  logarithms  of  the  integrating  factors  are 

7g'—2g  —  ^g"        0.0081 
6g'—2g-3g"         i.733i6n 
59'  —29  —  39"        9.992on 

The  very  familiar  process  being  applied  to  ST'  we  get 


6'Wo'=:  [  1.8193  —  o.ooo26om'<  ]  COS  {^g'  —  ig  —  T,g") 
+  [-  0.9874  +  o,ooi488w'<  ]  sin  (55^'  -  2g  -  7,g") 
+  [-  0.65875  +  o.ooo3878n'f]  cos  {Sg'  -  2g  -  7,g") 
+  f      0.02967  —  o.ooo6923n'<]  sin  (6^'  —  2g  —  ^g") 


i/d.dWo'\ 
~  2\     dy'      J"^      t~  0.9096    +  o.oooi30M't  J  sm  (55'  -  2g  -  ^g") 

+  [-  0-4937    +  o.ooo744n't  ]  cos  (c,g>  -  2g  —  351") 

+  [      0.00794  ]  sin  (6g'  -  zg  -  ^g") 

+  [      0.00028  ]  cos  {6g'  —  2g  —  ^g") 


In  order  to  have  the  value  of 


d  .  6^z' 


expressions  the  terms  which  arise  from 


dt 


it  is  necessary  to  add  to  the  first  of  these 


(^>^+'"' 


When  this  is  expanded  it  takes  the  form 
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These  terms  are  significant  only  in  the  case  of  the  argument  6^'  —  2g  —  3^".     All  the 
factors  involved  have  been  already  given.     It  is  found  that 

(dWo'\  "  " 

-3p-JjM'*«')-"  =  +  0.03468  COS  (6(/'  -  2flr  -  ig")  +  0.01438  sin  {(>g'  -29-  39") 

2'''m'''»'  =   —  O.O181O  —  0.00707 

Ana  tneir  sum  =  +  0.05163  cos  {6g'  —29—  s9")  +  0.02084  sin  (6g'  —  29  —  s9") 

It  is  necessary  to  consider  the  terms  of  three  dimensions  factored  by  n't  which 
arise  from  the  same  source,  and  which  are  given  by  the  formula 

All  the  factors  of  the  six  terms  of  this  expression  have  been  given  in  preceding  chapters. 
It  is  found  that 

,   ,   j  (n'S^z')^,.  =  —  o.ooooo94n't  cos  (6p'  —  29  —  39")  —  0.000005671'*  sin  (6«/'  —  29  —  39") 

-^^J   {n'S^z')„=  —0.00001^2  +0.0000356 

2v'^6v'„„  =  +  0.0000047  +  0.0000028 

2y'„,.6v'„  =  +  o.ooooioo  —  0.0000184 

_  2—^,2r^{n'Sz')„„  =  —  0.00002 11  +  0.0000369 

_  2    '  i..''"{n'Sz')„  =  —  0.0000093  —  0.0000053 

7t  tit 

And  their  sum  =  —  o.oooo444n't  cos  (69'  —  29  —  39")  +  o.oooo46ow't  sin  (65''  —  29  —  39") 

In  consequence 

•  "  =  [  1.8193  —  o.ooo26on'<  ]  cos  (sp'  -  29  -  39") 
+  [—  0.9874  +  o.ooi488M'i  ]  sin  {^g'  —  29  —  39") 
+  [—  0.60712  +  o.ooo3434W'<]  cos  (6</'  —  29  —  39") 
+  [     0.05051  —  0.000646311'*]  sin  {6g'  —  2g  —  39") 


And,  by  integration, 


n'S^z'  =  [-  1.7848  +  o.ooo2S5to'<]  sin  (5gr'  -29-  39") 
+  [-  0.9698  +  o.ooi46iw'<]  cos  {S9'  —  29  —  39") 
+  [  30.951  —  0.0185871'*  ]  sin  (6^'  —  29  —  39") 
+  [       3-738    —  o.o3496n'*  ]  cos  (6<?'  —  29  —  39") 
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Neglecting  any  further  consideration  of  terms  in  6v',  we  get 

//  //  //  // 

6y'  =     [—  0.8921  +  o.oooi28w'<]  cos  (sp'  —  2g  —  ^g")  +  [0.4848  —  o.ooo73on'<]  sin  (sflf'  —  ig  —  ig") 

+  [     0.429s  ]  cos  (6<7'  -2g-  ig")  -  [0.0151  ]  sin  {f>g<  -  2g  —  sg") 

This  completes  the  determination  of  the  inequahties  of  Saturn  having  the  argu- 
ments S9'  —  29  —  3ff"  aod  ^ff"  —  ^9  —  w" •  But  there  are  certain  other  inequahties  of 
long  period  depending  on  all  three  anomalies.  The  following  is  a  list  of  all  that  seem- 
ingly could  be  of  any  importance,  together  with  the  logarithms  of  their  integrating 
factors : 


Argument. 

Log. 
integrating  factor 

9" -V    ^9'-    9 

o.877in 

.9"-    Z9'+    9 

0.779611 

29"-    59' +    9 

0.7340 

39"  +    49'  -  29 

1.0696 

49"  +      9'  -    9 

i.0926» 

4g"  -    A9'+    9 

0  9423n 

49"  -    99'  +  39 

0.83I2W 

Argument. 

Log. 
integrating  factor 

69"-    19' +29 

1.1527 

19"-    S9' +    9 

1.2051W 

19"  -  I  Of/'  4-  39 

i.oi9in 

gg"  -    8g'  +  zg 

0-9133 

log"  -  iig'  +  3jf 

I-3579™ 

jog"  —    6g'  -\-    g 

1.9784M 

As  the  inequalities  having  these  arguments  are  evidently  quite  small  it  will  suffice  to 
compute  them  by  the  most  abbreviated  formulae.  We  take  for  6T'  only  the  portion 
independent  of  y',  and  then  have 

n'S^z'  =jy'6T'n'm* 

We  may  limit  ST'  to  the  following  terms 

ST'  =  A'(n'SzX.,  +  B'v'„„  -|-  A'„„(n'tf«')™  +  B'...i^„ 
The  following  expressions  have  been  found  for  6T'  and  n'S"^/-. 


ST 

n'S^z' 

Argument. 

Bin. 

COS. 

sin. 

COB. 

9"+  2?'—  g 

+0. 000025 

+0. 000422 

—0.  001 

— 0. 024 

9"-  Z9'+  9 

+O.OOIS79 

+0.  004755 

—0.057 

-0.172 

29"—  3S'+  9 

+0.00137 

—0.  00748 

— 0.  040 

+0.  220 

3S"-|-  49'— 2S 

+0.  000414 

+0.  000272 

—0.057 

—0. 037 

4ff"-|-     9'—  9 

-j-o.  000024 

+0.  000002 

— 0.  004 

0.000 

4S"-  Ag'+  9 

+0.001 188 

— 0.  000898 

—0.  091 

+0.069 

49"—  99'+39 

+0.  0001 16 

—0.000312 

— 0.005 

+0.014 

6?"—  7g'+2g 

+0.000812 

+0.  000096 

— 0.  164 

— 0.019 

19"—  59'+  9 

+0. 000039 

— 0.000026 

— 0.  OIO 

+0.007 

79"—'°il'-r39 

— 0.000002 

+0.000123 

0.000 

— 0.013 

99"-  89' +29 

+0.000015 

+0.000009 

— 0. 001 

— 0. 001 

iog"—iig'+3g 

— 0.  0000051 

+0.  0000072 

+0.003 

— 0.004 

log"—  6g'+  g 

— 0. OOOOOOI 

+0.0000001 

CHAPTER  XXIV. 

PERTURBATIONS  OF  THE  LATITUDE  OF  JUPITER  OF  THE  SECOND  ORDER  WITH  RESPECT  TO 

DISTURBmo  FORCES. 

The  sensible  terms  of  these  perturbations  of  the  latitudes  of  our  two  planets  arise 
only  from  their  mutual  action.  They  are  quite  small,  and  hence  admit  some  simplifi- 
cations in  their  computation,  besides  those  indicated  by  Hansen  in  the  Auseinander- 
setzung. 

The  co-ordinate  u  being  obtained  through  the  equations  * 

n-df  =  n^a,  «^°  ("^  -f\m)  cos  t  =  U 

similarly  with  Hansen!  we  will  put 

^  =  ^"n6z  -H  B"(v  -  c)  -^  C"4^  +  H"^.  +  E"^-^  +  W'n'6z'  +  G"(v'  -  o')  +  H"^^ 


We  have 


A"  =  ^  B"  =  Y  +  U 

dg 


where 

C  being  the  quantity  so  denoted  (page  76)  ;  aV^^:^  has  already  been  derived  in  com- 
puting D,  one  of  the  factors  involved  in  8T.     Next  we  have 

C"  =  U 

In  the  computation  of  D"  and  E"  Hansen  puts  D"  =  D/'-f  D^"  and  E"  =  E/'  +  E^"; 
but  D2"  and  E2"  are  quantities  of  the  second  order  with  reference  to  sin  i,  sin  i' ,  and 
sin  J,  besides  being  of  the  order  of  the  disturbing  force.     Hence,  Dz"^^  and  E,"^^, 


•Auseiuanderaetzang,  Abth.  I,  pp.  102,  103,  gl.  (45),  (46). 
tAaseinanderaetzung,  Abth.  I,  p.  133,  gl.  (83). 
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being  of  the  third  order  with  reference  to  the  inclinations  and  of  the  second  with 
reference  to  disturbing  forces,  may  be  neglected.     We  can  then  write 


Till      n^if  ^^  ,    esmf  dn      adn,-\ 
L   dZ^      r  co8^  (p  df       r  dr  J 

_  f^f  jd^fl  ^ersiu/dP.      i  +  ze  com/+  e'    dn,~\ 
-  ^L    dZ'  ■^"  co8^  cp    dg  5oif^         "-^WJ 


cos  t 


r  cos  <p  df  r 

In  addition  we  have* 

^"  =  ^  G"  =  -  (Y  +  2U)  H"  =  CaVg^  cos  i 

Thus,  we  can  write 

tfU  =  -j^nSz  +  ^n'dz'  +  Y(v  -c-y'  +  c')  +  Tjfv  -  2v'  +  2C<  +  S^ 


+  D"— — .  +  E"— ^.  +  H" 


cos  i  cos  i  cos  i' 


Here  (5U  appears  as  the  sum  of  seven  products  instead  of  eight,  as  with  Hansen. 

It  is  necessary,  then,  to  compute  the  developments  of  the  four  factors  Y,  D",  E", 
and  H".     By  neglecting  certain  terms  factored  by  sin^  J  we  can  putf 

Of  the  factors  involved  in  D"  it  is  suflBcient  to  put 

a  cos^  (p  ^  ''[^•3833]  sin  9  +  ^l^-I^SSl  sin  ^g 

I     1     26  COS  f  -^  €^ 

^Q^«  ^ =  [o.ooio]  +  2[8.6854]  cos  g  +  2[7.3688J  cos  ay 

In  addition 

f  -7  j  =  1.0047  +  0.1689  cos  g'  +  0.0142  cos  2g'  +  0.0012  cos  29" 

C-  =  2[9.698o]  sin  {y  -  g)  —  2[8.3825]  sin  y  +  2[8.38i7]  sin  [y  —  2g)  +  2(7.12]  sin  (y  —  ^g) 

In  all  these  computations  it  is  unnecessary  to  pay  attention  to  the  factor  cos  i, 
as  we  intend  to  take  the  plane  of  the  orbit  at  the  epoch  1850  as  the  plane  of  reference, 
which  makes  ig  =  o. 

•Auseinandersetzung,  Abth.  I,  p.  136,  gl.  (97),  (98),  (99). 
tAaseinandeTsetzang,  Abth.  I,  p.  120. 
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The  following  is  the  result  of  the  computation  of  -pr,  the  only  quantity  inde- 
pendent of  y  which  it  is  worth  while  to  give: 


D" 

D" 
C 

D" 
"C 

Arg=t'j'+tj 

ATg=i 

g'+ig 

A.TS=i'g'+ig 

00a. 

sin. 

COS. 

sin. 

cog. 

sin. 

i'        » 

„ 

II 

%' 

i 

„ 

II 

i'      i 

// 

,, 

0       0 

-28.  33 

3 

0 

0.00 

—  0.  12 

5—  4 

-••57 

—6.  29 

0 —  I 

+  I-4I 

+  3-76 

3- 

I 

—  1.46 

+   0-29 

5-  5 

—7.69 

+4.22 

0 —  2 

«+  2 
I       0 

+  0.18 

-f  0.02 

+  0.38 
—  6.46 

—  0.  10 

+  0-03 

—  0.  30 

—  4- 07 

3- 
3— 
3— 
3- 

2 
3 
4 
5 

+  6.24 
+14.58 
+  1. 15 

+  0.  II 

+  8.25 

— 20. 17 

—  0.89 

0. 00 

5-6 

6-3 
6-4 

—0.99 

+0.28 
-I-0-43 

+0.07 

-f  0.  20 
-1.63 

I —  I 

—  7-99 

+38-  74 

4— 

I 

—  0.  20 

—  0.06 

6-5 

-4-57 

+0.16 

I —  2 
»-  3 

+  i-3« 
—  0.03 

+  0.04 
—  0.08 

4— 
4- 

2 
3 

+  0-23 

+  7-75 

+  1.89 
—  3-73 

6—  6 
6-7 

+  1-35 
—0.  14 

+4.86 
+0.69 

2+  I 
2      0 
2—  I 
2 —  2 

+  0-05 

—  0.44 

—  6.66 
+36.  II 

—  0.02 

—  0.88 
+  S-88 
+  15-71 

4— 
4- 
4— 

4 

S 
6 

—  9- 96 

—  0.42 
-|-  0. 01 

— II.  21 

—  I.  20 

—  0.08 

7-  4 

7—  5 
7-6 

+0.24 
-1.25 
—0.  61 

— 0.  26 
—0.62 

+3- 06 

2-  3 

+   1.26 

+  0.48 

5- 

2 

—  0. 12 

+  0.26 

7—  7 

+2.84 

— 0. 10 

2-  4 

4-  0.02 

+  007 

5- 

3 

+  J^o 

+  o.is 

7-8 

+0-44 

+0.  21 

We  have  now  to  multiply  certain  expressions  already  obtained  by  the  factor  C 
(value  given  at  page  jy),  and  thus  obtain  the  expressions  for  the  four  following 
quantities : 


1 

Y 

D" 

E" 

H 

// 

&ig=Hy+i'g'+ig 

COS. 

sin. 

sin. 

COS. 

COB. 

sin. 

sin. 

COS. 

H 

i'        i 

// 

„ 

/ 

/. 

„ 

/, 

„ 

0 —    I 

+0. 032 

+0.  145 

-28.33 

+  0.19 

0.00 

+0.02 

+21.32 

-  0.27 

—I 

0        0 

+0. 327 

+o-  753 

-  2.75 

+  1.88 

— 0.02 

+0.09 

+  ^.68 

—  2.82 

0—   2 

— 0.  320 

—0.  749 

+  0.  01 

—  1.88 

+0.02 

— 0.09 

—  0. 62 

+  2.83 

— t 

0—    I 

+0.051 

— 0. 120 

—  0.04 

—  0.  19 

+0.  01 

0.  00 

+  0.06 

+  0.28 

0—  3 

—0.083 

+0. 048 

+  0.  II 

0.00 

— 0. 01 

0.  00 

—  0.  17 

—  0.  01 

—  I 

1+    2 

— 0.  120 

+0.097 

—  0.  II 

—  0.20 

0.00 

0.00 

+  0.21 

+  0-29 

I         0 

+0. 181 

—0.054 

+  0.42 

0.00 

0.00 

—0.  02 

-  0.52 

0.00 

—I 

'+  ' 

+0.  647 

+0. 435 

+  3-34 

-  '-55 

40.02 

— 0.  10 

-  3-3° 

+  2.38 

I—  I 

—0.  646 

-0.  435 

—  2.94 

+  3-43 

— 0.  04 

+0.  22 

+  2.71 

-  5.10 

—I 

I      0 

-0. 150 

+0. 042 

+  3-74 

+19.50 

—0.  24 

+  1.22 

—  5-49 

—28. 05 

I —   2 

+0. 157 

—0. 100 

-  4.12 

—19.30 

+  0.  22 

—I.  20 

+  5-92 

+27-  75 

—I 

I—    I 

+0. 710 

— o-  153 

—  0.94 

-1.38 

— 0.  12 

— 0.  16 

+    1-72 

+  '-91 

«-  3 

— 0.  699 

+0.  140 

+  0-55 

—  0.49 

+0.14 

+0.04 

—  1. 16 

+  0.78 

—I 

I —    2 

—0.068 

—0.044 

+  0.07 

—  0.04 

0.00 

— 0.  01 

—  0. 10 

+  007 

I—  4 

0.000 

+0.  059 

0. 00 

+  0.04 

+0.02 

+0.01 

—  0.02 

—  0.06 
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A  ■>!■     1    ifir    1    arr      ■    ifT 

Y 

D 

fl 

E 

H 

H 

// 

ATg— x^-t->  g  -h»» 

COS. 

sin. 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

X      i'        » 

—  I         2+    I 

+0. 076 

+0. 179 

+  0.30 

—  0.37 

+0.02 

// 
—0.  01 

—  0.28 

+  0.56 

I         2—    I 

— 0.022 

— 0.  232 

+   u.  02 

+  0.65 

— 0.  12 

0.00 

-  0.  13 

—  I.  00 

—  12         0 

+U.561 

—0.557 

+  2.88 

+  3-16 

—0.84 

— 0.  12 

-  3-86 

—  4.80 

I         z —    2 

-0.  556 

+0.551 

—  4.64 

-2.36 

+  1.56 

+0.44 

+  5-5' 

+  4- 01 

—  I         2 —    1 

-f-0.  085 

+0.  164 

—18.29 

+  7-64 

+7-58 

+3-25 

+  17.27 

—  7.  06 

>       2—  3 

—0.139 

-0.  166 

+  17.90 

-  7-90 

— 7-44 

-3-19 

-16.82 

+  7-53 

—  I          Z—    2 

— 0.016 

—0-573 

+  0.68 

-  0.33 

— u.  21 

+0.  18 

—  0.  76 

+  0.85 

I          2—    4 

+0.001 

+0.559 

+  1-07 

—  0.43 

-0.51 

-0.50 

-  0.  88 

-  0.13 

—  I         2—   3 

— 0. 026 

+0. 030 

+  0.04 

+    0.  02 

— O.OI 

0.  00 

—  0.04 

—  0.02 

I         2—    5 

-f-0. 026 

+0.025 

+  0.03 

—  0.  04 

— 0.  03 

— 0.  05 

0.00 

—    O.OI 

-I       3      0 

+0.  233 

— 0.046 

+  0.65 

+  0.24 

—0.  14 

— 0.09 

—  0.  90 

—  "-39 

I       3—  2 

— 0.  267 

—0.013 

—  0. 96 

+  0. 16 

+0.23 

+0.24 

+  1.  22 

—  0.06 

-I       3-  I 

—0. 372 

—0.565 

-  3-34 

+  3-87 

+0.98 

+  1.49 

+  3-53 

—  4.  26 

I       3-  3 

+0.  364 

+0-553 

+  2-57 

-  4-85 

—0.66 

—  ..91 

-  2.80 

+  5- '8 

—  I         3—   2 

+0. 168 

— 0. 107 

—  7.06 

—10. 38 

+3-18 

—4-59 

+  6.42 

+  9-58 

I       3-  4 

— 0.  172 

+0.  154 

+  7-32 

+  9-94 

-3.22 

+4-43 

-6-73 

—  9.  10 

— '       3—  3 

—0. 408 

— 0.  072 

—  0.04 

+  0.29 

+0.23 

+0.  12 

—  0.30 

—  0.  27 

I       3-  5 

+0.390 

+0. 087 

+  0.74 

+  0.68 

-0.53 

+0.32 

—  0.34 

—  0.  62 

—  140 

+0. 049 

+0.017 

+  0.  10 

—  0. 01 

— u.  01 

— 0.02 

—  0.  14 

+    O.OI 

I       4—  2 

—0.048 

— 0. 042 

—  0.  II 

+  0.  10 

+0.01 

+0.04 

+  0.15 

—  0.  12 

—I       4—  I 

^-0.006 

—0.254 

—  0.  22 

+  0.89 

—0.  01 

+0.27 

+  0.  22 

—  ..07 

'       4—  3 

— 0. 044 

+0.  268 

—  0.  18 

—  1.07 

+0.  16 

—0.34 

+  0.  18 

+    ••24 

—I       4—  2 

— 0.  469 

+0.  193 

—  3-74 

—  2.06 

+  I-54 

—0.68 

+  3-86 

+  2.06 

I       4—  4 

+0. 456 

—0.  183 

+  4-23 

+  1-43 

-1.76 

+0.42 

—  4-31 

—  1.46 

—  I       4—  3 

—0.093 

—0.  165 

+  5-27 

-  5.48 

—2.41 

—2.55 

—  4.82 

+  4-94 

I       4-  5 

+0.  127 

+0.173 

-  4.85 

+  5-61 

+  2.25 

+  2.57 

+  4-40 

—  5.08 

—  I       4—  4 

— 0.  106 

+0.  269 

-  0,15 

—  0.  19 

+0.09 

— 0.  22 

+  0.  10 

—  0.  03 

I       4-  6 

+0. 118 

—0.254 

—  0.33 

+  0.73 

+0.13 

+0.46 

+  0.34 

—  0.  46 

-I       5—  I 

+0-035 

—0.053 

+  0.04 

+  0.13 

— 0.02 

+0.04 

—  0.05 

—  0.17 

'       5-  3 

—0.058 

+0. 048 

-  0.13 

—  0. 12 

+0.06 

—0.02 

+  0.  16 

+  0.  16 

-I       5-  2 

— 0.  240 

— 0. 040 

—  0.93 

—  0.  01 

+0.33 

+0.04 

+  1-04 

0.00 

I      5—  4 

+0.  241 

+  0.078 

+  I.  01 

-  0.31 

-0-35 

—0.18 

—  I.  10 

+  0-32 

-'      5-  3 

+0. 062 

+0.  348 

+  0.94 

-  3-10 

— L..32 

—1-34 

—  0.  90 

+  3-08 

'      5-  5 

—0.054 

-0-335 

—  0.48 

+  3-29 

+0.  10 

+  1.42 

+  0.46 

-3.26 

—I      5—  4 

—0.  149 

+0.  064 

+  3-79 

+    2-34 

—  1.80 

+  1.  10 

—  3-41 

-  2.14 

I       s-  6 

+0. 159 

-0.086 

-    3-82 

—  2.03 

+  1.80 

— 0.96 

+  3-45 

+  1.82 

-I       5-  S 

+0. 160 

+0.  103 

+  0.  21 

—  0.  II 

—0.17 

—0.09 

—  0.08 

+  0.07 

>       5-  7 

—0.144 

— 0.  no 

—  0.58 

—  0.09 

+0.35 

— O.OI 

+  0.41 

+  0.  12 

-I      6—2 

—0.045 

—0. 045 

-  0.15 

+  0.08 

+0.05 

+0.04 

+  0.17 

—  0.  10 

.      6-4 

+0. 037 

+0. 062 

+  0.  12 

—  0.  16 

— 0.03 

—0.06 

—  0.  14 

+  0.18 

-.      6-3 

—0.072 

+0.  188 

-  0.15 

—  0.82 

+0.  10 

— 0-3I 

+  o-«9 

+  0.88 

I      6-5 

+0.097 

—0.  182 

+  0.38 

+  0.82 

— 0.  20 

+0.31 

—  0.41 

—  0.87 

-16-4 

+0.  228 

+0.007 

+  2.28 

+  0.  20 

—  1. 01 

+0.02 

—  2.  22 

-  0.17 

I      6—  6 

— 0. 215 

—0.012 

-  2.32 

+  0. 12 

+  1-03 

+0.1 1 

+  2.24 

—  0.  12 
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Y 

r 

" 

E 

// 

B 

" 

Arg= 

"r+i's'+ig 

COS. 

sin. 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

X      »'       » 

// 

// 

II 

// 

/, 

// 

// 

// 

— 

6-5 

+0. 038 

+0.  123 

-0.84 

+2-43 

+0.40 

+1. 16 

+0.77 

—2.17 

6-  7 

—0.051 

—0.132 

+0.63 

—2.41 

— 0.  30 

—1. 14 

—0.56 

+2.14 

—1 

6—  6 

+0. 082 

—0. 087 

-j-o.  12 

+0.16 

—0.08 

-|-o.  II 

—0.06 

— 0.09 

6-  8 

—0.086 

+0.  075 

—0.0s 

—0.40 

+0.04 

—0.  22 

+0.01 

+0.30 

—1 

7-  3 

— 0.  II 

—0.  14 

+0.04 

— 0.  04 

+0.  12 

+0.15 

7-  5 

+0.16 

-|-0.  II 

— 0.07 

+0.02 

— 0.  19 

— 0.  12 

—1 

7—  4 

+0-  «34 

+0. 086 

+0.64 

—0.  26 

— 0.  25 

—0.  14 

—0.66 

+0.29 

7-  6 

— 0.  125 

— 0.  102 

— 0.  60 

-f-0.42 

+0.23 

4-0.  20 

+0.62 

—0.43 

—  1 

7—  5 

+0. 030 

-u.  131 

+0.23 

+  ■■55 

— 0.  12 

+0.70 

— 0.  21 

—  1.47 

7-  7 

— 0-033 

+0.  121 

— 0.  41 

-1.52 

4-0. 20 

—0.68 

+0.40 

+  1-44 

— 

7—  6 

+0.097 

—0.009 

—1.45 

— 0.  16 

+0.70 

— 0. 07 

+  1.28 

+0.15 

7—  8 

—0.  104 

+0.  oi6 

+  >-39 

+0.02 

—0.66 

+0.01 

—1.24 

— 0.02 

— 

7-  7 

0.  12 

+0.  10 

+0.07 

+0.07 

+0.08 

—0.06 

1      7—  9 

+0.25 

—0. 10 

— 0.  «3 

— 0.07 

—0.  20 

+0.06 

From  the  expression  of  Ro  given  in  Chapter  II  we  derive  that  of  (-grr) 


(f) 

/dKo\ 

Arg=»'j'+t^ 

Aig-%'g'+ig 

COS. 

sin. 

COS. 

sin. 

i'      i 

„ 

„ 

i'       i 

-/ 

0—  I 

+0.  12 

+0.28 

4—   I 

-j-o.  02 

-f-o.  02 

— 0.  2825n/ 

+0.  I248«/ 

4—  2 

-fo.  01 

+0.05 

u—   2 

+0.02 

— 0. 02 

4—  3 

—0.31 

+0.  12 

—0.  oi36n/ 

-fo.  oo6o«/ 

4—  4 

— 0.03 

—0.03 

0-  3 

— 0.  ooojni 

4-0.  oo03«/ 

4—  5 

— 0. 01 

+0.03 

1+  I 

+0.  14 

— 0.04 

5—  I 

— 0.07 

—0.16 

I        0 

+0.  18 

+0.  12 

5—  2 

-(-0. 01 

0.00 

I —  I 

+0.06 

—0.03 

5—  3 

+3- 60 

+0.34 

I —   2 

+0.41 

— 0.  10 

5-  4 

+0.  18 

-|-o.  II 

1-  3 

+0.  01 

u.OO 

5-  S 

— 0. 01 

+0.01 

2      0 

— 0.  01 

+0.30 

5-6 

+0.01 

0.  00 

2 —  I 

— 0.09 

+0.09 

2 —  2 

+0.  13 

+0.  22 

6-3 

+0.01 

+0.01 

^—  3 

+0.01 

— 0.  14 

6-4 

—0.03 

+0.07 

6-  5 

+0.03 

0.  00 

3      0 

+0.04 

— 0.  05 

6—  6 

0. 00    1     +0. 01 

3—  « 

+0.04 

+0.01 

1 

3—  2 

+0.44 

+0.69 

7-   4 

— 0. 04    i     +0. 04 

3-  3 

+0.07 

0.00 

7-  5 

-f  0. 03         +0. 01 

3-  4 

— 0.06 

— 0.  01 

7-  6 

0. 00         — 0. 01 
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In  order  to  obtain  a,  higher  degree  of  precision  in  the  second  factors  of  the  terms 
of  <5U,  we  attribute  to  n6z,  v,  n'Sz',  and  v'  the  values  which  result  from  adding 
together  the  terms  of  the  first,  second,  and  third  orders  with  respect  to  disturbing 
forces.  It  is  thought  unnecessary  to  give  here  the  expressions  of  these  second  factors, 
as  they  are  so  easily  formed  from  data  previously  given. 

The  terms  having  the  argument  —  7  in  <5U  are  important,  as  they  determine  the 
amount  of  the  secular  motion  of  the  plane  of  the  orbit  due  to  the  square  and  product 
of  the  masses  of  Jupiter  and  Saturn.  The  following  detail  of  the  composition  of  these 
terms  is  therefore  given : 

^^o«  —  —  0.0002260  COS  (—y)  —  0.0006051  sin  (—  y) 


dU 

-j-fn/Si^  =  —  0.0006676 

U(  V  —  2v'  +  2c'  +  tfr"  )  =  —  0.0002280 

Y(v  —  c  —  V'  -^  &)  =  —  0.0004473 

D" 

E"- 

H" ..;  =  0.0001084 


u 
COS  i 

Ml 

COS  i 

COS  V 


—  0.0000396 

—  0.0000051 


—  0.0021977 

—  0.0006215 

—  O.OOI26IO 

—  0.0000871 

—  0.0000128 

—  0.0002514 


Sam  =  —  0.0017220  cos  {—  y)  —  0.0050366  sin  ( —  y) 

The  following  is  the  complete  expression  for  (5U : 


Arg= 

i5U 

COB. 

n<  COS. 

sin. 

nf  BID. 

X       i'       i 
—  I       0       0 

—0.0017220 

— 0.000070136 

—u.  0050366 

+0. 000033274 

I       0—  2 

+0.001 

+0.00007 

+0.002 

— 0.00003 

—  I       0—   I 

— 0. 0025 

+0.0015 

I       0-  3 

+0.002 

— O.OOI 

-I        1+  2 

+0.001 

—0.003 

I        I       0 

— 0.0025 

— 0.000006 

+0. 0028 

+0.000001 

-I        1+   I 

+0.0005 

+0.  000032 

+0.0008 

—0. 000045 

I        I —   I 

+0.  0029 

— 0.000032 

+0.0015 

+0. 000045 

—  I        I       0 

+0.0001 

— 0.  000021 

— 0.0004 

0.000000 

-I        I-   I 

— 0.  0020 

+0.  OOOOI I 

+0.0001 

+0. 000049 

-I        I-  2 

+0.001 

+0.001 

-I        2+   I 

—0.002 

—0.003 

I       2 —   I 

+0.  0029 

— 0.000005 

+0-  0033 

— 0.000005 

—  I        2       0 

— 0.0019 

— 0.  000049 

+0.0031 

—0.000050 

I       2 —  2 

+0.0017 

+0. 000047 

— 0. 0020 

+0. 000050 

—  1       'J. —   I 

—0.0008 

— 0.000004 

+0.0003 

+0.000021 
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Arg= 

xy+i'S+ig 

(5U 

COS.   , 

nt  COS. 

ain. 

nt  sin 

X      i'       i 

-1       3       o 

-0.0055 

'■ 

+0. 0024 

" 

I       3-  2 

+0.0039 

— 0.  OOOOOI 

— 0.0017 

+0.000005 

-I       3—  I 

+0. 0024 

— 0. 000040 

+0. 0024 

+0. 000025 

—1       4+  1 

0.  OOI 

+0.002 

I       4—  I 

+0.0008 

— 0.0012 

—  I       4—  I 

+0.0004 

— 0.000004 

+0. 0022 

0.000000 

I       4—  3 

— 0.0003 

4-0.  OOOOII 

—0.0016 

+0.  000002 

—  1         4-   2 

+0.0002 

+0.000008 

—0.0003 

+0. 000024 

--I       5       ° 

+0.002 

+0.002 

I        5—  2 

+0. 000027 

-|-o.  00000107 

—0. 000030 

— 0. 00000037 

-I       s-  2 

+0.001389 

+0.00000166 

+0.000612 

+0. 00000084 

I      5-  4 

+0.002 

0.000 

— I      lo —  4 

+0. 00100 

— 0.00185 

By  subjecting  the  preceding  expression  to  the  same  treatment  as  that  by  which, 
in  Chapter  II,  -^^.  was  derived  from  ^-^,  we  obtain  the  following: 


SK, 

Aig=i'g'+ig 

sin. 

COB. 

i'      i 

//              / 

„ 

0      0 

+0.  oooi247n/ 
+0.  ooooo254«2/' 

0 —  I 

— 0.  oo5072in/ 

— 0.001737 1 »/ 

+0.  ooooi664n2/' 

—0.  oooo3507«2^2 

0—  2 

+0.  0018— u.  OOOI2I4«/ 

+0. 001 1— 0.  oooo4I5k^ 

-|-0.  00000040«^^' 

— 0.  oooooo85k^/2 

0—  3 

— 0. oooo044»/ 

— 0.  OOOOOI  5n/ 

+0.00000001 »'/' 

— 0.  o0OO00O3nV' 

1+  2 

— 0.  0001 

—0.0002 

1+  > 

—0. 0059—0.  ooooi7«/ 

—0. 0056—0.  ooooosk/ 

I       0 

— 0. 0039+0.  oooo8i«/ 

+0. 0022+0.  oooio7b^ 

I—  I 

+0. 0003—0.  oooo55«/ 

+0.  0005— 0.  OOOOI  IK< 

i^  2 

+0. 0035 — 0.  ooooi8»/ 

+0. 0002+0.  oooo82«/ 

I—  3 

— 0.0005 

+0.0006 

2+  1 

— 0.0004 

+0.0004 

2      0 

— 0. 0158+0.  oooo30»/ 

+0. 0190—0.  oooo30«/' 

2 —  I 

— 0. 0032—0.  oooio3«/ 

— 0. 0070+0. 000098/!^ 

2 —  2 

+0. 0047+0.  oooo23»; 

+0. 0016+0. 000105K/ 

2—  3 

+0.0001 

0.0000 
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«Ko 

Arg=i'5'+ip 

sin. 

COB. 

i'       i 

//               // 

/, 

3-  ' 

— 0. 0104 -(-o.  ooooi5n/ 

—0. 0032-I-0.  ooooi5»/ 

3—  2 

-f-O.  0115 — 0.  OOOI92B/ 

0.  01 20— 0.  0001  20H/ 

3—  3 

+0. 0003—0.  ooooos»/ 

— 0. 0003—0.  ooooo3«/ 

4       ° 

-)-o.  0009 

+0.0012 

4 —  2 

-j-o.  0008 — 0.  ooooi3«^ 

— 0.  0047 — 0.  ooooo3«/ 

4—  3 

— 0.  0003 — 0.  00C02OB/ 

— 0.  0008-f  0.  000062K/ 

5—  I 

+0.  ooo9-(-o.  oooo8o«/ 

+0.  0072+0.  000028«/ 

5—  2 

— 0. 0000 1 5«/ 

+0.  oooooznt 

5—  3 

+0.  1071+0.  OOOI24»/ 

— u.  0363 — 0.  oooo63«/ 

5—  4 

4-0. 0026 

—0.0009 

5—  5 

4-0. 0001 

0.  0000 

lo—  5 

+0.0372 

+0. 0689 

10 —  6 

+0.0009 

+0.0017 

In  order  to  have  the  value  of  6(  ^^^  \  it  is  necessary  to  add  to  this  expression  the 
value  of  (  -^  \nSz,  which  follows : 


idRc 
\dy 

)nSz 

Arg=tV+ij 

sin. 

COS. 

i'       i 

„ 

„ 

0      0 

4-0.  ooooooS7«V2 

u I 

— 0.  ooooooo4«V' 

+0.  00000004«V 

0—    2 

+0.  oooooo46«'/^ 

+0.  oooooi35«'/» 

0—  3 

+0.  00000002»V» 

+0.  oooooooSnV'' 

1+  I 

— 0. 0007 -fo.  000005  «/ 

— 0. 0007 — 0.  ooooo7n/ 

I          0 

— 0.  ooo034«/ 

— 0. 000049H/ 

1 —  I 

+0.  ooooo9»/ 

— 0.  oooooin/ 

I—    2 

+0.  ooooi4«/ 

— 0.  oooosgn/ 

2         0 

— 0.  0014—0.  oooogow/ 

+  0.  00204-0.  000041 K/ 

2—    I 

4-0.  0005 — 0.  oooioo«/ 

4-0. 00064-0.  oooio6«^ 

.i —    2 

— 0. oooo83K^ 

— 0.  oooo39«/ 

2—  3 

— 0. oooi46n/ 

— 0.  000002B/ 

2—   4 

0.  ooooo7»/ 

0.  oooooon^ 

3      0 

— 0. 0005 — 0.  ooooo4«/ 

+0. 0006+0.  ooooiow^ 

3—  I 

—0.  0016+0.  ooooi4»/ 

— 0.  0006 — 0.  oooofxmt 

3-  2 

— 0.  001 1 — 0.  000020n/ 

+0.  0001 0.  000002«/ 

3-  3 

+0.  oooo54«^ 

— 0. oooo30«/ 

3-  4 

0.  000002B/ 

— 0.  0000 1 2K/ 
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ATg=i'g'+ig 

;dEo 

)ndz 

• 

sin. 

008. 

i'      i 

/f            // 

//                   '/ 

4      0 

+0.0008 

+0. 0010 

4—  I 

— 0.  ooooo3«/ 

— 0.0000 1 2»/ 

4—  2 

0. 0000 — 0.  ooooi  me 

+0.  0007     0.  oooooon/ 

4—  3 

-)-o.  000007  «^ 

— 0.  OOOOIOB/ 

4—  4 

— 0.  ooooo;?!/ 

— 0.  ooooo8n< 

5— o 

— 0. 00003  2n/ 

— 0.  000030B/ 

S-  I 

— 0. 0007—0.  ooo65Sn^ 

+0. 0006—0. 000620«/ 

5—  2 

+0.  0OOM7«/ 

— 0.  oooo69»^ 

5-  3 

+0. 0009+0.  oooni  2nt 

0. 0000 — 0.  ooo904«^ 

5-  4 

+0.  oooioin/ 

— 0.  ooooi5«/ 

S—  5 

+0.  ooooo5n/ 

+0.  000002«< 

6-4 

+0.0004 

+0. 0019 

7—  2 

+0.0008 

—0.0003 

7—  4 

+0. 0018 

— 0. 0001 

7-  5 

+0. 0015 

— 0.0008 

8-s 

— 0.0004 

+0.0006 

9-  5 

0.0000 

— 0.  0010 

lo-  s 

+0.0053 

+0.0093 

10 —  6 

— 0.  0014 

+0.0002 

Thus  we  have  the  following  expression  for  sf  ^-^  j : 


\C08  ll 

Aig=i'g'+ig 

sin. 

COS. 

i'      X 

//                    ;/ 

//             // 

0      0 

+O.OOOI247»< 

+0.0000031 1  «^/' 

0—  1 

— 0.  OOS072I«^ 

— 0.  ooi737i«/ 

+0.  ooooi66o»V» 

— 0.  oooo3503«''/= 

0 —  2 

+0.  0018 — 0.  OOOI2I4»i' 

+0. 001 1 — 0.  oooo4i5»/ 

+0.  ooooooSewV" 

+0.  ooooooso«2/' 

0-  3 

— 0.  ooooo44«/ 

— 0.  oooooi5«/ 

+0.  ooooooo3»2/« 

+0.  ooooooo5«=j'= 

1+  2 

— o.oooi 

— 0.0002 

1+  I 

—0. 0066—0. 0000 1 2n/ 

—0.  0063—0.  0000 1 2«^ 

I      0 

— 0. 0039+0.  oooo47»^ 

+0. 0022+0.  oooo58«/ 

I —  I 

+0. 0003 — 0.  oooo46«/ 

+0.  0005 — 0.  0000 1 2«^ 

I —  2 

+0. 0035—0.  ooooo4«/ 

+0.  0002+0.  000023«/ 

«—  3 

— 0.  oooj 

+0.0006 
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H^) 

ATg=ig'+ig 

Bin. 

COS. 

i'       i 

//               // 

//                  // 

2+    I 

— o.  0004 

+0. 0004 

2        O 

— 0.  0172 — 0.  oooo6o«/ 

+0. 0210+0.  OOOOIIW/' 

2 —    I 

— 0.  0027 — 0.  000203«^ 

— 0. 0064+0. 000204K/ 

2 —    2 

+0. 0047—0.  oooo6o»/ 

+0. 0016+0.  oooo66n/ 

2-    3 

+0. 0001— 0. 000146K/ 

0. 0000 — 0.  ooooo2n/ 

2—    4 

—0.  oooooyn/ 

0.  oooooow/ 

3      ° 

— 0.  0005 — 0.  000004Bi' 

+0.  0006+0.  ooooio«? 

3—  1 

— 0. 0120+0. 000029«/ 

— 0. 0038 — 0.  oooo45«/ 

3-  2 

+0.  0104 — 0.  00O2I2«/ 

—0.  01 19 — 0.  0O0I22«/ 

3—  3 

-|-o.  0003+0.  oooo49«/ 

— 0. 0003—0.  oooo33«/ 

3-  4 

— 0.  000002K/ 

— 0.0000 1 2n/ 

4      o 

+0.  0017 

+0. 0022 

4—  I 

— 0.  ooooo3»< 

— 0.  onooi2«/ 

4—  2 

+0.  0008 — 0.  000024«/ 

— 0. 0040 — 0. 000003?!/ 

4—  3 

— 0. 0003 — 0.  ooooi3n/ 

—0. 0008+0.  ooooS2»/ 

4—  4 

— 0.  ooooo7«/ 

— 0.  ooooo8«/ 

5      o 

—0.  000032K/ 

— 0.  oooo30»/ 

5-  ■ 

+0.  0002—0.  ooo575«/ 

+0. 0078—0.  OOOS92«/ 

5-  2 

+0.000I02K/' 

—0.  nooo67«/ 

5-  3 

+0.  1080+0.  0001 36«/ 

— 0. 0363 — 0.  ooo967«/ 

5—  4 

+  0.  0026+0.  OOOIOIKi' 

— 0.  0009 — 0.  OOOOI5k^ 

5--  S 

+0. 0001  +0.  ooooo5«/ 

0.  0000+0.  0OO0O2n/ 

6-4 

+0. 0004 

+0.0019 

7—  2 

+0.0008 

— 0.0003 

7—  4 

+0.0018 

— 0.  0001 

7-  5 

+0.  0015 

— 0.0008 

8-  5 

— 0. 0004 

+0.  0006 

9-  5 

0. 0000 

— 0.  0010 

lo—  5 

+0.0425 

+0.  0782 

lo—  6 

— 0.  0005 

+0.0019 

The  only  terms  of  the  third  order  with  respect  to  disturbing  forces  in  the  latitude 
of  Jupiter  which  it  seems  worth  while  to  consider  are  the  secular  terms  factored  by 
the  cube  of  the  time.  As  these  terms  are  scarcely  appreciable  after  the  lapse  of  500 
years  a  very  rude  computation  of  their  coefficients  suffices.  If  b,  I,  i,  and  6  denote 
severally  the  latitude,  longitude,  inclination  of  orbit,  and  longitude  of  the  ascending 
node  of  Jupiter,  all  referred  to  the  fixed  ecliptic  and  equinox  of  1850.0,  we  have 


sin  b  =  sin  i  sin  (I  —  8)  =  sin  i  cos  ^  sin  J  —  sin  i  sin  0  cos  I 


and 


d{sm  i  cos  0)  _ 
di 


I  di 
dt 


^dd 
dt 


d(sinisin(9,  .    .    „di  ,     .    .  dO 
27 =  cos  I  sin  0  jf+  sm  i  cos  0  -rr 
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The  following  values  of  i  and  0,  adopted  from  the  values  given  by  Leveeeiee,* 
are  sufficiently  accurate  for  our  purpose : 


Date. 

• 
i 

e 

dt 

dt 

0      f          II 

0 

, 

II 

,, 

^, 

1850 

I     18    42. 10 

98 

56 

19.79 

—0. 073673 

+6.  29075 

2350 

I     18      8. 30 

99 

SO 

4.24 

0. 061480 

6.60017 

2830 

I     17    40.70 

100 

46 

13.00 

0. 048825 

6. 86522 

3350 

I     17     19-  S3 

lOI 

44 

21.07 

0. 035808 

7.  08005 

3850 

I     17      4. 94 

102 

44 

3-45 

—0.022518 

+7-  23977 

From  these  we  derive  the  values  of  the  two  functions,  which  follow,  for  the  same  dates  • 


Date. 

d{am  i  cos  9) 
dt 

d(8in  i  sin  8) 
(JT 

1850 

H 
13.08107 

— 9S'34S 

23SO 

'3-  73032 

8.61823 

2850 

14.32572 

7.  69386 

33SO 

14. 86245 

6.  74492 

3850 

—15.33640 

-s-  77386 

The  unit  of  T  is  a  century  of  Julian  years.     From  these  special  values  we  obtain 
d(sin  i  cos  6) 


d1 

d(8in  i  sin  ff) 
dT      ~ 


=  —  13.08107  —  0.134876T  +  0.000967!^ 


=  -    9.51345  +  0-I757I8T  +  0.000714T2 


and  by  integrating  these  equations 

//  //  // 

sin  i  cos  6  =  const.  —  13.081  iT  —  0.06744T''  +  0.000322T' 

sin  i  sin  8  =  const.  —    9.5134T  +  0.08786'P  +  0.000238!^ 

As  these  values  correspond  to  a  mass  of  Saturn  =  —^  we  augment  them  a  little, 
and  adopt  as  the  terms  of  the  sine  of  the  latitude  proportional  to  the  cube  of  the  time, 

sin  6  =  +  o".ooo324T'  sin  I  —  o".ooo24oT'  cos  I 


'Annales  de  I'ObserTatoire  de  Paris,  M^moires,  Tome  XI,  pp.  7, 47. 
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CHAPTER  XXV. 

PERTURBATIONS  OF  THE  LATITUDE  OF  SATURN  OF  THE  SECOND  ORDER  WITH  RESPECT  TO  DIS- 
TURBING FORCES. 

Tlie  formulae  to  be  employed  here  are  precisely  similar  to  those  of  the  preceding 
chapter.     The  co-ordinate  v!  is  obtained  through  the  equations 

For  the  variation  of  U'  we  have 

rfU=      -^i^'Sz'  +  ~n6z  +  Y'{v'  -  &-y  +  c)  +  XJ'fv-2v+2C+6i~^ 


U'  Ml'  M 

cos  i'  COS  v  cos  t 


Here  we  have 


C'  being  the  quantity  so  designated  at  page  78. 


^    ~  ^  L'*  dZ'^*  ■''    co83>'     dg'  co8*>'     "    **"  dr' J 


cos  «' 


E"  =  -  c'^It' 
r' 


(PC 
H"  =  C'a'^a^^g^  cos  i' 


By  neglecting  certain  terms  factored  by  sin*  J  we  can  put 

'^'-m  =  -  >^  (  A  J  '^  «dz3z^  =  ^''«  LI  A  j  -  ikr)  J 
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^/  cos^  cp'  ^  2[8.44881  sin  g'  +  2[6.896i]  sin  23' 


I  +  26'  cos/'  +  e'^  _ 


cos*  q)' 


=  fo.0014]  +  2[8.7si4]  cos  g'  +  2[7.so]  cos  ig' 


In  addition 


■^i-  j  =  6.192  +  0.89s  C08  g  +  0.065  cos  25f  +  0.005  cos  Si' 


C'i7  =  ^[9.6976]  sin  (x'  -  g')  -  2(8.4478]  sin  >/'  +  2[8.4466]  sin  {y'  -  zg')  +  2[7.25]  sin  (■/-  sg') 


In  all  these  computations  it  is  unnecessary  to  attend  to  the  factor  cos  i',  as  it  is 
intended  to  take  the  plane  of  the  orbit  at  the  epoch  1850  as  the  plane  of  reference, 
which  makes  %'  =  o. 

The  following  is  the  expression  for  -^,  the  only  quantity  independent  of  y'  it 
is  worth  while  to  give : 


D" 

E 

" 

D 

" 

C 

T 

V- 

C 

— 

Arg=»'j;'+isi 

Aig=i'g'+ig 

ATg=i'g'+ig 

008. 

sin. 

COB. 

sin. 

COS. 

sin. 

t'       i 

// 

„ 

i'      i 

// 

fi 

i'      i 

// 

// 

0      0 

—  176.8 

4—  2 

+    0.9 

-f  16.0 

3-  5 

0.0 

0.0 

I             L> 

-  55-5 

-  44.8 

S-    2 

—  1-3 

+     2.4 

4—  5 

-  3-7 

-  30 

2      0 

—    3-9 

—  10.  2 

5—  S 

-48.7 

+27.2 

3      0 

+    0.1 

—     1-4 

0—  3 

—  0.  I 

—    0.  I 

6—  5 

-31-3 

+  0.4 

— 2 —  I 
— I—  I 

+    0.8 

+      5-2 

+     0.3 

+     46 

'—  3 

2—  3 

3-  3 

+  0.8 
+  5-6 
+91.1 

-  6.2 

-  9.9 
— 127.3 

7—  5 

8—  5 

—  9.0 

-  I- 5 

-  5-0 

—  2.  2 

0—  I 

+  20.9 

+  46.0 

4-  3 

+56. 1 

-  24.7 

4-6 

—  0. 1 

—  0.  2 

I —  I 

+  63.6 

—298. 4 

S-  3 

+  14-9 

+     1.8 

5-6 

-3-6 

+  1.6 

2 —  I 

-  52.6 

+  22.3 

6-3 

+  2.4 

+     1-7 

6—  6 

+  8.7 

+30-9 

3—  I 

-  '3-7 

+     0.3 

7-6 

-  4-5 

+20.7 

4—  I 

—    2. 2 

—    0.7 

2—  4 

—  0.3 

—    0.  I 

8-  6 

—  51 

+  5-9 

— I —  2 

+    0.1 

—     0.3 

3-  4 

—  0.7 

-    5-7 

0 —  2 

+       2-5 

—     1-7 

4—  4 

—63.4 

—  70.6 

5-  7 

—  0.  I 

+  0.1 

I —  2 

+  38-1 

—  64.2 

S-  4 

—  9-7 

—  44.0 

6-7 

+  0.1 

+  3-0 

2 —  2 

4-227.2 

+  94-9 

6-4 

+  3-8 

-  12.3 

7-  7 

+18.3 

—  0.9 

3-  2 

+  43-3 

+  62.7 

7-  4 

+  2.  2 

—     1-9 

8-7 

+  12.5 

+  5-4 
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We  have  now  to  multiply  certain  expressions  already  obtained  by  the  factor  C 
(value  given  at  page  78),  and  thus  obtain  the  expressions  for  the  following  quantities: 


V                      1 

D 

" 

E 

// 

H 

// 

Arg= 

COS. 

sin. 

sin. 

COS. 

COS. 

sin. 

sin. 

COS. 

H       i'       i 

., 

// 

// 

,, 

// 

II 

// 

// 

—  I        I       0 

—  0-99 

—  2.07 

+  I7S-0 

+      2-S 

+  0.2 

+  0.. 

+426.  7 

—      2.  I 

—  I        2       0 

+  8.68 

+  5-75 

+  32-4 

—    22.0 

—    1.0 

+  4.8 

—  16.2 

+    18.5 

I       0       0 

—  8.  So 

-  6.22 

—  12.8 

+    22.5 

+  1.0 

-     4-8 

+  64.2 

—    18.9 

—  130 

+     1-32 

+  2.51 

+     2.7 

-    5-6 

-  0-5 

+     0.8 

—     2.7 

+      4.6 

I        I       0 

—  0.32 

—  1.88 

+     0.4 

+     3.2 

+  0-3 

—    0. 2 

—    0-5 

—     2-5 

—  140 

—  0,  04 

+  0-55 

+      O.I 

—    0.8 

—  0.  I 

0.0 

0.0 

+  0.7 

I        2       0 

+  0.16 

—  0.28 

+    0.2 

+    0.3 

+  0.1 

0.0 

—    0-3 

—  03 

—  1—   1—   I 

+  0.  18 

—  0.06 

—    0.  2 

0.0 

+     0. 2 

+       O.I 

I—  3—   I 

—  0.38 

—  0.07 

+    0.5 

—    03 

—    0.3 

0.  0 

— I       0 —   I 

+  '-34 

+  0-27 

-     1-7 

+    0.4 

-  03 

+     '-7 

—    2.8 

0.  0 

I—  2—   I 

-  1.87 

—  '57 

+     2.9 

-    2,9 

—  0-3 

+     '•5 

—    3-3 

+     1-9 

—  I        I—   I 

+  5-23 

+  "•53 

-    7-8 

+  35-6 

+  8.9 

-  42.5 

+  57-9 

-     2.9 

I —    I —   I 

-  4.85 

-'1-53 

+  II. I 

—  18.6 

—  2.7 

+  >3-o 

-  53-8 

+  22.0 

—  I        2—    I 

—  '-95 

+  2.  00 

-  34.3 

—149-  3 

-55-2 

+260.9 

-3>-6 

—168.7 

I       0—   I 

+  1.88 

—  0.06 

+    30-2 

+  150.6 

+55- 0 

—264.  7 

+  40.6 

+  169.9 

—  I       3—   I 

+  5-3° 

-  5-43 

+  24.8 

+     6.9 

+  3-5 

+   19-6 

-  26.7 

—  32.7 

I                I 1 

-5.76 

+  5.63 

-  29.2 

-236 

—  9.9 

+     9-9 

+  23.4 

+  13- 6 

—1       4—   I 

+  2.67 

-  0.75 

+     7-4 

+     0.5 

+  1.6 

+     I.I 

—     6.6 

—    2.5 

I       2 —   I 

—  2.08 

-1-  0.08 

-     4.6 

+     0.7 

-0.8 

-     o-S 

+     38 

—    0.6 

-I       5-   I 

+  0.  60 

+  0.  17 

+     '-3 

—     0.4 

+  0.  2 

+     0.2 

—     I.  I 

+    0.2 

>       3—  ■ 

—  0.32 

—  0.  24 

—    0.5 

+     0.4 

+  0.0 

—    0. 2 

+     0.4 

—    0-3 

—  I       0 —  2 

—  0.  16 

—  0.  II 

1  —  .i —  2 

+  0.04 

+  0.  20 

—  I       I—  2 

+  o-  17 

—  0.  64 

+    0,3 

+     1.8 

+  0.8 

—    4-3 

+     3-6 

+    0.6 

I —  I —  2 

-  1-37 

+  0.88 

+     1.8 

+     1.8 

—  0.  2 

+     0.9 

-    45 

-    0.5 

— I       .1. —  2 

+  10.40 

-  2.39 

—    9-5 

—  36.0 

—  2.9 

+  3'-5 

—    0.6 

+     3-1 

1      0—  2 

—  10.49 

+  2.10 

+  22.  I 

+  30-6 

+  8.1 

-  29.5 

-  10.  s 

+     2.0 

— .       3—  2 

+  2.42 

+  2.07 

— 112.  I 

+  43-9 

— 46.  2 

-  16.7 

+  102.4 

—  43- 0 

I       I —  2 

—  0.  90 

-  1.83 

+  II2.4 

-  5'-" 

+46.2 

+  21.3 

—103.8 

+  46.0 

—  1      4—  2 

—  2.84 

—  4-  14 

—   24.8 

+  31-9 

-  7-6 

—  II. 4 

+  23.0 

-28.3 

1       2—  2 

+  3- 06 

+  4-59 

+    12.  I 

-  27.5 

+  2.4 

+    9-4 

-  II. 5 

+  24.0 

-I      5-  2 

—  0.  19 

—  2.30 

—       I.  I 

+     8.8 

+  0.2 

-    2.5 

+     1-3 

—    7-5 

I      3-  2 

—  0.17 

+  1.86 

—     1-4 

-    5-4 

—  0.8 

+     «-3 

+     1.0 

+    4-5 

-I      6-  2 

+  0.28 

-  0.57 

+     0.6 

+     1.4 

+  0.2 

—    0-3 

-    0.5 

—    1.2 

I      4—  2 

—  0.  29 

+   0-32 

—     0.6 

-    o.s 

—  0.  2 

+    0.1 

+    0.6 

+    0.4 

—I       1-3 

—  0.06 

—  0. 03 

0.0 

—    0-3 

I-  I-   3 

+  0-07 

-)-  0.  II 

0.0 

+    0.1 

-I      2-  3 

—  0.13 

—   0.  02 

—     0.  2 

-     2.7 

—  0.4 

+    2.6 

-    0-3 

+    0.2 

I      t>-  3 

+  0. 12 

+   0.92 

-t-    o.s 

+    3- 

+  0.6 

—     2.4 

0.0 

—    0-5 

-'       3—  3 

—  0.18 

-   7.96 

+     i.o 

+    0-3 

+  0.2 

-    3-5 

—    0.6 

—    2.9 

>       •-  3 

—  0.04 

+    8.09 

+     4-' 

+     6.4 

+    2.U 

+    o.s 

—    4.0 

—     35 
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1 

Y 

D" 

E" 

H" 

Arg= 

xy'-^Vg'+ig 

COS. 

sin. 

.   sin. 

COS. 

COS. 

sin. 

siu. 

COS. 

H      i'      i 
—I      4—  3 

+2.18 

—2.23 

-43-3 

—62.6 

-19. 1 

// 
+27-4 

+38.9 

+55-7 

I      2—  3 

-1.83 

+1.  19 

+46.1 

+63-4 

+  20.  I 

—28.0 

-41-3 

-56.7 

-I      5-  3 

—2.84 

+  1.22 

-28.7 

—14.2 

—  II.  I 

+  5.0 

+25.0 

+  13-0 

I      3—  3 

+3-25 

-1.38 

+24.4 

+  7-0 

+  9-' 

—  1.8 

— 21.  1 

—  6.6 

-I      6-3 

-1. 81 

— 0.  24 

-  8.1 

+  0-5 

-  2.7 

-  0.5 

+  7-0 

—  0.  2 

I      4-  3 

+  1.51 

+0.41 

+  S-i 

—  1.9 

+  i-S 

+  0.9 

—  4.4 

+  1.6 

-I      7—  3 

—0.49 

-0.33 

—  i^ 

+  0.9 

—  0-3 

—  0-3 

+  1.2 

-  0.7 

I       5-  3 

+0.29 

+0.28 

+  0.6 

—  0.8 

+  0.1 

+  0.3 

—  0-5 

+  0.7 

-'       3-  4 

-fO.  12 

— 0.  II 

I       I—  4 

+0.51 

+0.24 

—I      4—  4 

-5.48 

—0.99 

—  2.3 

+  0.2 

—  31 

—  0-3 

+  3-4 

—  0.  I 

I      2—  4 

+  5.61 

+  1.17 

—  1-3 

+  3-8 

+  '-S 

-  1-5 

—  0-3 

—  3-4 

-I      5-  4 

-1.67 

— 2.  II 

+  31-2 

—33-4 

+  14. 1 

+  15-2 

-27- 3 

+29-5 

I      3-  4 

+  1.00 

+  1-77 

-3«-7 

+35-6 

-14.5 

—16.2 

+27.9 

—31-3 

-I      6-4 

+0.3S 

+  •■73 

+  S-9 

-22.5 

+  2.2 

+  9.2 

-  5-4 

+19.6 

1       4-  4 

—0.47 

— 2.07 

—  2.0 

+  19.2 

—  0.4 

-  7-6 

+  2.2 

_l6.6 

—I       7-  4 

—0.44 

+  1.25 

—  »-7 

—  6.6 

-  0.8 

+  2.4 

+  '-3 

+  5-7 

I       S-  4 

+0.52 

—1.08 

+  2.3 

+  4-2 

+  ..0 

—  1-4 

—  '-9 

-  3-7 

-I       8-4 

^.38 

+0.3S 

—  1.2 

—  1.2 

-  0.5 

+  0-3 

+  0.9 

+  1.0 

I      6-4 

+0.33 

— 0.  22 

+  0.9 

+  0.5 

+  0-3 

—  0.  I 

—  0.8 

-  0.5 

_,       4_  s 

— 0. 19 

— 0.  25 

I       2-  5 

+0.36 

-0.15 

-I      s-  5 

—1-43 

+3-4' 

—  0.1 

—  2.6 

-0.5 

+  2.5 

+  0.4 

+  3-» 

I      3-  5 

+  1-59 

-3- 52 

—  2.6 

+   '■" 

—  0.7 

—  1-7 

+  2.0 

—  1.8 

-I      6-s 

—1.89 

+  1.0S 

+23-  I 

+'3-6 

+  10.6 

—  6.2 

—20.0 

—II. 6 

I      4-  5 

-f-i.6o 

—0.65 

-24.5 

-13-7 

—11.4 

+  6.4 

+21.4 

+  11. 9 

-I      7-  5 

+0.89 

+0.04 

+  15-9 

+  0.8 

+  6.8 

—  0-7 

— '3-9 

—  0.9 

I      5-  S 

-I.  17 

-f-o.  02 

—13-7 

+    I.O 

-5-8 

—  0-3  . 

+  11. 9 

—  0.7 

-I      8-5 

+0.79 

+0.46 

+  4-8 

—  2.4 

+  1.9 

+  1.0 

-  4-3 

+   1-9 

1      ^S 

—0.68 

— 0.50 

—  3-2 

+  2.5 

—  I.  I 

—  1.0 

+  2.8 

—  2.0 

-I      9-  S 

+0.16 

+0-34 

+  0.9 

—  1.2 

+  0.2 

+  0.5 

-  0.7 

+   1.0 

«      7-S 

—0.08 

— 0.29 

—  0.4 

+  0.9 

0.0 

-  0-3 

+  0.3 

—  0.7 

-I      5-6 

-0.31 

+013 

I      3-6 

+0.08 

—0.30 

—I      6-  6 

+«-95 

+1-36 

+  2.  2 

-  0.5 

+  '-7 

+  0.6 

-  2.3 

+  0.7 

I      4-6 

— 2.01 

-1.50 

-  1-7 

—  1.2 

-  1-5 

+  0.2 

+   1-9 

+  0.8 

-I      7-6 

+0.56 

+  1.58 

-  4-4 

+  14-5 

—  2. 1 

-6.9 

+  3-9 

-12.5 

I      S-6 

—0.34 

-1.36 

+  4-4 

-15.6 

+  2.1 

+  7-4 

—  3-9 

+  13-4 

—I      8—6 

+0. 10 

—0.38 

+  >-9 

+  10.5 

+  0.8 

-  45 

-  «  5 

-  91 

I      6—  6 

— 0. 10 

+0.60 

-  2.7 

-  91 

—  1.2 

+  3-9 

+  2. 2 

+  7-9 

-I      9-6 

+0-39 

—0.44 

+  2.6 

+  3-2 

+  I.I 

—  •■3 

—  2.  2 

—  2.8 

I      7-6 

— 0.42 

+0.40 

-  2-3 

—  2.0 

—  0.9 

—  0.8 

+  '-9 

+  '-9 

— I     10 —  6 

+0-3' 

—0.08 

I      8—  6 

— 0.26 

+0.03 

502 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


Y 

E 

" 

E 

„ 

H"                   1 

Arg= 

Bin. 

COS. 

sin. 

COS. 

C08. 

sin. 

sin. 

COS. 

X       i        i 
—  I       6—  7 

4-0.  o6 

+0.24 

" 

II 

II 

II 

// 

" 

I       4—  7 

— u.  19 

—0.13 

-I       7-  7 

4-1. 10 

—0.98 

+0.8 

+  1-5 

+0.6 

■-I.  I 

-0.7 

-'•5 

I       5-  7 

—  I.  22 

-\-i.  00 

+0.3 

—  1-5 

—  0.  2 

+  1.1 

—0.  I 

+  ••5 

—  I       8—  7 

+  ..I7 

— 0.  20 

—8.6 

— u.  6 

—4.  I 

+0.3 

+7-3 

+O.S 

I       6—  7 

-1.03 

+0.  10 

+9-3 

+0.4 

+4.3 

— 0-3 

—7-9 

— 0-3 

—  ■       9-  7 

-0.08 

—0.08 

-6.5 

+2.7 

—  2.8 

— I.  I 

+5.6 

—2-3 

I       7—  7 

+0.24 

+0.  II 

+5-4 

—2-7 

+  2-4 

+  ■•3 

-4.8 

+^•3 

—  I     10—  7 

—0.23 

— 0-33 

—0.7 

—  I.O 

I       8—  7 

+0.  22 

+0-35 

+O.S 

+0.8 

— I     II—  7 

— 0.  06 

— 0.  26 

I       9-  7 

+0-03 

+0.  22 

From  the  expression  of  Rq',  given  in  Chapter  II,  we  derive  that  of  (-j-t)  = 


1 

1 

m) 

(f^')                      1 

Arg— t'p'-ftff 

Arg=i'5f'-fts 

COS. 

sin. 

COS. 

sin. 

i'       i 

,/ 

// 

V       i 

/, 

„ 

0       0 

—0.13 

2—  3 

+0.01 

4-0.46 

I       0 

+  «-S4 

+  1.  10 

3—  3 

— 0.  II 

4-0.14 

+  1.  i383«'/ 

— i.6oo4«7 

4—  3 

+0-23 

— 0.  09 

2       0 

+0.18 

+0-43 

5-3 

+0.  20 

4-0.  02 

+0, 063871'/ 

— 0.  o898«7 

6-  3 

+0.13 

4-0.08 

3      ° 

— 0. 01 
+0.  oo40«7 

+0.06 

— 0.  oo56n7 

7-  3 

— O.OI 

— 0.  01 

3—  4 

+  0.  21 

4-0.04 

— z—  I 

—0.03 

0.00 

4—  4 

+0-O7 

-fo.o8 

—  I—  I 

— 0.  16 

— 0.09 

5-  4 

— 0.  02 

—0.08 

0 —  I 

+  1.91 

+4.04 

6-4 

-)-0.  02 

— 0.06 

I—  I 

-fo.96 

—0.65 

7—  4 

4-0.03 

— 0.  03 

2—  I 

+0.99 

— 1.02 

8-4 

4-0.01 

0.  00 

3—  ' 

—0.37 

-fo.  01 

9—  4 

— 0.04 

— O.OI 

4—  « 

+0.08 

+0.05 

1 

4—  5 

4-0.04 

—0.09 

— I —  2 

0.  00 

+0.01 

5—  5 

4-0.05 

— 0.  03 

0 —  2 

+0.05 

+0-30 

6-5 

—0.02 

0.00 

I —  2 

— I.  00 

-1-0.  22 

7—  5 

— 0.03 

— 0.  02 

2 —  2 

—0.25 

— 0.  22 

8-  5 

— 0.  01 

— O.OI 

3-  2 

+0.46 

+0.29 

4—  2 

-1.03 

—8.62 

5-  6 

— 0.04 

—0.03 

5—  2 

— 0.  01 

— u.  02 

6-  6 

— O.OI 

— 0.03 

6—  2 

+0.25 

—0.08 

6—  7 

— 0.02 

4-O.02 

I-  3 

0.00 

+0.04 

7-  7 

— 0.02 

0.00 
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The  terms  having  the  argument  y'  in  5U'  are  important,  as  they  determine  the 
amount  of  the  secular  motion  of  the  plane  of  the  orbit  due  to  the  square  and  product 
of  the  masses  of  Jupiter  and  Saturn.  The  following  detail  of  the  composition  of  these 
terms  is  therefore  given : 


dg'' 
dU' 


^yiidz  =  -  0.004190 
-n'(v'—2r+2C+  dp  j  =  +  0.002876 
Y\v'  —  c'—v  +  c}  =  —  0.013664 


D" 


E" 
H" 


'6z'  =  —  0.012147  cos  y'  —  0.007098  sin  y' 

—  0.002847 
+  0.002141 

—  0.008705 
7  =  +  0.000950  +  0.000589 
^,  =  —  0.003083      —  0.002182 

=  —  0.000095      —  0.000065 


W 


cost 

Ml' 


cost 
u 

COS  t 


Sum  =  —  0.029353  cos  y'  —  0,018167  sin  y" 

The  following  is  the  complete  expression  for  dU' : 


SV 

ATg=xy' +i'g'+ig 

COB. 

n't  COS. 

Bin. 

n't  Bin. 

X      i'      i 

// 

,, 

// 

// 

—I       I      0 

—0.0075 

+0.  000036 

+0.  0058 

+0. 000459 

I      0      0 

—0.  0029353 

+0.  00071 12 

—0.018167 

— 0. 0009439 

-130 

+0.013 

+0.00003 

+0.005 

+0.00002 

I       1      0 

— 0.0090 

— 0.000015 

—0.0178 

+0.  000040 

—I       I—  I 

+0.  0089 

—0.  002608 

+0.  0282 

+0.001085 

I—  I—  I 

—0.006 

+0.00255 

— 0.017 

— 0.00047 

—  I       2—  I 

+0.001 1 

+0.  000424 

+0.  0090 

+0.000150 

I      0 —  I 

— 0.  on 

— 0. 001 17 

+0.008 

—0.  OOOIO 

—I      3-  I 

+o.oi8i 

+0. 000560 

— 0.  0189 

+0. 000642 

I       I —  I 

— 0.  0259 

—0.  000502 

+0.  0288 

— 0.000616 

—I      4—  I 

+0.0158 

+0.000061 

— 0.0046 

+0. 000025 

I       2 —  I 

— 0.  0259 

— 0.000015 

+0. 0097 

— 0.  000020 

—I       2—  2 

+0.012 

— 0.00030 

— 0.003 

— 0.  00107 

1      0—  2 

— 0.013 

+0. 00022 

+0.003 

+0.001 14 

—I      4—  2 

— 0. 0078 

+0.  000545 

— 0. 0104 

— 0. 000307 

I       2—  2 

+0.  020 

— 0.00044 

+0.  023 

+0.  00025 

-I      5-  2 

+0.00182 

+0.0000159 

— 0.  00899 

— 0. 0000243 

I      3-  2 

+0.005 

0.00000 

+0. 027 

— 0.00002 

—1      6-2 

— 0.0025 

— 0.000044 

+0.0001 

—0. 000034 

I      4—  2 

+0. 0016 

+0. 000024 

— 0.  0100 

+0.000018 

—I      7-  2 

+0. 024 

— 0.  OOOOI 

— 0.  015 

— 0.  OOOOI 

I      5-  2 

— 0.00003 

— 0.0000043 

+0.00009 

+0. 0000035 

-I     10-  4 

— 0. 01219 

— 0.0000012 

— 0. 00344 

+0. 0000036 
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By  subjecting  the  preceding  expression  to  the  same  treatment  as  that  by  which, 
in  Chapter  II, 


I  dE,' 


'    COS  t' 

n'    dr  ' 

LrubcoxAA  . 

«Ro                                               1 

Alg=i'g'+i9 

siu. 

COS. 

»'       i 

//             // 

//                   // 

0       0 

—0.  0035+0.  00201 2«  V 

— 0.  oooo2994«"/2 

1       0 

+0. 0525—0.  oi8i7o»'/ 

— 0.  0292 — 0.  029324W7 

0.  ooo/|7i95«'2/» 

+0.  ooo3556o«'V2 

2       0 

—0. 0033 — 0. 0005 14»7 

+0. 0153 — 0.  ooo869«'/ 

— 0.  OOOOI322«'V 

+0.  ooooo996«'>/» 

3      0 

— 0. 0005 — 0. 00002I»7 

+0. 0006 — 0.  oooo36«V 

— 0.  oooooo56«'V 

+0.  O0O0OO42»'«/2 

4      0 

— 0.  oooooiwV 

— 0.  000002KV 

— 0. 0C000003H''/''' 

+0.  00000002W''/' 

-I-  I 

— 0. 0003+0. 0001 1  i«V 

+0. 0009+0.  00003 1  «7 

0 —  I 

— 0. 0042+0. 00096 1  «V 

+0.0135+0.  ooo6o8»«7 

I—  I 

+0. 0027 — 0.  ooo572«V 

+0. 0217+0.  ooo204«7 

2 —  I 

+0. 0506+0.  ooi5os«V 

+0.  0547 — 0.  ooi682«7 

3-  ' 

+0. 0614— 0.  ooooi  i«V 

+0. 0203+0.  oooo36»7 

4—  I 

+0.  0006—0.  000002B'/ 

+0. 0003+0.  oooooo»7 

0—   2 

— 0. 0003+0.  ooooo7«V 

— 0.  0001  — 0.  oooo29«7 

I-  2 

— 0. 0014+0. 0O0057WV 

— 0. 0004 — 0.  oooi3i«7 

2 —  2 

+0. 001 1 — 0.  oooo38«V 

— 0.  0006+0.  000020«7 

3—  2 

+0. 0022 — 0.  ooo403«V 

+0.  0045 — 0.  ooo2i4«7 

4—  2 

+0.  0293+0.  oooS3onV 

+0.  2995+0.  ooo746n7 

5-  2 

— 0. 0068 — 0.  oooo97«7 

— 0.  0331+0.  oooooo«7 

6-  2 

+0.  0141 — 0.  oooi30«7 

+0. 0005 — 0. 0O0I03W7 

7—  2 

— 0.  0010 — 0.  ooooo4«'/ 

— 0.  0006 — 0.  oooo03«7 

7—  4 

— 0.0002 

+0.0001 

&-4 

— 0. 005 1  —0.  oooooi  n'e 

+0. 0014 — 0.  O00002«7 

9-  4 

— 0.  1820 — 0.  ooooiSnV 

+0.  05 1 3—0. 000054K7 

10 —  4 

+0.0153 

— 0.0043 
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1   lu  uavc  u\ 

HC<-1      HJ    LUIB    lllC    lUllUWlIlg    « 

mh'^^' 

Aig=i'9'+ig 

sin. 

COS. 

i'      i 

//              // 

//                   // 

0      0 

+0. 0009—0.  oooos8»V 

—0.  oriooo364«'2/2 

I       0 

— 0. 0525-1-0.  oooooomV 

+0.  0292+0.  ooooo6k7 

-|-o.  ooooo249n'«/' 

—0.  OO0O0O25«'V2 

2      0 

—0. 0017 — 0.  oooo54«V 

— 0.  0073—0.  000022»7 

-l-O.  00002282«'V2 

—0.  ooooS455«'2/8 

3      0 

— 0. 0005 — 0. 000026«V 

+0. 0038+0.  ooooo3nV 

-|-o.oooooi59n'V2 

—0.  ooooo383«'2/2 

4      0 

-|-o.  0042 

+0. 0059 

+0.  ooooooo8«'2/' 

— 0.  ooooooi9«'V2 

S      0 

-f-o.  0019 

—0.  001 1 

-3-  ' 

— 0. 0030 

— 0.0014 

— 2—   I 

— 0.0020 

+0.0004 

—I —  I 

-\-o.  0002—0.  oooo29«7 

— 0. 0015 — 0.  000079BV 

0 —  I 

-|-o.  0004 — 0.  oooo59«'/ 

—0.  0014+0.  oooioinV 

I—  I 

—0. 0024 — 0.  ooi34o»V 

—0. 0018+0.  ooi657«7 

2—  I 

— 0.  ooi3-)-o.  oooo38»V 

+0. 0094+0.  oooo90«7 

3-  ' 

— 0. 01 19 — 0. 001 1  nn'i 

— 0. 0043 — 0.  ooi7o8«7 

4—  • 

-)-0.  0001 — 0.  0002I5»V 

— 0. 0067 — 0.  oooo77«V 

S-  I 

-|-o.  0211 — 0.  ooooi3«'/ 

— 0. 0237 — 0.  ooooo6«V 

6—  I 

— 0.0002 

+0.0012 

—2—  2 

-|-o.  0003 

— 0.0015 

— I —  2 

— 0. 0003 — 0.  ooooo7«'/ 

— 0. 0007 — 0.  ooooo6«7 

0—  2 

-|-o.  0004—0.  oooo37»7 

+0.  0003+0.  000027B7 

I—  2 

— 0.  oooo47»V 

+0.  oooiS5«7 

2—  2 

—0. 0014—0.  oooi45«V 

+0.  0039—0.  ooooiokV 

3-  2 

-f-o.  0034—0.  oo3o6sn7 

— 0. 0054 — 0.  oo2289«7 

4—  2 

-I-0.0019— 0.  oi3739«V 

— 0.  0140 — 0.  oo3025«V 

5-  2 

— 0. 0008-I-0. 003I20«7 

— 0.  ooio — 0.  0Oi65O»7 

6—  2 

— 0.  oi22-t-o.  oo7447«V 

— 0. 0074—0. 01 1948«7 

7—  2 

—0. 0033+0. 00041 7«7 

0. 0000 — 0.  ooo678«7 

8-  2 

-fO.  0OOO26»V 

—0.  oooo42«7 

-'—  3 

— 0.0007 

— 0.0001 

«—  3 

— 0.  O0OOI2»V 

—0.  ooooo7»7 

2—  3 

—0.  oooo37«7 

+0.  oooooi«7 

3-  3 

-|-o.  0010  -0. 00OO25«V 

+0.  0002+0.  ooooi  3»7 

4-  3 

—0. 0052-I-0. 000003BV 

— 0. 0032—0.  ooooi6«7 

5-  3 

— 0. 0304—0.  ooooi  iti'e 

— 0.  0028—0.  OOOOI  2«7 

6-3 

-{-0. 0047-I-0.  ooooio»V 

— 0. 0183 — 0.  uooo30«7 

7-  3 

-|-o.  0033—0.  ooooi4»V 

— 0. 0092—0.  ooooo8«7 

8-3 

-f  0. 0009+0.  ooooo4«V 

+0. 0024+0.  oooo27«7 

9-  3 

— 0.0005 

— 0.0004 
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Arg=i'?'+is 

m 

n'Sz' 

sin. 

COS. 

i'       i 

//              /, 

// 

5-  4 

— o.  0027-I-0.  ooooognV 

+0. 0021+0.  oooooiwV 

6-  4 

-fo.  0012 

+0.0065 

7—  4 

+0. 001 7+0.  000005K7 

+0.  0001— 0.  ooooo4»V 

8-4 

+0.  0108 — 0.  OOOOI2«7 

+0. 0013+0.  oooo33«7 

9—  4 

+0. 0591+0.  oooo23«7 

— 0. 0172+0.  oooio4«7 

lo —  4 

— 0.  O00028«'/ 

— 0.  000021«7 

II—  4 

—0. 0002 — 0.  oooioow'/ 

— 0. 0018 — 0.  ooooi4«7 

6-  5 

— 0.0008 

— 0. 0001 

7-  5 

— 0. 0030 

+0.0012 

8-  5 

— 0.0006 

+0.0011 

9-  5 

0.  0000 

—0.0017 

lo-  s 

—0.0006 

—0.0012 

II—  5 

— 0.0009 

— 0.0006 

8—  6 

— 0.0009 

—0.0013 

9-  6 

— 0.  0007 

— 0.0003 

lo—  6 

+0.0006 

— 0. 0001 

9—  7 

+0.  0005 

—0.0005 

Then  we  have  the  following  expression  for  6(  -—=-, 


Aig=i'g 

'+i9 

\C08  I'/ 

sin. 

COS. 

i' 

i 

//               // 

//              // 

0 

0 

—0.  0026+0.  00l9S4n7 

— 0.  00003  3  5  8k 'V'i 

I 

0 

— 0.  oi8i7on7 

— 0.0293 1  8b7 

— 0.  ooo46946«'=/' 

+0.  ooo35535«"/^ 

2 

0 

—0.  0050 — 0.  ooo568«7 

+0. 0080 — 0.  ooo89i«7 

+0. 000009  6o«'2/» 

—0.  oooo4459»'2/2 

3 

0 

— 0.  0010— 0.  oooo47«7 

+0.  0044 — 0.  oooo33n7 

+0.  oooooi03n'V^ 

— 0. ooooo34i«'V« 

4 

0 

+0. 0042 — 0.  O0O00I«7 

+0. 0059—0.  ooooo2n7 

+0.  ooooooo5n'3/2 

— 0.  ooooooi7«'2/2 

S 

0 

+0.  0019 

—0.  001 1 

— 3- 

— 0. 0030 

—0.0014 

-  2— 

— 0.  0020 

+0.0004 

-I  — 

—0.  0001 +0.  oooo82»7 

— 0.  0006 — 0.  oooo48«7 

0 — 

— 0.  0038+0.  oo09O2«7 

+0.  0121+0.  ooo709»7 

1  — 

+0. 0003 — 0.  ooi9i2n7 

+0. 0199+0.  ooi86in7 

2 — 

+0.0493+0.  oox543»7 

+0.  0641 — 0.  ooi592«7 
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\C08  1'/ 

A.Tg=i'g'-\-ig 

sin. 

COS. 

i'       i 
3-  • 

+0. 0495 — °-  °°'  '  25«'/ 

//                   // 
+0.  0160—0.  ooi672n7 

4—  I 

+0.  0007—0.  0002I7«7 

—0. 0064—0.  000077K7 

s-  I 

+0.  02 II — 0. 000013K'/ 

— 0. 0237 — 0.  ooooo6»7 

6—  I 

— u.  0002 

+0.0012 

— 2 —  2 

+0.0003 

— 0.0015 

— I —  2 

—0. 0003—0.  ooooo7«V 

— 0.  0007 — 0.  ooooo6h7 

0 —  2 

-)-o.  0001 — 0. 000030KV 

+0. 0002 — 0.  000002«7 

I —  2 

— 0.  ooi4-(-o.  ooooiowV 

— 0.  0004+0.  O0OO24n7 

2—  2 

— 0. 0003 — 0.  oooi83nV 

+0.  0033+0.  ooooio«7 

3—  2 

+0.  0056—0.  oo3468«7 

— 0. 0009—0. 002503K7 

4—  2 

-j-o.  0312 — 0.  013209KV 

+0.  2855—0.  002279K7 

s-  2 

— 0. 0076-I-0. 003023KV 

— 0. 0341—0.  001650K7 

6—  2 

4-0. 0019-I-0.  oo73i7»'/ 

— 0.  0069 — 0. 012051K7 

7-  2 

—0.  oo43-(-o.  ooo4i3«V 

— 0. 0006 — 0. 00068 1  n7 

8-  2 

+0.  000026k'/ 

^0.  oooo42«7 

— •—  3 

+0.0007 

— 0.  0001 

>-  3 

— 0.  OOOOI2«7 

—0.  ooooo7«7 

2—  3 

— 0.  oooo37«7 

+0.  oooooin7 

3—  3 

+0.  0010 — 0.  00002S«'/ 

+0.  0002+0.  ooooi3n7 

4-  3 

—0. 0052+0.  ooooo3«V 

— 0. 0032 — 0.  ooooi6«7 

5-  3 

— u.  0304 — 0.  ooooi  m'i 

— 0.  0028—0.  0O0OI2«7 

^3 

+0. 0047+0.  ooooiowV 

— 0. 0183 — 0.  oooo30«7 

7-  3 

+0. 0033 — 0.  ooooi4«V 

— 0.  0092 — 0.  ooooo8«7 

8-3 

+0.  0009+0.  oooo04«V 

+0.  0024+0.  oooo27k7 

9-3 

—0.0005 

— 0.0004 

5-  4 

— 0.  0027+0.  oooo09»7 

+0.  0021+0.  oooooin7 

6-4 

+0.0012 

+0.  0065 

7—  4 

+0.  0015+0.  ooooo5«7 

+0. 0002 — 0.  ooooo4«7 

8-4 

+0.  0057—0.  OOOOI 3kV 

+0. 0027+0.  000031*7 

9—  4 

— 0.  1229  +  0.  0O0OO5K7 

+0.  0341+0.  oooo5o«7 

10 —  4 

+0. 0153 — 0.  O0O028»7 

—0. 0043—0.  00002I«7 

II-  4 

—0. 0002 — 0.  OOOIOO«7 

— 0.  0018— 0.  ooooi4n7 

6-5 

— 0.  0008 

— 0.  0001 

7—  S 

— 0.0030 

+0.0012 

8-5 

—0.0006 

+0.  001 1 

9-  5 

0.0000 

— 0.0017 

10-  5 

— 0.0006 

—0.0012 

"—  5 

— 0.0009 

—0.0006 

8-  6 

— 0.  0009 

— 0.0013 

9-6 

— 0.0007 

—0.0003 

10—  6 

+0.0006 

— 0.  0001 

9—  7 

+0.0005 

—0.0005 

5o8  A  NEW  THEORY  OF  JUPITER  AND  SATURN. 

As  in  the  case  of  Jupiter  the  only  terms  in  the  latitude  of  Saturn  of  three  dimen- 
sions, which  seem  large  enough  to  he  taken  account  of,  are  the  secular  terms  propor- 
tional to  the  cuhe  of  the  time.     According  to  Levereiee*  we  have 

Q  I         II  II 

sin  t' siu  ^  =     .    .    .     +  0.015774  sin  (126  5  44  —  25.89^) 
sin  i' cos  ^  =     .    .    .    +  0.015774  003(126  5  44  —  25.89*) 

But  here  0'  is  counted  from  the  equinox  of  1800.0.     Adding  therefore  41    53  '>  the 
amount  of  precession  for  50  years,  the  formulae  become 

oil!  I 

sin  i'  sin  ^  =     .     .    .     +  0.015774  sin  (126  47  37  —  25. 89*) 
sin  i' cos  ^' =     .    .    .     +0.015774008(12647  37  —  2s.89<) 

Whence  we  deduce  that  the  sine  of  the  latitude  of  Saturn,  referred  to  the  fixed 
ecliptic  of  1850.0,  contains  the  terms 

sin  h'  =  —  o".ooo858T'  sin  V  +  o".ooo64iT'  cos  V 
'Annales  de  I'Observatoiie  de  Paris,  M^moires,  Tome  II,  p.  157. 


CHAPTER  XXVI. 


FORMULA  FOE  THE  MOTION  OF  THE  PLANE  OF  THE  ECLIPTIC  AND  FOR  PRECESSION. 


The  subject  announced  in  the  title  of  this  chapter  properly  belongs  to  the  solar 
theory  and  the  general  stellar  theory.  But  in  order  that  the  preceding  theory  may  be 
compared,  in  a  satisfactory  manner,  with  observation,  it  is  necessary  to  be  able  to  reduce 
the  theoretical  positions  of  our  planets  to  the  moving  planes  of  reference  unavoidably 
employed  by  observers.  The  formulae  given  by  Levebeiee  or  Hansen  might  be  used 
for  this  purpose;  but  there  is  one  imperfection  attached  to  them:  they  are  limited  to 
the  first  and  second  powers  of  the  time.  On  account  of  the  lengthened  series  of  obser- 
vations we  now  possess  it  seems  desirable  to  add  to  the  formulae  the  terms  multiplied 
by  the  third  power  of  the  time.  I  have  therefore  made  a  partially  independent  inves- 
tigation of  this  subject.  The  reader  is,  however,  advised  that  this  is  only  to  serve  a 
temporary  purpose,  and  will  be  superceded  when  the  solar  theory,  in  other  hands,  shall 
have  been  finished. 

Availing  ourselves  of  the  tables  of  the  coefficients  of  the  secular  portion  of  the 
perturbative  function  given  by  Leveeeiee*,  the  rate  of  motion  of  the  ecliptic  has  been 
computed  for  the  three  epochs  1 600, 1850,  and  2 1 00.  Thence  have  been  inferred  the  two 
equations  giving  the  position  of  the  ecliptic  of  any  date  with  reference  to  that  of  1850. 
The  following  details  are  all  it  is  thought  necessary  to  give  of  this  work. 

The  elements  of  the  planets  involved  in  the  computation  are,  for  each  of  the  three 
epochs,  the  following: 


Date. 

e 

J 

n 

17' 

jt-n' 

0    /       " 

0       /           /' 

0     '       /' 

0    '     " 

C  1600 
1  1850 
1 2100 

0. 2055529 

6  59  51.58 

27  38  49. 01 

52  29  13. 15 

47    4  44-  97 

Mercury  . 

0.  2056048 

7    °    7-71 

28  34    4-  99 

53  48  3'-'o 

46  33    8. 63 

0.  2056561 

7    0  23. 14 

29  29  24.41 

55    8     1.40 

46    I  28.61 

(■1600 

0. 0069689 

3  23  25.47 

52  53    6.  24 

22  59  17.01 

76  34  41.11 

Venus  .  . 

J  1850 

0.0068431 

3  23  35- o« 

54    7  49-  75 

25     I  46.65 

75  «9  53-08 

1 2100 

0.0067189 

3  23  44-  S3 

55  21    2.38 

27    4  20.  21 

74    5    9- 80 

ri6oo 

0.0168764 

99  33  58. 12 

Earth  .  . 

<  1850 

I  2100 

0.016771 1 
0. 0166642 

100  21  39.  73 

101  9  30.01 

"Annales  de  rObservatoire  de  Paris,  M6moires,  Tome  II,  pp.  94-96. 
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Date. 

e 

J 

n 

TT 

n—n 

0       '             '/ 

0    1     II 

0           1               " 

0       /         " 

("1600 

0.  0930287 

■  5>     8-9' 

49  37  43-  23 

282  14  55.  75 

49  56  14.  89 

Mars  .  .  . 

i  'iiSo 

0. 0932680 

I  51     2.24 

51  57  45-14 

284  53  57 

'5 

48  23  54 

59 

I2100 

0. 0935058 

I  50  56.  75 

54  18  36-97 

287  33  40 

79 

46  50  53 

04 

|'i6oo 

0.  0478384 

I   19  33-49 

359  39  49- 79 

271  28  41 

54 

99  54    8 

33 

Jupiter    . 

<^i85o 

0.  0482580 

I   18  42. 10 

I  25  19.94 

272  58  II 

39 

98  56  19 

79 

L2100 

0.0486717 

I  17  50.89 

3  'o  56.45 

274  28  10 

06 

97  58  33 

56 

(  1600 

u. 0561499 

2  30  14.  84 

345  54  49-  18 

335     3  54 

64 

"3  39    8 

94 

Saturn  .  . 

<  1850 

0. 0560647 

2  29  40. 19 

348    0  50.68 

337  46     8 

50 

112  20  49 

05 

i.2100 

0.0559786 

2  29    4. 84 

350    7  20.96 

340  29     3 

36 

III     29 

05 

r  1600 
,  1S50 
1 2100 

0. 0464082 

0  46  16.  27 

24     5  39-4 

95    8  20 

8 

75  28  18 

7 

Uranus    . 

0.  0463414 

0  46  19.  72 

27     7  45-3 

97  36  12 

7 

73  13  54 

4 

u. 0462756 

0  46  24.  93 

30    9  20. 6 

100    3  21 

4 

71     0    9 

4 

C1600 

I  48  28.  84 

130  52  51 

4 

Neptune . 

<  1850 

I  47    2-  13 

130    6  25 

I 

I2100 

I  45  36. 00 

129  19  55 

I 

With  these  values  of  the  elements  have  been  computed  the  values  of  the  two 
functions 


< 


I) 


d3 


sill  J 


{a!  must  be  understood  as  belonging  to  the  exterior  of  the  two  planets).     The  follow- 
ing are  the  results  obtained: 


Date. 


Mercury  . 


Venus . 


Mars 


Jnpiter 


(■  1600 

1850 

I  2100 


First  function. 

Second  function. 

1 

0.  0186901 

+0.0021313 

0.0187709 

-1-0.  0021840 

Saturn  .  . 

0.0188533 

+0.0022337 

0. 09254530 

— 0.  00001803 

0.  09260720 

— 0.00001370 

Uranus    . 

0.  09266871 

— 0. 00000945 

0.  0229324 

— 0.0000471 

0.0229104 

— 0.  0001189 

Neptune  . 

U.022S855 

— 0.0001901 

0.  0001327178 

+0.  0000000952 

0.  0001313057 

+0.  0000000993 

0.  000129S985 

+0.0000001029 

Date.       First  function. 

I 


Second  function. 


1600 
1850 
2100 

f  1600 

1850 

I  2100 

r  1600 
1 1850 
I2100 


o. 0000386728 
0.0000385239 
0.0000383720 

o. 0000014416 
0.0000014435 
o.  0000014463 

o. 0000008752 
o.  0000008636 

u. 0000008520 


— o.  0000000065 
— o. 0000000053 
— o. 0000000042 

+0. 0000000006 
+0.0000000006 
+0.0000000007 

o 
o 
o 


In  computing  these  quantities  all  the  terms  given  by  Leveeeiee  have  been  em- 
ployed. In  the  case  of  the  action  of  Mars  it  was  found  that  the  terms  of  the  fifth 
order,  with  respect  to  the  eccentricities  and  inclination,  amount  to  about  one  per  cent. 
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of  those  of  the  first  order,  thus  showing  a  lack  of  rapid  convergence.  Hence,  it 
appears  very  desirable  that  the  secular  action  of  Mars  on  the  Earth  should  be  deter- 
mined by  the  use  of  Gauss'  method. 

If  we  put  the  first  of  tlie  two  quantities  just  obtained,  equal  to  k  cos  K,  and  the 
second  equal  to  k  sin  K,  the  rate  of  motion  of  the  ecliptic  of  date,  in  reference  to  the 
ecliptic  of  1850.0,  is  given  by  the  formulae 


d(8in  i  sin  6)  n  m! 

At =     V!^^TT^'^^*'«('^-^'-^) 


d(8in  i  cos  6) 


n  m 


vTr^r+^^«^°('^-^'-^) 


in  the  case  of  the  action  of  an  interior  planet.  I'or  the  action  of  an  exterior  planet 
;r  —  77  is  substituted  for  n  —  77'.  If  the  unit  of  t  is  the  Julian  year,  and  the  coeffi- 
cients are  to  be  expressed  in  seconds  of  arc,  we  have,  severally,  for  the  three  epochs : 


Date. 


i^ei  v=5  rr^) 


1600 
1850 
2100 


6.  1 126579 
6.  1:26572 
6.  1 126564 


It  is  now  easy  to  find  the  action  of  each  planet  in  changing  the  position  of  the 
plane  of  the  ecliptic  when  the  value  of  its  mass  is  known.  In  the  cases  of  Mercury, 
Venus,  and  Uranus  the  values  here  adopted  differ  somewhat  from  those  given  in 
Chapter  I : 


I 
m' 

d(Bin  i  sin  6) 
At 

1600. 

1850. 

2100. 

// 

// 

// 

Mercury 

7500000 

+0.  0024694 

+0. 0025049 

+0. 0025401 

Venus 

408134 

+0.0681659 

+0.0744329 

+0. 0806656 

Mare 

3093500 

+0.0061692 

+0. 0063362 

+0. 0065001 

Jupiter 

1047.  879 

— 0.0281150 

— 0.025 1 149 

— 0.0221690 

Saturn 

3501.6 

—0.  0057453 

-0.0054237 

—0. 0050999 

Uranus 

22640 

-|-o.  0000207 

+0. 0000239 

+0. 0000270 

Neptune 
SDm  = 

19700 

— 0. 0000377 

— 0. 0000366 

— 0. 0000356 

-1-0. 0429272 

+0. 0527227 

+0.0624283 

512 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


d(8in  1  cos  6) 

dl 

1600. 

1850. 

2100. 

Mercnry 

— 0.0021 146 

— 0. 0020956 

// 
—0.0020767 

Venus 

—0.  2858925 

—0.  2845280 

— 0.  283027 1 

Mars 

— 0. 0073665 

— 0. 0072112 

— 0. 0070499 

Jupiter 

—0.  1617378 

— 0.  1604628 

—0.  1591487 

SatuTD 

— 0.0131117 

— 0.0131883 

— 0. 0132566 

Uranus 

— 0.  0000799 

— 0.0000791 

0. 0000783 

Neptune 
Sum  = 

—0.  0000435 

—0.  0000435 

— 0. 0000434 

—0.  4703465 

— 0. 4676085 

—0.  4646807 

From  these  data,  adopting  the  century  as  the  unit  of  time,  it  is  easy  to  derive  the 
following  formulae :  * 


Whence  also 


sin  i  sin  0  =  +    5.2723T  +  o.igsoiT^  —  0.000240T' 
sin  icos0  =  —  46.7608T  +  0.05666!^  +  0.000506T' 

C08i=  I  -[92.4iSS]T'+[89-58]T' 


In  deriving  suitable  formulae  for  precession  we  set  out  from  the  exceedingly 
simple  differential  equations  first  stated  by  PoissoN 


doj 


dV 


dip 


dY 


dt       Qn  sin  co  dip 


dt  Gn  sin  00  dec 


where 


Here  00  denotes  the  inclination  of  the  equator  to  a  fixed  plane,  ip  the  amount  of  back- 
ward motion  of  its  node  on  this  plane,  A,  B,  and  C  are  the  moments  of  inertia  of  the 
Earth  about  its  principal  axes,  C  being  supposed  to  belong  to  the  axis  of  rotation,  n  is 
the  angular  velocity  of  this  rotation,  supposed  constant,  m'  and  m"  are  the  masses 
severally  of  the  Sun  and  Moon,  r'  and  r"  the  distances  of  their  centers  from  the  center 
of  the  Earth,  and  ^  and  2"  the  projection  of  these  distances  on  a  plane  perpendicular  to 
the  equator.  However,  denoting  by  6'  and  6"  the  declinations  of  the  two  bodies,  it 
is  better  to  write  V  thus 


=  -Kc 


A-l-  B 


)[f3«^ 


m" 


sin^  S'  +  -7,3  sin*  6 


V'~\ 


'  Leverriee'8  value  of  the  coefficient  of  T',  in  the  expression  for  sin  i  sin  6,  -|-o".i964  (Annales,  Tome  II,  p.  104), 
appears  to  agree  with  that  found  here.  But  Hansen  and  Olufsen's  value,  -|-o".i887  (Tables  du  SoleU-  i>-  "1),  seems 
to  be  in  error;  at  least  I  am  unable  otherwise  to  explain  the  dibcordance. 
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Were  there  a  third  body  producing  sensible  motion  in  the  axis  of  the  Earth  it  would 
be  only  necessary  to  add  to  the  last  factor  of  V  a  term  altogether  similar  to  the  two 
which  are  already  there. 

When    we    treat    precession    alone    it    suffices    to    substitute    for    the    terms 

-75  sin^  ^'  -\-  -^  sin^  6"  their  secular  portions.  In  the  case  of  the  first  of  these,  neg- 
lecting all  periodic  perturbations,  we  can  assume  that  the  Sun  moves  about  the  Earth 
in  an  ellipse  whose  elements  are  slowly  changing.  Assuming  that  the  ecliptic  of 
1850.0  is  the  fixed  plane  of  reference  for  the  measurement  of  co  and  rp,  if  /?'  and  A' 
denote  the  latitude  and  longitude  of  the  Sun  referred  to  the  ecliptic  and  mean  equinox 
of  the  same  date,  we  have 

8i:a  6'  =  sin  /?'  cos  ca  +  cos  /3'  sin  00  sin  (A.'  +  tp) 

But  taking  the  orbit  longitude  I'  of  the  Sun  we  have 

cos  /J'  COS  (A,'  -  d)=  cos  (V  -  6) 

cos  /S'  sin  {V  —6)  =  cos  i  sin  {V  —  6) 
sin  /?'  =  sin  i  sin  {V  —  6) 

Here  i  and  9  denote  the  quantities  which  have  been  thus  designated  in  the  just  con- 
cluded treatment  of  the  motion  of  the  ecliptic.  By  substituting  these  values  in  the 
equation  for  sin  d'  we  get 

sin  6'  =  [sin  i  coa  00  +  cos  i  sin  00  cos  {tp  +  6)]  siu  (I'  —  6)  +  sin  00  sin  (ip  +  6)  cos  {V  —  0) 

From  the  theory  of  elliptic  motion  we  know  that  -3  cos  2/  and  ^3  sin  2/  have  no  non- 
periodic  terms.     Thus,  for  sin^  6\  in  the  expression  of  V,  one  may  substitute 

-Fsin  t  cos  oj  -I-  cos  i  sin  00  cos  (f  +  fi)f  +  -sin*  m  sin*  (tp  +  6) 

2'-  2 

and  for  -,3  may  be  substituted  its  non-periodic  term  (i  —  e'^)  '.  But  caUing  the  mean 
obliquity  of  date  co' ,  and  ip'  the  general  precession,  the  formulae,  which  connect  00',  ip' 
with  CO,  jf>  are 

sin  go'  sin  (tp'  +  ff)  =  sin  w  sin  {tp  +  6) 

sin  go'  cos  {tp'  +  0)  =  sin  i  cos  00  -\-  cos  i  sin  go  cos  {tp  +  6) 
cos  go'  =  cos  i  cos  00  —  sin  i  sin  go  cos  {tp  +  6) 

As  the  addition  or  subtraction  of  a  function  independent  of  co  and  ^  to  V  does  not 
impair  its  use  for  our  purposes,  it  is  plain  we  may  substitute  for  sin^  8' 

—  -  cos*  go'  = fcos  i  COS  00—  sin  i  sin  go  cos  {tp  ■\-  6)Y 

2  2'- 

To  ascertain  the  non-periodic  part  of  ^'",3     is  more  difficult,  as  the  solar  pertur- 
bations of  the  Moon  have  to  be  considered.     However,  some  simplifications  occur. 
25  AST 33 
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It  is  well  known  that  the  plane  of  the  Moon's  orbit  follows  the  ecliptic  in  its  motion. 
Then,  if  fi"  and  A"  +  ^'  denote  the  latitude  and  longitude  of  the  Moon  referred  to 
the  ecliptic  and  mean  equinox  of  date, 

sin  8"  =  sin  ^"  cos  &/  +  cos  /3"  sin  oa'  sin  (A."  +^') 

sin' (5"  sin'/?"       ,     ,   ,   sin  2/?"    .      ,„       ,„    .       ,  , 

-^J73-  =         y/,r    cos'  00/  4-      ^,,3^    sin  (A."  +  t/,')  sin  a/  cos  a/ 

,   I  cos'/S"    .  ,     ,      I  cos^/S"  ^,„  .    ,M    •  ,    .^ 

+  -     ^n     ein^  03'  -  -     ^„^    cos  2(A"  +  V-')  sin'  00/ 

Now  it  is  evident  that  the  two  terms  of  the  last  equation,  which  have  the  factors 
sin(A"  +  ^')  and  cos  2(A."  +  i/''),  are  wholly  periodic,  and  thus  may  be  rejected. 
Furthermore,  from  the  expression  we  may  subtract  ^^^„f  ,  which  does  not  contain 


sin^  S" 


00  or  ip.     Thus,  for  our  purpose,  we  may  substitute  for 

^73 — ^—  sin'  ai 

The  non-periodic  term  of  the  first  factor  of  this,  corresponding  to  elliptic  values  for 

a'"  .  — - 

the  co-ordinates,  is  readily  discovered.     For  the  non-periodic  term  of  ^  is  (i  —  e"^)    ', 

and  the  orbit  longitude  and  the  longitude  of  the  node  of  the  Moon  being  denoted  by 
l"  and  Si"  and  its  inclination  by  i" 

sin'  /3"  =  sin' t"  sin'  {I"  _  ft")  =  -  sin'  i"  —  -  sin'  i"  cos  2{l"  —  ft") 


But,  as  before  mentioned,  %-,  cos  2{l"  —  Q.")  does  not  contain  any  non-periodic  term. 
Hence,  the  non-periodic  part  of  -773(1  —  3  sin^  /3'  )  is 


(I  _  e"')    \^  -\  sin't") 

To  obtain  the  terms  of  the  constant  part  of  this  function,  which  arise  from  solar 
perturbation,  we  take  from  Pontecoulant*  the  following  terms  of  %r^: 

^3  =  ( I  -  e"')-i  -1-  V  -^*  +  ^m'  +  ^m6 
r"^  2  32  16  96 

r77i   ,  ,  8141;  ,  ,  681780  ,-1 

+  LTi8™^  +  ^™+-i46-H^" 
+  ["3™'  -1-  %i^  +  ^|^e"'lco8  zS 

AC 

-\-  2,e"  cos  (p  -f  gWic"  cos  {2$  —  qt) 


'  Throne  Analytiqne  du  Sjgt^me  du  Monde,  Tome  IV,  pp.  216,  226,  303. 
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From  the  value  of  sin'  yff"  we  have  * 

.  -  3  sin'  ^"=.-ly.l_,  +  1^.  +  £11,3  +  ZI^3^.  +  7_^^^.,,,  ^  ^,^. 

~  C4'"  "*"  ^  y  ^^^  ^^  ■*"  ^'"'^'  ^'"^  9*  +  f*^'  cos  (a5  -  9?)! 

By  the  multiplication  of  these  factors  it  is  found  that  the  constant  term  of 
^(1—3  sin^  ^"),  which  we  denote  by  N,  is 

N  =  (I  _  -''ri(^,  _  1  sin' t")  +  V  -  ^«  +  f|m'  +  '-^'^ 

Li  28  256  2048      J- 

512  '         128         ' 

This  quantity  may  be  regarded  as  absolutely  constant,  as  e'^,  the  only  symbol  which 
varies  in  it,  is  multiplied  by  a  small  factor.  However,  if  it  is  desired  to  consider  its 
variability,  the  resultant  term  unites  with  the  similar  term  arising  from  the  action  of 
the  Sun,  and  the  final  formulae  are  not  rendered  thereby  more  complex.  On  substi- 
tution of  the  numerical  values  of  the  quantities  involved,  it  is  found  that  at  the  epoch 
1850 

N  =  0.9952929 

It  will  be  seen  that  the  two  terms  of  V  involve  severally  the  factors  ^  and  ^,,3 . 
But  it  will  be  more  convenient  to  replace  them  by  the  following  equivalents: 

m'  m'       „  m"  m"      „, 

a'^      m  +  m'  a"^      m  +  m" 

where  m  denotes  the  mass  of  the  Earth. 
If,  therefore,  we  put 


H  =  3  ^ 


l_m  +  m'  n'^  '       '  m  +  m"  n'     J 


'-4  c 

it  will  be  perceived  that  this  quantity  is  independent  of  the  assumed  units  of  measure 
ment ;  moreover  it  is  nearly  constant,  its  variability  arising  from  that  of  e'l  It  is 
sufficiently  accurate  to  assume  that  it  is  of  the  form  a  +  bt.     If  we  put 

/2  =  H  cos'  a>'  —  H  [cos  i  cos  a>  —  sin  i  sin  00  cos  (^  +  6)f 
'  Thfiorie  Analytique  du  Systfime  du  Monde,  Tome  IV,  p.  338, 
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our  differential  equations  become 

I  dco I      dfl  I  dip  I      dn 

n  dt  ~  sin  oo  dtp  n  dt  ~       sin  a)  dao 

These  equations  fulfill  the  law  of  dimensions  as  the  left  members  are  the  ratios  of  two 
angular  velocities,  and  the  right  members  also  are  functions  of  ratios.  They  can  be 
written 

doa         _,       .      . 

-^  =  zHn.  sm  t  cos  co'  sin  (ip  +  6) 

dtp 

-^  =  2Hn  cos  a/  [cos  i  +  sin  i  cot  oo  cos  (ip  +  &)j 

It  is  convenient  to  have  differential  equations  determining  co'  and  ^'  directly,  and 
thus  avoid  the  arriving  at  them  through  the  mediation  of  oo  and  V-  It  is  plain  from 
the  preceding  expressions  for  £1  and  the  differential  equations  for  go  and  j/i  that  the 
complete  differential  of  cos  co'  is  equal  to  the  partial  differential  of  its  equivalent  in 
terms  of  co  and  V  taken  with  respect  to  t  as  far  as  it  is  implicitly  involved.     This  gives 

d .  cos  Gj'  r  ■     .  .   •  . .      ^.~\  di  .     ■    ■   ■         .    , ,       „.dd 
3T —  —  \  Sin  I  cos  cl)  +  cos  I  sin  a>  cos  (tp  +  6)  \  Jt+  sm  *  sm  oo  sin  {tp  +  0)-^ 

=  —  sin  Gy  cos  (tp'  +  6)-^.  +  sin  i  sin  a/  sin  {tp'  +  d)-jr 


Consequently 


da/  di  dd 


In  order  to  arrive  at  an  expression  for  -J^ ,  we  differentiate  the  first  of  the  equa- 
tions which  show  the  relation  of  co',  ^'  to  co,  xp.     Thus 

cos  ay  siu  (^Z' -f  6)das'  +  sin  &/  cos  {ip'  +  ^)  (di/)'  +  dB)  =     cos  ca  siu  {xp  +  ^)d(y 

+  sin  oj  cos  (iji'  +  6^)  {dip  +  di^) 

Substituting  in  the  right  member  of  this  the  values  of  dco  and  dip  which  have  been  just 
given,  it  reduces  to 

2Hm  sin  oof  cos  oo'  cos  {f  +  6)dt  +  [cos  i  sin  oj'  cos  (^.''  ■\-  0)  —  sin  i  cos  &3']d^ 

Also  employing  the  valve  of  dco',  previously  given,  the  equation  is  transformed  into 
sin  cy  cos  {ip'  +  6)d'p'  =      zUn  sin  co'  cos  w'  cos  {tp'  +  d)dt  —  cos  ao'  sin  {ip'  +  6)  cos  (ip'  -(-  6')di 
—  I  2  8in2  -  sin  a'  cos  {ip'  +  (9)  +  sin  i  cos  &/  —  sin  i  cos  a/  sin*  (^'  +  ^)~|  dd 

Whence  we  derive 

-^  =  2Hn  cos  oo/  —  oat  oaf  sin  (^'  +  6*)^  —     2  siii^  -  +  sin  t  cot  &/  cos  (;/)'  +  ^)  |  -jv 
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The  expressions  for  -^j  and  -^  can  be  simplified  by  putting 
k  cos  K  =  — ^m  0^  —  sin  t  cos  p-jt  =  ~^  ~  P  t^'D 


dt 
dq 


2dt 
i  di 


T      ■      rr  lA^  ...      JiO  -w    . 

K  sm  K  =      cos  Oji  —  sm  i  sin  O-jt  =      j?  +  <?  tan      ,^ 
dt  dt  dt      ^         2  dt 

where  p  and  q  have  the  usual  significations 

p  =  sin  i  sin  ^  q  =  sin  t  cos  ff 

Then  the  two  differential  equations  take  the  form 
doo' 


dt 

d>p^_ 


=  h  sin  (tp'  +  K) 


td^ 


-^  =  2H»  cos  oy  —  2  sin*  ~  dt  "^^  *'°*'  ''^  ''^^  ^^'  "^  ^) 

They  are  readily  integrated  in  powers  of  the  time  by  the  use  of  Maclaurin's 
Theorem.     Let  us  suppose  that  at  the  epoch   1850.0  we  have  gj' =  23°27'3i".83, 

g^=  5025". 787.     2Hwis  diminishing  at  the  rate  of  o".oo3656  in  a  century.     The  term 

—  2  sin^  "ar'  ^^ic'^  ^s  excessively  small,  is  equivalent  to  +o".oooo23T''.     With  these 
have  been  calculated,  at  intervals  of  500  years,  the  following  quantities: 


Date. 

log* 

K 

<»' 

^' 

0      /        " 

0     '        " 

0     (        " 

850 

1.6790634 

268  26  24.02 

23  35  16.72 

-13  55  46.39 

1350 

I. 6758217 

266    0  II.  29 

23  31  25.20 

—  6  58  21.06 

1850 

1.6726250 

263  34     1.36 

23  27  31- 83 

0    0    0.00 

2350 

1.6694575 

261     7  42.41 

23  23  38.08 

+  6  59  16.80 

2850 

1 .  666307 1 

258  41     o-  53 

23  '9  45-42 

4-13  59  29.35 

The  rates  of  motion  of  co'  and  V'  can  be  obtained  from  the  differential  equations. 
They  are 


Date. 

doj' 
dT 

diP' 
dT 

850 

— 46. 02522 

II 

+5003.78451 

1350 

46. 53860 

5014.  73750 

1850 

46. 76080 

5025.  78700 

2350 

46.  68988 

5036.  86128 

2850 

—46.  32694 

+5047.  88573 

From  these  quantities  are  inferred  the  formulae 

co' =  2Z°2f  2,^". &Z  —  46".76o8T—  o".oo7S7P+  o".ooi9s6T= 

^'=  so2s".787oT  +  i".io739T^+  o".oooi74T=—  o".oooo488T*  —  o".oooooo23T' 

which  substantially  give  again  the  values  of  co'  and  ip'  employed  in  computing  the 
rates  of  motion. 


CHAPTER  XXVII. 

REFERENCE  OF  THE  LONGITUDES  AND  LATITUDES  OF  JUPITER  AND  SATURN  TO  THE  MEAN 

EQUINOX  AND  ECLIPTIC  OF  DATE. 

In  order  to  have  the  greatest  simplicity  in  the  formulse  we  assume,  in  the  case  of 
each  planet,  the  mean  plane  of  its  orbit  at  the  epoch  1850.0  as  the  plane  from  which 
its  latitude  in  the  first  instance  is  to  be  counted.  In  the  interval,  1600-2 100,  that  is, 
250  years  on  each  side  of  the  epoch,  the  maximum  latitude  of  Jupiter,  referred  thus 
to  its  plane,  will  be  about  40";  the  similar  quantity  for  Saturn  will  be  about  58". 
Thus  we  can  put  cos  i=  1,  cos  b  =  i  whenever  they  multiply  quantities  of  the  order 
of  the  disturbing  forces.  Then,  in  Hansen's  equations  (21)*,  we  have  io  =  o,  h=2, 
and  they  become 

cos  b  sin  {I—  6„  —  r)  =  sin  (/+  tt  —  60)  —  -«? 

cos  b  cos  (I  —  ffo  —  r)  =  cos  (/4-  n  —  fto)  +  ~sp 

sin  6  =  « 

From  these  we  derive 

cos  b  sin  (I  —f  —  n  —  F)  = sq  cos  (/+  n  —  do) sp  sin  (f-\-7c—  60) 


But 


cos  b  cos  {I  — /—  n  —  F)  =  I  +  -sp  cos  (f  +  n  —  60) «3  sin  (/+  n  —  ^0) 


p  cos  (v  —  60)  —  q  sin  (v  —  Bo)  =  —  s 

ds 
q  cos  (r  —  0o)  +P  sm  {v  —  60)  = 


Consequently 


dv 


cos  b  cos  {I  — /—  n  —  F)  =  1 «* 

cos  b  sin  (I  — /—  71  —  F)  = »^ 

Neglecting  terms  of  the  fourth  order  with  respect  to  disturbing  forces  these  equations 
give 

'Aueeinandersetzung,  Abtb.  I,  s.  79. 
5«« 
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Thus,  /+  n  denoting  the  amount  of  description  of  angle  by  the  radius  vector,  the  two 
latter  terms  of  the  equation  represent  the  reduction  required  to  refer  this  angle  to  the 
chosen  fixed  plane. 

Since  s  =  yM,  for  the  computation  of  T,  we  have* 


2  COS  q)aj       dZ 


The  second  term  of  the  reduction  can  be  made  to  undergo  the  following  transforma- 
tions : 

_  1  ds  _  _  I  yg(i  +  yf  d.s^  _  _  I       f       "  ■  yr^^  J 
2  dv~      4  a*  cos  g)    ndt  ~      4  a*  cos  g?       ndt 

= I      rd.u'       d.  log  f    ^^-j 

4  COS  cp\_  ndt  ndt  J 

In  the  case  of  Jupiter  it  is  found  that  the  largest  terms  of  F  are 
r  =■  —  o".oooi  sin  {ig'  —  2g)  —  o".ooo2  cos  {^  —  2g) 

it  is  therefore  quite  insignificant.     For  the  second  term  it  is  sufficient  to  take 

m'  =  +  o.oooooo23n^<^  —  0.000000 isTO^t^  cos  (—  2g)  +  o.ooooooi'jnH^  sin  (—  2g) 

d  .  11^ 

— '-=—  =.  +  0.00000046m*    —  o.oooooo3on^<^  sin  ( —  2g)  —  0.0000003471^*^  cos  ( —  2g) 
ndt 

Thence,  with  sufficient  approximation, 

[   As 
s-r-  =  +  o".ooooooo75n^t*  sin  (—  2g)  +  o".ooooooo83n^l^  cos  (—  2g) 

2    Oil) 

In  the  case  of  Saturn  we  have 

//  " 

r'  =  -{■  o.ooooooooogn'^t' 

+         o.ooooiSn'*         sin  {  g'  —   g)  —         o.ooooo2,n't    cos  [  g'  —    g) 

—  o.boooozm't    sin  (3^'  —  <?)  +    o.ooooiow't  cos  (3^'  —  g) 

<-o.ooii       >.,_^   I  -0.0021     lco8(5p'-2p) 
^  I  —  0.000034m'*   /   ^^^    "^  ^  (+ 0.00002 in'*  )    ^^^         ^' 

I  ds'  ,. 
s  j~7  =  —  o.ooooo4«  * 

—  o.ooooo4»'*   sin  2g'  —  o.oooooim'*   cos  zg' 

—  0.0000000 1  ?i'^*' 

—  0.000000 1 6n'^*^  sin  g'  +  0.00000047m'***  cos  g' 
+  0.000O0I4SJI'***  sin  2g'  —  0.00000419m'***  cos  2g' 
-f  0.000000 1 6m'***  sin  ^g'  —  0.0000004671'***  cos  35' 
-f  0.00000002m'***  sin  ^g'  —  0.00000004m'***  cos  451' 


"Auselnandersetznng,  Abth.  I,  8,  81,  gl.  (23). 
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Let  i  denote  the  inclination  of  the  plane  of  the  primitive  orbit  on  the  ecliptic  of 
date,  and  9  the  longitude  of  its  ascending  node,  counted  on  the  plane  of  the  primitive 
orbit  from  the  same  point  of  departure  as  for  I,  and  Q  the  longitude  of  the  same  node, 
counted  on  the  plane  of  the  ecliptic  of  date  from  the  mean  equinox  of  date.  Then, 
if  X  and  /?  denote  the  longitude  and  latitude  of  the  planet  referred  to  the  mentioned 
equinox  and  ecliptic,  we  shall  have 

sin  /3  =      cos  i  sin  b  +  sin  i  cos  b  sin  {I  —  6) 

cos  /?  sin  (/\.  —  Q )  =  —  sin  t  sin  t  -f  cos  i  cos  b  sin  (I  —  6) 
cos  ft  cos  {X  —  Q,)  =  cos  b  cos  [l  —  0) 

In  these  equations  i,  6,  and  Q,  depend  only  on  io,  ^^i  the  values  of  i  and  9  for  the 
epoch  1850.0,  and  on  the  quantities  which  determine  the  position  of  the  ecliptic  of 
date  with  respect  to  the  ecliptic  of  the  epoch.  If  the  change  in  the  measure  of  orbit 
longitudes  is  denoted  by  n  —  ^o  +  «  the  foregoing  equations  may  be  written 

sin  /3  =      cos  i  sin  6  +  sin  i  cos  b  sin  {I  —  O0+  a) 

cos  /3  sin  (\  —  ft )  =  —  sin  t  sin  b  -\-  cos  i  cos  6  sin  {1—00  +  a) 
cos  ft  cos  (A  —  ft )  =  cos  b  cos  (i  —  ^0  +  «) 

The  three  quantities,  i,  «,  and  a,  are  determined  by  the  equations 

sin  i  cos  [Q,  —  6"  —  ip')  =  —  sin  i"  cos  io     +  cos  i"  sin  ip  cos  (6"  —  60) 

sin  i  sin  ( ft  —  0"  —  tp')  —  —  sin  to  sin  {0"  —  6^) 

cos  i  =      cos  i"  cos  i     +  sin  i"  sin  %  cos  {0"  —  ^0) 

sin  i  cos  a  =      sin  I'o  cos  t"    —  cos  t'o  sin  i"  cos  (^"  —  ffo) 

sin  t  sin  a  —      sin  i"  sin  (0"  —  6'o) 

where  z"  and  &"  are  the  quantities  denoted  as  i  and  0  in  the  preceding  chapter,  and 
there  used  to  determine  the  position  of  the  ecliptic  of  date  with  respect  to  the  ecliptic 
of  1850.0;  Tp'  denotes  the  general  precession.  For  the  first  two  of  these  equations 
we  may  substitute 

sin  i  cos  (ft  —  0,,  —  tp')  =  sin  io  —  cos  to  sin  i"  cos  (0"  —  0(,)  —  2  sin  to  sin^  -i"  cos'  {0"  —  0^) 
sin  i  sin  ( ft  —  ^0  —  ^')  =  —  cos  to  sin  i"  sin  {0"  —  0o)  —     sin  to  sin'  -t"  sin  2(0"  —  ^0) 

and  instead  of  computing  a  it  will  be  more  accurate  to  derive  ft  —  ©o  +  a  —  ip',  which 
is  a  very  small  angle.     By  putting 

y  =  —  cos  to  sin  t"  cos  (0"  —  0o)  —  sin  to  sin'  -i"[i  +  cos'  (0"  —  ^0)] 
6  =      cos'  -to  sin  i"  sin  {0"  —  0o)  +  sin  to  sin'  -i"  sin  2{0"  —  ^0) 
e  =  —  2  sin  to  sin'  -i"  sin'  (^"  —  ^0) 
C  =       2  sin'  -?o  sin  i"  sin  ((9"  —  0o)  —  sin  t'o  sin'  -t"  sin  2((9"  —  6*0) 
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we  can  write 

sin  i  COS  (Si— 60  —  ip')  =  sin  io+  y  —  -e 
am  i  Bin  (Si  —  do—  ip')  =  —6+  -Q 

sin  i  cos  a  =  sin  to  +  >/  +  -s 

sin  i  sin  a  =  tf  +  -C 

From  these  four  equations  we  derive 

siu^isin  (ft-  /9o+  «-^')  =  C  sin  io  +  xC-tf« 
whence,  since  Q  -  6I0  +  «  -  ^'  is  so  small  an  angle, 


n       fl    I  ;  /       C  sin  to  +  kC  —  *« 

^  Siu*  I 


In  the  equation  which  gives  the  value  of  sin  /?  we  can  put  cos  h=  \,  since  it  is 
multiplied  by  the  small  factor  sin  i.     Thus 

sin  /3  =  cos  i  sin  6  4-  siu  i  sin  (I—  6^+  a) 

For  convenience  of  tabulation  we  shall  separate  /?  into  two  parts,  so  that  /?  =  /?„  +  ^/J, 
where  y^o  wiU  be  obtained  from  the  formula 

sin  /?o  =  A  sin  i  +  B  cos  I 

A  and  B  being  expressible  in  powers  of  the  time.  In  doing  this  we  shall  remove  from 
the  term  cos  i  sin  h  the  portion  which  can  be  regarded  as  a  function  of  the  same  form 

as  sin  y5o>  and  unite  it  with  the  latter.  Let  what  is  left  of  sin  6  =  s  =  ^m,  after  this  re- 
moval, be  denoted  as  ^{sm  b).  Then  ^/3,  being  purely  periodic  and  amounting  at 
most  to  a  few  seconds,  is  given  with  sufficient  exactness  by  the  formula 

cost  ^,  .    -,        cost    Ya   \ 
'^      cos  fio    ^         '      cos  /Jo    \»"  J 

By  putting 

'p"  =  sin  i"  sin  6"  q"  =  siu  i"  cos  ff" 

quantities  which  have  been  determined  in  the  preceding  chapter,  we  can  write  the 
formula  for  the  latitude  in  either  of  the  two  forms 


sin  /?  =  cos  t  sin  l>  +  [  Vi  —p"'''  —  g"*  sin  to  —  p"  cos  to  sin  6q  —  q"  cos  to  cos  6*0]  sin  [l  —  60) 
+  [p"  cos  00—  g"  sin  ^0]  cos  (I—  do) 

=  cos  t  sin  6  4- 1       \/i— i>"^— g"*8in  to  cos  60+p"  sin'  ^to  sin  260— q"  (cos  to  cos^  ^0+  sin^  ^o)!  sin  I 

+ 1  —  'J i—p"'^—(i''^ sin  to  sin  ^o+J>"  (cos'  ^/o+cos  to  sin»  60)— q" sin*  -to sin  iOA cos  I 
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The  rigorous  equation,  which  gives  the  value  of  sin  b,  being 

where  r^  and /denote  elliptic  values  and  /  an  /which  is  constant  in  the  integration, 
it  is  easy  to  see  that  the  constant  factor,  which  multiplies  the  force,  is 

-"     —      sm  J 


I  -f-  TO     \a.j 
But  the  factor  actually  employed  in  the  determination  of  u  was 

sin  J 


I  +  TO     a 
Hence,  in  deriving  sin  h  from  m,  we  ought  to  multiply  the  latter  by 

mi 

We  have  severally  in  the  cases  of  Jupiter  and  Saturn 

^°^  Vij  ^  °-°°°°°85  log  VsJj  ~  9-999'529* 

From  the  equations  connecting  A  and  yff  with  I  and  b  there  is  obtained,  with  a 
sufficient  degree  of  approximation, 

X  —  I  —  Q  +  Oo— a  =  —  tan^  -i  sin  2  (Z  —  ^o  +  «)  +  -  tan*  -i  sin  4  (i  —  6*0  +  a) 

—  2  tan  -t  tan  6  cos  (Z  —  ^0  +  «)  +  2  tan'  -t  tan  b  cos  3  (i  —  ^o  +  «) 

By  substituting  in  this  the  value,  which  has  been  obtained  for  fi  —  ©o  +  «  —  ^',  we  get 

A  =  i  +  w,' +  ^H5J2  +  Z?.ZL^  _  tan='it  sin  2  (i  -  (9o+  «)  +  -  tan*  -i  sin  4  (I  _  ^0+  «) 

—  2  tan  -i  tan  fe  cos  (l  —  6„+  a)  ■\-  2  tan'  -i  tan  h  cos  3  (I  —  ^0+  «) 

The  part  of  the  second  line  of  this  formula,  which  depends  on  the  portion  J  (sin  6)  of 
sin  h,  is,  with  sufficient  approximation, 


sin  % 


COS 


-s-J  (sin  h)  cos  (i  —  6^0  +  a)  =  —  tan  t ,  JyS  .  cos  (Z  —  ^0  +  a) 


For  the  remainder  of  sin  6,  which  can  be  regarded  as  identical  with  tan  6,  we  can  write 

tan  6  =  A  sin  (J  —  ^0  +  «)  +  B  cos  (i  —  ^0  +  «) 
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A  and  B  being  expressible  in  powers  of  the  time.     Substituting  this  value  in  the  last 
hne  of  the  equation  for  X  it  becomes 


-  B  tan  -  -  A  tan  -  (^i  +  tan^  ij  sin  2(l-0,+  a)+A  tan'  -*  sin  4  («  _  ft  +  «) 
-  B  tan  ^  (^i  _  tan^  -*^  cos  2  (Z  -#„  +  «)  +  B  tan'  ^  cos  4  (Z  -  ft  +  «) 
If,  therefore,  we  adopt  two  new  quantities  I  and  7,  such  that 

tan2  il  cos  27=  tan^^  +  A  tan  Vi  +  tan>  ^) 
tau^  il  sin  27  =  B  tan  l(i  —  tan^  -^ 

which  may  be  replaced  by  the  equations 

sin  I  cos  7  =  sin  i  +  A  cos  * 
Bin  I  sin  77  =  B  cos  i 

the  equation  for  A  can  be  written 

X  =  l  +  f'+ ^. B  tan  -  -  tan»  -I  sin  2  (Z  -  ft  +  «  +  ^) 

+  i  ta°*  ^I  sin  4  (Z  -  ft  +  ar  +  Tf) 
—  tan  i .  /)/?  cos  (Z  —  ft  +  a) 

As  the  tabulation  of  perturbations,  both  secular  and  periodic,  for  a  fourth  co-ordi- 
nate, the  reduction  to  the  ecliptic,  appears  a  work  of  supererogation,  we  will  give  a 
method  by  which  it  can  be  avoided.     Let  the  equation  for  A  be  written 

X  =/+  7T  +  ht  —  tan^  -io  sin  2  (/-f  ;r  —  ft)  +  ^  tan'  -i„  sin  4  (/+  tt  —  ft)  +  tfE 

In  this  formula  ht  denotes  the  term,  proportional  to  the  first  power  of  the  time,  in  the 
development  of  the  expression 


;/  .    C  sin  to  +  yC  —  ds 
jh'  -\ ^^- B  tan 

'       '  sin'  1 


in  powers  of  the  time;  and  611  denotes  the  remainder  of  this  expression  plus  the  secular 
and  periodic  perturbations  of  what  is  generally  known  as  the  reduction  to  the  ecliptic. 
If  we  do  not  go  beyond  300  years  from  the  epoch,  (5R,  for  either  Jupiter  or  Saturn, 
scarcely  exceeds  10".  Quantities  dependent  on  its  square  may  then  be  neglected. 
We  have 

dz  _  a'n  cos  cp  cos  to 
SX~        f  cos'A 
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Consequently,  if  we  equate  the  argument  g  -f-  nSz  by  applying  to  it  the  correction 

^       '       or  cos  cp  cos  to 

we  shall  obtain  the  proper  value  of  A  —  tt  —  A^  by  entering  a  table  calculated  for  this 
quantity,  but  in  which  the  term  (5R  has  been  ignored.  J{n8z)  is  a  quantity  which  can 
be  developed  as  a  function  of  g  and  g' ,  and  having  precisely  the  same  form  as  nSz,  its 
addition  in  nowise  complicates  the  latter  quantity ;  the  only  change  being  that  some 
of  the  coefficients  are  modified  by  trifling  amounts. 

On  account  of  this  modification  of  the  fundamental  argument  the  expressions  for 
y  and  /?o  naust  receive  corrections.     The  correction  for  v  is 

d .  loe  r  r~  ^  n 

Av  ■=. -5-5 — A(nSz)  =     e  sin  ^  —  -e*  sin  zg  \A{nSz) 

The  correction  to  sin  /?„  is 

^(sin  /So)  =  -  ^^^^—^AinSz)  =  -  tan  i  co8»/3o  cos  (  f -4-  ;r  -  (9o) .  tfE 

These  corrections  are  quite  minute. 

Application  of  the  formulce  to  Jupiter. 

Supposing  that 

A  8in/+  B  cos/ 

are  the  terms  to  be  removed  from  cos  i  sin  b,  we  have,  for  determining  J/3, 

_   cos  i  Ua^  a  sin/  cos/ 

^^  -  cosTo  a^  f"  ~  -^cosTfo  ""     cos^o 

A  and  B  can  be  determined  so  that  no  terms  of  the  form  kT  sin  g  +  ^'T  cos  g  appear 
in  JjS.  From  special  values  computed  for  eight  points  of  the  circumference  at  two 
epochs,  using  elliptic  values  of  the  co-ordinates  augmented  by  the  secular  terms,  it  is 
found  that 

oo'  a  cos  to  ™ 

-^  r  ES^o  =  0-9998907  -  0.0000077T 

+  [  0.04821 18  +  0.00000 1  oT]  cos  g 
+  [  o.oooooio  +  0.0000002T]  sin  g 
+  [  0.0024471  +  0.0000098T]  cos  2g 
+  [—  0.0000134  +  0.0000072T]  sin  2g 
+  [  0.0001444  —  0.00000 1 9T J  cos  ^g 
+  [—  0.0000014  +  o.oooooisT]  sin  3p 
+  [     0.0000138  —  0.0000031T]  cos  4P 
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In  this  expression  g  ought  to  be  replaced  hy  g  -{-  nSz;  it  is  sufficient  to  take  for  ndz 
the  two  terms  having  the  arguments  5^'  —  2g  and  ^g'  —  3^.  The  additional  terms, 
which  thus  should  be  joined  to  the  expression,  are 

+  0.0000554008(55'—    «/)  — 0.0001298  sin  (551' —   g) 

—  0.0000188  cos  (55'  —  2g)  —  0.0000012  sin  (55''  —  2g) 

—  0.0000554  cos  (ssr'  —  2,9)  +  0.0001298  sin  (55'  —  2,9) 
+  0.0000188  cos  (5fl('  —  4p)  +  0.0000012  sin  {^g'  —  49) 

In  a  similar  way  have  been  obtained  the  two  expressions 

sin  /  ^m 

^^^  =  +  o.oooooi  -  0.0001796T 

[0.998031  —  0.0000160T]  sin  9  +  [—  0.000007  —  0.0000185T]  cos  g 
+  [0.048106  +  0.000 1 633T]  sin  2g  +  [—  0.000002  —  0.000 1 809T]  cos  23 
+  [0.002674  +  0.0000169T]  sin  3p  +  [  0.000007  —  0.0000185T]  cos  351 
+  [0.000159  "I"  0.0000015T]  sin  4flf  +  [  O.OOOOOI  —  o,oooooi6T]  cos  49 
+   0.001146  sin  (5p'  —  g)  +  0.002687  cos  (sg'  —  g) 

—  0.000388  sin  (55''  —  25)  +  0.000024  cos  (55'  —  25) 
+  o.ooi  146  sin  (55'  —  35)  +  0.002687  cos  {S9'  —  39) 

—  0.000388  sin  (5p'  —  49)  +  0.000024  cos  (55'  —  49) 

V  =  —  0.0482  C2  —  0.0001648T 

cos /Jo  ^ 

+  [0.997577  —  0.0000196T]  cos   p +  [— 0.000007  +  0.00001 59T]  sin   9 

+  [0.048094  +  0.0001630T]  cos  25  +  [     O.OOOOOI  +  0.0001780T]  sin  25 

+  [0.002672  +  0.0000173T]  cos  35  +  [     0.000007  +  0.0000203T]  sin  55 

+  [0.000159  +  0.00000 1 4T]  cos  4(7  +  [—  O.OOOOOI  +  0.00000 1 7T]  sin  45 

+  O.OOI  145  cos  (5P'—   5)  —  0.002686  sin  (55' —   g) 

—  0.000388  cos  (5(7'  —  25)  —  0.000024  sin  (55'  —  25) 

—  0.001145  cos  (55'  —  35)  +  0.002686  sin  (55'  —  35) 
+  0.000388  cos  (55'  —  45')  +  0.000024  sin  (55'  —  45) 

Adding  together  all  the  first-order  terms  with  those  of  the  second  order,  and 
changing  the  parts  of  the  coefficients  multiplied  by  nt  and  nH^  into  the  equivalents 
having  the  factors  T  and  T^  we  have  the  expression  for  u,  which  it  is  suitable  to 
employ  here.     The  equations,  which  then  result  for  determining  A  and  B,  are 

//  // 

A[     0.998031  —  0.0000160T]  +  B[—  0.000007  +  0.00001S9T]  =  -  14.6842T  -  0.046381* 
A[-  0.000007  -  0.0000185T]  +  B[      0.997577  -  o,ooooi96T]  =         6.5083T  -  0.09804T2 

Whence  we  derive 

//  // 

A  =  -  14.7 132T  -  0.04681T'' 

B  =  +    6.5240T  -  0.09842T' 
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Since /=  I —  11°  56'  9". 33,  as  far  as  these  terms  are  concerned,  we  have,  in  joining 
to  them  the  terms  of  the  third  order,  obtained  at  the  end  of  Chapter  XXIV, 


cos  isinb  =     [—  13.04S8T  —  0.06615T'  +  0.000324!^]  sin  I 

+  [         9.4259T  -  0.08661T2  -  0.000240T^]  COS  I 

By  employing  the  expressions  for  p"  and  q",  found  in  Chapter  XXV,  we  get  the 
remaining  portion  of  sin  /?(,>  which  is  due  to  the  motion  of  the  ecliptic;  it  is 

//  //  // 

sin  /3„  —      [46.7603T  —  0.05665!'*  —  o.ooo5o6T^]  sin  I 

+  [  5.2691T  +  O.I9508T'''  —  0.000240T']  cos  I 

It  is  not  worth  while  to  add  here  the  two  portions  together,  as  the  first  has  been  com- 
puted with  the  values  of  the  masses  of  the  planets  adopted  at  the  beginning  of  this 
investigation,  and  which  will  receive  some  modifications,  in  consequence  of  the  com- 
parison of  the  theory  with  observation,  to  be  given  in  the  following  chapter.  But  in 
deriving  the  motion  of  the  ecliptic,  in  Chapter  XXV,  regard  has  been  taken  of  these 
modifications. 

The  following  is  the  expression  we  obtain  for  J/3: 


Jfi 

j 

J/J 

Arg=i' 

g'+ig 

Arg=i'ff'+i3 

siD. 

COS. 

1 

sin. 

COS. 

»' 

i 

,/ 

;, 

, 

i'      t 

//              ,, 

</                      ;/ 

0 

0 

+0.  0369 

4       0 

+  0.0058 

+  0.  0024 

0— 

2 

— 0.  0061 

—0.0135 

4—   I 

+0.  0406     0.  ooooT 

— 0. 0238    0.  ooooT 

0 — 

3 

-(-O.OOOI 

— u.  0007 

4—  2 

—0.  0246 — 0.  0007T 

+0.  1424 — 0.  oooiT 

1  + 

2 

+0.0051 

— 0.  0006 

4-  3 

+0.  2286— 0.  001 2T 

+0.  0924+0.  0035T 

i-t- 

I 

+  u.  1024 — 0.  OOO5T 

+0.  0160+0 

0002T 

4—  4 

+0.  0200     0.  ooooT 

— u.  0067+0.  0002T 

0 

+0.  4420+0.  004 1 T 

— 0.  3041+0 

0057T 

4-  5 

+0. 0043 — °-  oooiT 

+0.0074+0.  oooiT 

I- 

I 

— 0.  1 112 — 0.  OO27T 

—0.0591—0 

0004T 

5      0 

— 0.0030+0.  0001 T 

+0.  0080—0.  oooiT 

I  — 

2 

— 0.  2579— 0.  ooioT 

—0.0601+0 

0042T 

5-  ' 

—0,  0674+0.  0036T 

+0.  170740.  0005T 

I- 

3 

— 0.0108    0.  ooooT 

— 0. 0048+0 

0004T 

5-  2 

+0.  1936+0.  0002T 

—0.  0014—0.  0006T 

2  + 

I 

+0.  0042+0.  0004T 

— 0.0175+0 

oooiT 

5-  3 

—3-  5340+0.  0065T 

+0.3195— 0.0042T 

2 

0 

— 0.  0247+0. 00I4T 

—0.  3414—0 

00I5T 

5-  4 

—0.  1763— 0.  0005T 

+0. 0592 — 0.  0008T 

2 — 

I 

+0.4575 — 0.  0060T 

40.4287+0 

0055T 

5—  5 

— 0.  0044 — 0.  000 1 T 

+0.  0064+0.  0004T 

2— 

2 

—0.0922+0. 0008T 

+0.  2009+0 

005  8T 

5-  6 

—0.  0025 

+0.  0024 

2 — 

3 

— 0.  0033+0.  0002T 

—0. 0564+0 

0003T 

6-  I 

+0.0002 

+0.0007 

2 — 

4 

-^u.  0006+0.  OOO2T 

— 0. 0028    0 

ooooT 

6—  2 

+0.  0065 

+0.0018 

34- 

I 

-1-0.  0023 — 0.  oooiT 

+0.0015 — 0 

oooiT 

6-3 

-0.0317 

+0.0186 

3 

0 

+u.  0366 — 0.  OO02T 

+0,0421+0 

oooiT 

^' 

+0.0134 

+0.  0465 

3- 

I 

+0.  1651+0.  0005T 

— u.  01 13+0 

0004T 

6-  5 

— 0.  01 19 

+o-  0033 

3- 

2 

— 0.  5398 — 0.  oioiT 

+0.  8570—0 

0064T 

6—  6 

—0.0018 

+0. 0030 

3- 

3 

— u.  0541 — 0.  OOO5T 

+0.0165—0 

0004T 

6-  7 

— 0.  OOII 

— 0.0008 

3— 

4 

+0.  0189 — 0. 0002T 

—0. 0030+0 

oooiT 

7-  2 

+0. 0036 

— 0. 0015 

3— 

5 

+u.  0012 

—O.OOOI 

7—  3 

—0.  0040 

+0. 0029 
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///J 

J/3                                    \ 

Aig=i'g'+ig 

ATg=i'g'+ig 

sin. 

C09. 

• 

sin. 

COS. 

i'      i 
7—  4 

+°.  0383 

+0.0373 

i'      i 
8-  7 

-|-o.  001 1 

— 0.  0010 

7-  5 

—0. 007s 

+0. 0074 

8—  8 

0.  0000 

+0.0007 

7—  6 
7-  7 

— 0.0017 
— 0.0016 

—0.0037 
—0. 0005 

9-  5 
9-6 

+0.0001 
—0.  0025 

+0. 0038 
— 0.  0007 

7-  8 

+0. 0002 

—0.0005 

9-  7 

+0.0008 

— 0.  001  s 

8-  3 
8-4 

+0.0008 
—0. 0087 

-|-o.  0009 

—0.0033 

10—  4 
'o-  5 
10-  6 

+0.0012 
+0.0361 
— 0.  0008 

+0.  0027 
+0.0631 
+0.  0029 

8-  5 

— 0. 0050 

+0. 0067 

10—  7 

+0.  0002 

— 0. 0010 

8—  6 

— 0. 0032 

— u.  0029 

10—  8 

+0.  0007 

+0.0003 

At  intervals  of  500  years  have  been  computed  the  following  quantities : 


Date. 

C  sin  in  +  yZ  —  Ss 
sin^  i 

—  B  tan  ^ 

I 

flo— a— 77 

// 

„ 

0 

/          // 

0         '           " 

850 

-5.2875 

—1.7083 

22       1.  106 

102     42     45. 06 

1350 

— 2.  6210 

—0.  8381 

20    21.  264 

100     49     23.  15 

1830 

0.0000 

0.0000 

18    42. 100 

98     56     19.79 

2350 

+2.5717 

+0.  8060 

17       3.627 

97      3    34. 81 

2850 

+5.0899 

+  1.5800 

15     25. 862 

95     II      8.78 

Thence  the  reduction  to  the  ecliptic  and  mean  equinox  is 

K  —  l  =  Jr       27.029  sin  {2I  +  342"  7'  20")  +  o".oo2  sin  (4^  +  324°) 
+  [5026.4708      +  o".42ii      sin  {2I  +  104°  37'.9)]T 
+  [       1.10576    +  o".oo35i    sin  (2^+223°    9'    )]T* 
+  [       0.000169  +  o".oooo2o  sin  (2Z  +  340°  )]T' 

—  O.OOOO488T*  —  0".OO000O23T' 


We  have  here,  then,  A  =  50". 264 708,  and  for  <5R  the  sum  of  the  inequalities  of  the 
reduction 

I    ^8 

dU=     r »3 tan  i  cos  {I  —  do  +  a) .  A^ 

+  o".42iiT  sin  {2I  +  104°  37.'9) 

+  [i".ios76    +  o".oo3Si    sin  {2I  +  223°  9')]T» 

+  [o".oooi69  +  o".oooo2o  sin  {2I  +  340°     )]T' 


528  A  NEW  THEORY  OF  JUPITER  AND  SATURN. 

From  eight  computed  special  values  it  is  found  that 

ndz 

-^  =  1.002333  —  0.094641  cos    I  —  0.019961  sin    I 

+  0.002958  cos  2I  +  0.001332  sin  2I 

—  0.000081  cos  3?  —  0.000060  sin  3? 

Also,  in  like  manner  we  get,  when  (JR  is  limited  to  the  three  latter  lines  of  the  expres- 
sion above, 


ndz 
~dX 


6B,= 


[  +  0.0019 

-|-  0.0379  sin  nz  —  0.0477  cos  nz 

—  0.2606  sin  2nz  +  0.3283  cos  2nz 

—  0.0126  sin  3«2  +  0.0158  cos  3M2 

—  0.0006  sin  4*12  +  0.0007  ^^^  4n2]T 

+  [  +  1.11086 

+  0.00016  sin  nz  —  0.10630  cos  nz 

—  0.00134      sin  2712  —  0.00482      cos  2712 

-I-  0.00004  "in  3*1^  —  0.00020  cos  3»i2]T' 

+  [  -|-  0.000169 

—  0.000003  ^^^    **'^  —  0.000016  cos    nz 
-\-  0.000020  sin  2nz  -f-  o.oooooi  cos  2*12 

+  0.000001  sin  ^nz      0.000000  cos  3«2]T' 

In  this,  for  m,  ought  to  be  substituted  g  -f  ndz.  But  we  may  take  for  nSz  its  eleven 
largest  terms  and  neglect  its  square.  When  this  is  done,  and  we  also  obtain  the  terms 
which  arise  from  the  first  line  of  the  value  of  (5R,  we  have  the  following  complete 
expression  for  J{n6z): 


Arg=i'9'+i3 

A 

{nSz) 

sin. 

COS. 

i'       i 

„ 

„ 

/;                        (/ 

0       0 

+  .ooi9T-f-i 

.  iio86T!'-f-.oooi87T' 

0—   I 

+0.  0008—.  0379T— .  00037T2+.  000004T' 

0.  0000 — .  0477T— 

.  106327^—.  OOOOI2T' 

0—  2 

+ .  2606T+.  001 1  iT^— .  000002X3 

+•  3283T- 

.  00461T2— .  ooooi6T» 

0—  3 

+  .0126T— .00007T2     .ooooooT' 

-f.oisST 

.  oooooT'— .  000002T' 

0—  4 

-(-.0006T     .oooooT« 

4-.0007T-I- 

.ooooiT" 

l-t-   2 

—0.0002 

-|-o.  0012 

1+    I 

-|-o.  0032— .  oooiT 

-1-0.0053— .oooiT 

I       0 

4-0. 0009                 +.  onoo2T' 

— 0.0025 

.oooooT« 

I —  I 

— 0.0029 

—0. 0078 

I —  2 

— 0.  0007                   — .  00002T» 

+0.0013 

.oooooT' 

^       3 

— 0.  0005 +.  0001 T 

-f  0.0029—.  oooiT 
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A 

nSz) 

ATg=i'g'+ig 

sin. 

COS. 

i'      i 

//              //              /< 

//              //                 // 

2+  I 

-|-o.  0039—.  0002T 

— 0. 0001  +  .0002T 

2      0 

— 0.0051— .oooiT     .oooooT' 

+0.  0049+.  0004T— .  00003T'' 

2—  I 

—0.  0061                 — .  00002T' 

—0.  0007                   — .  00005  T2 

2—  2 

+0.0051                     .oooooT» 

—0.0055                  +.  00003 T= 

2-  3 

+0.  0024—.  0002T+.  00002T» 

+0.  0010—.  0002T+.  00005T2 

2—  4 

—0.  0006 — .  0003T 

0.  0000— .0002T 

3      0 

— 0. 0001     .  ooooT 

+0.  0019—.  0002T 

3—  I 

—0.  0095                   -I-.  00002T> 

— 0.0067                 -t-.ooooiT« 

3-  2 

—0.  0003 

—0. 0025 

3—  3 

+0.  oioi                 — .  00002T2 

+0.0057                 — .ooooiT^ 

3-  4 

+0.  0O02+.  OOO2T 

+0.  0006     .  noooT 

4—  I 

— 0. 0016 

— 0.0004 

4—  2 

— 0.0012 

+0. 0025 

4—  3 

+0.0016 

+0.0002 

4—  4 

+0.0010 

— 0.0027 

5+  I 

— .  oooiT 

.ooooT 

5      0 

—0.  0020 — .  0024T+.  00002T' 

— 0.  0009 — .  0007T+.  00007'^ 

5-  I 

—0.  OOOI+.  0002T+.  00027T2 

+0. 0022—.  0003T— .  oooi3T« 

S—  2 

+0. 0004                     .  oooooT^ 

—0. 0399                 + .  oooo4T» 

5-  3 

—0. 0007                 — .  00028T2 

—0.0042                 +.00012T!' 

5-  4 

+0. 0058+.  001 2T—.  0001 2T' 

+0. 0406—.  0021T— .  00009T2 

5-  5 

+0. 0008+.  0003T+.  ooooiT" 

+0. 0020+.  oooiT— .  ooooiT' 

The  terms  of  this  expression  not  multiplied  by  T  or  its  powers  represent  nearly 
the  periodic  perturbations  of  the  reduction  of  the  longitude  to  the  ecliptic. 

The  correction  which  must  be  applied  to  the  common  logarithm  of  z,  on  account 

of  this  change  in  the  fundamental  argument,  is  determined  in  a  similar  way,  and  is  (in 
units  of  the  seventh  decimal) : 


_<i(com.logr)^^^^,^ 

Arg=t'5'+i5 

COS. 

sin. 

i'       i 

0       0 

—0.  oioT 

0—   I 

+0.  132T    0.  oooT« 

0.  ooooT> 

—0.  166T+1.  ogST*— 0.  0002T' 

u—  2 

+0. 026T    0.  oooT« 

—0. 032T+0.  027T' 

0-  3 

—0.  131T    0.  oooT" 

+0. 165T+0.  o7oT« 

0—  4 

— 0.016T 

+0. 020T 

0-  s 

— o.ooiT 

+0. 002T 

5—  I 

0.  00                — 0. 003T' 

+0. 02 — 0. 001 T 

5—  3 

0. 00                — 0. 003T' 

— 0. 04 — 0.  ooiT 

s—  S 

0. 00 

+0. 02 
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The  correction  to  be  applied  to  sin  y^,,,  on  the  same  account,  is 

dz      ^^^^^  "^       t     0.0044T  -  0.02504!^  +  O.00O07ST']  sin  I 

+  [      0.0019T  +  0.0039ST'  —  0.000179T']  cos  2 
+  [—  0.0048T  +  0.00002T2]  sin  3I 
+  [—  o.ooosT  —  0.00003T']  cos  3Z 

Application  of  the  Formulce  to  Saturn. 
Proceeding  in  exactly  the  same  way  as  for  Jupiter  it  is  found  that 


VaV  r 


cos  I' 


rr-i  =       0.0086727  +  O.OOOO228T 

COS  y&o  /  o  ' 

+  [  0.0559889  +  0.0000014T]  cos  g' 
-\-  [  0.0000280  —  0.0000012T]  sin  g' 
+  [  0.0028014  —  o.oooo24iT]  cos  2g' 
+  [—  0.0003273  +  0.0000386T]  sin  2g' 
-\-  [  0.0001506  —  0.0000006T]  cos  3^' 
+  [—  0.0000465  +  0.0000016T]  sin  3^' 
+  [  0.0000081  —  0.0000002T]  cos  45' 
+  [—  0.0000049  +  0.0000003T]  sin  4g' 

In  this  expression  g'  ought  to  be  replaced  by  g'  -{-n'S/ ;  it  is  suflBcient  to  take  for  n'S/ 
the  three  terms  having  the  arguments  2g'  —  g,  4^'—  2g,  and  5/—  2g.  The  additional 
terms,  which  should  be  joined  to  the  expression,  are 

+  0.0000572  cos  (  g'—   g] 

—  0.0000572  cos  (3g'—   g) 

—  o.ooooi  17  cos  (3(7' —  2g)  —  0.0000921  sin  (3^' —  zg) 
+  0.0001482  cos  (45'—  2g)  —  0.0003652  sin  (aq'—  2g) 
+  0.0000117  cos  (5^'—  2g)+  0.0000921  sin  (^g'—  2g) 

—  0.0001482  cos  {6g'—  2g)  +  0.0003652  sin  {6g'—  2g) 

In  a  similar  way  have  been  obtained  the  two  expressions 

r' 
— ;8in/'=  0.0000003  —  0.0005529T 

I-  [0.9980325  4-  0.0000145T]  sin    g'  -\-  [0.0000051  —  0.0000386T]  cos    g" 

4-  [0.0279551  —  0.0003436T]  sin  2^' 4-  [0.0000014  —  0.0005547T]  cos  2g' 

4-  [0.0011714  —  0.0000241T]  sin  3^' 4-  [0.0000051  —  0.0000387T]  cos  3^' 

4-  [0.0000583  —  0.0000016T]  sin  4^' 4-  [0.0000017  —  0.0000026T]  cos  4.g' 

4-  0.0000032  sin  sp'  —  o.ooooooiT  coi  ^g" 
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-^cos/'=  _  0.0840851  +  0.0003454T 

+  [  0.0000051  +  0.0000233T]  sin  </'+ [0.9988249  +  0.0000241T]  cos  g' 
+  [—  0.0000014  -P0.0005448T]  sin  2g'-if  [0.0279697  —  0.0003438T]  cos  2g' 
+  \—  0.0000051  +  0.0000388T]  sin  3jr'+  [0.0011718  —  0.0000241T]  cos  3^' 
+  [  o.oooooii  +  0.0000026T]  sin  ^g'+  [0.0000583  —  o.oooooi6T]  cos  4^' 
+  0.000000 1 T  sin  zg'-\-  0.0000032  cos  5^' 

^^  is  obtained  from  its  equation,  put  in  the  form 

A'[_^  cos  i' .  u'-A^  sin/'  -  B^  cos /'I 


J/J'  =  =  sec. 


It  is  found  that 


A  =  -f  23.8966T  —  0.21464X2 
B  =  +  33.4890T  -f  0.16184!* 

Since /■  =  /'  —  900  6'  46". 2  2  we  have,  as  far  as  these  terms  are  concerned,  joining  to 
them  the  terms  of  the  third  order,  obtained  in  Chapter  XXV, 

//  //  // 

cos  i'  sin  b'  =      [     33.4419T  +  0.16226T*  —  0.000858T3]  sin  I' 

+  [—  23.9625!  +  0.21432T''  +  o.ooo64iT=]  cos  I' 
The  remaining  portion  of  sin  /?„',  due  to  the  motion  of  the  ecliptic,  is 


sin  Po'  =     [46.7526T  —  0.05662T2  —  o.ooo5o6T=]  sin  I' 
+  [  5.2524T  +  0.19509T*  —  o.ooo24oT^]  cos  I' 

For  the  same  reason,  as  in  the  case  of  Jupiter,  we  do  not  add  these  two  portions. 
The  following  expression  is  obtained  for  ^/3'  -. 


ATg=i'g'+ig 

J/S' 

ATg=i'g'+ig 

J/J' 

sin. 

COS. 

sin. 

COS. 

i'       i 

0       0 

(/               // 

—0.  3294 — 0.  OI09T 

i' 
3- 

//             II 
—0.  7177-I-0.  0002T 

—0.  0636 — 0. 0018T 

2       0 

-~o.  0604—0.  001 2T 

— 0.  1948 — 0.00I5T 

4- 

-|-o.  0309 — 0.  oooiT 

—0. 0483 -|-o.  0002T 

3       0 

— 0.  0002 — 0.  0003T 

— o.oi86-)-o.  oooiT 

5- 

-|-o.  0245 -)-o.  0002T 

— 0. 0288-I-0.  oooiT 

4       0 

+0.  0034 

+0. 0043 

6— 

-(-0.  oon 

— 0.0004 

S      0 

-)-o.  0020 

— 0.  001 1 

— 2 — 

2 

4-0. 0002 

— 0.0012 

—3—  I 

— 0.  0023 

—0.0013 

— I— 

2 

-(-0. 0004—0. 0002T 

-1-0. 0024—0.  oooiT 

—2 —  I 

-f-0.  0029 

-(-0.0015 

0— 

2 

—0. 0019—0. 0002T 

-|-o.  0630—0. 0003T 

—  I—  I 

-|-o.  0206-I-0. 001 3T 

-fo.  0161 — 0.  ooisT 

I  — 

2 

-f  0.  2524-1-0. 0OI4T 

+0. 0533—0. 002ST 

0—  I 

— 0.  7897-1-0. 0207T 

-|-i.  6202-I-0. 0131T 

2 — 

2 

-1-0.0851     0.  ooooT 

—0. 0729-I-0.  oooST 

I—  I 

—0.  7224 — 0.  OI32T 

— 0. 4281-I-0. 0040T 

3— 

2 

— 0. 1903 — 0. 0052T 

— 0. 1002— 0. 0016T 

2—  I 

— 2.0366-I-0. 03I6T 

— 2. 0693 — 0. 0364T 

4— 

2 

-)-i.  0807 -|-o.  0061 T 

—8.  6028-I-0. 0I43T 
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^/3' 

ATg=i'g"+ig' 

/)/3' 

Aiz=i'g'+ig 

sin. 

COS. 

sic. 

COS. 

i'      i 
5-  2 

— o.  1334+0.  0048T 

+0. 3444—0. 0028T 

i'       i 

1+  2 

— 0.  000 1 

— 0.  0005 

6—    2 

-fo.  2366— 0.  0001 T 

+0- 0733— o- 0075T 

1+   1 

— 0.  0038 

— 0.  0202 

7—   2 

-(-0.  oioi — 0.  0003T 

+0. 0033 — 0. 0008T 

I       0 

—0.  0657 

-0. 0557 

8—    2 

+0.  0004—0.  0005T 

+0.  oooi+o.  0009T 

I—  I 

+0.  0381 

+0.0078 

—  '—  3 
o—  3 

+0.  0007 
— 0.  0010 

~o.  0001 
+0.  0023 

I—  2 

I—  3 

+0.  0183 
+0.  001 1 

— o-  0334 
—0.0015 

I—  3 

+0. 0008—0.  0003T 

+0.  0072—0.  0002T 

2+   I 

—0.  0028 

+0.0008 

2—  3 

+0.  0003 — 0.  0002T 

+0.0868    o.ooooT 

2       0 

— 0.  0384 

+0.0196 

3~  3 

+0.  0247 — 0.  0002T 

+0.  0329+0.  oooiT 

2—   I 

+0.0615 

— C. lOIO 

4—  3 

— 0.0728+0.  oooiT 

— 0.  0259    0.  ooooT 

2 —  2 

+0.0044 

—0.  0330 

5—  3 

— 0.  1 1 69    0.  ooooT 

+0.  0080 — 0.  0003T 

2-  3 

+0. 0085 

+0.0003 

6-  3 

7-  3 

8-  3 

9-  3 

— 0.  0877 — 0.  oooiT 
+0.  0245     0.  ooooT 
—0.  0007     0.  ooooT 
— 0.  0005 

+0. 0395     0.  ooooT 
— 0.0418    O.ooooT 
—0.  0017+0.  oooiT 
— 0.  0005 

3+  ' 
3      0 
3-  t 
3-  2 

+0.0008 
+0. 0114 
—0.  0368 
+0.  6067 

—0.0018 
— 0. 0328 
—0. 0326 

+u.  2214 

2—    4 

— 0.  0021 

+0.0018 

3-  3 

+0.0378 

+0.  01 16 

3—  4 

—0.0318     0.  ooooT 

+0.0071+0.  0002T 

3—  4 

+0.  0014 

+0.  0029 

4—  4 

5—  4 

6—  4 

7—  4 

8—  4 

— 0.0129+0.  oooiT 
—0.  ooio+o.  oooiT 
— 0.  0051 — 0.  oooiT 
— 0.0071— 0.000 1 T 
— 0.  0020 — 0.  0001 T 

+0.0132+0.  oooiT 
— 0.0142     O.ooooT 
— 0.  01 17+0.  0001 T 
— 0.  0084 — 0. 000 1 T 
+0.  0003 — 0.  0002T 

4—   I 
4—  2 
4—  3 
4—  4 

— 0.  0043 
+0. 0264 
+0.0050 
+0.0007 

—0.  0023 
— 0.  0051 
— 0.  0242 
— 0.0004 

9-  4 

10—  4 

11—  4 

— u.  0825—0.  0004T 
+0.  0086    0.  ooooT 
+0.0001 — 0.  oooiT 

+0.  0272 — 0.  001  iT 
—0.  0030+0.  oooiT 
— 0. 0019+0.  oooiT 

5—   I 
5-  2 
5-  3 

— 0.  OOII 

+0. 0027 

— U.0097 

+0.0003 
— 0.  0014 
— 0.  0207 

3-  5 

— 0.0013 

— u.  0002 

!     '"' 

+0.  0046 

— 0.  0016 

4-  5 

5-  5 

6-  5 

7-  5 

8-  5 

-0.  0057 
—0.0073 
+0.  0035 
+0.0021 
+0.  0013 

— 0. 0121 
— 0, 0049 
— u.  0007 
— 0. 0020 
— u.  0020 

6-  2 
6-  3 
6-  4 
6-5 

— 0.  0007 
+0,0113 
+0. 0032 
+0.0005 

— 0. 0009 
+0.0071 
—0.0016 
+0.  0013 

9-  5 

+0.0001 

— 0.  0034 

7—  3 

+0.0006 

0.0000 

10-  5 

—0.0009 

— 0.  0021 

7—  4 

+0.0005 

—0.0015 

II-  5 

— 0.  0016 

— 0.0013 

7—  5 

+0.0007 

+0.0007 

4-  6 

—0.0004 

— 0.0006 

7-  6 

— 0.0005 

+0.0002 

5-  6 

+0.  0043 

—0.0033 

6—  6 

+0.  0015 

— 0.0038 

7-  6 

+0.  0006 

+0,  0012 

8-  6 

+0.0008 

+0.0003 

9-  6 

+0.0007 

+0.0001 

10 —  6 

+0.0012 

—0.0002 

6-  7 

^0.  0019 

+0.001S 

7—  7 

-^0.  0019 

+0.0003 
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At  intervals  of  500  years  have  been  computed  the  following  quantities : 
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Date. 

Zaiuio'  +  rZ—Se 
siu^  i' 

.  — Btan^ 

I' 

Bo'  —  a'  —  Tj' 

// 

// 

0      '          // 

0        '          " 

850 

—9.  2472 

+8.  8607 

2    31     47-88 

117     30       7.86 

»3So 

-4-  SS77 

+4-  3939 

2    30    45-37 

114    56      2.  II 

1850 

0.0000 

0.  0000 

2    29    40.  19 

112      20      49.05 

2350 

+4.4200 

— 4-3"3 

2    28    32.51 

109    44     23. 86 

2850 

+8.6959 

-8.  5306 

2    27    22.41 

107       6     42. 41 

Thence  the  reduction  to  the  ecliptic  and  mean  equinox  is 

A' —  Z' =  +  97-774  sin  (2^'+ 315  18    22)  +  0.023      8111(4^+27037) 

+  f     5025.8141        +1.7921        8m(2?'+    54  33-2     )  + 0.0008    sin  (4/'+      7      )]T 

+  (  1. 10629      +  °-oi737      sin(2Z'+i48  11        )  + 0.00002  sin  (4Z' +    90      )]T* 

+  [  0-000179    +  0-000115    sin  (2Z' +  239  38       )]T^ 

+  [—       0.0000488  +  0.0000005  sin  {2I'  +  338  )]T* 

—  0.00000023T' 

We  have,  then,  h  =  5o".258i4i,  and  for  6R'  the  sum  of  the  inequalities  of  the  reduction 

I    ds' 
rfE'  =     r—  -s'^,  -  tan  i'  cos  (I'  -  bV  +  a') .  J/J' 

+  [i".792i  sin  {2I'  +  54°  33'.2)  +  o".ooo8  sin  (^1°  +  7°)]T 

+  [i".io629    +  o".oi737    sin  {2I'  +  148°  11')  +  o".oooo2  sin  {4I'  +  9oo)]T' 

+  [o".oooi79  +  o".oooii5  sin  (2I'  +  239°  38')]!' 

By  the  method  of  computing  special  values,  when  (JR'  is  limited  to  the  three 
latter  lines  of  the  expression  above,  we  get 


"^sw  -    r 


—  0.0123 

+  0.1737      sin    n'e'  +  0,2462  cos    n'z' 

—  1.0271      sin  2n'z'  —  1.4547  cos  2n'z' 

—  0.0575      sin  311'^'  —  0.0815  ^os  3n'«' 

—  0.0035      sin  4n'2'  —  0.0048  cos  4n'2']T 


+  1  +  1.11323 

—  0.00256  sin  n'z'  —  0.12278  cos  n'z' 
+  0.01543  sin  2n'z'  —  0.01008  cos  2n'z' 

+  0.00082  sin  3m'«'  —  0.00052  cos  sn'z']Y' 

+  [  0.000179 

—  0.000006  sin  n'z"  —  0.000038  cos  n'z' 
+  0.000056  sin  2n'z'  +  0.000102  cos  2n'z' 

0.000000  sin  3n'«r'  +  0.000005  cos  3n'2:']T' 
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In  this  expression  for  w'/  ought  to  be  substituted  g'  +  v^8z' .  For  «'(5/  it  will  be  suf- 
ficient to  take  its  more  important  terms,  and  its  square  can  be  neglected.  When  this 
is  done,  and  we  also  obtain  the  terms  which  arise  from  the  first  line  of  the  value  of  (JR', 
we  have  the  following  complete  expression  for  J{n'Sz'): 


Arg-i's'+tff 

A{n 

Sz') 

sin. 

COS. 

i'      i 

//               // 

n                            n 

(/                 //                    /' 

o      o 

— 0.0123T+1.  I  i325T'+o.  000147T' 

I        o 

+o.  1739T — 0.  oo499T« — 0. 000006T' 

+0.  2461T—   .I2232T»—   .OOO064T3 

2         O 

— 1.0372T+ 

.  OI597T2 —  .ooooiiT' 

— I.4S47T—  .oi2i7T'+  .oooi46T' 

3      o 

+0.  0003 —  .  0575T — 

.  00005  T»      •  oooo23T^ 

+0.0043—  .0815T+  .ooi5iT^—  .000006T' 

4      o 

-(-0.  0002 —  .  0035T — 

.  00007T' 

+0.0004—  .0048T+  .00017T' 

5      0 

— 0.  0001 

— 0.  0001 

— 2—    I 

— 0.  0003 

— 0.0005 

-I—    I 

+0.  0295—  .  0004T 

— 0.  0262 —  .  0009T 

O —    I 

+0.  0142+  .  0024T — 

.00003T' 

+0.  0220 —  .  0029T—  .  00002T« 

I —    I 

-1-0.0235—  -oooST-l- 

.ooooiT^ 

+0.0175+     oooiT—  .00013T' 

2 —    I 

-|-o.  0229+  .  0004T 

+0.  0005 —  .  0002T 

3—  1 

-1-0.0541—  .0007T 

.oooooT^ 

+0.0255+  .0012T+  .00013T' 

4—  I 

-f  0.  0144-I-  .  0020T — 

.oooo3T> 

0.0044+  .003 1 T+  .00002T* 

5—  > 

— 0.  ooo:-|-  .0002T 

+0.0012+  .0002T 

6—  I 

— 0.  0003 

+0.  0009 

—  I —    2 

-\-o.  0005 

— 0.0013 

O —    2 

— 0.  0047 

— 0.0029 

I—    2 

—0.0017+  .0004T 

—0.0003+  •0003T 

2—    2 

— 0.  0030-I-  .  0063T+ 

.00004T' 

+0.  0043+  .  0043T —  .  oooo5T» 

3—  2 

—0.0949-1-  .0266T+ 

.oooasT" 

+0.  1671+  .0059T—  .00024T' 

4-  2 

-|-o.  0154—  .  0020T+ 

.oooSiT^ 

— 0. 0444 —  .  0002T—  .  ooo32T> 

5-  2 

-|-o.  0432 —  .  001 6T — 

.00020T* 

+0.1792—  .0002T —  .00002T' 

6—    2 

4-0. 0010 —  .0041T — 

.00082T' 

— 0.0079+  .0009T+  .00031T* 

7—  2 

— 0.0054 —  .0136T — 

.00022T« 

+0.0005+  .0216T—  .oooi5T« 

8-    2 

— 0.0002 —  .ooiiT 

0.0000+  .0018T 

o—  3 

-(-0.  0001 

— 0.  0001 

'-  3 

-|-o.  0007 

— 0,0017 

2—  3 

— 0.0003 

— u.  0006 

3-  3 

-I-0.0007 

— 0.0005 

4—  3 

+0.0014 

4-0.  0002 

5—  3 

+0.  0033 

— 0.0002 

^  3 

+0.  001 1 

— 0.  0004 

7—  3 

+0.0016 

— 0.0017 

8-3 

— 0.0002 

+0.  0010 

2—  4 

+0.0007 

+0.0002 

3—  4 

+0.0003 

— 0.0002 

4—  4 

+0.0003 

0.0000 

5-  4 

+0.0002 

— 0.0003 
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^{n 

dl') 

Alg=i'g'+ig 

sin.. 

COS. 

i'       i 

'/              //                 //                    // 

■     - 

//                         II 

6-4 

+0.  OOOI 

+0.0006 

7—  4 

-fO.  0002 

+0.0002 

8-4 

-I-0.002I 

+0.0003 

9—  4 

— 0.0006 

+0.0001 

10 —  4 

+0.0015 

— 0.  0OI2 

II—  4 

— 0.0002 

+0.0002 

3-  S 

0.0000 

+0.0002 

4—  S 

-|-o.  0001 

+0.0001 

5—  S 

+0.0002 

+0.0002 

6-S 

+0.0001 

+0.0001 

The  reduction  which  must  be  applied  to  the  common  logarithm  of  ^,  on  account 

of  this  change  in  the  fundamental  argument,  is  determined  in  a  similar  way,  and  is  (in 
units  of  the  seventh  decimal) : 


<i(comJog  rO^^S,,) 

Aig=i'g'+ig 

COS. 

sin. 

i'       i 

0      0 

—0. 05T+0.  ooiT'+o.  ooo8T> 

I       0 

+0.  60T— 0.  oogV    0.  ooooT" 

— 0.  85T— I.3IIT5— O.O002T> 

2      0 

+0. 13T— 0. 002T2+0.  ooo8T> 

—0. 19T— 0. 037X^+0.  ooo5T= 

3       0 

—0.  S9T+0.  oogT"    0.  ooooT" 

+0.  84T+0. 004T2— 0.  oooiTs 

4      0 

— 0.08T 

+0.  12T 

1 —  1 

o.oooT' 

+o.ooiT» 

3—  ' 

0.  oooTs 

+0.001X2 

2 —  2 

+0.1 

+0.1 

3-  2 

+0. 002T» 

o-oooT* 

4—  2 

—0. 1             +0. 008T2 

0. 0              +0. 003T' 

5-  2 

+0.  0O2Ti 

o.oooT^ 

6—  2 

0. 0              +0.  oo8T2 

—0.  1                +0. 003T5 
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The  correction  to  the  latitude  on  the  same  account  can  be  divided  into  two  por- 
tions; the  first,  which  is  periodic  and  dependent  on  the  position  of  Jupiter,  can  be  added 
to  ^/?' ;  the  second,  which  is  a  function  of  I',  can  be  applied  to  sin  13^.  The  first  por- 
tion is 


k.Tg=i'g'-\-ig 

^(^/J') 

Arg=i's'+i? 

J(J/J') 

sin. 

COB. 

sin. 

COS. 

i'       i 
2   o 

o.  oooo 

— 0.  OOOI 

i'  i 
5-  I 

—0,0003 

+0.  0002 

4   o 

o.  oooo 

— 0.  OOOI 

I —  2 

+0. 0002 

0.  oooo 

-2-  I 

— o.oooS 

+0.0003 

■i —  2 

+0. 0033 

— 0.  0026 

—  I —  I 

— O.  OOOI 

— 0.0005 

3-  2 

— 0. 0006 

+0.0007 

O—  I 

—0.  oooS 

+0.0001 

4—  2 

+0.  OOII 

— 0. 0082 

I—  I 

— o.  ooio 

— 0.  0005 

S-  2 

0.  OOOO 

+0.  0012 

2 —  1 

—0.0015 

— 0. OOII 

6—  2 

—0. 0023 

—0.  0032 

3—  I 

— 0.  0008 

+0.  0002 

7-  2 

+0.  OOOI 

+0.  0002 

4—  I 

— 0.  0013 

— 0.  OOOI 

8-  2 

+0.0001 

0.0000 

The  portion  to  be  added  to  the  expression  for  sin  /?o'  is 

J(8m  /?o')  =     [     0.0380T  —  0.04441T2  —  0.000107T']  sin  V 
+  [—  0.0088T  +  0.01870T*  -  0.000428T5]  cos  V 
+  [—  0.0208T  —  0.00035T2]  sin  3^' 
+  [     0.0330T  —  0.00023T*]  cos  3?' 


CHAPTER  XXVIII. 

PRELIMINARY  COMPARISON  OF  THE  PRECEDING  THEORY  WITH  OBSERVATION  AND  DERIVATION 
OF  APPROXIMATE  CORRECTIONS  FOR  THE  ELEMENTS  EMPLOYED  IN  THE  CALCULATION  OF  THE 
PERTURBATIONS. 

If  the  elements  of  the  orbits  of  Jupiter  and  Saturn  which  have  been  employed  in 
the  preceding  investigation  were  sufficiently  approximate  the  expressions  arrived  at 
would  need  no  further  modification,  except  for  possible  changes  in  the  values  of  the 
planetary  masses.  But  as  this  is  almost  certainly  not  the  case,  we  proceed  to  obtain 
approximate  corrections  for  the  provisionally  adopted  elements  by  a  comparison  of 
the  preceding  theory  with  observation.  As  the  adopted  planes  of  the  orbits  represent 
quite  closely  the  observed  latitudes  of  the  planets,  we  need  seek  only  the  corrections 
of  the  four  elements  which  give  the  position  in  orbit.  Consequently  comparison  has 
been  made  only  with  normals  in  heliocentric  longitude  formed  about  the  time  of 
opposition.  The  thorough  investigation  of  the  values  of  the  attracting  masses  must  be 
deferred  until  the  whole  series  of  the  observations,  properly  reduced,  is  taken  in  hand. 
The  number  of  normals  used  here  is  very  small  on  account  of  the  great  labor  of  making 
comparisons  without  the  assistance  of  tables.  There  are  only  as  many  as  are  absolutely 
necessary  for  our  purpose. 

In  forming  the  normals,  Greenwich  observations,  taken  precisely  as  they  stand  in 
the  pubHshed  volumes,  without  the  application  of  any  corrections,  have  been  exclu- 
sively employed.  Before  1830  the  data  have  been  derived  from  the  Reduction  of  the 
Greenwich  Observations  of  the  Planets  from  1750  to  1830.  After  1830  tlie  tabular 
longitude  is  from  the  English  Nautical  Almanac.  Equal  weights  .have  been  assigned 
to  all  the  observations,  and  afterwards,  in  the  discussion,  all  the  normals  have  received 
equal  weight. 

We  take  up  Saturn  first,  as  the  discussion  of  the  observations  of  this  planet  will 
give  us  some  information  as  to  the  mass  of  Uranus,  which  will  be  of  service  afterwards 
in  treating  Jupiter. 

The  normals  constructed  are  as  follows: 


Greenwich  M.  T. 


1753,  June  24.  o 
1757,  Aug.  ii.o 
i76i,0ct.  2.5 
1811,  June  15.0 


No.  of 
observa- 
tions. 


Tabular  longitude. 


5 

272  54  10.  69 

7 

318  47  10.89 

7 

8  7  S8.  71 

S 

263  22  22. 66 

Correction. 


-18.36 
—17.82 
+  0.30 
—  6.31 


Observed  heliocentric 
longitude. 


272  53  52-  33 

318  46  53.07 

8    7  59.01 

263  22  16.  35 

537 


538 


A  NEW  THEORY  OF  JUPITER  AND  SATURN. 


Greenwich  M.  T. 

No.  of 
observa- 
tions. 

Tabular  longitude. 

Correction. 

Observed  heliocentric 
longitude. 

1822,  Oct.    30.0 

6 

0      /        *' 
36  40  22.  56 

+13.86 

0      /        " 
36  40  36. 42 

1837,  May     4.0 

10 

223   50   29.  u 

—  I 

74 

223  50  27.  26 

1844,  July  26.0 

II 

303  57  52-  I 

+  " 

99 

303  58     4- 09 

1851,  Oct.    24.0 

12 

30  49  43-  9 

+  10 

48 

30  49  54. 38 

1858,  Jan.    15.0 

13 

114  54  24- 4 

—  9 

29 

114  54  15.11 

1866,  Apr.  29.  0 

12 

219     I     5.2 

—  4 

gi 

219     I     o-  39 

1874,  Ang.    3.0 

12 

3>o  57  53-6 

+  8 

17 

31058     1.77 

1882,  Nov.  15.0 

9 

52  42     8.  9 

—  7 

35 

5242     1.55 

The  values  of  t  in  Julian  years,  and  counted  from  the  epoch  1 850.0,  and  of  the  mean 
anomalies  of  Jupiter,  Saturn,  Uranus,  and  Neptune,  for  the  dates  of  these  normals,  are: 


t 

9 

9' 

9" 

9'" 

0 

1        II 

0      / 

0      /     '/ 

0 

—96.51747 

98 

47  21-  27 

185     9  38 

35 

166  35  56 

80.94 

—92. 38604 

224 

10  25.  64 

235  39    4 

49 

184  18     6 

89 

96 

—88.  24230 

349 

55  56.09 

286  17  32 

68 

202     3  26 

99 

02 

— 38.  54620 

58 

9  40-  65 

173  38     6 

'3 

55    0    6 

207 

59 

—27.  17044 

43 

24  18.  10 

312  39  35 

40 

103  44  46 

232 

44 

—  12.65982 

123 

47  I7-28 

129  59  45 

30 

■65  55  23 

264 

14 

—  5.43190 

343 

8  55-59 

218  19  45 

70 

196  53  39 

279 

93 

-t-  I.  81246 

203 

0  28.  66 

306  51  48 

83 

227  56    9 

295 

76 

8.  04107 

32 

2  25.  20 

22  59    3 

27 

254  37  30 

309 

37 

16.  32580 

283 

28  26.  97 

124  13  59 

18 

290    7  28 

327 

47 

24. 58864 

174 

14  35-72 

225  12  51 

46 

325  3"  48 

345 

52 

+32.87338 

65 

40  37-49 

326  27  47 

38 

I     I  47 

3 

62 

By  substituting  these  values  in  the  several  portions  of  the  formula  obtained  for 
n'5/  in  the  preceding  chapters,  we  get  the  following  quantities: 


Perturbat 

one  of  »V  by 

— 

Jupiter. 

Uranus. 

Jupiter  X 
Uranus. 

Neptune. 

n'z' 

/ 

—33  27.  245 

—56.  249 

+29.860 

—0.  730 

0                " 
184  35  43-99 

0      '        " 
184    6  52.44 

—36  26.311 

— 42.  067 

+28.  493 

+  1.189 

235     2  25.79 

229  59    9-  61 

—43  59-803 

-  7-428 

+26.439 

+2.278 

285  33  54- >  7 

279  16  16,34 

—34  54-  392 

—45-  461 

+25-5'7 

—0.218 

173     2  51.58 

173  46  28. 19 

—43  10.712 

—42. 490 

+20.  603 

—3.  207 

3JI  55  59-59 

306  55  35-95 

—52  49-437 

—  2. 190 

+22.  848 

+2.479 

129    7  19.00 

'33  53  19-05 

—40  24.  661 

-41-397 

+20.  990 

+0.  556 

217  39     I. 19 

213  56    8.67 

— 46  12.  502 

—  10.  227 

+  17.502 

—0.288 

306    5  43.32 

300  41  23.  28 

-53  55-680 

+  27.624 

+  17-479 

-3. 087 

22    5  49.61 

24  40  47-  77 

—43  37-  >8i 

—  6.  234 

+  19.561 

+o-  346 

123  30  35.67 

128  39  33.20 

—22  31.183 

—20.  115 

+  17.024 

+o-  954 

224  50  18.  14 

220  31  40.13 

—33  15-246 

+  17.727 

+  13.680 

+0.618 

325  55    4-  16 

322    5  59.24 
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The  «'<S/  must  be  understood  as  the  i/^8z'  before  the  modification  of  the  preceding 
chapter  is  applied.  In  order  to  have  the  heliocentric  longitude  referred  to  the  actual 
equinox  of  date  it  is  necessary  to  add  to/:  first,  n\  precession,  nutation,  and  the  sec- 
ular part  of  the  reduction  to  the  ecliptic,  and,  second,  the  periodic  part  of  the  last 
Thus  we  have  the  following  quantities: 


jr'  +  precession  + 
nutation. 

Periodic  re- 
daction. 

Calculated  longitude. 

O         r           n 

88  46    6.  19 

+0  59-31 

0      '        '/ 
272  53  57-  94 

88  49  12.  36 

—I  19.83 

318  47    2.  14 

88  52  38.04 

—0  44-  3° 

8    8  10.08 

89  34  26.  32 

+  1  22.38 

263  22  16.  89 

89  44  12.09 

+0  47.  62 

36  40  35.  66 

89  56    0.  1 1 

+  1     6.96 

223    50   26.  12 

90    2  30.  79 

—0  38.  74 

303    58      0.  72 

90    7  59.83 

-fo  28.48 

30   49    51.59 

90  13  34.  10 

—0    8. 48 

"4  54  13- 39 

90  20  28.  85 

+0  53.  28 

219    0  55.33 

90  27  14.  62 

-0  58.  57 

310  57  56.  18 

90  34  30.  67 

-fi  24.68 

52  41  54-  59 

The  equations  of  condition  under  three  different  suppositions  are 

Supp.  I.  Supp.  II. 


Supp.  III. 


0.896.^^1 

'  —  0.8644(1 

ooAn')  —  o.i4o//e'  +  i.SS^e'/ln 



5.61 

— 

7-36 

-    7-73 

0-934 

—  0.8626 

-  I-S09 

+  1.184 

=  — 

9-07 

— 

10.01 

—  10.18 

1.023 

—  0.9026 

-  1.989 

—  0.410 

=  — 

11.07 

— 

9-63 

-    9-44 

0.896 

-  0-3453 

+  0.211 

+  1-857 

=  — 

0.54 

— 

1.86 

—    1.89 

i-°73 

-  0.2917 

—  1-631 

—  1-312 

=  + 

0.76 

— 

0.98 

—    0.66 

0.928 

-0.117s 

-1-  1.418 

+  1. 281 

=  + 

1.14 

+ 

2.56 

+    2.98 

0.913 

—  0.0496 

—  1.094 

+  1-544 

=  + 

3-37 

+ 

1-99 

+    2.18 

1.063 

+  0.0193 

-  1-750 

-  1-125 

=  + 

2-79 

+ 

3-36 

+    3-96 

I. no 

+  0.0892 

+  0.8S9 

-  1-957 

=  + 

1.72 

+ 

5-43 

+    6.46 

0.936 

+  0.1S28 

+  I-S39 

+  1. 149 

=  + 

S-o6 

+ 

5-98 

+    6.47 

0.921 

+  0.2265 

—  1.276 

+  I-4II 

=  + 

5-59 

+ 

S-38 

+    S-14 

1.09s 

+  0.3602 

—  1.260 

-  1-705 

=  + 

6.96 

4- 

9-5' 

+    9-48 

Supposition  I  is  obtained  by  subtracting  the  calculated  from  the  observed  longitudes. 
The  remaining  suppositions  will  be  explained  shortly.  The  normal  equations  resulting 
from  these  equations  are 

Supp.  I.  Supp.  II.       Supp.  III. 

//  n  II 

I i.65s^L'- 2.414(100  Jn')-    6.836^6'+    3.3Soe'Jar' =  +    2.05  or  +    6.2501+    8.82 
—  2.414        -f  2.739  +    3-043       -    3-064  =  +  27-08  or  +  30.32  or  +  30.59 

-6.836        +3-043  +21-554       +    3-830  =+ 21.55  or  +  27.09  or  +  27,82 

+  3.350        -  3-064  +    3-830       +  25-555  =  -  16.70  or  -  33.61  or  -  36.63 
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The  solution  of  these  equations  gives 

I.  n.  in. 

H  It  tt 

AU  =  +  2.688      or  +  3.688     or  +  4.049 
/in'  =  +  0.13188  or  +  0.13630  or  +  0.13662 
Je'  =  —  0.134     or  +  0.520     or  +  0.694 
e'An'  =  +  0.701      or  —  o.ioo      or  —  0.272 

The  residuals  (observation-calculation),  severally,  in  the  three  Buppositions  are 

I.  II.  111. 

ir  If  II 

1753,  June  24.0  +  2.05  -|-  1.36  -f  i.of 

1757,  Aug.  II. o  — 1.23  — 0.79  — 0,81 

1761,  Oct.     2.5  —  1.89  —  o.ii  -|-  0.02 

1811,  June  15.0  +  0.33  —  0.38  —  0.44 

1822,  Oct.    30.0  +  2.42  —  0.24  —  0.26 

1837,  May     4.0  —  0.52  -f-  °'i2  +  0.2c 

1844,  July  26.0  +  0.33  +  o.oi  +  0.34 

1851,  Oct.    24.0  +  0.23  —  0.03  +  0.31 

1858,  Jan.   15.0  —  0.95  —  0.52  —  0.38 

1866,  Apr.  29.0  —  0.06  —  0.23  —  0.17 

1874,  Aug.    3.0  —  1.04  —  0.31  —  0.41 

1882,  Nov.  15.0  +  0.28  +  1.02  -|-  0.53 

The  residuals  of  Supposition  I  are  not  altogether  satisfactory,  and,  on  comparing 
them  with  the  portions  of  the  perturbations  which  are  proportional  to  the  mass  of 
Uranus,  it  is  suggested  that  a  better  agreement  would  be  obtained  by  diminishing  this 
mass.     Hence,  I  concluded  to  put  the  value  at  — y-—,  which  is  about  the  average  of 

all  the  results  which  have  been  obtained  from  the  observations  of  the  satellites  at  the 
Washington  Observatory.  This  has  given  rise  to  the  numbers  of  the  column  headed 
Supposition  II.  It  will  be  seen  that  the  residuals  of  (II)  are  fairly  satisfactory,  and  it 
does  not  seem  worth  while,  in  this  preliminary  investigation,  to  inquire  whether  we 
should  do  better  with  another  value  of  the  mass  of  Uranus. 

The  pertubations  being  now  corrected  for  the  changes  in  the  elements  shown  by 
(II),  and  for  the  similar  ones  to  be  given  hereafter  for  Jupiter,  the  resulting  numbers 
appear  under  Supposition  III,  to  which  we  hold  as  being  the  best  which  can  be  done 
at  present.     The  residuals  of  (III)  are  to  some  extent  better  than  those  of  (II). 
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Greenwich  M.  T. 

No.  of 
observa- 
tions. 

Tabular  longitude. 

Correction. 

Heliocentric  longitude 
from  observation. 

I7S7,  May    3-5 

7 

0 
223 

44 

II 

36.85 

+  6.59 

0        /          /' 
223    44    43.44 

1759,  July   9-  5 

8 

287 

33 

42.  20 

-fio.  70 

287     33     52-  90 

181 9,  Aug.    5-5 

12 

312 

16 

54-91 

+  6.78 

312     17       1.69 

1855,  Aug.  22.  0 

16 

327 

44 

57.70 

—  5.46 

327     44     52-  24 

1858,  Dec  16.  0 

9 

77 

II 

8.30 

+  5-87 

77     II     14-  17 

1861,  Feb.   16.0 

II 

142 

29 

48.  10 

+  8-31 

142     29    56.41 

1864,  May  16.0 

9 

232 

58 

30.70 

+  17-35 

232     58    48. 05 

1867,  Aug.  23. 0 

6 

332 

18 

32.80 

+  0-77 

332     18    33.57 

1870,  Dec.   19.0 

6 

81 

53 

54-70 

+  7-63 

81     54      2.33 

1874,  Mar.  18.0 

12 

176 

56 

16.60 

+  7-27 

176    56    23.87 

1877,  June  19  0 

II 

268 

41 

48.00 

+  15.26 

268    42      3. 26 

1878,  July  20. 0 

7 

301 

49 

21.  10 

—  0.17 

301    49    20.93 

18S0,  Oct.     70 

12 

14 

30 

48.  20 

+  0.18 

14    30    48. 38 

The  values  of  t  in  Julian  years,  counted  from  1850.0,  and  of  the  mean  anomalies 
of  Jupiter,  Saturn,  Uranus,  and  Neptune  for  the  dates  of  these  normals,  are: 


t 

g 

9' 

9" 

?'" 

0 

, 

II 

0 

// 

0 

/ 

„ 

0 

-92. 65847 

215 

54 

3383 

232 

19 

19.25 

183 

8 

4 

89-37 

-90. 47637 

2S2 

7 

58.96 

258 

59 

21.  65 

192 

29 

5 

94-  14 

— 30.  40520 

305 

14 

9-63 

273 

7 

38-17 

89 

53 

7 

225.37 

+  5-63997 

319 

10 

21. 25 

353 

38 

24.50 

244 

20 

II 

304.  12 

8. 95825 

59 

52 

44-57 

34 

II 

35-59 

258 

33 

18 

311-37 

II. 12936 

125 

46 

13-19 

60 

43 

36-17 

267 

51 

29 

316.  II 

14- 37372 

224 

14 

0.04 

100 

22 

34-98 

281 

45 

35 

323-  20 

17.64271 

323 

26 

39-05 

140 

19 

37-89 

295 

46 

2 

330. 34 

20.  96646 

64 

19 

0.  62 

180 

56 

49.90 

310 

0 

33 

337-61 

24.  21082 

162 

46 

47-47 

220 

35 

48-71 

323 

54 

40 

344- 69 

27.46612 

261 

34 

30.84 

260 

22 

49-35 

337 

51 

35 

351.81 

28. 55031 

294 

28 

45-59 

273 

37 

49.41 

342 

30 

20 

354- 17 

+30.  76796 

I 

46 

59-39 

300 

43 

57-72 

352 

0 

29 

359-02 
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By  substituting  these  values  in  the  several  portions  of  the  formula  obtained  for 
nSg  in  the  preceding  chapters,  multiplying  the  part  due  to  the  action  of  Uranus  by 
the  factor  — ^,  we  get  the  following  quantities: 


Perturbation  of  nz  bj 

— 

Saturn. 

Uranus. 

Saturn  x 
Uranua. 

Neptune. 

nz 

/ 

, 

/, 

// 

,, 

0 

, 

0 

, 

// 

+  i8 

36.  578 

— 0.  140 

—8.244 

—0.389 

216 

■3 

I 

63 

2J3 

6 

14-83 

14 

0.875 

-fo,  205 

8.205 

— 0.  104 

282 

21 

51 

73 

276 

54 

7-47 

12 

3'- 844 

—0.  164 

6.581 

—0.031 

305 

26 

34 

70 

300 

46 

53.00 

19 

50.  624 

-f  0.518 

5.380 

+0.  057 

3"9 

30 

7 

07 

3'5 

44 

32-43 

18 

3-3'6 

+0.  047 

4.846 

— 0.060 

60 

10 

43 

03 

65 

7 

0.23 

19 

59. 079 

— 0.  164 

5.  161 

—0.  184 

126 

6 

6 

76 

130 

24 

39-61 

19 

8.804 

+0.  052 

5.609 

+0.172 

224 

33 

3 

46 

220 

50 

7-14 

8 

15-384 

+  I-S95 

4-957 

— 0.029 

323 

34 

5' 

04 

320 

8 

1.98 

14 

13.009 

— 0.098 

4.496 

— 0.004 

64 

33 

9 

03 

69 

40 

12.63 

22 

54.  849 

-0-  '33 

5.074 

—0.091 

163 

9 

37 

02 

164 

40 

26.55 

13 

19-  36s 

—I.  185 

5.089 

+0.  239 

261 

47 

44 

17 

256 

22 

43-46 

9 

33.806 

-u.  584 

4.830 

+0.  148 

294 

38 

14 

«3 

289 

29 

23-34 

+  9 

27-323 

+  1.446 

—4.  256 

—0. 094 

I 

56 

23 

81 

2 

8 

20.  61 

Applying  to  /  the  longitude  of  the  perihelion,  precession,  nutation,  and  the  re- 
duction to  the  ecliptic,  we  have  the  calculated  longitude  as  follows: 


7t  +  precession  + 
nutation. 

Periodic  re- 
duction. 

Calculated  longitude. 

0       '           " 

^ 

0 

, 

// 

10     38     20.02 

+  25.85 

223 

45 

0.  70 

10     40       5.98 

—  8.92 

287 

34 

4.53 

II     30     38.14 

— 25.01 

3>2 

>7 

6.13 

12       0     43.61 

—26.78 

327 

44 

49.26 

12       3     47.02 

4-18.66 

77 

II 

5-91 

12       5     45.97 

— 26.  96 

142 

29 

58.62 

12       8     23.83 

+26.  97 

232 

58 

57-94 

12      10     52.55 

-25.  89 

332 

18 

28.64 

12      13     26.08 

+  15.28 

81 

53 

53-99 

12       16       16.18 

—  II. 17 

176 

56 

31-56 

12        19        17,07 

+  9.68 

268 

42 

10.  21 

12      20       17.64 

—  «9-'3 

301 

49 

21.85 

12       22       12.45 

+  4-92 

14 

30 

37-98 
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The  equations  of  condition  under  three  diflferent  suppositions  are 

Supp.  I.     Supp.  II.    Supp.  III. 
o.g24./]h  —  0.8562(100  Jm) 


I.0I5 

0.9184 

1.054 

0.3204 

1.074 

+ 

0.0606 

1.045 

0.0936 

0.942 

0.1048 

0.932 

°-i339 

1.079 

0.1904 

1.038 

0.2175 

0.912 

0.2208 

0.981 

0.2694 

i.o.?6 

C.2958 

1. 103 

+ 

0-3392 

-  1*073^ 

«+  i-57S«^ 

J;r=  - 

17.26 

— 

22.97 

— 

17.26 

-  1.996 

-0.315 

=  — 

11.63 

— 

16.34 

— 

11.61 

-  1-744 

-  1. 113 

=  — 

4.44 

— 

8.81 

— 

4.5° 

—  1.422 

-  I-S37 

=  + 

2.98 

— 

4.12 

+ 

2.96 

+  1-837 

—  0.926 

=  + 

8.26 

+ 

1.98 

+ 

8.13 

+  1.502 

+  1.209 

=  — 

2.21 

— 

8.47 

— 

2.39 

-  1.286 

+  1.419 

=  — 

9.89 

— 

15.82 

— 

9-99 

-  1.309 

—  1.641 

=  + 

4-93 

+ 

1.98 

+ 

4-93 

4-  1.896 

-0.776 

=  + 

8.34 

+ 

3.44 

+ 

8.24 

+  0.517 

+  1.818 

:=  — 

7.69 

— 

14.65 

— 

7.84 

-  1-936 

+  0.397 

=  — 

6.95 

— 

11.29 

— 

6.98 

-  1-905 

-  0.747 

=  — 

0.92 

— 

4.20 

— 

0.90 

+  0.077 

-2.125 

=  + 

10.40 

+ 

0.94 

+ 

10.42 

The  normal  equations  resulting  from  these  equations  are 

Supp.  I.     Supp.  II.    Snpp.  III. 

//  //  // 

13.318Z/L  —  o.o97(ioo.^n.)  —    7.oo8Je —    ^.S^SeAjr  =:  —    21.2501—    87.5901—    21.94 

—  0.097        +  2.128  +    2.599       —    1.481         =  +    28.73  or  +    30.40  or  +    28.63 

—  7.008       +2.599  +30.443      +    3.462         =+    91.19  or  +  116.47  or  +    90.69 

—  3.836       —  1. 481  -|-    3.462      +  22.344        =  —  100.19  or  —   98.05  or  —  100.59 


Their  solution  gives 


I.  n.  III. 


^h  =  —  1.540      or  —  6.923      or  —  1.615 
zJn  =  +  0.07024  or  +  0.07491  or  +  0.06989 
/je  =  +  2.574      or  +  2.210     or  +  2.546 
cJtt  =  —  4.683      or  —  5.424      or  —  4.711 

The  residuals  (observation-calculation),  severally  in  the  three  suppositions,  are 

I.  II.  III. 


1757.  May  3.5 

+  0.30 

+  0.75 

+  0.35 

1759,  July  9.5 

+  005 

+  0.27 

+  0.05 

1819,  Aug.  5.5 

—  1.29 

- 1.31 

-1.36 

185s,  Aug.  22.0 

+  0.66 

-  2.33 

+  0.65 

1858,  Dec.  16.0 

+  0.15 

-0.58 

+  0.12 

1861,  Feb.  16.0 

+  0.31 

+  0.51 

+  0.28 

1864,  May  16.0 

+  0.55 

+  0.16 

+  0.53 

1867,  Aug.  23.0 

+  0.93 

+  2.01 

+  0-94 

1870,  Dec.  19.0 

—  O.IO 

+  0.58 

—  0.10 

1874,  Mar.  18.0 

-0.66 

—  1.26 

—  0.67 

1877,  June  19.0 

-0.49 

—  0.08 

—  0.48 

1878,  July  20.0 

0.00 

+  0.92 

+  0-05 

1880,  Oct.  7.0 

—  0.44 

+  0-33 

-0-39 
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Supposition  I  corresponds  to  Bessel's  value  — ~-^  of  the  mass  of  Saturn,  while  (II) 
results  from  using  the  value  — ^ ,  recently  derived  by  Prof.  A.  Hall  from  observa- 
tions of  Japetus.  The  residuals  of  (II)  are  generally  larger  than  those  of  (I),  and,  in 
consequence,  I  shall  hold  to  Bessel's  value,  although  it  is  possible  that  when  the  ob- 
servations are  more  properly  reduced  a  better  showing  may  result  for  the  larger  mass. 
In  fine,  Supposition  III  results  from  (I)  by  applying  to  the  perturbations  the  corrections 
due  to  the  adopted  changes  in  the  elements.* 

*  It  will  be  noticed  that  some  of  the  numbers  given  in  this  chapter  differ  slightly  from  those  stated  in  the  Astr. 

i 
Nachr. ,  Nos.  2705-2706.     This  is  because  at  the  time  of  the  publication  of  the  latter  the  term  —  B  tan  - ,  in  the  reduction 

of  orbit  to  ecliptic  longitude  (in  formula  on  page  523),  had  not  been  noticed.  Hansen  determines  his  nSz  in  snch  a  way 
that  it  contains  no  term  rigorously  proportional  to  the  time.  This  differs  from  the  course  followed  by  those  who  employ 
other  methods  of  perturbation.  They  make  the  orbit  longitude,  as  measured  along  a  fixed  ecliptic  until  the  node  is 
reached  and  then  on  the  plane  of  the  orbit,  to  have  no  perturbations  proportional  to  t.     But  Hanskn  regards  tie  term 

2  si  n^  -  37  as  belonging  to  the  reduction  to  the  ecliptic. 


CHAPTER  XXIX. 

RECTIFICATION  OF  THE  FORMULA  FOR  THE  PERTURBATIONS  ON  ACCOUNT  OF  THE  CORRECTIONS 

OF  THE  ELEMENTS  JUST  DETERMINED. 

Hansen  has  treated  this  matter,*  but  the  expressions  he  derives  are  suitable  to 
the  employment  of  the  eccentric  anomaly  as  independent  variable.  As  the  modifica- 
tions, to  be  made  in  order  to  render  them  applicable  when  the  mean  anomaly  or  the 
time  is  employed  as  independent  variable,  are  not  readily  perceived,  we  will,  as  briefly 
as  possible,  develop  them  here. 

We  shall  suppose  that  the  elements  which  define  the  positions  of  the  planes  of  the 
two  orbits  are  known  at  the  outset  with  sufficient  exactitude  to  insure  the  desired  degree 
of  accuracy  in  the  expressions  of  the  perturbations  so  far  as  it  depends  on  them.  We 
can  also  suppose  that  the  terms  of  two  dimensions,  with  respect  to  disturbing  forces, 
require  no  sensible  correction  on  account  of  changes  made  in  the  elements;  and  we 
may  assume  that  the  same  is  true  for  u  and  m'.  Hence,  we  shall  limit  our  attention 
to  determining  the  effects  produced  in  the  first-order  terms  of  nSz,  v,  n'dz',  and  v'. 

Consequently,  we  can  assume 

n6z=f\JTnSt\ndt 


—  i/(^^^)- 


The  augmentation  of  the  elements  being  denoted  by  ^a,  ^a',  de,  ^e',  Jn^  and  ^n' ,  we 
have 


T  = 2-  COS  (f  —  03)  —  I  ■{ — — b — fcos  (/—  cl))  —  il     ^ — h  — - —  -  sin  (/—  <i>)r-5— 

COS  (p\_  r        ^*'         '  a  cos^  9?  "^       ^■'         '        'jdv      cos  q)r        '■•'         '  dr 

T  may  be  regarded,  then,  as  a  function  of  a,  %  p,  r,  f,  go,  /',  r',  ir,  and  tt'  ;  or,  what 
is  the  same  thing,  as  a  function  of  a,  q>,  p,  r,  r',  /+  tt,  go+tt,  and  /  -f  tt'.  And  it  is 
evident  that,  instead  of  taking  the  partial  derivatives  of  T  with  respect  to  /+  tt,  go-^-tt, 


"Aaseinandersetznng,  Abth.  Ill,  ss.  272-297. 
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and/'+  jt',  we  may  take  them  with  respect  to  g,  y,  and  g',  provided  that  -dg,  Jy,  and 
jdg'  are  determined  by  the  equations 


de 

dg  dg 


^5-  =  — ^e    +-Tf^^ 


aoa  aa> 

dy  dy 

dg'       a^ 

and  that  we  conceive  r,  p,  and  /  to  be  augmented  by  rJv,  p^/?,  and  r'/iv',  such  that 

Aa       cos  f  +  e  ,  e  sin  f  , 

Av  = — 2 Ae An 

a  COS"'  q)  cos  9) 

z/a       cos  /;  +  e  ,  e  sin  77  , 

AB=-      5 zJe An 

'^       a  cos*  9)  cos  (p 

,  ,      Ja'      cos  f '  +  e'     ,      e*  sin  4'      , 
w  cos*  9>'  cos  9>' 

Then,  we  have 

,^      dT  ,     ,   dT  dT  ,      ,      dT  ,   ,   ,     dT  Aa  ,  dT  ,      ,  dT  ,      ,      <fLV  ^ 

The  coefficients  of  the  first  four  terms  have  already  been  used  for  the  computation 
of  the  second-order  terms.     Also 

a  J-  =  T 3 —  [cos  (f—  00)  —  1 1  ^j— 

da  cos^  cp'-       ^  '         '  dv 

—  _      a      do. 
cos  (p  dv 

In  computing  the  second-order  terms  we  have  derived  the  value  of 

^  2a    p  do,         2a     p  dn 

X  = cos  if  —  00)  .  -5 — sin  (f  —  a>)  .  r-j- 

cos  cp  r        ^  '     dv       cos  cj  r        ^•'  '       dr 


whence 


dT 

«3^  =  T  -  2(T  -t-  X  4-  T)  =  T  -  C 


where  C  has  also  been  employed  in  treating  the  second-order  terms.     In  the  next  place 

dT  e  e 

5^  =  c-5^[T-^.(T-^X-^T)l  =  33^[T4.C] 
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Consequently,  aa 

log  h  =  const. log  a  —  log  cos  (p 

and  thence 

Ah _  ^i  /la         e 
h  2  a       cos  ep   '^ 

we  shall  have 

^I  =  A.,  +  W  +  BZ>.  +  O^.  +  C(f  -  i  f )  +  T(f  +  ^)  +  Pr  +  (T  +  T)J, 

The  computation  of  the  first  five  terms  of  this  formula  is  then  quite  similar  to 
that  of  the  second-order  terms,  and  we  may  put 

h  =  A/]g  +  ¥/lg'  +  BAv  +  GJ V  +  c(^  -  \  ^) 

Integrating,  we  derive 


A  '  rrfd-  fhndt\   ,   /dm„\  /dWo\d  .  Ag  ,   f  Aa      _e_.\  fd'W„\ 

But  from  formulae  to  be  given  shortly  it  will  be  seen  that 

d  .  Aq        Aa  .  e      ^ 

— = — -  =  2 2Av 5 — Ae 

dg  a  cos?  (p 

Hence 
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The  expressions  for  Jg  and  ^y  are 

^»=    ^^[(■'r-''r)-»+iw'--'"')«i-<'+i(''::'-f>«3.+.  ■  •] 

^.- = ^  -  ..f^^ [;« + (Jf-  jf)  CO, , + |(j;- -  Ji")  COS ., + i(j;:-  jr>o. ,,+.  .  .] 


a      cos-'  (^ 
cos  cp 


[(jr+Jr')8in,  +  ^(Jl''+Jl'')sin2,  +  i(j)r+Jr')8ia3^  +  .     .    .] 


We  have  yet  to  ascertain  the  corrections  due  to  the  change  of  the  integrating 
factors.     T  being  a  function  composed  of  such  terms  as 

T  =  A  sin  (ny  +  i'g'  +  t<7)  +  B  cos  {xy  +  i'g'  +  ig) 

we  have 

B 


Wo  = ~, cos  [xy  +  i'g'  +  ig)  +  -^^7 sin  (h^  +  »'i7'  +  W) 


Whence 

JW„  = 

But 


i'A  t'B  ~1    to' 

-;r-^^^ -2  COS  (uy  +  t'p'  +  tg)  -  -r-^7 ^^  sm  (k>/  +  t'p'  +  ig)    A- 

_V«+V  C^'to  +  V  J 


Pt^     -  a  .  B 

y  Wond«  =      -^—7 ^  sin  ( xy  +  »'</'  +  ig)  -  -r—j ^  cos  (xy  +  i'g'  +  ig) 

0'«^  +  0  O'n+0 


whence 


and 


_^,^^w^.  to: 

ap'  TO 


;r_-  d .  ( fWondt)    n'  /■  rdW„      \    to' 


In  like  manner 


-  K^^O = K/ w'^'^0^? 


Thus,  we  have,  for  getting  the  coiTections  of  the  perturbations  due  to  a  change  in  the 
integrating  factors,  the  very  simple  formulae 
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On  account  of  the  smallness  of  the  eccentricities  of  the  major  planets  it  often 
happens  that  the  corrections  An  and  An'  are  quite  large,  while  the  effects  of  these  cor- 
rections on  the  positions  of  the  planets,  being  more  properly  represented  by  the  products 
eAn  and  ^ An\  are  quite  small.  Tn  these  cases  it  may  be  reasonably  feared,  since  Ag 
and  Ay  contain  the  term 

cos  cp 

and  Agl  the  term 

1  + V 

■^^^'^' 

that  it  will  not  be  sufficiently  approximate  to  consider  the  corrections  of  the  perturba- 
tions as  equivalent  to  linear  functions  of  Ag^  Av,  Ag\  Av\  etc.,  the  terms  involving  the 
squares  of  Ag  and  Ag'  and  their  products  with  Av^  Av\  etc.,  becoming  sensible  on 
account  of  the  largeness  of  An  and  An' . 

A  little  consideration,  however,  shows  that  this  difficulty  may  be  readily  sur- 
mounted.    Let  us  suppose  that  putting,  for  the  sake  of  brevity, 

I  +  3e»  I  +  ^e* 

E  = —  E'  = '^-j 

cos  cp  cos  qr 

we  substitute  for  Ag,  Ay,  and  A^  the  expressions 

Ag  =  BAtt  +  A{g) 
Ay  =  EzJn-  -I-  A{y) 
Ag'  =  WAti'  +  A{g') 

so  that 

-(»)=  5^[(T-f)""»+iO"'-^"')»'-»+K-'i--'r)-«+-  ■  •] 


2eA7t 
cos 


with  a  similar  expression  for  A(g').  Now,  when  g,  y,  and  g'  are  augmented  by  their 
increments  Ag,  Ay,  and  Ag',  the  variation  of  the  arguments  due  to  the  terms  'EAn  and 
E'An'  may  be  retained  within  the  functional  signs  sin  and  cos,  and  the  corrections  of 
the  perturbations  exhibited  as  a  linear  function  of  A(g),  A{g'),  etc.  Thus  the  general 
argument  xy  +  i'g'  +  ig  becomes 

xy  +  i'g'  +  i^f  +  (K  +  t)BJn-  +  i'WAn' 

The  presence  of  the  two  terms  ending  this  expression  evidently  has  no  influence  on  the 
coefficient  when  integrations  are  performed,  or  when  we  go  through  the  operation  of 
putting  y  ■=.  g.     Hence  the  following  precept : 
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In  the  preceding  formulae,  for  obtaining  the  corrections  of  the  perturbations  arising 
from  changes  in  the  elements,  we  may  everywhere  substitute  ^{g)  and  ^(/)  for  Jg 
and  ^g' ,  provided  that  at  the  end,  when  the  expressions  for  the  perturbations  have  been 
reduced  to  series  of  terms  of  the  form 

_    Icjc  sin  / .,  ,      .  \ 

^"*     CO80'i''  +  »^+«j 

we  replace  x  by 

K  +  iEAn  +  VWAti' 

or,  which  applies  to  any  form  the  perturbations  may  be  in,  we  everywhere  replace  g 
by  5f  +  Y^Jn,  and  ^  by  /  +  E'z/t'. 

In  applying  these  formulae  to  Jupiter  and  Saturn  it  was  assumed  that 

Je  =  +  2.566  /id  =  +  0.527 

e^n  =  —  4.550  e'/Jji'  =  —  0.093 

Zn  =  +  0.06958  Jn'  =  +  0.12853 

From  these  numbers  we  derive 

log  —  =      3.6280W  log  -^  =      4-2895n 

log  2/1-  =  4.2648  log  2  J-,  =  5.054811 

/Ja  ,     ezie    \  ,      /^a'  ,     e'Ae'  \ 

1«&  (,-ar  +  55?^  j  =       3-2479  ^«^V-S^  +  E5i>>J=       4.2563« 

~E.An  =  -  i'34".7S  W An'  =  -  i".67 

^{9)  =  2  l5-°955]  sin  5  +  2  [5.3440]  cos  g 
+  2  [3-1766]  sin  25  +  2  [3.4251]  cos  2fir 
+  2  [1-5587]  sin  2,9  +  2  [1-8073]  cos  ig 

jy)  =  2  [4.4073]  sin  <;'+  2  [3.6553]  cos  g' 
+  2  [2.5535]  sin  2fif'+  2  [1.8016]  cos  2fli' 
+  2  [1.0007]  sin  3fl''+  2  [0.2489]  cos  3^' 

Av=—     [3.8606] 

—  2  [4-7945]  cos   ^  +  2  [5.0430]  sin   ^ 

—  2  [3.1766]  cos  25^  +  2  [3.4251]  sin  2g 

—  2  [1-7348]  cos  35^  +  2  [1-9834]  sin  3fl( 

^V  =  -     [4-3052] 

—  2  [4-1063]  cos    g'-\-  2  [3.3543]  sin    ^ 

—  2  [2.5535]  cos  25'+  2  [1.8016]  sin  25/ 

—  2  [1.1768]  cos  35^'+  2  [0.4250J  sin  ig' 
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Application  to  Jupiter. 
The  value  of  L  is  found  to  be: 
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L 

1 

Axg=Hy+i'g'+ig 

Aig==xy+i'g'+ig 

Bin. 

COS. 

sin. 

COS. 

X 

i'      j 
0—  1 

" 

-f  0. 0000208 

K 
—  I 

i'         » 

4—  I 

+0.  OOOI 

+0.  0009 

0—  2 

— 0. 000013 

0 

4—  2 

— 0.  00014 

—  0.  00120 

—I 

0      0 

— 0.0003461 

+0. 0006866 

—  I 

4—  2 

—0. 0026 

— 0.0006 

—  1 

1+  I 

-fo.  0004 

— 0.0003 

0 

4—  3 

+0.002 

0.000 

0 

I       0 

— 0. 0005 

+0.0004 

—  I 

5—  I 

+0.0001 1 1 

+0.000177 

I —  I 

—0.0002 

+0.  OOOI 

0 

5-  2 

— 0.  0001230 

— 0.  0002187 

—I 

I       0 

0.0000 

+0.0001 

I 

5-  3 

+0. 000074 

+0. 000049 

—  I 

5-  2 

—0. 001 195 

+0.  000201 

— I 

2      0 

+0. 00201 

+0.  00I6I 

0 

5-  3 

+0.0008 

— 0.0002 

0 

2 —  I 
2-  2 

— 0.00317 
-f-o.  OOII 

— 0.00244 
+0.0008 

—  I 

5—  3 

0.000 

— 0. 001 

— I 

2 —  1 

— 0.0004 

+0.0002 

—  I 

6—  2 

— O.OOOI 

+0.0001 

0 

6-3 

+0.0002 

— O.OOOI 

—I 

3      0 

-|-o.  0007 

0.0000 

—  1 

6-3 

— 0.0003 

— 0.000s 

0 

3—  I 
3—  2 
3—  I 

— 0.00086 
-(-0.  0002 
— 0.0018 

— 0.  00008 
0.0000 

+0.  0029 

0 
—  I 

7-  3 
7-  3 

+0.00001 
— 0.0002 

—0.00006 

— O.OOOI 

0 

3-  2 

+0.0017 

— 0. 0036 

0 

10 —  4 

+0.  OOOOOIO 

— 0. 0000020 

The  remainder  of  the  necessary  operations  being  performed,  we  obtain : 


A{nSz) 

A 

V 

Arg=t'p'+ij 

sin. 

COS. 

COS. 

sin. 

t'      i 
0      0 

" 

II 

— 0.  ooooo52n/ 

" 

0-  I 

— 0.  ooo6872«/ 

— 0.  ooo3428«/' 

— 0.  0003436K/ 

+0.  oooi7i4«/ 

0 —  2 

— 0.  OOOOI77K/ 

0.  OOOOO20W/ 

— o.ooooiTjnt 

+0.  0000020W/ 

°—  3 

— 0.  oooooo6«/ 

0.  OOOOOOOB^ 

—0.  oooooo9«/ 

0. ooooooo«/ 

I      0 

—0.0008 

+0.0008 

+0.  0002 

+0.0002 

I —  I 

0.0000 

+0.0003 

0.  0000 

— 0.0002 

2—  1 

+O.OS4S 

+0. 0406 

+0. 0073 

— 0.0059 

2 —  2 

+0. 0023 

— 0.  OOII 

+0.0008 

+0.0004 

2-  3 

+0.0005 

— 0.0009 

+0.0006 

+0. 0019 

3—  « 

+0. 0082 

+0.0010 

— 0.  0014 

— 0.0005 

3—  2 

— 0. 0130 

+0.0221 

— 0.0051 

—0.0081 

3-  3 

+0.0006 

+0.001 1 
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Aig=i's'+>p 

^(nSz) 

Jy 

sin. 

COS. 

COS. 

sin. 

i'        i 

4—  2 

4—  3 

5-  2 
5-  3 

5—  4 

6-3 

6—  4 

7—  3 
7—  4 

lo—  4 

+0.0015 
+0. 0038 

+0.  1207 
— 0.0926 
—0.0015 

— 0.0009 
+0.0006 

—0.0005 
+0.0009 

— 0.0067 

+0.0092 
+0. 001 1 

+0.0903 
+0.0155 

+0. 0010 

+0.0007 
-)-o.  0006 

+0.0017 
-l-o.  0004 

+0. 0082 

0.0000 
+0. 0024 

— 0.  0042 

— u.  0458 
— 0.0014 

— 0.0002 
-1-0.0004 

// 
— 0.0015 
— 0.0006 

+0.  0067 
— 0.0076 
—0.0014 

— 0.0002 
—0.0003 

Application  to  Saturn. 


The  value  of  L'  is: 


L' 

L 

ATg=Hy'+i'g'+ig 

Aig=-xy'+i'g'+ig 

sin. 

COS. 

ain. 

COS. 

— I       I       0 

— 0.0036 

— 0.000416 

K       i'       i 

-I       3-  2 

+0.003 

— 0.001 

I       0      0 

-1-0.  002797 

— 0.  001912 

—I       4—  2 

+0.017 

— 0.027 

— 120 

— 0.020 

+0.01502 

0       3—  2 

— O.OIX 

+0.021 

0       I       0 

+0.01 1 5 

— O.OIOI 

-I       5-  2 

+0.00055 

— 0.01219 

020 

+0.002 

— 0.004 

0      4—  2 

+0.0009 

+0.0098 

—  I  I—  I 
0      0 —  I 

—I  2—  I 
0       I—  I 

0.000 
+0.004 
+0.  oon 
— 0.  005 

— 0.007 
+0.008 
— 0.0027 

+0.003 

—I       6—2 

0  5—2 

1  4—  2 
I       5-  2 

—0.00137 

+0.00 1 245 1 
— 0.00029 
— 0.00006 

— 0.00130 
+0. 0022934 
— 0.00016 
+0.00001 

I       0—   I 

+0.005 

+0.001 

-I       5-  3 

+0.008 

+0.002 

-I       3-  I 

— 0. 0243 

— 0,0210 

04-3 

— 0.  013 

— 0.002 

0      2—  I 

+0.0195 

+0.0144 

-I       6-3 

+0. 010 

—0.003 

I       I—  I 

—0.0013 

— 0.0014 

0      5-3 

— 0.009 

+0.003 

—I       4—  I 

— 0.  OIOI 

— 0.0015 

-«      7—  3 

+0.0021 

— 0.0022 

0      3-  I 

+0. 0084 

+0.001 1 

0      6 —  3 

— 0. 001 

+0.001 

1       2—  I 

— 0.0007 

+0.0003 

-I       8-3 

+0.0001 

—0.0006 

—I       2—  2 

+0. 0026 

+0.0008 

0      7-3 

— 0. 0001 

+0.0006 

0       I —  2 

-0.093 

— 0.030 

—  I     10 —  4 

+0.00012 

— 0.00007 

I       0 —  2 

+0.09 

+0.02 

0     10—  4 

—0.000015 

+0. 000025 

CORRECTION  OF  THE  PERTURBATIONS  FOR  CHANGES  IN  THE  ELEMENTS. 

The  remainder  of  the  necessary  operations  being  performed,  we  obtain: 
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Sz') 

Jv' 

Aig=i'g'+ig 

Bin. 

COB. 

COS. 

sin. 

%'      i 

// 

// 

„ 

// 

0        0 

+0.0006 

+0. 000027»V 

I         0 

+0. 0029 

+0. 0028 

— o.ooi886»V 

— o.oo275s«V 

+0.  ooo942«V 

— o.ooi377»7 

2        O 

— 0.0005 

+0.0010 

— 0.  oooo3o»V 

— 0.  oooo46«V 

+0.  oooo3o«V 

— 0.  oooo46«V 

3      o 

— o.oooooibV 

— 0.  O00OO2«7 

+0.  OOOOOI«7 

— 0.  0O00O2»'/ 

0 —    I 

—0.0004 

+0.0012 

0.  oono 

— 0.0004 

I—  I 

— 0. 0027 

+0.0015 

— 0.0008 

— 0.0019 

2 —    I 

—0. 1877 

—0. 1455 

—0. 0523 

+0. 0397 

3-  ' 

—0.0221 

— 0.0017 

+0.0083 

— 0.0004 

I—   2 

—0. 0010 

+0.0003 

+0.0013 

—0.0003 

2—  2 

— 0.0007 

+0.0007 

— 0.0003 

—0.0003 

3-  2 

—0.0061 

+0. 0020 

— 0.0046 

— 0.  0020 

4—  2 

-1-0.0178 

— 0. 4020 

+0.0094 

+0.  1967 

5-  2 

-0.  2931 

—0. 2678 

+0. 0075 

+0.  0108 

6-   2 

-fo.  0017 

—0.0003 

— 0.0009 

— 0.0002 

4—  3 

+0.0003 

0.0000 

—0.0006 

0.0000 

S-  3 

— 0.0012 

+0.0004 

— 0.0012 

— 0.0004 

6-3 

— 0.0028 

+0. 0029 

— 0.0016 

— 0.0017 

7—  3 

-|-o.  0009 

—0.0053 

+0.0002 

+0.  001 1 

9-  4 

-|-o.  0019 

— 0.0012 

+0. 0010 

+0.0005 

10 —  4 

+0.0159 

—0.0187 

In  addition  to  the  corrections  here  stated  it  must  be  understood  that  in  all  the 
arguments  g  is  to  be  replaced  by  ^  +  EJtt,  and  g'  by  g'  +  'E.'Jtt'. 


CHAPTER  XXX. 


ADDITION  OF  THE  SEVERAL  PORTIONS  OF  THE  EXPRESSIONS  FOR  THE  CO-ORDINATES  OF  JUPITER 
AND  SATURN  AND  REDUCTION  OF  THEM  TO  THEIR  FINAL  FORM. 

In  this  final  chapter  we  snail  be  engaged  in  putting  the  expressions  we  have 
arrived  at  in  a  final  form.  In  the  first  place,  it  is  determined  to  change  the  values  of 
the  masses  of  four  of  the  major  planets  so  that  they  stand  as  follows : 

Mercury,  Earth, 


7500000  '       327000 

Venus,       — 1 —  Uranus,  — ;: — 

408134  22640 

The  remaining  four  still  retaining  the  values  of  their  masses,  which  were  stated  in 
Chapter  I.  Consequently  to  the  terms  of  the  perturbations  of  Jupiter,  which  have  its 
own  mean  anomaly  as  argument,  ought  to  be  added  the  following  corrections : 

//  // 

A{nSz)  =  +  o.oooi6o9Mt  sin  (—    g)  +  o.ooi545om<  cos  (—    g) 
+  o.oooooignt  sin  ( —  2g)  +  o.ooooi86»i<  cos  (—  2g) 
o.ooooooont  sin  ( —  ^g)  +  o  oooooo4n<  cos  (—  3^) 

/]y  =  -j-  0.0020 

+  0.00000 1 9n< 

—  0.0007  cos  (—    g)  —  o.oooi  sin  (—  g) 

-\-  o.oooo8o4n(  cos  (—    g)  —  o.ooo-jyz^nt  sin  (—    g) 

+  o.oooooignt  cos  { —  2g)  —  o.ooooi86Mt  sin  { —  ig) 

+  o.ooooooim<  cos  (—  29)  —  o.oooooo7mt  sin  (—  ^9) 


Vcos  tj 


—  0.000005111^ 
+  o.oooi4i4M<  sin  (—   g)  +  o.oooo702n<  cos  ( —   g) 
+  o.ooooo34n<  sin  (—  2g)  +  o.oooooi7M<  cos  (—  2g) 
+  0.000000 imt  sin  (—  29)  +  o.ooooooi»<  cos  (—  3^) 


In  addition  the  small  terms  dependent  on  the  elongations  of  Jupiter,  severally  from 
Venus  and  the  Earth,  ought  to  be  modified  to  suit  the  new  values  of  the  masses  of  the 
latter  planets;  also  the  remaining  periodic  terms  due  to  the  action  of  Uranus  ought  to 

be  multiplied  by  the  factor  ^^^    • 
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For  the  same  reason  the  terms  of  the  perturbations  of  Saturn,  having  its  own 
anomaly  as  argument,  ought  to  receive  the  additions 

"  // 

A{v/dz')  =  —  o.oo6i57m'<  sin   g'  +  0.01127611'*  cos   g' 
+  0.0002  sin  2g'  +  0.0001  cos  ig' 

—  o.oooo86w't  sin  251'  +  0.000  i58m'<  cos  ig' 

—  o.ooooo2n'<  sin  3<;'  +  o.ooooo4n'<  cos  33^' 

Av'  =  +  0.0192 

+  o.oooo86w'< 

—  0.0058  cos  g'  +  0.0024  sin  9' 
+  0.00307871'*  cos    g'  +  o.oos638m'<  sin   g' 

—  0.0002  cos  2g'  +  0.000 1  sin  2g' 
+  o.oooo86re'*  cos  2g'  +  0.00015871'*  sin  2g' 
+  0.00000471'*  cos  j,g'  +  0.00000771'*  sin  jjg' 


\cos  %'  J 


+  0.0008 

+  0.00002671'* 

—  0.00238271'*  sin    g'  —  0.00311071'*  cos    g' 
+  0.0002  sin  2g'      0.0000  cos  2g' 

—  0.00006771'*  sin  2g'  —  0.00008771'*  cos  2g' 

—  0.00000371'*  sin  2)9'  —  0.00000471'*  cos  3p' 

In  addition  the  small  terms  dependent  on  the  elongations  of  Saturn,  severally  from 
Venus  and  the  Earth,  ought  to  be  modified  to  suit  the  new  values  of  the  masses  of  the 
latter  planets ;  also  the  remaining  periodic  terms  due  to  the  action  of  Uranus  ought  to 

be  multiplied  by  the  factor  ^^^    • 

Hansen's  co-ordinate  v  is  not  that  which  it  is  convenient  to  tabulate.    We  adopt 
log  ( I  -|-  v)  in  its  place.     Consequently,  neglecting  all  higher  powers  of  v  than  the 

second,  we  add  to  v  the  quantity —-j^-  The  expressions  for  this,  severally  in  the 
cases  of  Jupiter  and  Saturn,  follow : 


- 

\- 

Arg=i'9'-l-i3 

COS. 

Bin. 

i'      i 

//             //                   " 

//            //                  // 

0      0 

—0.  O249+.  OOOOOI«/— .  OOOOOIIO«2/2 

0 —  I 

— 0. 0071 — .  ooooo7«/'— .  ooooooiokV* 

—0. 0047+.  ooooo8«/+.  ooooooo5«''/» 

0 —  2 

+.  ooooooognV^ 

-\-.ooooo\\%rff> 

0—  3 

-|-.ooooooo5«V 

1+  I 

+0.  0004-f-.  OOO0O2«/ 

+0.  OOO5+.  O00OO2«^ 

I      0 

+0.  0090+ .  000050W/ 

4-0.  0037 — .  000029«/ 

I—  I 

+0.  002I+.  000005»^ 

— 0. 0030 — .  ooooo6»^ 

I—  2 

— 0. 0007 — .  oooo36«/ 

+0. 0003—.  oooo48«/ 

I—  3 

— .  O0O002«< 

— .oooooin^ 
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Arg=i's'+ij 


2+  I 

2  O 
2 —  I 
2 —  2 

2—   3 

2—  4 

3  o 

3-  ' 
3-  2 
3-  3 

3—  4 

4—  I 
4—  2 
4—  3 
4—  4 

4-  5 

5—  « 
5-  2 
5-  3 
5—  4 

5-  S 

6—  2 
6-3 
6-4 

6-  5 

7-  3 
7—  4 

7—  5 

8-3 
8-4 
8-5 

8—  6 

9—  4 
9—  5 
9-6 

lo—  4 
10-  5 
lo —  6 


2 


.oooooo«? 
-f-0.  0017+.  ocKX)28n/ 

— O.  00794- .  000090M/ — .  00O00O02»V 

+0. 001 1+.  oooo38«/ 

-\-.0002Zint 
+  .000012B/ 

+0. 0009 — .  00000I»/ 

+0.  OI97+.  OOOOl6»/+.  0O000O02««/' 

-|-o.  0029-f-.  ooooiSw/ 

— o. 0035 — .  oooo8o«/ 

— .  ooooo-jnt 

-f-o.  ooo6-|-.  ooooo7«/ 
+0. 0004-)-.  ooooi7«/ 
— o.  0023 — .  ooooo6«/ 
— o.  00954--  ooooo6«/ 
— .ooooo(mt 

— . oooozdnt 
4-0. 0002 —  .ooon6«/4--  ooooooo9«V 
4-0. 00064-.  oooooi«/ 
4-0. 0025 — .  oooi3on/ — .  ooooooo5«V 
— o.  0025 — .  ooooiow/ 

o. 0000  .  oooooont 

— O.  OOOI4--  000002«^ 
4-0.  0013 — .  000002»/ 
— o.  0015 — .  OOOOOIW/ 

4-0. 0005  4--  ooooo3«/ 
4-0. 0056 
4-0.0195 

O.  00004- .  0OO0O2II/ 

— o.  0013 

—0.003s 
4-0.0010 

— o.  0001 

o.  0000 

4-0.0015 

u.  0000-f .  000003W/ 
— O.  OOII 

— 0.0070 


4-.000002B/ 

4-0. 00364- .  oooo38«/ 

4-0. 0094  4-.  000237»/4-.  oooooooi«»/« 

4-0.  0013 — .  000020«^ 

— . oooio3»/ 
— .  ooooo5«/ 

— o.  0029 — .  oooooSk^ 

— o.  0074 — .  00007I«^-|-.  oooooooibV 

4-0. 0004 — .  ooooo6k/ 

-fo.  0060 — .  ooooo8k/ 

— . 000025«/ 

4-0. 0004 — .  ooooo6»/ 
4-0. 00474-.  000007 «/ 

— O.  0031 — .  OOOOI2B/' 
— O.  0105 — .  000020«1' 

.  oooooo«/ 

-|-.  oooooi«/ 
4-0.  0002 — .  OOOI42B/ — .  ooooooo6«V 
4-0. 00194-.  ooooi5«/ 
4-0. 00954-.  000I20«/4-.  ooooooo5>«'/* 
4-0. 00204- .  ooooo4«/ 


4-0. 0001 — 

000002«^ 

— 0. 0003 — 

OOOOOI«/ 

— 0.0051 

0OO0OO«/ 

0. 0000 — 

000002«r 

— U.0003 

oooooow/ 

— 0.  OOII 

4-0.0105 

4-0.0005+ 

. oooooin/ 

—0.0003 

— 0.  0060 

— 0.0020 

0.0000 

— 0.0007 

— 0. 0010 

4-0. 0001 — 

.oooooint 

4-0.0015 

— 0. 0010 
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I 

2 

c" 

Axg=fs'+ig 

COS.     • 

Bin. 

i'      i 

//                11                            II 

,1              it                      II 

o      o 

— o.  2024-f .  oooo68«V— .  oooo4837«">^i' 

I       o 

+0.  0509—.  ooi4i7«V— .  ooooo468»'V3—  ^n'H^ 

+0. 0844+.  oo222S«'/+.  oooooi99«'V3-f  ^n'H^ 

2        O 

+0.  0144 — .  0002l6«V+.  OCXX52I  lOn'y^ —  230»'3<' 

+0.  0157+.  oooo52«V+.  oooo434i»'V2+  Ssn'V' 

3      o 

+0.  cx)23 — .  oooo36»7+.  oooooi  i6»'2/«—    zon'H' 

—0. 0038—.  ooooo2»'/+ .  ooooo238«'i'^»       on'V 

4      o 

—.  ocxxx)i«V+.  ooooooo6»'»/> 

.  000000»7+.  0O0OO0I3»'2/» 

I I 

—0. 0039 — .  oooi04«7 

—0. 0037+.  ooooeSK'/ 

O —    I 

— 0. 0074 — .  oo2537«'/4-.  oooooo30«'!'/» 

—0. 0040+.  ooio5S»V+.  oooooo6s«'2/!' 

I —  I 

— 0. 0274+.  ooo878«V-|-.  ooooooo2»'V 

-|-o.  0745+.  ooi653«V+.  oooooo54«''^/5 

2 —    I 

4-0. 0580+.  oo2o8s»V— .  oooooo3o»'s^» 

+0.  1051-!-.  OOI722»7+.0000005I»'2/'' 

3-  I 

-fo.  i4i5+.oou39«7+.oooooio7«'V2 

—0. 0577—.  ooi26o»V-(-.  oooooo3i«'V2 

4—  ' 

— 0. 0207 — .  oooii5»7 — .  ooooooi  m'^e^ 

— 0.  0065 — .  OOOo62«V— .  00000024»'2/2 

5-  I 

0. 0000 — .  ooooo7»'< 

0. 0000+.  ooooo7«V 

0—   2 

—0. 0014—.  O00029«V 

+0. 0009-f-.  oooo37«7 

1—    -^ 

—0. 0008+.  000072»V 

+0. 0028-I-.  000465KV 

2—   2 

+0.  O487+.  0001 25«V—.  00000020«"/» 

+0. 019S+.  ooo239«7+.  ooooooio«'*/2 

3-  2 

+0.  0137+.  oo4334«V-f .  ooooo205«'2<2 

— 0.  0439 — .  oo3474«V+.  ooooo390«"/' 

4—  2 

— 0.  0373—.  ooo4i5«7+.  oooooo3i«'V» 

— 0.  1328 — .  ooo207«V — .  oooooi39«'V3 

5—  2 

—0. 0013—.  oo4672«V+.  ooooo375«'2/* 

-fo.  0199 — .  oo2l69«V— .  ooooo624»'»/2 

6—   2 

-|-o.  0001+.  ooo289»V— .  oooooi64«'V 

— 0. 0009+.  ooo643»'/-f .  oooooo65«'=/= 

7-  2 

-f .  oomi3»'/— .  oooooo6o»'2/" 

+.  OOOOIOKV+.  ooooooos»'''<» 

•—  3 

.oooooo»7 

+.  ooooo3«V 

2—  3 

-f-.  oooios«V 

+.  ooooojn't 

3—  3 

+0. 0093+.  oooo67«7 

— o.oi3S+.oooo33«7 

4—  3 

— 0.  <x3i8— .  ooooi7»V 

— 0. 0094 — .  oooo6o»'/ 

5—  3 

— 0.  i48o+.oooo40«'/ 

— 0. 0109 — .  000220n'/ 

6—  3 

+0. 0247—.  oooi6o»7+.  ooooooo8»"/» 

+0. 1088+.  ooooo6«V+.  ooooooo6«'V 

7—  3 

+0. 0129+.  00005 1«7+.  ooooooo2n'V!' 

— 0. 0203+.  oooo28«V-f .  ooooooo7«'2/'' 

8-3 

—0.  0014     .  OOOOOOKV-f.  oooooooi«'«/« 

-f  0. 0005+.  00002S»V — .  00000005«'^<' 

2—  4 

-(-.  000002K7 

.oooooowV 

3—  4 

4-.OOOOIO«7 

— .  00003 1»7 

4—  4 

—0. 0034+.  oooois»7 

0. 0037 — .  ooooi7«7 

5—  4 

— 0.  0039—.  00002I»V 

— 0.  0009-f.  oooooinV 

6—  4 

—0. 0081 — .  oooo43»7 

-f  0. 0221 — .  ooooi6n7 

7 —  4 

—0. 0055 — .  oooo4i«V 

+0. 0100 — .  oooo37n7 

8—  4 

+0.  i3i5+.oooo44«V 

—0. 0346+.  000337KV 

9 —  4 

— 0. 0394+ .  00006 1  «7 

— 0.  0148 — .  OOOI22«V 

lo —  4 

+0. 0016+.  oooo47«V— .  ooooooo3»'V« 

+0. 0032 — .  000047KV— .  ooooooo4«"/« 

II—  4 

— .  ooooi7«'/ 

+.  oooooikV 

4—  5 

5-  S 

6 c 

— .  ooooio«V 

— .  ooooo5«7 

— .  ooooos«7 

— . ooooo7«V 

— . OOOOOI«V 

-f .  ooooo5«7 

7—  5 

+0. 0047—.  ooooo3»7 

+0. 00.26+.  ooooo6«V 

8—  S 

-f-o.  0020—.  ooooo3»7 

+0. 0034+.  oooooibV 

9—  5 

-|-o.  0002—.  oooooim'/ 

+0.0021     .0O0OOO«V 

10—  s 

+0.0008 

— 0.0012 

II —  S 

— 0.0017 

— 0. 0014 

12-  S 

-fo.  0002    .  oooooobV 

+0.  0005+.  000002»7 

7-6 
8—  6 

-)-.000002«'/ 

+  .OOOOOI»V 

-|-.  O0O0O2«  / 

+.  000002«7 

9-6 

.oooooowV 

+  .OOO0O2«7 
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If  we  apply  to  the  elements  of  Jupiter  and  Saturn,  given  in  Chapter  I,  the  cor- 
rections of  Supposition  III  in  Chapter  XXVIII,  we  obtain  the  following  system  of 
values : 

Epoch  1850,  Jan.  0.0,  Greenwich  M.  T. 

O  I  II  o  I  II 

!<=  159  56  24.98         L'=  14  49  38.09 
=  II  54  31-67  7r'=  90  6  41.37 

6=:      98    56    19.79  6'=   112    20    49.05 

»=      I   18  42.10  i'=      2  29  40.19 

6  =  0.04825511  e'=  0.05606025 

n  ^  io9256".62S52  n'  =  43996". 21506 

In  order  to  tabulate  the  radius  vector  of  a  planet  it  is  necessary  to  have  a  clear 
understanding  of  the  linear  unit  one  wishes  to  employ.  Let  us  suppose  that  it  is 
desired  that  the  semi-axis  major  of  the  Earth's  orbit  connected  with  its  sidereal  mean 
motion  by  the  well-known  equation  should  be  represented  by  unity.  Then  nio  denot- 
ing the  Earth's  mass  and  Wq  its  mean  motion  the  semi-axis  major  of  Jupiter  is  given 
by  the  equation 

_r  I  +  m  Wo'~li 
*~Li  -i-  «io  n^J 

and  that  of  Saturn  by  an  equation  entirely  similar.  For  m,  we  take  the  value  given 
at  the  beginning  of  this  chapter,  and  we  put 

«o=  i395977".4iSi6 

It  is  here  understood  that  n^  is  the  constant  of  the  Earth's  orbit,  which  is  exactly- 
analogous  to  the  constants  n  and  n',  severally  belonging  to  the  orbits  of  Jupiter  and 
Saturn.     This  gives 

log  a  =  0.7162374088  log  a'  =  0.9794956385 

In  the  expressions  for  the  co-ordinates  which  follow,  the  inequalities  of  the  funda- 
mental argument  and  of  the  latitude  are  given  the  form 

feo  sin  {x  +  K^)  +  feiT  sin  {x  +  Ki)  -|-  fe^T'  sin  (x  +  K,)  +  k^T'  sin  {x  +  K3) 
and  that  of  common  logarithm  f^=i  +  v\  the  form 

fc„  cos  (;t  +  Ko)  -I-  fciT  cos  (;t  +  Ki)  -I-  hT^  cos  (x  +  Kj)  -|-  fc,T'  cos  {x  +  K,) 

The  unit  of  T  is  a  century  of  Julian  years,  and  it  is  counted  from  1850.0.  K  is  so 
taken  that  k  may  be  positive,  except  in  the  absolute  terms,  where  K  is  supposed  to 
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vanish  and  k  receives  its  proper  sign.     The  k  belonging  to  the  common  log  (i  +  v)  are 
uniformily  expressed  in  units  of  the  seventh  decimal. 

The  values  of  the  constituents  of  the  arguments  occurring  in  the  formulae  are 

O  I  II  II 

g     =148    I  53.31  +    109256.62552^ 
g'    =  284  42  56.72  +     43996.21506* 
g"  =220  10  10.35+      IS42S-7S2* 
g"'  =  291  48    8.61  +        7864.935* 
9-2X=    84     I  +i997384.73« 

6  —  y  =  299  52         +  1186720.79* 

9  —  ^  =  229     8  +  2062645.15* 

5  —  ^  =    84  59  +  1251981.21* 


Inequalities  of  the  fundamental  argument  of  Jupiter. 

To  form  the  value  of  nSz  it  is  necessary  to  add  together  the  following  expres- 
sions : 

I.  The  first-order  terms  due  to  the  action  of  Saturn  (pages  103-105). 

II.  The  first-order  terms  due  to  the  action  of  Uranus ;   as  given  at  page  1 60 
they  must  be  multiplied  by  the  factor  -^ — . 

•1  r  J  22640 

III.  The  first-order  terms  due  to  the  action  of  Neptune  (page  191). 

IV.  The  small  terms  arising  from  the  action  of  the  four  interior  planets,  given 

at  pages  193-1 96.  Those  coming  from  Venus  and  Earth  must  be  modi- 
fied to  correspond  to  the  masses  adopted  at  the  beginning  of  this 
chapter. 

V.  The  second-order  terms  arising   from  the  mutual  action  of  Jupiter  and 
Saturn  (pages  290-292). 

VI.  The   third-order   terms  arising   from  the  mutual   action   of  Jupiter  and 
Saturn  (pages  404,  405) 

VII.  The   second-order   terms   arising  from   the  joint   action  of  Saturn   and 

Uranus;   as  given  at  page  479  they  must  be  multiplied  by  the  factor 

21000 
22640 

VIII.  The  terms  oi  J{ndz),  given  at  pages  528,  529. 
IX.  The  terms  oi  J{nds),  given  at  pages  55 1)  552. 
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In  passing  from  terms  multiplied  by  nt  to  those  multiplied  by  T  the  logarithm 
of  the  factor  to  be  employed  is  1.7240226,  and  in  deriving  the  K  we  remember  that 
EJtt  =  —  98".o82  and  WJtt'  =  —  4".883. 
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Inequalities  of  the  logarithm  of  the  radius-vector  of  Jupiter. 

To  form  the  expression  for  the  common  logarithm  f^=  i  +  vj  it  is  necessary  to 

add  the  nine  portions  coiTCspondent  to  those  of  nSs,  and,  in  addition,  the  terms  of 

V',  given  at  pages  555,  556.     The  logarithm  of  the  factor  for  passing  from  seconds 

of  arc  in  v  to  units  of  the  seventh  decimal  in  the  final  form  of  the  co-ordinate  is 
I-3233592- 
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Periodic  inequalities  of  the  latitude  of  Jupiter. 

We  have  only  to  change  the  expression  given  (pages  526,  527)  to  the  form  here 
adopted  and  to  take  account  of  the  corrections  to  the  angles  K  arising  from  Fj  Jtt  and 
E'Jtt'. 
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We  derive /from  nz'=g-\-n62  by  the  formula 


f=m+  19900.870  sin   nz  +  599.861  sin  znz  +  25.072  sin  jnz 
+         1. 198  sin  4.nz  +      0.062  sin  ^nz  +    0.003  sin  6nz 
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Then 

com.  log  f  =  0.71522495  —  com.  log  (1  +  e  cos/) 

In  addition  I  zz/+  zr,  and  we  derive  R  from 

R  =  +  27".o29  sin  {2I  +  342°  7'  20")  +  o".oo2  sin  {i,l  +  324O) 

The  heliocentric  longitude  of  Jupiter,  referred  to  the  mean  equinox  of  date,  is 

A  =/+  E  +  TT  +  5o".2647o8< 

In  order  to  get  the  equation  which  determines  sin  yS^,  we  note  that  the  correction 

of  3^^  (page  554),  on  account  of  changes  in  the  values  of  the  disturbing  masses, 

requires  that  the  A  and  B  of  page   525   should  receive  severally  the  corrections 
—  o".oo75T  and  +o".oo37T,  so  that  the  equation  for  cos  i  sin  fe  now  becomes 

'I  II  II 

cos  t  sin  6  =       [—  13.0524T  —  0.06615T2  +  0.000324T']  sin  I 
+  [       9.4311T  -  0.08661T2  _  0.000240T']  cos  I 

If  we  add  this  to  the  expression  for  the  portion  of  sin  /?o,  which  arises  from  the  motion 

of  the  ecliptic  (page  526),  and  also  take  account  of  the  correction —^^^^^^(<5^), 

given  at  page  530,  we  obtain 

'/  //  ti 

sin /Jo  =       [     sin  to  cos  ^0  +  33.7I23T  —  0.147841^  — 0.000107T']  sin  Z 

+  [—  sin  t'o  sin  Bo  +  14.7021T  -(-  o. 112421^  —  0.000659T']  cos  I 

n  I- 

+  [—  0.0048T  +  0.00002T2]  sin  3I 
+  [—  0.0005T  —  o.oooo3T^]  cos  3? 

Inequalities  of  the  fundamental  argument  of  Saturn. 

To  form  the  value  of  n'Sz'  it  is  necessary  to  add  together  the  following  expres- 
sions: 

I.  The  first-order  terms  due  to  the  action  of  Jupiter  (pages  106-108). 
II.  The  first-order  terms  due  to  the  action  of  Uranus;  as  given  at  pages  138, 


39,  they  must  be  multiplied  by  the  factor ; 
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III.  The  first-order  terms  due  to  the  action  of  Neptune  (page  1 79). 

IV.  The  small  terms  arising  from  the  action  of  the  four  interior  planets,  given 

at  pages  196-198.  Those  coming  from  Venus  and  the  earth  must  be 
modified  to  correspond  to  the  masses  adopted  at  the  beginning  of  this 
chapter. 

V.  The  second-order  terms  arising  from  the  mutual  action  of  Jupiter  and 
Saturn  (pages  335-337)- 
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VI.  The  third-order  terms  arising  from  the  mutual  action  of  Jupiter  and  Saturn 

(pages  45c^452). 
VII.  The  second-order  terms  due  to  the  action  of  Uranus,  and  given  at  pages 

474,  475 ;  they  must  be  multipHed  by  the  factor  ^^,  ^- 
VIII.  The  second-order  terms  due  to  the  combined  action  of  Jupiter  and  Uranus. 
As  given  at  pages  485,  486  they  need  to  be  multiplied  by  -^37^  • 
IX.  The  terms  of  J{n'6z')  given  at  pages  534,  535. 
X.  The  terms  oi  ^{n'dz')  given  at  page  553. 

In  adding  these  several  portions  we  pass  from  terms  factored  by  n't  to  those  fac- 
tored by  T  by  multiplying  by  the  factor  whose  logarithm  is  1.3289902;  and,  in  deriving 
the  K,  we  take  account  of  the  corrections  dependent  on  the  quantities  'EaJtt  and  Yj'Jtt'. 
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Ki 

fo 
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0.  001 
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" 

0        / 
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0        ' 
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0      / 

10—  8 

0.  001 

9 

4—  4 
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353 
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4—  5 

0. 001 

354 

9'"    9' 

1+  1 

0.  002 

270 

5—  2 

0. 001 

67 

I       0 

0.  lOI 

287  29 

5-  3 

O.OOI 
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I —  I 

1-717 

3J2  59 

5—  4 

0.  002 

102 

I—  2 

0.027 

309     I 

5-  5 

0.  003 

308 

I-  3 

0. 001 

303 

6—  6 

0.  OOI 

261 

2      0 

0.  012 

269  30 

2       I 

i:—   2 

2-   3 

2—  4 

0.904 
1.052 
0.026 

0.  OOI 

84  44 

86  17 

87  22 
90 

9'     9     9" 

2-  1+   I 

3-  I-  1 

3-  '-  2 

4—  2+  3 

0.022 

0. 168 
0.  207 
0.  063 

270 
288  21 
79  43 
213     2 

3—  I 

0.031 

166  12 

4—  I—  4 

0.  106 

37   II 

3-  2 

0.  103 

197  18 

5-  2-  3 

1.884 

208  34 

0. 0294 

80  14 

3—  3 

0.093 

39  58 

6-  2-  3 

28.917 

6  56.0 

0,  7S30 

242     4 

3—  4 

0.004 

42 

7—  2—  6 

o->S3 

353  26 

4—  I 

O.OOI 

284 

9-^ 

0.038 

0 

4—  2 

0.  009 

308 

5-^ 

0.066 

0 

Inequalities  of  the  logarithm  of  the  radius-vector  of  Saturn. 

To  form  the  expression  for  log  -,  we  combine  together  the  ten  portions  of  v  cor- 
responding to  the  ten  portions  of  n'Sz'  and  besides  apply  to  the  sum  the  value  of  —  -v'^ 
(page  557)- 
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0      0 
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0          /     " 

+     41.95 

0                    ' 

+0.  674 

0 
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0      / 

I       0 

187.3 

295  24.7 

2832.89 

57  59     18.5 

18.084 

322    22.  6 
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167  40 

2      0 

49-9 

293     9 

78.60 

58  38.  5 

1.838 

303  II 

0.  0049 

205  3» 

3      0 

14.2 

271  43 

2.  12 

77  46 

0,  127 

302  49 

0.0004 

166 

4      0 

0.6 

3" 

0.04 

82 

0.008 

299 

—3—  ' 

0.  2 

III 

— 2 —  I 

4.6 

165 

0.  22 

263  45 

—I—  I 

10.  4 

140  34 

0.  36 

235  18 

O.OOI 
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0—  I 

82.0 

no  49 

1. 15 

219  39 

0.020 

299 

I—  I 

3780. 8 

79  45     'o 

3- 19 

304  47 

0.  OIO 

25 
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Common  log  ^ 

/ 
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9'      9 
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2442. 1 
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0   ' 
36  17 

0     ' 
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4—  I 
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0.45 

126  52 

0.006 

134 

5-  > 

0.7 
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0.08 

214 

6—  I 

0.  I 
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— 2—  2 

0.  I 

.58 

—  I —  2 

1.8 
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0. 09 

34" 

O 2 

3-7 

210  18 

0.  II 

3'6 

I—  2 

55-2 

98  52 

0.  26 

257  18 

0.002 

189 

2—  2 

643- 5 

■56  34-  5 

0.32 

14  5 

0.003 

0 

3-  2 

420.9 

141  57-8 

II. 31 

46  59 

0.051 

339  5 

4—  2 

7001.9 

277  15  '9 

170.48 

179  38-4 

2.252 

85  53 

5-2? 
— 88".928/) 

1141.0 

62  49  32 

4- 36 

242  49 

0.077 

6  8 

6—  2 

18.3 

77  17 

'9-45 

306  10 

0.055 

209  17 

7-  2 

0.6 

114 

1.06 

306  55 

0.006 

185 

8—  2 

0.06 

307 

-'-  3 

0. 1 

224 

0.  01 

303 

o—  3 

0.8 

3«9 

0.04 

58 

>—  3 

I.O 

46 

0.04 

61 

2—  3 

5-3 

178  39 

0.  05 

342 

3-  3 

147.  I 

233  56.0 

0.04 

32 

0.  001 

0 

4—  3 

102.0 

206  23. 8 

I- 36 

107  2 

0.  010 

II  30 

5-  3 

59-7 

177  52 

1.80 

78  59 

0.  023 

343  >8 

6-3 

>7-3 

■78  3 

2.86 

51  41 

0.048 

3'4  0 

7—  3 

34-6 

32  39 

2-39 

340  42 

0.  004 

254 

8-3 

4-9 

210  27 

0-39 

153  48 

0.005 

61 

9-  3 

0-7 

275 

0.02 

139 

0—  4 

0.  I 

298 

I—  4 

0.4 

43 

0.02 

•34 

a—  4 

o-S 

17 

0.02 

"5 

3-  4 

2.8 

229  44 

0. 01 

8 

4—  4 

44-5 

3"  30 

O.OI 

122 

5-  4 

31-5 

285  3 

0.  42 

184  23 

0.003 

98 

6-  4 

14.9 

259  21 

035 

157  31 

0.004 

67 

7-  4 

8.1 

37  4 

0.52 

302  47 

0.003 

37 

8-4 

21. s 

15  52 

0.91 

284  18 

0.005 

204 

9—  4 

93- I 

■63  39 

8.55 

67  '3 

0.  116 

33>  '6 

10 —  4 

II. 0 

306  25 

I. 81 

215  3 

0033 

118  28 

n—  4 

0.  2 

102 

0.02 

'7 

2-  5 

0.  2 

"3 

O.OI 

214 

3-  5 

0.  2 
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O.OI 

199 

4-  5 

1-5 
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O.OI 

0 
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r' 
Common  log  — 
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9'      9 

5-  5 
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0.08 
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0.17 
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0.06 
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95 

lo  -  5 

2.7 

63  43 

0. 18 
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2  0 

1.0 

328  4 

0. 06 

59 

11—  5 

12 —  5 

3-6 
0.7 

36  26 
263 

0. 26 
0.07 
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2 —  I 
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35-5 
154-1 

350  35 
33(>  43-  3 

0.28 
0.05 

217  25 
106 

3-6 
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0. 1 
0. 1 
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2—  3 
2—  4 

5-3 
0.  2 

332  13 
332 

0.  10 
0. 01 

98 
90 

5-6 

0.8 

8 

0. 01 

69 

3  0 

0.6 

126 

u.  18 

20  33 

6  -  6 

5-9 

loS  37 

3-  ' 

26.4 

137  55 

0. 16 

355  I 

7-6 

5.0 

80  27 

0.07 

341 

3—  2 

237-4 

119  5.6 

1-43 

308  4 

8-  6 

2.4 

56  33 

0.06 
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3—  3 

22. 1 

69  58 

0.17 

252  12 

9-6 

I.O 
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u.  06 
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3—  4 

1. 1 

57  13 

0.02 
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1-3 
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0.  06 

74 

3-  5 

0.  1 

52 
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0.7 
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0.03 

47 

4—  I 

0.4 
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12-  6 

0.  I 
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0.02 

'5 

4—  2 

6.7 

80  4 

0.  09 
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5-  7 

6-  7 

7-  7 

0.  I 

0.4 

2-4 

279 

83 
182  5 

4—  3 
4—  4 
4-  5 

9-7 
4-4 
0-3 

19  51 
128  12 
"5 

0.07 

O.OI 
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158 

8-  7 

2.2 
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0.03 

59 

5—  2 
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38  3' 
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I.  I 
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35 
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342  27 
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0.4 
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0.02 
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2.2 

93  59 
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270 
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0.6 
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206  15 
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222 

0.02 
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8-  8 

1.0 
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0.  05 
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9-8 
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0.02 

140 
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0.8 

65  50 

0.  02 
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0.6 

214 

0.02 

"3 
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0-7 

173  49 
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0.  01 

252 

6—  6 
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12-  8 
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0.4 
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0-3 
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0-3 

293 
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0-3 
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0.  I 
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0.2 

29 

8-5 

0. 1 
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12 — lO 

0.  2 

8 
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0.  I 
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0.  I 
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0.  I 
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Common  log  — 
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87 
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80  14 

3—  ' 
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'73 
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8.4 
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1-3 

■95  39 

3-  3 
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40  12 

9_f, 

0.8 

0 

3—  4 

0.  I 

42 

e-"? 

1.4 

0 

Periodic  inequalities  of  the  latitude  of  Saturn. 


We  take  the  terms  of  ^/?'  given  at  pages  531,  532,  and  multiply  the  co-efficients 

which  involve  g"  in  their  arguments  by  ^'°°°,  and  afterwards  add  the  first  portion  of 

^(^yff')  given  on  page  536.  To  these  can  be  joined  the  very  small  terms  due  to  the 
action  of  Neptune  (page  1 79).  The  whole  is  then  changed  to  the  form  adopted  in 
the  chapter. 
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81 
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3      0 

0.  019 

269 
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0.0029 

299  18 

5       0 

0.002 

331 

2—  2 

0.  I  ID 

319  33 

0.0008 

90 

—3—  ' 
— 2—  I 

0 —  I 

1—  I 

0.003 
0.  002 
0.  026 
1.803 
0.841 

209 

41 

37 

116    2 
210  41 

0.0020 
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0      ' 
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6-  3 
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2      0 
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9-  3 
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225 
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277  36 
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2—  3 
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2 

3-4 
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134  26 

3      0 
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6-  4 

0.013 

246  33 
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20    3 

7—  4 

0.  on 
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17     4 

8-  4 
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10 —  4 
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161  51 

341 
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250 

4—  I 
4-  2 
4-  3 
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208 

349     4 
281  40 

3-5 

0. 001 

189 

4—  4 

0.  001 

331 

4-S 

0.013 

245 

5—  I 

O.OOI 
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5-5 

0.009 

214 

5-  2 

0.003 

333 

6-  5 

0.004 

349 

5—  3 

0.021 

244  54 

7-5 

0.  003 

317 

5-  4 

0.005 

341 

8-S 
9-5 

10-  5 

11-  5 

0.002 
0.003 
0.002 
0.  002 

303 
272 

247 
219 

6—  2 
6-3 
6-4 
6-  5 

O.OOI 
0.012 

0.003 
0.  001 

232 
32 

3i3 
69 

4-6 

0. 001 

237 

7—  3 

0.  001 

0 

S-6 

0.005 

323 

7-4 

O.OOI 

28S 

6-  6 

0.004 

292 

7-  5 

0.  001 

45 

7-6 

0.  001 

63 

8-  6 

0.  001 

21 

9'"    9' 

1+  I 

0.002 

137 

9-6 
10—  6 

0. 001 

O.OOI 

8 
351 

I      0 
I—  I 

0.005 
0.  001 

146 
4 

6-  7 

0.002 

38 

1—  2 

0.002 

120 

7-  7 

0.002 

9 

2      0 

0.  003 

276 

9"    9' 

2 —  I 

0.018 

98  27 

1+   1 

0.  oig 

259  21 

2—  2 

0.  001 

III 

I         0 

0.080 

220  17 

I—  I 

0.  036 

II  34 

3-  2 

0.004 

232 

We  derive/  from  n'z'=zg'  +  n'Sg'  by  the  formula 


=  n'z'  +  23117.434  siu    n'z'  +  809.366  sin  2n'z'  +  39.292  siu  ^n'z' 
A-         2,180  sin  4m'«'  +     0.130  sin  ^n'z'  +    0.008  sin  6n'z' 
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Then 

com.  log  f  =  0.97812861  —  com.  log  (i  +  e'cos/') 

In  addition,  /'  — y  +  n\  and  we  derive  R'  from 

E''  ==  +  91" ■'n\  sin  {2V  +315°  18'  22")  4-  o".o23  sin  {\V  +  270°  37') 

The  heliocentric  longitude  of  Saturn,  referred  to  the  mean  equinox  of  date,  is 

V  =/'  +  R'  +  ;r'  +  so".2s8i4i< 

In  order  to  get  the  equation  which  determines  sin  /?o',  we  note  that  the  correc- 

tion  of         .,  (page  555),  on  account  of  changes  in  the  values  of  the  disturbing  masses, 

requires  that  the  A  and  B  of  page  531    should  receive  severally  the  corrections 
—  o".0507T  and  —  o".o662T,  so  that  the  equation  for  cos  i'  sin  V  now  becomes 

U  II  II 

cos  i'  sin  b'  =      \     33.3758T  +  0.162261^  —  0.000858T']  sin  I' 
+  [—  23.9117X4- 0.21432T2+0.000641T3]  cos  Z' 

If  we  add  to  this  the  expression  for  the  portion  of  sin  /3^',  which  arises  from  the  motion 

of  the  ecliptic  (page  531),  and  also  take  account  of  the  correction ^-^-~^—  J^de'), 

given  at  page  536,  we  obtain 

sin  /So'  =       [      sin  %'  cos  80'  +  80.1664T  +  0.06123T*  —  o.ooi47iT'l  sin  I' 
+  [—  sin  io'  sin  &„'  -  18.6681T  +  0.42811!^  —  0.0000271=]  cos  I' 

+  [—  0.0208T  -  0.00035!^]  sin  3«' 
+  [      0'°33oT  —  0.00023T*]  cos  ^l' 


Page  301.  Insert  in  the  table  beginning  in  the  middle  of  this  page  the  following 
line: 

I      I      o      o  I  — o.  018886  [  +0.033370 1  +0.000304 1  — 0.000132 1  +0.000034 1  — 0.00066  I  +0.000147  I  — 0.000095  I 

Page  377.  Insert  in  the  table  on  this  page  the  following  line: 

I  — I      o      o  I +0. 0000130I — 0.0000937I — 0.0001570I — 0.0004719I — 0.0008621! — o. 0011553I +0. 0000327I — 0.0000799I 

Page  379.  Insert  in  the  table  on  this  page  the  following  line: 


]  — I   o   o  1+0. 0000605I- 


0001 759 1  +0. 0001 224] — o.  0002322 1  +0. 00020961 — o.  0004344 1  — o.  00000071 — o.  0000032 1 


Page  380.  Insert  in  the  table  occupying  the  lower  half  of  the  page  the  following 
line: 

I      — I      o      o      I     +0.0000403     I     — 0.0000593     I     +0.0002053     I     — 0.0000693     I 

r  dV* 

Page  384.  In  the  columns  headed  -  -^,{n'6z'Y  add  the  terms  corresponding  to  the 
argument  —  i     9 —  4  : 

+3.5       I      0.0 

Page  416.  Insert  in  the  table  occupying  the  lower  half  of  the  page  the  following 
line: 

I  I      o      o      I      —0.000544      I      +0.000973      I      —0.000254      I      +0.000341      I 
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